TAIWANESE JOURNAL OF MATHEMATICS
Vol. 15, No. 4, pp. 1859-1870, August 2011
This paper is available online at http://www.tjm.nsysu.edu.tw/

PENALIZED GENERALIZED FISCHER-BURMEISTER FUNCTION
FOR SOCCP

Sangho Kum* and Yongdo Lim

Abstract. Recently, Pan et al. [11] developed the merit function method for
SOCCP based on the generalized Fischer-Burmeister (FB) function. This note
is along the same line. Indeed, we study a penalized version of the generalized
FB function and provide a basic theoretical property that the level set of the
merit function induced by the penalized version of the generalized FB function
is bounded under suitable assumptions. The proof relies on trace inequalities.

1. INTRODUCTION

The symmetric cone complementarity problem (for short, SCCP) on a symmetric
cone €2 in a Euclidean Jordan algebra V' (see Section 2 for details) is defined to be
the problem finding vectors x,y € V' such that

(1.1) z€Q, yeQ, (z,y) =0 y=F()

where F' : V — V is a continuously differentiable mapping. This is equivalent to
the form:

(1.2) Find x =0, suchthat F(z)>0 and (z, F(z))=0

where < is the Lowner partial order on V defined by z < y <= y — 2 € Q, and
x <y<=y—2x Q. Inrelation to (1.2), a function ¢ : V x V — V is called a
complementarity function (C-function) (see [4, 1.5.1 Definition]) if

(1.3) ¢(z,y) =0 if and only if (z,y) =0, >0, y = 0.
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It is well known that the function defined by
d(a,y) =z +y— (2" +y)"°

is a C-function [6], called the Fischer-Burmeister function.

The need for studying SCCP in optimization mostly comes from second-order
cone complementarity problems (SOCCP) and semidefinite complementarity prob-
lems (SDCP). As SOCCP is concerned with, as is well-explained in [3], an important
special case of SOCCP corresponds to the KKT optimality conditions of the convex
second-order cone program (CSOCP):

minimize g(z)

(1.4) subjectto Ax =0, z €K,

where g : R — R is a twice continuously differentiable convex function, A €
R™>™ has full row rank, b € R™, and

(L5) K:={(z1,22) e RxXR"" | [l2] <21}

is the second-order cone (SOC). The convex SOCP has numerous applications in en-
gineering design, finance, robust optimization, and convex quadratically constrained
quadratic programs; see [1, 9]. So many methodologies to solve (SOCP) and
(SOCCP) have introduced (see [3]). Especially the merit function method based
on the Fischer-Burmeister (in short, FB) function was proposed by Chen and Tseng
[3]. This is an approach based on reformulating CSOCP and SOCCP as an uncon-
strained smooth minimization problem. In fact, a function ¢ : R™ x R" — R, is
called a merit function if

(1.6) Y(z,y) =0 <= (z,y) =0, 220, y = 0.

Chen and Tseng [3] chose as a merit function the popular FB merit function for
SOCCP defined by

@) Yoo (2,0) 1= 5600,

where ¢, : R” x R” — R" is the FB function given by

(1.8) brn ((L‘, y) =xr+y-— ((L‘Q + y2)1/2

with 22 the Jordan product of z with itself, 2/2 a vector such that (z'/%)? = z.
With this choice, they successfully established a nice theory of the merit function
method for SOCCP [3].
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In particular, in a recent paper [11], the merit function method for SOCCP based
on the generalized FB function is presented. The definition of the generalized FB
function is as follow: Let 2,y € R™. For p > 1,

(1.9) Sp(x,y) =2 +y — (|27 + |yP)?

is called the generalized Fischer-Burmeister function of SOCCP. Clearly, when
p = 2, this function reduces to the FB function itself. This note is also along
the same line as the previous one [11]. Indeed, we study a penalized version of
the generalized FB function and provide a basic theoretical property that the level
set of the merit function induced by the penalized version of the generalized FB
function is bounded under suitable assumptions. This is a crucial step toward an
entire development of the merit function theory for SOCCP based on the penalized
version as a future research.

