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INTEGRAL REPRESENTATIONS AND GROWTH PROPERTIES FOR A
CLASS OF SUPERFUNCTIONS IN A CONE

Lei Qiao* and Guan-Tie Deng

Abstract. An integral representation for a class of superfunctions, associated
with the Schrodinger operator, is investigated. Meanwhile, growth properties
of them are also proved outside of some exceptional sets.

1. INTRODUCTION AND MAIN RESULTS

Let R and R, be the set of all real numbers and the set of all positive real
numbers, respectively. We denote by R"(n > 2) the n-dimensional Euclidean space.
A pointin R™ is denoted by P = (X, z,,), X = (21, 22,...,2,—1). The Euclidean
distance of two points P and @ in R™ is denoted by |P — Q|. Also |P — O| with
the origin O of R™ is simply denoted by |P|. The boundary, the closure and the
complement of a set S in R™ are denoted by 9S, S and S¢, respectively.

For P € R™ and r > 0, let B(P,r) denote the open ball with center at P and
radius r in R". S, = 0B(O,r).

We introduce a system of spherical coordinates (r, ©), © = (61,0s,...,0,-1),
in R™ which are related to cartesian coordinates (1, zo, . .., Tn_1, T,) by

Ty =7 HsinHj (n>2), x, =rcosb,

and if n > 3, then

m—1
Tp—mal =T H sing; | cosbp, (2<m<n-—1),
j=1
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where 0 < r < 400, =37 < 6,1 < 3m,andifn>3,then0<0; <7 (1<j <
n—2).

Let D be an arbitrary domain in R™ and A, denote the class of nonnegative
radial potentials a(P), i.e. 0 < a(P) = a(r), P = (r,0) € D, such that a €
LY (D) with some b > n/2 if n > 4 and with b =2 if n =2 or n = 3.

If a € A,, then the stationary Schrodinger operator

Schg = —A+a(P)I =0,

where A is the Laplace operator and I is the identical operator, can be extended
in the usual way from the space C3°(D) to an essentially self-adjoint operator on
L?(D) (see [14, Ch. 13] ). We will denote it Sch, as well. This last one has
a Green’s a-function G%, (P, Q). Here G4 (P, Q) is positive on D and its inner
normal derivative 0G% (P, Q)/0ng > 0, where 0/0ng denotes the differentiation
at @ along the inward normal into D. We denote this derivative by PIf (P, Q),
which is called the Poisson a-kernel with respect to D.

We call a function u £ —oo that is upper semi-continuous in D a subfunction
of the Schrodinger operator Sch,, if its values belong to the interval [—oo, c0) and
at each point P € D with 0 < r < r(P) the generalized mean-value inequality

9G4, 1, (P,Q)
wP)< [ @G e()

is satisfied, where G%(P’r)(P, Q) is the Green a-function of Sch, in B(P,r) and
do(Q) is a surface measure on the sphere S(P,r) = dB(P, ).

The class of subfunctions in D is denoted by SbH (a, D). If —u € SbH (a, D),
then we call « a superfunction and denote the class of superfunctions by SpH (a, D).
If a function w is both subfunction and superfunction, it is, clearly, continuous and
is called an a-harmonic function associated with the operator Sch,. The class
of a-harmonic functions is denoted by H(a, D) = SbH(a, D) N SpH(a, D). In
terminology we follow A. I. Kheyfits (see [10, 11]), E. F. Beckenbach (see [3])
and L. Nirenberg (see [13]). The class SbH (a, D) has been considered by various
authors (see, for example, [4, 5, 15]). But a systematic study of subfunctions from
the point of view of function theory began recently by B. Ya. Levin and A. I.
Kheyfits (see [11]).

The unit sphere and the upper half unit sphere in R™ are denoted by S"~! and
S’}L‘l, respectively. For simplicity, a point (1,©) on S*~! and the set {9;(1,0) €
Q} for aset 2, Q c S"~L, are often identified with © and 2, respectively. For two
sets = C Ry and Q C S™!) the set {(r,0) € R";r € =,(1,0) € Q} in R" is
simply denoted by = x Q. In particular, the half space R x S’}L‘l ={(X,z,) €
R"™; z,, > 0} will be denoted by T,,.
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By C,,(©2), we denote the set R, x 2 in R"™ with the domain Q on S"~!(n > 2).
We call it a cone. Then T, is a special cone obtained by putting Q2 = S’}L‘l. We
denote the sets I x © and I x 92 with an interval on R by C,,(92; I) and S,,(£2; I).
By S, (€2; ) we denote C,,(2) N S,. By 5,,(2) we denote S,,(€2; (0, +00)), which
is 0C,,(2) — {O}. Furthermore, we denote by dS, the (n — 1)-dimensional volume
elements induced by the Euclidean metric on S,..

