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COMMON FIXED POINTS OF A FINITE FAMILY OF NONSELF
GENERALIZED ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS

Shuechin Huang

Abstract. Suppose that C' is a nonempty subset of a real Banach space X. In
this article, we construct two types of iterative schemes with errors for a fi-
nite family {7;}%_, of nonself generalized asymptotically quasi-nonexpansive
mappings of C into X. Furthermore, not only a necessary and sufficient con-
dition for {x,,} generated by each of those iterations to converge to a common
fixed point of {7;}%_, is obtained, but also the weak and strong convergence
theorems of {x,,} in uniformly convex Banach spaces are established as well.

1. INTRODUCTION

Let X be a real Banach space and let C' be a nonempty subset of X. Suppose
that 7 : C' — X is a mapping and denote the fixed point set of 7" by F(T). We
recall the following definition, when T is a self-mapping of C.

Definition 1.1. A mapping T : C — C'is said to be

(i) uniformly A-Lipschitzian if there exists A > 0 such that
@ 1Tz =Tyl < Az —yll, Vae,yeC, neN;

(if) nonexpansive if
T2 — Tyl < |lv—vyll, Vz,yeC, neN;

(iii) quasi-nonexpansive if
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Tz —p| <|lxr—pl, VeeC pe F(T), neN,

(iv) asymptotically nonexpansive if there exists a sequence {r,} in [0,1] with
lim,, . 7, = 0 such that

2) Tz — Tyl < (1 +r)|le —yl|, Ve,yeC, neN;

(v) asymptotically quasi-nonexpansive if there exists a sequence {r,} in [0, 1]
with lim,,_,. 7, = 0 such that

?) 1Tz —p|| < (1 +r,)||lz —pll, Vel pe F(T), neN;

(vi) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {s,} in [0, 1] with lim,, .~ 7, = 0 and lim,_,~, s, = 0 such that

@) |IT"x —p|l < (L +1p)||lz —p|| + snllz = T"z||, Ve € C, p € F(T), n € N.

Suppose that C' is a convex subset of a real Banach space X. There are three
classical iterations used to approximate a fixed point of a nonexpansive mapping
T:C — C. Thatis,

(i) Halpern iteration [11]: Choose u, 1 € C and define
Tpy1 = apu + (1 — )Tz, n €N,
where {a,,} C [0, 1].
(if) Mann iteration [17]: Choose x; € C and define
Tpt1l = ATy + (1 — )Tz, n €N,

where {a,,} C [0, 1].
(iii) Ishikawa iteration [12]: Choose x; € C and define

Yn = anZp + (1 — an) Ty,
Tn+l = ﬁnxn + (1 - ﬁn)Tynv n e N,

where {a, }, {6n} C [0, 1].

If T is yet a mapping from C into X, the preceding iterations may not be well
defined. A motivation of this paper was to construct an iterative scheme with errors
for a finite family of nonself mappings and generate a sequence to approximate a
common fixed point of them.

In 2003, Chidume, Ofoedu and Zegeye [4] introduced the notion of nonself
asymptotically nonexpansive mappings as an important generalization of asymptot-
ically nonexpansive self-mappings.
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Definition 1.2. A subset A of a topological space X is said to be a retract of
X if there exists a continuous mapping R : X — A (called a retraction) such that
R(a) = a, for all a € A. If, in addition, R is nonexpansive, then A is said to be a
nonexpansive retract of X.

If R: X — A is a retraction, then R? = R. A retract of a Hausdorff space
must be a closed subset. Every closed convex subset of a uniformly convex Banach
space is a retract.

Definition 1.3. Let C be a nonempty subset of a real Banach space X and
let R : X — C be a nonexpansive retraction of X onto C. A nonself mapping
T:C — X is said to be

(i) uniformly A-Lipschitzian if there exists A > 0 such that
(5) |T(RT)" 'z — T(RT)" Yy|| < M|z —y||, Vz,yeC, neN;

(ii) asymptotically nonexpansive if there exists a sequence {r,} in [0,1] with
lim,, 00 7, = 0 such that

6) ||T(RT)" 'z —T(RT)" 'y| <A +ry)|z—yl, Vz,yeC, neN;

(ii) asymptotically quasi-nonexpansive if there exists a sequence {r,} in [0, 1]
with lim,,_,. 7, = 0 such that

@) T(RT)" 'z —p| < A+r)|z—pl, Vel peF(T), neN;

(iv) generalized asymptotically quasi-nonexpansive if there exist two sequences
{rn} and {s,} in [0, 1] with lim,, .~ 7, = 0 and lim,,_,~, s, = 0 such that

(8) IT(RT)" 'z —p|| < (14 rp)||z — pll + snllz — T(RT)" "z,
forallz € C,pe F(T), n € N.