2. EucLIDEAN JORDAN ALGEBRAS

We recall certain basic notions and well-known facts concerning Jordan algebras
from the book by Faraut and Koranyi [5]. A Jordan algebra V' with an identity
element e over the field R or C is a commutative algebra satisfying 2% (zy) = z(22y)
for all z,y € V. Every Jordan algebra is power associative which means that the
algebra generated by x and e is associative. Denote L(x) by the multiplication
operator L(z)y = xy, and set P(z) = 2L(x)* — L(«?) for 2 € V. An element
x € V is said to be invertible if there exists an element y in the subalgebra generated
by x and e such that zy = e.

A finite-dimensional real Jordan algebra V' is called a Euclidean Jordan algebra
if it carries an associative inner product (-,-) on V, namely (xy, z) = (y,zz) for
all z,y,z € V. An element ¢ € V is idempotent if ¢ = ¢, and two idempotents c
and ¢’ are orthogonal if c¢’ = 0. If an idempotent ¢ cannot be written by a sum of
two non-zero idempotents then ¢ is called primitive. One says that ¢q,...,c is a
complete system of orthogonal idempotents if e = Zle ci, cicj = d;5¢;. A Jordan
frame is a complete system of orthogonal primitive idempotents. The following two
theorems are fundamental in the theory of Euclidean Jordan algebra. Actually, we
introduce more detailed statements in [2] rather than the original ones in [5] as
follows:

Theorem 2.1. (Spectral theorem, first version [5, Theorem I111.1.1]). For an
element z of a Euclidean Jordan algebra V' there exist unique real numbers A ; >
-+ > A\ and a unique complete system of orthogonal idempotents ¢ 1, .. ., ¢x such
that © = Zle Aici;. The uniqueness is in the following sense: if there exist a
complete system of orthogonal idempotents {e 1, , ..., es} and distinct real numbers
m > --->mnssuchthat z = 37 | ne;, then k = s and n; = A; and e; = ¢; for
all 1 < <k.
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Theorem 2.2. (Spectral theorem, second version [5, Theorem [11.1.2]). For an

element 2 of a Euclidean Jordan algebra V' there exist a Jordan frame ¢+, ..., ¢, (r
is fixed and called the rank of V) and real numbers A\; > --- > A, such that x =
> i1 Aici. If there exist a Jordan frame ey, . . ., e, and real numbers n; > --- > 7,

such that = =}, n;e;, then n; = A, for all ¢ and Z{jm]-:a} ej = Z{jmj:oc} cj
for each real number «.

Lettr(z) =Y ;_; A\, thetrace of x = >"7_; A;c; in the second spectral theorem.
Then the trace inner product tr(zy) is associative. Let © be the open convex cone
of invertible squares of a Euclidean Jordan algebra V. Then 2 is a symmetric cone,
that is, the group G(€2) := {g € GL(V) : g(Q) = Q} acts transitively on it and
is a self-dual cone with respect to the trace inner product. Recall the Lowner partial
order on V defined by 2 <y <=y —zcQ,andz <y <=y —z € Q.

Lemma 2.3. Let p be a positive real number.

(i) Each element 2 = 0 has a unique p-th root denoted by = /7 in Q. If z € Q
has a spectral decomposition z = >7_, \ic;, then /P = 37, )\;/pci.
(ii) (The Lowner-Heinz inequality, [8])

0zy=2"=<y?, 0<p<1L

For z € V, we denote |z| by |z| = (2?)'/2 and

x|zl . x| -

(2.10) T _

2 2
If z has a spectral decomposition z =", Aic; then

s s s

211) =) (N)ge,  zo =Y N)oa, z[=)|Aile

i=1 i=1 i=1

where for any scalar A\, A\ = max{0, A}, \_ = max{0,—A}. Since z = 2 —x_

and (x4, x_) = 0, by the Moreau decomposition, z; and —z_ are the projections
of = onto Q and —(, respectively. Moreover, z;z_ = 0.