We shall say that a set £ C C,(€2) has a covering {r;, R;} if there exists a
sequence of balls { B;} with centers in C,,(€2) such that £ C U2, B;, where r; is
the radius of B; and R; is the distance from the origin to the center of B;.

From now on, we always assume D = C,,(€2). For the sake of brevity, we shall
write G&(P, Q) instead of G%H(Q)(P, Q), PI§(P, Q) instead of PIg,n(Q)(P, Q),
SpH (a) (resp. SbH(a)) instead of SpH (a, Cy(S2)) (resp. SbH(a, Cy(£2))) and
H(a) instead of H(a,Cp(Q)).

For positive functions h; and hs, we say that hy < hg if hy < Mhy for some
constant M > 0. If hy < hy and he < hq, We say that hy = hs.

Let Q be a domain on S™~! with smooth boundary. Consider the Dirichlet
problem

(A, +XN)e=0 on Q,

p=0 on 09,

where A, is the spherical part of the Laplace opera A,

~n—10 9% A,

T O a2 2

We denote the least positive eigenvlaue of this boundary value problem by A and the
normalized positive eigenfunction corresponding to A by ¢(©), [, *(©)dS; = 1.
In order to ensure the existence of A and a smooth ¢(©). We put a rather strong
assumption on Q: if n > 3, then Q is a C%*-domain (0 < a < 1) on S"!
surrounded by a finite number of mutually disjoint closed hypersurfaces (e.g. see
[8, p. 88-89] for the definition of C’>*-domain).

For any (1,0) € €, we have (see [12, p. 7-8])

©(0) = dist((1,0),0C,(Q)),

Ay

which yields that
(1.1) 6(P) = rp(0),

where P = (r,0) € C,,(R2) and 0(P) = dist(P, 0C,(Q)).
Solutions of an ordinary differential equation

(1.2) —Q"(r) — Q'(r)+ <% + a(r)) Q(r)=0, 0<r<oo,

n—1
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play on essential role in this paper. It is known (see, for example, [19]) that if
the potential a € A, then the equation (1.2) has a fundamental system of positive
solutions {V, W'} such that V' is nondecreasing with

0<V(0+) <V(r) as r — +oo,
and W is monotonically decreasing with
+o0 = W(0+) > W(r) \,0 as r — +o0.
Let u(r, ©) be a function on C,(Q2). For any given r € R, The integral

/ u(r, ©)p(©)dS1,
Q

is denoted by N, (r), when it exists. The finite or infinite limit
lim V=L (r)Ny(r)

is denoted by U,,, when it exists.
We will also consider the class B, consisting of the potentials a € A, such that
there exists the finite limit lim r%a(r) = k € [0, o), and moreover, r~*|r%a(r) —
k| € L(1,00). If a € B,, then the (sub)superfunctions are continuous (see [17]).
In the rest of paper, we assume that a € B, and we shall suppress this assump-
tion for simplicity.
Denote

L§:2—ni\/(n—2)2+4(lﬂ+)\)
2 )

then the solutions to the equation (1.2) have the asymptotic (see [9])
(1.3) V(r) = r‘zr, W(r) = r'%, asr — oo.

Remark 1. If a=0and Q=S"""", then . =1, (; =1-n and p(0) = (2ns;!)'/2
cosfy, where s, is the surface area 27™/2{T'(n/2)} ! of S"~1.
We denote the Green a-potential with a positive measure v on C,,(Q2) by

4u(P) = / G4(P. Q)dn(Q).
Cn(Q)

The Poisson a-integral PI4u(P) (resp. PI4[g](P)) # +oo (P € Cn(2)) of u
(resp. g) relative to C,,(Q2) is defined as follows

PIgu(P) = - /S o PP QnQ)

Cn
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1
(res. PIlg)(P) = - [ PIA(P.Qug(Q)dog.)
n JSp ()
where
. 0GY(P,Q) (o n=2,
PIQ(Pv Q) - gnQ ) Cn = { (n - 2)3n n> 37

w is a positive measure on 9C,,(€2) (resp. g is a continuous function on 9C,,(12)
and dog is the surface area element on S,,(€2)) and % denotes the differentiation
at @ along the inward normal into C,,(Q).

We define the positive measure 1/ on R™ by
W HERAQ) Q= (t,P) € (4 (1,+00)),

onge

' (Q) = { 0 Q € R" = Su(9; (1, +00)).

