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BLOW-UP FOR PARABOLIC EQUATIONS AND SYSTEMS WITH
NONNEGATIVE POTENTIAL

Yung-Jen Lin Guo* and Masahiko Shimojo

Abstract. We study the blow-up behaviors of two parabolic problems on a
bounded domain. One is the heat equation with nonlinear memory and the
other is a parabolic system with power nonlinearity in which the coefficients of
the reaction terms (potentials) are nonnegative and spatially inhomogeneous.
Our aim is to show that any zero of the potential, where there is no reaction,
is not a blow-up point, if the solution is monotone in time. We also give
sufficient conditions for the time monotonicity of solutions.

1. INTRODUCTION

In this paper, we consider the nonlocal parabolic problem:

ut:Au—i—u(x)/tup(x,s)ds, zeQt>0,
(1.1) u(z,0) = up(z), ' z e Q,

u(z,t) =0, €0, t>0
and the following parabolic system:
up = Au+ p(x)vP zet>0,
vy = Av + p(z)ul zeQt>0,

12) )
u(z,0) = up(z), v(z,0) =vo(x) =€ Q,

u(z,t) =0, v(x,t) =0, z e o, t>0,
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where €2 is a bounded smooth domain, y is Holder continuous in €, u(z) > 0,
w(x) 0, p>1, ¢ >1and ug,vg > 0, up,vg # 0 are smooth functions with
uo, voloq = 0. We also assume that all zeros of u(x) are included in .

It is known that for each initial datum uy as above, (1.1) has a nonnegative
classical solution « for ¢ € [0,T) for some T" € (0, c0]. If T' < oo, then we have

lim sup [Ju(-, )| oo () = 00
t—T

and we say that the solution » blows up in finite time with the blow-up time T'. For
a given solution v that blows up at t = T' < oo, a point a € Q is called a blow-up
point if there exists a sequence {(x,,t,)} in Q7 := Q x (0,7) such that z,, — a,
t, T T and u(xy,t,) — oo as n — oo. The set of all blow-up points is called the
blow-up set.

Let us recall known results about the problem with nonlinear memory. For the
equation without spatially dependent coefficient, i.e., when p(z) = 1, Li and Xie
[6] proved that if « blows up at 7' < oo and there exists ¢ € [0, T") such that

(1.3) u(x,tg) >0 forall ze€Q,
then « satisfies
(L.4) (-, )| gy < CL (T — )51 for all ¢ € (0,T)

for some constant C'; > 0. The characterization of the monotonicity condition (1.3)
was given by Souplet in [10]. Results of blow-up points and blow-up profile of
spatially homogeneous nonlinear memory were obtained by Bellout [1]. For various
problems with nonlinear memory for which finite time blow-up occurs, we refer the
reader to the paper by Souplet [9] and the references therein.

Now, we turn to the parabolic system (1.2). The local existence and uniqueness
of solution (u, v) to (1.2) is well-known. Here a solution (u, v) blows up in finite
time T if there holds

liis%lp{”u('vt)”Lw(Q) + (s )l o) } = o0

For blow-up of semilinear parabolic system, we refer the reader to, e.g., [2, 7, 11, 12,
13, 4]. The result of blow-up rate for (1.2) was proved by [2] for parabolic system
of spatially homogeneous equations based on the idea of [3] for single equation.

Our first aim of this paper is to show that any solution « of (1.1) blows up in
finite time and satisfies (1.4) provided that (1.3) holds. Among other things, any
zero point of () is not a blow-up point under the condition (1.3). Our next aim is
to consider the similar problem for the parabolic system (1.2). More precisely, we
shall also prove that the time monotone nondecreasing solution blows up in finite
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time and it does not blow up at any zero of x(x). A similar question for the equation
up = Au+ p(x)uP was studied in [5].

This paper is organized as follows. In Section 2, we shall give a sufficient
condition so that the time monotonicity condition holds for certain solutions of (1.1)
and (1.2). Then we give some blow-up criteria for the problems (1.1) and (1.2) in
Section 3. Moreover, we prove that any zero of p(z) cannot be a blow-up point for
both problems (1.1) and (1.2).

2. A SUFFICIENT CONDITION FOR MONOTONICITY

In this section, we give a simple sufficient condition on the initial data so that
the solution of either (1.1) or (1.2) becomes monotone in time after a certain time
to € [0, T). In the sequel, we let [0,T") be the maximum existence time interval of
solutions to (1.1) and (1.2).

For the problem (1.2), the condition

(2.1) ur(x,0) >0, v (z,0) >0 forall ze€Q
is valid if we assume that
Aug + p(z)vh >0, Avg + p(z)ul >0 in Q.