We close this section with two typical examples of Euclidean Jordan algebras:

Example 2.4. Let S™ be the algebra of n x n real symmetric matrices with the
Jordan product defined by

where XY is the usual matrix multiplication of X and Y. Then S™ is a Euclidean
Jordan algebra equipped with the trace inner product

(X,Y) = tr(XY).

In this case, Q is the set of all positive definite matrices.
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Example 2.5. Let R™ be the Euclidean space with the Jordan product defined
by
zoy=((z,y), T1y2 + y122)

where © = (21, 22), y = (y1,y2) € R x R* ! and (x,y) is the usual inner product
in R™. Then R™ is a Euclidean Jordan algebra equipped with the standard inner
product (-, -). In this case, 2 is the setintC = {(x1, z2) € RxR"™! | ||aa] < 21}

For further definitions, terminologies and facts concerning a Euclidean Jordan alge-
bra V' and second-order cone K, readers may refer to [5, 3, 7].

3. MaIN ReEsuLTS

We begin with quite elementary observations:

Lemma 3.1. For two nonzero vectors x, y € R"™, we have
Iz +yll = ll=ll = llyll-
The equality holds if and only if z = ay for some o < —1.

Proof. The above inequality is nothing but the triangle inequality. If the equality
holds, then x and y are linearly dependent, so that 2 = ay for some « € R. Then
we can easily deduce from the equality ||z + y|| = ||z|| — ||y|| that « < —1. The
converse is trivial. ]

Lemma 3.2. For nonnegative real numbers ¢ and s, the followings hold:

() (t+ s)P > tP + sP for p > 1. The equality holds if and only if ts = 0.
(i) (t 4 s)P <P + sP for 0 < p < 1. The equality holds if and only if ts = 0.

Lemma 3.3. Let k > 0. Let f(z) = (k —z)P + (k + 2)P for —x <z < k.

(i) For p > 1, f is an even function which is strictly increasing on 0 < x < k.
(if) For 0 < p < 1, f is an even function which is strictly decreasingon 0 < z < k.

Theorem 3.4. Leta = (t,z) € R x R* ! and b = (s,y) € R x R*"L. For
p > 1, the generalized Fischer-Burmeister function

Sp(a,b)=a+b— (laf + b7
is a C-function of SOCCP.

Proof. Assume that « > 0, b > 0 and ab = 0. By means of Gowda et al.
[6, Proposition 6], [L(a), L(b)] = L(a)L(b) — L(b)L(a) = 0. Due to Faraut and
Koranyi [5, Lemma X.2.2], there exists a common Jordan frame ¢, . . ., ¢, such that
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a= > 4N and b = Y7 | pic; with nonnegative real numbers \;, p;. Thus
we have
(a+0)P = (A1 +pm)Per+ -+ (A + p)Per

a” + 0" = (A} + p)er + -+ (A + i) ey

ab = (Ap1)er + -+ (Appir)er = 0.

Hence Ajpu1 = --+ = Ay, = 0, which means by Lemma 3.2 (i) that (a + b)P =
a? +bP, thatis, ¢p,(a,b) = 0. Conversely, suppose that ¢,(a,b) = 0, namely,
a+b = (|a|P+|b|P)!/P. Setting w = (|a|P+|b|P)'/P, we have wP = |a|P+|b|P > |al|P
and w? = |a? + |b|P > |bP. By Lemma 2.3 (ii) (the Lowner-Heinz inequality),
w > |a| and w > |b]. Since |a| > a and |b| > b, we then have

a=w—-b>w—[b| >0, b=w—a>w-—|a] >0.