Let v be any positive measure C,,(€2) such that G&v(P) # +oo (P € Cp(Q)).
The positive measure ' on R™ is defined by

W(t)e(®)dr(Q) Q= (@) € Cu(%; (1, +00)),

wia-{ | QR (011, 4).

So the positive measure £ on R” is defined by

TW()dE'(Q) Q= (t,®) € Cu(Q; (1, +00)),
0 Q € R™ — Cp(9; (1, +00)),

d§(Q) = {
where

9¢(®) 4
, . ong M(Q) Q
d¢'(Q) = { 1o (®)dv(Q) Q= (t,P) € Cr, (Y (1, +00)).

Remark 2. Leta = 0 and Q = S"'. Then

log |z — y*| — log |z — n =2,
€0, () = g | 2_2/ | — log| * 23/\

+ lz—y" " =z -y 7" n=3,
where y* = (Y, —y,), that is, y* is the mirror image of y = (Y, y,) with respect
to 0T,,. Hence, for the two points x = (X, x,) € T,, and y = (Y, y,) € 9T}, we
have

0

PIOn— = a3 On— ==
S 1(‘7:72/) ansz+ 1(‘7:72/) {

2‘1‘—:{/‘_21'” n=2,
2(n —2)|x —y| "z, n > 3.
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Remark 3. If du(Q) = |9(Q)|dog (Q = (t,P) € S,(Q2)), where g(Q) is a
continuous function on 9C,,(2), then we have
9(@QITW () G dog Q= (t,®) € Su(Q: (L, +00)),

du"(Q) = { 0 Q € R" — S,,(; (1, +00)).

Remark 4. Leta = 0 and Q = S?r‘l. Then a positive measure § on R” is
defined by

ly|~"dd' (y) y=(Y,yn) € Iy,
do(y) = 0 yeR"—T,

where

N () y=(Y,0) €Ty,
do'(y) = { Yndv(y) y=(Y,yn) € Tp.

Lete > 0, 3 > 0 and )\ be any positive measure on R™ having finite total mass.
For each P = (r,0) € R" — {0}, the maximal function M (P; X', 3) is defined by

/
M(P; N, 3)= sup %57/)))
0<p<} P
The set {P = (r,0) € R* — {O}; M(P; X, 3)r® > ¢} is denoted by E(e; N, 3).

Remark 5. If X' ({P}) > 0 (P # O), then M (P; N, 3) = +o0 for any positive
number . So we can find {P € R" — {O}; N({P}) > 0} C E(e; N, ).
As in T, Siegel-Talvila [16, Corollary 2.1] have proved

Theorem A. Let g be a measurable function on 07, satisfying

(1.4) /8 IW o,

7, 1+ ly[”

Then the harmonic function Plgn [gl(z) = £ = Jor,, Plgn 1 (z,)g(y)dy satisfies

PI(S)n 1
+

Poisson kernel for the n-dimensional half space, see Remark 2.
Now we state our first result.

[g] = o(|x|sec” 1 6;) as \3:\ — 00 in T}, where Plon L (x,y) is the general

Theorem 1. Let 0 < a < n, € be a sufficiently small positive number and 1
be a positive measure on 9C,,(Q2) such that

PIGu(P) # +oo (P = (r,0) € Cp(2)).



Integral Representations and Growth Properties for a Class of Superfunctions in a Cone 2219

Then there exists a covering {r;, R;} of E(e; 1/,n —«a) (C C,(Q2)) satisfying

= Rj . R;
1. J 2 a Y
(1.5) ZRJ VEIWE) <o
J=
such that
lim V() (@) PI&u(P) = 0.

r—o00,PEC,(Q)—E (& ,n—a)

Corollary 1. Let x be a positive measure on S,,(€) satisfying

1
(1.6) /S o TTAT @ <o

Then the generalized harmonic function P (P) satisfies

li V1 =L @)PI&u(P) = 0.
. ()" (©)PIGu(P)

Our next aim is to be concerned with the solutions of the Dirichlet problem for
the Schrodinger operator Sch, on C,(€2) and the growth property of them.