Moreover, under the assumption (2.1), it follows from the maximum principle that
ug, vy > 0in Q.

For the problem (1.1), the above simple criterion is not possible, since both
conditions ug(z) = 0 for all z € 9Q and u(z,0) = Aug(xz) > 0 for all z € Q
cannot hold at the same time. For this, we shall use an idea of Souplet [10] to
derive the monotonicity condition (1.3) for the problem (1.1).

In the following, we denote

d(z) := dist(z,09), =z €.

Proposition 2.1. Assume 7T € LY(Q). Let & € C*(Q) be positive in
and zero on the boundary. Suppose that there exist positive constants ¢ o, 79 such
that

(2.2) Ad(x) > eod(z) forall zeQ with d(z) < no.

Then, for all A > 0 large enough, the solution « of the problem (1.1) with initial
value \® satisfies (1.3).

Proof. The argument is very similar to that of [10] with a slightly modification.
First, the function v = u; satisfies
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vy =Av+ p(z)uP, zeQ, te (0,T),
(2.3) v(z,0) = Aug(z), €Q,
v(z,t) =0, xed, te(0,7).

and so

oz, 1) = /Q G — y, ) Auo(y) dy + /0 /Q G(x —y.t — $)u(y)uP (y, 5) dyds,

where G(z,t) is the Green function of the heat operator in 2 with zero Dirichlet
boundary condition. Since

u(ws) = [ Gla=y.9yunly) dy = w(z.s), s € 0.7)
Q
we have

[ 6=t ) dy > [ Gl =yt = )0, 5) dy
Q Q

1

> ([ l—pt=suwsdy)'( [ Ga—pt-uy 7T ay)
> CwP(z,t), telsT),

for some finite constant C' € (0, co). Thus we have

v(x,t)Z/QG(x—y,t)Auo(y) dy—i—Ct(/QG(x—y,t)uo(y) dy)p.

Therefore, for all A > 0, vy := (u)), satisfies

t
ey 280> [ -y naaw)ay+ o [ G-y o) dy)
Q Q
for all 0 < ¢t < T (A®), where wy is the solution of (1.1) with initial value A\® and
[0, T (A®)) is the maximum existence time interval of u,.
Next, we show that there exists a positive constant 7; such that

(2.5) /QG(x -y, t) AP(y)dy >0 for (z,t) with d(z)<mn, t€[0,n].

Let (A1, ¢1) be the first eigen-pair of —A in © with zero Dirichlet boundary con-
dition such that maxq o7 = 1. Recall that there are positive constants ¢y, ¢, such
that c1p1(2) < d(z) < cop1(z) for all z € Q. Hence, by the assumption (2.2),
there exist a nonnegative smooth function p with support contained in {d(z) > n;}
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for some positive constant »; and a positive constant + such that A® > ~vp; — p in
Q. This yields

/Q Gla — 5, )AD(y) dy > ye iy (x) — =(a, 1),

where
“Aavt) = [ Gla =y 0000 dy.
Note that =z is the solution of
zz=Az in Qx(0,00),
z(x, t) =0, x€0Q, t>0,
2(z,0) = p(x), z €.

Hence z(z,t) — 0 ast | 0 for x € Q with d(x) < ;. Since Vz is bounded, there
is a small positive constant 7, such that z(z,t) < ned(x) for (z,t) with d(x) < m
and 0 < ¢t < ;. Hence (2.5) follows by taking the constant 7; > 0 sufficiently
small.

We can easily check that the following function is a supersolution of (1.1):

p—1

U(t) = M7 (M™% g j.Tgy — kt) 71,

where M = ||p|l (o) and k = (p — 1)(2(p+ 1)) /2. Since U(0) = ||uol|r=(0),
by the comparison principle, we conclude that

p—1

T(uo) > HungooT(Q)/(kMi).