Thus |a] = a and |b] = b, S0 (a + b)P = |a|P + |b|P = aP + bP. Hence we have
trj(a + b)P] = tr(a?) + tr(bP), that is,
(t+s—lz+yl)’+{E+s+llz+yl)”

(3.12)
= (= llzlD)”+ t+ lz[D” + (s = [lyl)” + (s + llyl})"-

To show that ab = 0, it suffices to verify that (a,b) = 0 because a > 0 and b > 0.
Since a > 0 and b > 0, we have t > ||z| and s > ||y|| so that ¢ + s > ||z + y| >
|zl — |ly]| (we may assume ||z|| > ||y|| by the symmetry of the inequality in Lemma
3.1). Moreover,

t+s—llz+yl)’+(E+s+llz+yl)”
> (t+s = [lzl + lyl)” + (+ s + [lz] = [ly])?
> (¢ = ll=lD)” + (s + lyl)? + &+ [lz])” + (s = [yl

The first inequality follows from Lemma 3.3, and the second comes from Lemma
3.2. By (3.12), we get

(t+s—[lz+yl)” + (¢ + 5+ [z +yl)”

= (t+s—[lzl + 1yl + &+ s + |zl = Nyl
= (t=l=[)" + (s + [wlD” + &+ =[)” + (s = llyl)"-

We first assume that two vectors x, y are nonzero. From the first equality above,
we obtain z = ay for some oo < —1 by Lemmas 3.1 and 3.3. Moreover, it can be
easily checked from the last equality that either ¢t = 0, or s = 0, or (¢ = ||«|| and
s = |ly||) by Lemma 3.2. Since x, y are nonzero, the only possible case is when
t = ||z|| and s = ||y||. So we get
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(z,y) = (o, y) = ally|® = —|ley||lyl| = —=|l||y]| = —ts.

Thus, (a,b) = ts+ (x,y) = 0. When either z = 0 or y = 0, we see again from the
last equality that either ¢ = 0 or s = 0 which clearly entails either = 0 or b = 0,
hence (a, b) =0. Therefore, we always have (a, b) =0. This completes the proof.m

Similarly, we show that a penalized version of the generalized FB function is
also a C-function of SOCCP. For p > 1, define a function

p(a,b) = a+b— (|af’ + [bP)¥ +ayby

and call it the penalized version of the generalized FB function ¢ ,, (1.9) where a,
denotes the orthogonal projection of a onto K.

Theorem 3.5. Leta = (t,7) € Rx R" ' and b = (s,y) € R x R*"!. For
p > 1, the penalized version of the generalized FB function

p(a,b) = a+b— (|af’ + [bP)¥ +ayby
is still a C-function of SOCCP.

Proof. Assume thata > 0, b > 0 and ab = 0. Then ab;+ = ab = 0 and hence
VYp(a,b) = a+b— (aP + bP)/P = ¢,(a,b) = 0 from Theorem 3.4. Conversely,
suppose that ¢,,(a,b) = a + b — (|a|? +|b|")}/? + a b, = 0. We can decompose a
as a = aq — a_ where a_ = (—a)4. Multiplying by a_ both sides, we have

a—{(a+b—(laf’ + [b")'/") +arby} =0
or from aya_ =0
{—(a=)? = a_[(Ja” + [p")/" = 0]} + a_(arby) = 0.
Applying the trace operator to both sides yields that
—{tr((a=)?) + tr(a—[(Jaf” + [b")/" = b])} + tr(a—(a1b+)) = 0.