Theorem 2. Let o, € be defined as in Theorem 1 and g be a continuous function
on 9C,, () satisfying

(1.7) /100 ) (/m 9(t, cb)\d%> dt < 400,

where d,, is the surface area element of 02 at @ € 0. Then the function
PIlg](P) (P = (r,©)) satisfies
PI3[g] € C*(Cn(92)) N CH(Cu (),
SchePI&[g] = 0 in C (),
PIg[g] = g on 9C,(Q)
and there exists a covering {r;, R;} of E(e; 1", n — o) (C Cr(Q2), see Remark 3)
satisfying (1.5) such that

1.8 li 1Y O)PI&[g](P) = 0.
(18) rﬁoo,Pecn(éEE(wﬁvn_a)v (r)e*(©)PIj[g](P) =0

Remark 6. In the case a = 0 and Q = S'7™!, (1.7) is equivalent to (1.4) from
(1.3). In the case « = n, (1.5) is a finite sum, then the set E(e; 1, 0) is a bounded
set and (1.8) holds in C,,(£2), which generalize Theorem A to the conical case.
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Then we give a way to estimate the Green a-potential with measures on C,, ().
For a similar result, we refer the readers to the paper by B. Ya. Levin and A. I.
Kheyfits [11, Corollary 6.1], who gave the growth properties of G&v(P) at infinity
in Cp,(€2) under the conditions

(1.9) / W (£)(B)dv(Q) < +oo
Cn(Q;(1,400))
and
(1.10) / V(1) (®)dv(Q) < +oo.
Cn (£4(0,1))

Theorem 3. Let 0 < a < n, € be defined as in Theorem 1 and v be a positive
measure on C,,(Q2) such that

(1.11) 8u(P) # +oo (P = (r,0) € Ch(9)).

Then there exists a covering {r;, R;} of E(e;v/,n—a) (C C,(Q2)) satisfying (1.5)
such that

li V) (0)GLy(P) = 0.
r—»oo,PECn(KIZI)IiE(E;V/,n—a) (7")(,0 ( ) QI/( )

Remark 7. By comparison the condition (1.11) is fairly briefer and easily
applied. Moreover, E(e;v/,n— 1) is a set of a-finite view in the sense of [11] (see
[11, Definition 6.1] for the definition of a-finite view).

It is known that a positive superharmonic function «(x) on T;, can be uniquely
decomposed as

(1.12) u(z) = dyzy, + cnPIgn_l w(x) + ng_1 v(z),
+ +

where d; > 0, du is a positive measure on 97, satisfying

1
—d < 00
/aTn PRt

and dv is the Riesz associated measure of u(x).

Motivated by the above result, we give an integral representation of a positive
superfunction in a cone. It must be pointed out that the integral representations of
generalized harmonic functions in a half space were developed by A. I. Kheyfits
(see [10]).

Theorem 4. Let 0 < u(P) € SpH(a), then there exist a unique positive
measure p on 0C,,(£2) satisfying (1.6) and a unique positive measure v on C,,(2)
satisfying (1.9)-(1.10) such that

(1.13) w(P) = U,V (r)e(0) + ey PIGu(P) + Gou(P).
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Remark 8. V. S. Azarin treated the case a = 0 (see [2, Theorem 1]).

The following Theorem 5 follows readily from Theorems 1 and 3, which gen-
eralizes the growth properties of harmonic and superharmonic functions to the su-
perfunctions on C,,(2).

Theorem 5. Let 0 < a < m, € be defined as in Theorem 1 and u(P) (# +o0)
(P = (r,0) € C,(1)) be defined by (1.13). Then there exists a covering {r;, R;}
of E(¢;&,n— a) (C C,(2)) satisfying (1.5) such that

i —1 a—1 P) — —0.
e ey () (O){u(P) — U,V (r)p(©)} = 0

We remark that FE(e; £, n — 1) is a set of a-finite view.
As in T}, and a = 0 (cf. [7]), we have by Remarks 1, 4 and (1.3)

Corollary 2. Let e be defined as in Theorem 1 and u(z) (£ +o0) (z =
(X, z,) € T,) be defined by (1.12). Then,

(i) there exists a covering {r;, R;} of E(e;0,n — 1) (C T, see Remark 4)
satisfying

xD .
St <o
j=0 "
such that
li -1 —d =0.
|a:|—>oo,a:eT1nI£1E(5;6,n—1) ‘TL" {U(x) lxn}

(i) there exists a covering {r;, R;} of E(e; 0,n) (C T),) satisfying

(R_j) <00
7=0

such that

|x|—00,2€TH—E(€;6,n) n { ( ) 1 n}

2. SOME LEMMAS

In our discussions, the following estimates for the kernel functions PI& (P, Q) ,
G4(P, Q) and 0GE, r(P, Q)/OR are fundamental, which follow from [11] and [2,
Lemma 4 and Remark].

Lemma 1.

(21) PIS(P.Q) ~ V(W (r)o(0) 2
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(2.2) (resp. PI&(P,Q) ~ V(r)t_lw(t)@(@)ag,f)’)

forany P = (r,0) € C,(Q) and any Q = (t,®) € S, () satisfying 0 < £ < 2
(resp. 0 < = < 2y;

(2.3) PIY(P,Q) < £(0) 09(®) | rp(©) 9p(P)

=1 Ong ‘P—Q‘” ong

forany P = (r,0) € C,(Q) and any Q = (¢, ®) € S, (Q; (2r, 3r)).