Let us define

-1

_p
ty 1= D[ 2 /(26 ),
Then ¢ty < np if A > Ao for some sufficiently large constant \y. Therefore, it
follows from (2.4), ® > 0 in Q and (2.5) that (uy)¢(x,tx) > 0 for all = with
d(z) <my, if A >N
On the other hand, since ® > 0 in €, there exists a constant o > 0 such that
O (z) > 2« for all x € Q with d(x) > n;. Note that

U(a, ) i /QG(x ) B(y) dy — () as ¢t — 0

uniformly on {x € Q : d(z) > m}. Hence, by taking Ay sufficiently large, we
have ¥ (x,ty\) > « for all z € Q with d(x) > 01, if A > X\g. Also, we can easily
check from (2.4) that

—1

CaP X7 0] 2,
: >0
2kM 2

ox(z, ty)
A

> —[[A®(y) ooy +
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for all x € Q with d(z) > n, if A is sufficiently large. Therefore, we conclude that
(ux)¢(z,tx) > 0in Q for A sufficiently large. The proposition follows. ]

3. BLow-up CRITERIA AND BLow-ur POINTS

3.1. Nonlocal problem

First we show that the condition (1.3) implies (1.4) for the problem (1.1). A
similar result was originally proved by [1] for spatially homogeneous equation (i.e.,
wu(x) = 1) based on an idea of [3].

Proposition 3.1. Assume (1.3). Then u blows up in a finite time 7" and u
satisfies (1.4) for some constant C'; > 0.

Remark 3.1. The condition of monotonicity in time implies the finite time
blow-up for the homogeneous equation can be found in [8, Theorem 46.4].

Proof. Recall that v := w; is a nontrivial solution of (2.3). The Hopf lemma,
the maximum principle and (1.3) imply that u; > 0 in Q x (¢, T") and %ut <0
on 99 x (to, T'), where v is the unit outward normal on 0.

Now we define J := u; — eu®, a:= (p+ 1)/2 and ¢ is a positive constant to
be determined. Then by a simple calculation, we have

Jy— AJ = (uy — Au)y — cau®Huy — Au) + ea(a — 1)u® 2| Vul?
t
> pu(x)uP — g,u(x)auo‘_l/ uP(z, s)ds

0
Us — J

e

= p(z)uP — ep(x)ou®! /Ot uo‘_1< )(m, s)ds

t
= p(z)ugu®™ + au(m)uo‘_l/ u*"tJ ds
0
t
> au(m)uo‘_l/ w1 ds
0

Fix t1 € (to,T) arbitrary. Then we can choose ¢ > 0 small enough such that
ug(x,t1) > eu®(x,ty) for all x € Q. Hence J(z,t1) > 0 for all x € Q. Note
that J = 0 on 092 x (t1,T). It follows from the maximum principle for nonlocal
problems (cf. [8, Proposition 52.24]) that J > 0 in Q X (t¢, 7). Consequently, we
have

u—eu® >0 in Qx(t,T).

By an integration in ¢, we obtain

u Y (z,t) > e(a— 1) (T —t), te(t,T).
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This means that T' < oo and (1.4) follows immediately. The proof is completed. =

Next we show a sufficient condition that assures any zero point of p(z) is
not a blow-up point. The proof, which was first given in [5] for the equation
up = Au+ p(x)uP, is based on the comparison principle as follows.

Theorem 3.1. Assume (1.4) holds for some constant C'; > 0. Then any zero
point of (z) is not a blow-up point. In particular, if (1.3) holds, then any zero of
w(x) is not a blow-up point.

Proof. Let us construct a strict supersolution in the following form:
A

w(z,t) = —
[v(z) + (T — )]~

)

where the constant A > C7 and v(z) will be determined later. Here w is a strict
supersolution if w satisfies the inequality

t
(3.1) wy > Aw + u(m)/ wP(z, s) ds.
0

Let 2o be a zero point of u(z). There exists 7o > 0 such that {z : |x — x| <
2ro} € Q. Under this condition, we define the following function:

m|x — x|

v(x) = & cos? < 5
0

), By:={zeQ : |x—xo| <ro},
where ¢ is a positive constant. Note that w(z,t) > u(x,t) for x € 0B, and
t € (0,T). Also, for sufficiently large A, we have
A
w(z,0) = ————— > wup(x), =z € By.
[v(z) + T]=T

Moreover, the inequality (3.1) holds in By x (0,T) if

p—- 114p—1 (II,') _ p+ 1 ‘V’U((I))‘Q

(3.2) 1+Av(x)—p+1 p=1 o)

>0

is valid for all z € By. It is easy to see that Av and |Vwv|?/v are bounded in
By and linear in §. By fixing A, we first take ro > 0 small enough so that
AP~Ly(z) < 1/3 for all z € By. For this ro, we then take § > 0 sufficiently
small so that the inequality (3.2) holds in By. It follows from (3.1) that the function
z = w — u satisfies

t
(3.3) 2t — Az > u(m)/o b(x,s)z(z, s)ds
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for some nonnegative function b.