Since both (|a|? + |b[?)'/? — b (by the Lowner-Heinz inequality) and a_ belong to
KC, and the trace operator is associative, we see that

tr((a-)*) =0,

which implies that «_ = 0, whence a > 0. Similarly we obtain b > 0. Thus
a+b—(a?+bP)1/P 4+ ab = 0. So we have (a + b+ ab)? = a” + bP. Hence we get
trj(a + b+ ab)?] = tr(aP) + tr(bP), that is,

(t+s+ts+ (x,y) — (s + Da+ (t+ 1)y||)P
(3.13) +(t+s+ts+ (x,y) + |[(s+ 1)z + (t+ 1)y||)P
= (t = [lz[)? + @+ [[z[)* + (s = [ly[)? + (s + [|yl)*.
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Now we verify that (a,b) = 0, i.e., ab = 0 by using a similar argument in the proof
of Theorem 3.4. Note that a+b+ab = (t+s+ts+(z,y), (s+1)z+(t+1)y) € K,

equivalently, ¢t + s +ts + (z,y) > ||(s+ 1)z + (t + 1)y||. It can be easily checked
that
(t+s+is+ (x,y) = (s + Dz + E+yl)?

+(t+s+ts+ (r,y) +|[(s+ Da+ (t+1)y[)?
> (t+s+ts+ (z,y) — (s + Dzl + [t + 1)yl])
+(t+s+its+(z,y) + (s + Dzl - [|(t+ yl])”
> (s + 1Pt = [lz[D)” + (s + (2, ) +  + D]lyl))”
+ (t+1)P(s = llylD)? + (¢ + (z, y) + (s + D|])”
> (t=[lz[])” + (s + lylD)? + (s = lylD)? + (& + llz])P-
The first inequality follows from Lemma 3.3, and the second one comes from Lemma
3.2. By (3.13), we get
(t+s+ts+ (x,y) — |[(s+ Da+ (t+ 1)y||)?
+(t+s+ts+ (z,y) +|[(s+ Da+ (t+ 1)y[)?
= (t+s+ts+ (z,y) = (s + Dzl + (¢ + Dyl)?
+(t+s+its+(z,y) +[[(s + Dzl - [|(t+ Dyl])”
= (s + 1Pt = [lz[})? + (s + (z,9) +  + D) lyl})”
+ (E+1)P(s = llylD)? + (¢ + (z, y) + (s + D|])”
= (== + (s + lyl)? + (s =yl + (¢ + [lz])*.
We first assume that two vectors z, y are nonzero. From the first equality above, we

obtain (s + 1)z = a(t + 1)y for some oo < —1 by Lemmas 3.1 and 3.3. Moreover,
it follows directly from the last equality that ¢ = ||z|| and s = ||y||. So we get

(@,y) = (By,v) = Bllyl* = = 18ylllyll = =Nz lly]| = —ts

where 3 = ot} < 0. Thus, (a,b) = ts+ (z,y) = 0. When either z = 0 or y = 0,
we see again from the last equality that either t = ||z|| = 0 or s = ||y|| = 0 which
clearly entails either « = 0 or b = 0, hence (a, b) = 0. This completes the proof. m

Proposition 3.6. Leta = (t,2) € R x R* ! and b = (s,y) € R x R*~. For
p > 1, we have

(3.14) tr[(al? + [b[7) /7] < tr(|al) + tr(|b]).
Proof. The inequality (3.14) is equivalent to the following:

(3.15) tr[(a +b)?] <tr(a®) +tr(b®) forall a>0and b >0 where a« = 1/p.
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When p = 1, (3.14) is trivial so we may assume that p > 1.

tria+0) = (t+s—llz+yl)*+ @+ s+ [lz+yl)*
< (t+s =zl + D + E+ s + =l = lylD®
< (E=[lzlD* + (s + llyID* + @ + =) + (s = llyl)*
=tr(a®) +tr(b®).
The first inequality comes from Lemma 3.3, and the second inequality follows from
Lemma 3.2. m

Definition. A mapping F': R™ — R" is said to be Rg; — function if for any
sequence {2*} such that

_ ok o k
(3.16) b = oo, e g EF@De
[|2"]] [|2"]]
we have N N
F
liminfM > 0.
k—o0 || %2

Proposition 3.7. Let F : R — R™ be a Rq;-function. For any sequence {z*}
satisfying ||z*| — oo, limsup,_, . ||7¥ || < oo and lim sup,_, . ||F(z*)_|| < oo,
we have

(2, F(a*),) — oo.