Lemma 2.
(2.4) GO(P,Q) = V(H)W(r)p(0)¢(®),

(2.5) (resp. G (P, Q) = V(r)W (t)¢(0)p(®),)

forany P = (r,0) € C,(Q) and any Q = (t,®) € C,,(Q) satisfying 0 < £ < %
(resp. 0 < & < 2);

Further, for any P = (r,0) € C,(Q) and any Q = (¢, ®) € C,(; (2r, 31)),
we have

(2.6) GA(P,Q) < 7‘“(?21’;@) +1Io(P,Q),
where . () (®)
= min .4 Ld .

Lemma 3. Let G¢, (P, Q) be the Green a-function of the Schrodinger operator
for C,,(2, (0, R)), then

0GE »(P,
—W ~ V() {~W(R)}o(©)p(®)

forany P = (r,0) € C,,(Q) and any Q = (R, ®) € S,,(Q2; R).

(2.7)

Lemma 4. Let u be a positive measure on .S, (£2) such that there is a sequence of
points P; = (14, 0;) € Cr(2),r; — 400 (i — +00) satisfying PI&u(P;) < 400
(i =1,2,...). Then for a positive number [,

W(t) 0p(®)
(2.8) /S e T B (@) < e

and
2.9 lim ——= E—
( ) R——+o00 V(R) S, (2;(0,R)) t anq>
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Proof. Take a positive number [ satisfying P, = (r1,01) € C,(Q), 11 <
Then from (2.2), we have

l.

[S3{F

Vie©) [ M) 20@)

Su(@ul4oc)) T One

Q) < /g o PIAP Q@) < o

which gives (2.8). For any positive number ¢, from (2.8), we can take a number R,
such that W) 0l(®)
%) €
————du(Q) < =.
/Sn(Q;(Re,—I—oo)) t anq> ( ) 2
If we take a point P; = (r;, ©;) € C,(Q), r; > 3R,, then we have from (2.1)
V(t) 0p(P)
W (ri)p(©; —
(ri)e©) Sn(@0.R]) T One
If R (R > R.) is sufficiently large, then

Q5 [ o PIRP Q@) < oo

W(R) V(t) 9p(®)
V(R) /Sn(Q;(O,R)) t  One Q)
W(R) V(t) 9p(®) W (t) 0p(®)
< V(R) /Sn(Q;(O,Re]) t  Ong s +/Sn(§2;(R€,R)) t  Ong (@)
W(R) V(1) 9¢(2?) , W(t) 0p(®)

< N7 _ N\

N @) + / dp(Q
V(R) /Sn(a;(o,Re]) t Ong ( Sn((Retoo)) t o One (@)
< e

which gives (2.9).

Lemma 5. Let v be a positive measure on C,,(€2) such that there is a sequence
of points P; = (14, 0;) € C, (), r; — +o0o (i — +o0) satisfying G4v(P;) < 400
(1=1,2,...;Q € Cyr(€2)). Then for a positive number [,

/ W () (®)di(Q) < +oc
Chn (4(1,400))

and
W(R)

R V(R) /on(sz;(o,R)) VAR =0

Proof. In order to prove Lemma 5, We have only to use (2.4) and (2.5) instead
of (2.1) and (2.2) respectively in the proof of Lemma 4.

Lemma 6. Let ¢ > 0, 3 > 0 and )\ be any positive measure on R™ having
finite total mass. Then E(e; A, §) has a covering {r;, R;} (j = 1,2, ...) satisfying

SV

) < oo.
Tj Tj

J=1
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Proof. Set
Ej(eN,B)={P=(r,0)c E(g\N,B):2 <r <2} (j=2,3,4,...).
If P = (r,©) € Ej(e; N, 3), then there exists a positive number p(P) such that

P(P) o nipy T r p(P) s _ N(B(P p(P)))
% w ~ < .
(P VW) = (52 < ==
Since Ej(e; X', 3) can be covered by the union of a family of balls { B(P;, p;.i) :
P;; € Ex(e; N, B)} (pji = p(Pj)). By the Vitali Lemma (see [18]), there exists
A C Ej(e; N, 8), which is at most countable, such that { B(P;;, p;i) : Pji € Aj}
are dlSjOInt and Ej(e; N, B) C Up, .en,; B(Pji,5pj,)-
So

U?i2Ej(€§ N, B) C U?iQ Up; ien; B(PJ 2 5Pj,z‘)-
On the other hand, note that Up, ., B(Pji, pji) C{P = (r,0): 271 <r <
27421 so that