We now claim that z > 0 in By x [0,7). Otherwise, there exists the first time
to > 0 suchthat z > 0in By x [0, t9), z(x,tp) > 0 for all x € By and z(xq, tp) =0
for some zy € By. Then (z; — Az)(zg, to) < 0 and

to
u(mo)/ b(xo, s)z(zg, s)ds > 0,
0

this contradicts with (3.3). Hence we have the inequality
A
u(z, t) < ——, « € DBy, t€(0,T).
[v(z) + (T —t)]>-1

Thus x cannot be a blow-up point. The theorem is proved. ]

3.2. Parabolic system

In this subsection, we shall first prove that (u,v) blows up in a finite time 7'
and satisfies
q+1

_ il -
34)  lu( D)l[Loo) < Co(T = 1) o=t o, 1) Loo(ay < Co(T — 1) wa

for all ¢ € (0,T) and for some Cy > 0. Then we show that any zero of p(x) is not
a blow-up point.
More precisely, we prove the following theorem.

Theorem 3.2. Assume (2.1). Then (u,v) blows up in a finite time 7" and (u, v)
satisfies (3.4) for all ¢t € (0, T") for some C's > 0. Moreover, any zero point of p(z)
is not a blow-up point.

Proof.  We first define
Ji=u —evP, K :=v; —euf

where ¢ is a positive constant to be determined. By a simple calculation, we have

Je = AJ = p(z) f'(0) K +ef"(0)|[Vol* > p(a) f'(v) K,
Ky — AK = p(z)g'(w)J + eg" (w)|Vul* > p(x)g' (u) ]

with f(v) = vP, g(u) = u?. Since (U, V) := (u, v¢) is a nontrivial solution of
U = AU + p(x) f'(v)V, zeN, t>0,
Vi = AV + pu(x)g'(u)U, zeQ, t>0,
U(z,0) = uy(z,0), V(z,0) = v(z,0), z€Q,
U(z,t) =0, V(z,t) =0, zed,t>0,
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by the Hopf lemma and the maximum principle, we have wu;, v, > 0 in Q x (0,T)
and ‘9 S Ut a ;. < 00on 9 x (0,T), where v is the outward unit normal vector on
of. Set to = T'/2. Then we can choose ¢ > 0 small enough such that

ug(x, tg) > evP(x, to), vi(z, to) > euld(z, tp)

for all z € Q. Thus J > 0 and K > 0 on the parabolic boundary of Q x (ty,T) if
e > 0 is sufficiently small. It follows from the maximum principle that J > 0 and
K >01in Q x (to,T). Consequently, we have

ug—ev? >0, v —eu? >0 in Qx(t,T).

Applying [8, Lemma 32.10], we conclude that 7" < oo and (3.4) holds for some
positive constant Cs.
Next, for the blow-up points, we define

A A

’U)((L‘,t) - Z((L‘,t) = ,
[h(z) + (T )] [h(z)+ (T — t)]pq T

where the constant A > C5 and h(x) will be determined later.
Let xo be any zero point of u(x). We may assume that {z : |z —xy| < 2ro} C Q2
for some ro > 0. We define

h(x) = 6 cos? <7r\x27—0x0\>7 By :=A{x : [z — ol <o},

where § is a positive constant.
Note that w(z,t) > u(z,t) and z(x,t) > v(z,t) for z € 9By and t € (0,7,
by (3.4). Also,

w(@,0) = —— 2 >u(x) in Bo,
) + 7175

2(x,0) = —————— >up(x) in B,
[h(z) + T]ra-T

if A is chosen sufficiently large.
The inequalities

—Aw—p(x)2P >0, z—Az—p(z)w? >0 in Byx(0,T)
are equivalent to

plg+1) |Vh|?

Pq p— —
el g w(x) + Ah(z) v =1 ht (T2

p+1

pq . glp+1)  |Vh]?
1-— Aq + Ah —
q+1 Hiw) (z) pg—1 h+(T—1t) —
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We have these inequalities, if

pg—1 ., p(q—i—l)\Ch\Q
. 12— A y(2) + Ab(z) - 2221 >
pg—1 . q(p+1) |Vh|?
. - = + Ah(z) - 22— >,
(3.6) 1 i1 AT () h(z) —1 & 0

It is easy to see that Ah and |Vh|?/h are bounded in By and linear in 6. Thus,
by taking § and rq sufficiently small, we have the inequalities (3.5) and (3.6) in
By x (0,T). Hence, by the comparison principle, we conclude that

w(z,t) = A > u(w,t),
[h(z) + (T — t)]ra-T
z(z,t) = 4 o = vl 1)

[h(x) + (T = t)]pa=1

on By x (0,7). In particular, z = o is not a blow-up point of v and v. The
theorem is proved. n
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