Proof. Since (—x); = z_ for every z € R", (3.16) is satisfied for the given
sequence {x*}. As F is a Ro;-function, we have

k k
lim inf 7@  F(a7))

0.
e ZFZ

Hence
(z*, F(z%)) = .
Decomposing z* = % — 2% and F(2%) = F(2*), — F(2*)_ yields that
(aF, F(a?)) = (2, Fa?)1) + (2, F(a?)-) — (2h, F(a?)-) = (2%, F(ab)4).
Therefore we conclude that (2%, F(z*).) — co. This completes the proof. ]
Proposition 3.8. The penalized version of the generalized FB function
p(a,b) = a+b— (|af’ + [bP)¥ +ayby

satisfies
[4p(a, b)|| = max{[[a_]], |b-|}, Va,beR"
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Proof. By taking the inner product with —a_, we have
(—a, a+b—(laf+[b]") /P +arby) = lla—|*+(a—, (Ja’+[b[")"/P=b) > ||a_]?

because both (Ja|? + |b|P)'/P — b and a_ belong to Q, a,a_ = 0, and the inner
product is associative with respect to the Jordan product. By the Cauchy-Schwarz
inequality, we get

la—llllp(a, )| = {(=a, a+b—(lal’ + b")'/? + asby) > [la_]|P?,
and hence ||¢,(a, b)|| > ||a—||. Similarly, we have ||, (a,b)|| > |[o—]|. |

Proposition 3.9. Let a,b € R™. If max{||a—_]|[, ||b—||} < Co, then
tr(a+b— (|laf” + [bP)7) > —8Cp.

Proof. Observe that tr(a_) < 2|ja_|| < 2Cp, tr(b-) < 2||b_| < 2Cy. The trace
inequality (3.14) yields

tr(a+b— (|aP + [bP)/P) = tr(a+b) —tr(|al? + |b]P)'/P
> tr(a+0b) —tr(la] + |b])

= —2tr(a—) — 2tr(b_) > —8C%. ]

Now the boundedness of level sets of the merit function || ¥, (x)||= ||y (z, F(x))|
is proved, which is the main result of this paper.

Theorem 3.10. Let p > 1. The level set M = {z € V | ||¥,(2)| < C} is
bounded provided that F' is Rq:-function.

Proof. It is sufficient to prove that || ¥, (z*)| — oo as ||z¥| — oo. If ||2* ||
— o0 or ||F(z¥)_|| — oo, the result holds by Proposition 3.8. Suppose that
lim sup,_, . ||7% || < co and limsup,_, . || F(2z*)_|| < co. So there is a Cy with
max{||z* ||, [|F(z*)_||} < Cy. By Proposition 3.7, we obtain

tr(x% F(2%)1) = 2(a%, F(z")4) — oo.
Then we have
10, (z")]] = %tf{fckJrF(wk) — ([P + | F (") [P)P - 2l F(ah) 1)
= Str{a  F(b) — (2P + [P P) ) + Stk Pat),).
It follows from Proposition 3.9 that

liminf tr{z* + F(2*) — (|2F|P + |F(2)[P)/P} > —cc.

n—oo
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Therefore we conclude || ¥, (z*)|| — oo as k — oo. |

Remark. Using a similar argument, we can show that Theorem 3.10 still holds
true under the strict feasibility condition on F'

4., CONCLUDING REMARKS

The results of the previous section in a sense only begin the theoretical study
of the merit function for SOCCP based on the penalized version of the generalized
Fischer-Bermeister function. So the next logical step in future research is to analyse
semismoothness or differentiablity of the merit function, and to report its numer-
ical performances as in [10]. Also there is an enough motivation to develop the
corresponding extensions to symmetric cones.
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