505 \2—nt 81, 1Pl \vrr o [Pl 5Pji \ g
() TPV ()W () = (5 7)
P]%:Aj [Pl S5pji”  Spji “ZE:A \Pj,z‘\
< 5ﬂ Z jZ?pJZ))

Pjieh;

EXNC 27,

IN

Hence we obtain

iy (Bl . 5% 5 (2t

j:1 P]JEA] ‘ jZ‘ pj,'l ij j 1P]Z€A j,
Z A (Cn (82 [2j_17 212)))
. p
7=1
!/ n
_ R

€
Since E(e; N, 3) N {P = (r,0) € R"r > 4} = U2, Ej(e N, 3). Then
E(e; X, B) is finally covered by a sequence of balls {B(P;;, p;i), B(P1,6)} (j =
2,3,...;i=1,2,...) satisfying

Pji —n P’,z‘ K Pji 3N (R”
§ :(‘ Js ‘)2 +ﬂv(‘pj“‘) (‘p ‘) § :(‘ J ‘) < (6 )—|—6ﬂ<—|—oo,
j, 7,4 j,0

where B(Py,6) (P, = (1,0,...,0) € R™) is the ball which covers {P = (r,0) €
R";r < 4}.
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3. PrROOF OF THE THEOREM 1

Take any point P = (r,0) € Cy,(Q; (R, +00))—E(e; i, n—a), where R(< 37)
is a sufficiently large number and ¢ is a sufficiently small positive number.
Write
PI&(P) = By(P) + Ba(P) + Bs(P),

where
1
Bi(P) = — PIG(P,Q)du(Q),
Cn J Sn (2(0,27])
1
By(P) = — PIG(P,Q)du(Q)
Cn J S, (Q(2r,50))
and
1
B3(P) = — PIS(P,Q)dp(Q).

Cn Sn(Q;[%r,oo))
The relation G4 (P, Q) < G%(P, Q) implies this inequality (see [1])
(3.1) PI§(P,Q) < PIY(P, Q).

By (2.1), (2.2) and Lemma 4, we have the following growth estimates:

oo VD) V() 9(@)
o) Bi(P) < V(r)e(©) V(%T) /Sn(Q§(O=%7’]) t  One (@)
< eV (r)p(O)
By(P) £ V(r)p(® T (@)

By (3.1) and (2.3), we write
By(P) S Ba1(P) + Baa(P),
where

Boi(P) = / V(£)p(0)di(Q)
Sn(Q(2r,57))

and B / trp(0)
292 = —_—
Sn(Q;(%r,%r)) ‘P_ Q‘nW(t)

We first have

(3.4) B (P) 5 eV (r)e(©)

dp'(Q).
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from Lemma 4.
Next, we shall estimate BQQ(P) Take a sufficiently small positive number ds
such that S, (97( r,5r)) C B(P, 3r) for any P = (r,0) € A(dy), where

Aldy) = {P=(r,0) € Cn(Q); inf [(1,0) = (1,2)] < da, 0<r < 00},

and divide C,, () into two sets A(dz) and C),(2) — A(d2).
If P = (r,0) € C,(R) — A(dz), then there exists a positive d/, such that
|P — Q| > dir for any @ € 5,(©2), and hence
(3.5) B3 (P) S €V (r)e(O)
from Lemma 4.
We shall consider the case P € A(ds). Now put

Hi(P) = {Q € S(%: (31, 2r)); 27%(P) < [P~ Q| < 2'6(P)}.
Since S,() N{Q e R":|P—-Q| < d(P)} = 2, we have
i(P)

tro(0 ,
B / _re®) i),
2= 2 oy o= Qv ™ @)
where i(P) is a positive integer satisfying 2/F)~15(P) < £ < 2iP)5(P).
By (1.1) we have r¢o(0) < 6(P) (P = (r,0) € C,(Q)), and hence

_ tre(®) T ey W Hi(P))
/Hi(m g™ @ = W (O hsE)ye

fori=0,1,2,...,i(P).
Since P = (r,0) ¢ E(e; 1/, n — ), we have

WPy o M (B(P,2'3(P)))
{ZaP)}r=> ~ [9i§(P)}n—a

SMPp/in—a)<er® " (i=0,1,2,...,i(P)—1)

and
M/(Hz(P)(P)) < M/(B(Pv %)) < ep@m
{2i6(P)}r—o ™~ (Hmme
So
(3.6) Baa(P) S eV (r)p'~(O).

Combining (3.2)-(3.6), we finally obtain that if L is sufficiently large and e
is a sufficiently small, then PI&u(P) = o(V(r)e'~%(©)) as r — oo, Where
P=(r,0) € Cp(Q; (R, +00)) — E(e; 1/, n — «). Finally, there exists an additional
finite ball By covering C,(; (0, R]), which together with Lemma 6, gives the
conclusion of Theorem 1.
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4. PrOOF OF THE THEOREM 2

For any fixed P = (r,©) € G,,(12), take a number R satisfying R > max(1, 7).
By (1.7) and (2.2), we have
1

— PIG(P,Q)|g(Q)|dog
Cn Sn((R,+0))

S Vi(r)e(O) /ROO V() (/m lg(t, @)\daq,) dt < cc.

Thus P1g[g](P) is finite for any P € C,(€2). Since PI&(P, Q) is an a-harmonic
function of P € C,,(Q2) for any Q € S,,(2), PI4[g](P) € H(a).

Now we study the boundary behavior of PI&[g|(P). Let Q" = (¢/,®') €
9C,,(2) be any fixed point and L be any positive number such that L > max{t +
1,3R}.

Set xs(z) is the characteristic function of S(L) = {Q = (¢, ®) € 9C,,(Q),t <
L} and write

PI§[g](P) = PI§ 1 [9](P) + PI§ o[g](P),

where
PI&, [g)(P) = — PIA(P. Q)g(Q)dog
' Cn JSn(9;(0,2L])
and
1
Plgalol(P)= o [ R(P.QuiQre
n n(34(7 4,00

Notice that PI§ | [g](P) is the Poisson a-integral of Q(Q)XS(gL): we have

I PIS | [g](P) = ¢(Q).
oot B o TT0aldl(P) = 9(@)

Since ehn%/ ¢(©) =0, PI§ ,[g](P) = O(V(r)p(©)) and therefore tends to zero.

So the function PI§[g](P) can be continuously extended to C,,(2) such that

. a — /
o, T = 9(@)

for any ¢ = (¢, ®') € 9C,(2) from the arbitrariness of L. Further, (1.8) is the
conclusion of Theorem 1. Thus we complete the proof of Theorem 2.

5. PROOF OF THE THEOREM 3

For any point P = (r, ©) € C,(€; (R, +00)) — E(&; 1/, n— ), where R(< £7)
is a sufficiently large number and ¢ is a sufficiently small positive number.
Write
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Gu(P) = Ur(P) + Ux(P) + Us(P),

where
Uy(P) = / G4(P, Q)dv(Q).
Cn(Q§(0=%7’])

Us(P) = / G&(P, Q)dv(Q)
Cn(Q;(%T,%T’))

and
Us(P) = / G4(P, Q)dr(Q).
Cn(Q;[%r,oo))

If we use (2.4), (2.5) and Lemma 5 in place of (2.1), (2.2) and Lemma 2, we
obtain the following growth estimates in the completely paralleled way to the proof
of Theorem 1.

(5.1) Ur(P) S eV(r)p(O).

(5.2) Us(P) S eV (r)e(©).
By (2.6) and (3.1), we have
Us(P) < Uai(P) 4 Uaa(P),

where

Un(P) = ¢(©) [ V(t)d/(Q) and

Cn(Q;(%T,%T))
Uny(P) = / o (P, Q)dv(Q).
Cn(Q;(%T,%T))

Then by Lemma 5, we immediately get
(5.3) U1 (P) S eV (r)p(O).

To estimate Uso(P), take a sufficiently small positive number ¢, independent

of P such that
4 5

(5.4) AP)={(t,®) € Cu(®: (. 7)) |(1,®) = (1,©)] < e} C B(P. )
and divide C,,(Q; (27, 3r)) into two sets A(P) and A’(P), where A'(P) = C,, (%
(4r,3r) - A(P).

Write ) @)

Uaa(P) = Uy (P) + Uyy' (P),

v (p) = / Mo (P, Q)dv(Q) and UL (P) = / Mo(P, Q)dv(Q).
A(P) N (P)
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There exists a positive ¢, such that |P — Q| > c4r for any @ € A/(P), and
hence

P QP
Sviee) [ 0 (Q)

Cn(Q;(%r,oo))
S €V (r)e(0)

e < | rte©)2(®) )
Cn(Q(sr 7))

(5.5)

from Lemma 5.
Now we estimate UQ(;)(P). Set

I(P) = {Q € A(P); 27'5(P) < |P— Q| < 2'§(P)},

where ¢ =0, +1,£2,. ...
Since P = (r,0) ¢ E(e;V/,n — «) and hence v/({P}) = 0 from Remark 5,
we can divide U(l)( P) into U(l)( pP) = UQ(;I)(P) + U2(;2)(P), where

uiah(p Z /I . Io(P, Q)dv(Q) and ULY (P Z /I o (P, Q)dv(Q).

i=—00

Since §(Q) + |P — Q| > §(P), we have tfo(®) = 6(Q) = 2716(P) for any
Q= (t,®) e Li(p) (i=-1,-2,...). Then by (1.1)

1 /
/mp) Ha(PQ)d1Q) /mp) g we@ " (@
r2e . V(B(P,2'5(P)))

AN

1 a( )
[OM {2is(P)yre
< V(r)apl_o‘(@)r”_o‘M(P; Vin—a)(i=-1,-2,...).

Since P = (r,0) ¢ E(e; v/, n — «), we obtain
(5.6) U (P) S eV (r)¢'~(8).

By (5.4), we can take a positive integer i(P) satisfying 22(P)~1§(P) < & <
2/P)5(P) and I;(P) = @ (i = i(P) + 1,i(P) +2,...).
Since rfq(©) < 6(P) (P = (r,0) € C,(2)), we have

/ ¢ /
[ 1oPQ@ 5 re@) | (@)

VI(1i(P))

N V(T)@l_a(@)rn_aw

~

(i=0,1,2,...,i(P)).
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Since P = (r,0) ¢ E(e; v/, n — «), we have
vy o V(B(P,2'6(P)))
{a(p)}r=> ~  9if(p)in—a
SMP;V,n—a)<er* ™ (i=0,1,2,...,i(P) - 1)

~

and ; P /
V( i) (P)) < VSA P)) < epon
{200(P)}n— ™ (5)m
Hence we obtain
(5.7) Uy (P) < eV (r)p' ().

Combining (5.1)-(5.3) and (5.5)-(5.7), we finally obtain that if R is sufficiently
large and e is a sufficiently small, then G&v(P) = o(V (r)p!~%(0)) as r — oo,
where P = (r,0) € C,(9Q; (R, +0)) — E(e; V', n — «). Finally, there exists an
additional finite ball B, covering C,,(©; (0, R]), which together with Lemma 6,
gives the conclusion of Theorem 3.

6. PROOF OF THE THEOREM 4

For the a-harmonic function U,V (r)¢(0) on C,, (), define
w(P) = u(P) = U,V (r)e(©).
Then 0 < w(P) € SpH (a) and
(6.1) Uy = 0.

Apply the Riesz decomposition theorem (see [11]) to w(P) on C,(©; (0, R)),
we obtain

0G% »(P, Q)
w(P) = / Q’aRiduo
5 ((0,R)) nQ

0GE »(P,Q
_/ Mdslﬁ/ % o(P, Q)dvy
S (R) OR Cn (24(0,R))
= wi(P) + wa(P) + ws(P),

where dpy is a positive measure on S, (€2), dSg is the (n — 1)-dimensional volume
elements induced by the Euclidean metric on Sg, dvy is the Riesz measure of w(P).
First, we consider the case where w(P) < 4o0. Since G‘;Z’R(P, Q) — G&(P,Q)

as R — oo, we have
wi(P) = e PI&juo(P) < +00
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and
w3(P) — G{ro(P) < +o0,
as R — ooc.
By (6.1), we know that there exists a sequence of points P, = (r;,0;) €
Cr(9),1; — 400 (1 — +00) such that

(6.2) ’U)(PZ) < V(TZ‘)GZ‘,

~

where ¢; — 0 as i — —+o0.
Take R; = 2r;, then by Lemma 3 we have

o / aG?),Ri((r’iv @z)v (R17 (I)Z))
Sn(Qsz)

w(F;) 2 dSp.

7

OR

n (G R;

> V(r)e(©) / (W (R )o@,

which, together with (6.1), gives that
(6.3) I(R) S

~

€,

where
I(R) = / (—W(R)}o(®:)dSn,.
Sn(Qsz)

By virtue of (2.7) and (6.3), we obtain
(6.4) wa(P;) SV (ri)p(@:)I(R;) SV (riei,

which converges to 0 as r; — +oc.
Passing the limit as i — 400, we have

(6.5) W(P) = enPIo(P) + G (P)

for all P € C,,(2).

Secondly, we consider the case where w(P) = +oc. In this case, the sum of
w1 (P) and ws(P) is infinite. We know that wo(P) is bounded by (6.4). As R —
+oo, w(P) remains infinite. So (6.5) is proved under the condition w(P) = +oc.

It is easy to see that the quantities duo and diy are same for the functions w(P)
and u(P) respectively. So we denote them by du and dv respectively for simplicity.
Then we complete the proof of Theorem 4.
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