If T is a self-mapping of C in Definition 1.3, then (5)-(8) in which R becomes
the identity mapping are exactly the cases (1)-(4) respectively. Suppose that T :
C — X is generalized asymptotically quasi-nonexpansive with respective to {r,}
and {s,}. If s; <1, then using (8) with n = 1, we see that F'(T) is closed. Also,
we have the following implications from this definition:
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uniformly . nonself uniformly
Lipschitzian Lipschitzian
nonexpansive . asymptotlcglly N nonself asympt_otlcally
nonexpansive nonexpansive
asymptotically nonself asymptotically

guasi-nonexpansive — ; . S : :
quasi-nonexpansive quasi-nonexpansive

generalized nonself generalized
asymptotically S asymptotically
quasi-nonexpansive quasi-nonexpansive

Let X be a real Banach space and let C' be a nonempty subset of X and let{T; : C' —
X}¥_, be a family of (not necessarily distinct) nonself generalized asymptotically
quasi-nonexpansive mappings with respect to {r;,,} and {s;,,}. Suppose that, for i =
L.k {uin o2, € X and {ain o2y, {Bintoz; C [0, 1] such that oy, + Bir, < 1.
Let R : X — C be a nonexpansive retraction. This work is devoted to study the
following two types of iterative schemes with errors for {T;}%_;:

I. Choose x; arbitrarily in C. Define an iterative sequence by

Y1n=R((1—a1n—Bin)Tn+a1, Ty (RT)" &n+Bintan),
) Yin =R((1—tin—Bin)Tn+oimTi(RT) " yi—1)n+Binttin), 2<i<k—1,
Tr1=Ykn=R((1—kn—Bin)Zn+knTe(RTk)" ™ Yoot )n+Brntin), n€N.
I. Choose z; arbitrarily in C. Define an iterative sequence by
Yin=R((1 — a1n — Bin)n + a1 TL(RTY)" '@y + Brnuin),
(10)  yin=R((1—in—PBin)Yi-2)n+inTi(RT) " y(ityn+Binttin), 2<i<k — 1,
Trt1=Ykn = R((1—hn— Bin ) Yk-2)n + e Tie (RTk)" " Y (st yntHBkntiien ), nEN,

where yo, = .

The algorithm (9) is the generalized process of the classical finite-step iterations,
while the algorithm (10) is a new iterative scheme. In fact, the problem of the
convergence of {x, } generated by (9) to a fixed point of (generalized) asymptotically
quasi-nonexpansive self-mappings has been tremendously studied. In particular, if
k = 1, the iteration (9) is precisely the Mann iteration. When & = 2 and T4 and
T, are (possibly the same) self-mappings of C, the iterative scheme (9) is reduced
to the Ishikawa iteration; see, e.g., [8, 14, 15, 28]. If k = 3 and 77 = T> = T3, the
iterative scheme (9) is the three-step iteration, i.e., the modified Mann and Ishikawa
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iteration introduced by Xu and Noor [29]; see, e.g., [19, 27]. It is worthy of note
that the three-step iteration was extended to the k-step iteration, where & > 4, and
many nice results have been established; see, e.g., [2, 3, 13, 20]. On the other
hand, the implicit iterative scheme is another new iteration introduced by Xu and
Ori [30] for a finite family of nonexpansive mappings; also see, e.g., [5, 23, 24].
In [6], Deng and Liu gave a new iterative process, the modified Ishikawa iteration
with finite steps, and established the strong convergence theorems for two nonself
generalized asymptotically quasi-nonexpansive mappings.

In this paper, a necessary and sufficient condition for {z,,} generated by each of
iterations (9) and (10) to converge to a common fixed point of {T;}%_, is obtained.
Not only the strong convergence theorems of {z,} in uniformly convex Banach
spaces, but also the weak convergence theorems in uniformly convex Banach spaces
which satisfies the Opial property, or whose dual space has the Kadec-Klee property
are established as well. In fact, a dual space of a reflexive Banach space with
a Fréchet differentiable norm or the Opial property also satisfies the Kadec-Klee
property [7]. There exist uniformly convex Banach spaces which have neither a
Fréchet differentiable norm nor the Opial property, but their dual spaces do have
the Kadec-Klee property; see [9]. Therefore the Opial property is independent of
uniform convexity. To a certain extent, a part of this work based on (9) can be
viewed as an extension of the results in the literature; see, e.g., [13, 19, 20, 28].

2. PRELIMINARIES

Suppose that X is a real Banach space and C' is a subset of X. Then X is said
to be uniformly convex [1] if for each € > 0 there exists d(e) > 0 such that for
z,y € X with ||z]| < 1and |ly]| <1,

r+y

H <1-46(e), whenever ||z —y| > e

A mapping T : C — X is semicompact (or hemicompact) [26] if for any sequence
{z,} In C with lim,, . ||z, — Tz,| = 0, there exists a subsequence of {z,}
which converges strongly to a point of C.

A family {T} : C — X}¥ | of nonself mappings with ' = ﬂle F(T;) #0is
said to satisfy Condition (A) with respect to E [5, 6], where E C C, if there is a
nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(r) > 0 for all
r € (0, 00) such that
where d(z, F) = inf{|jz — y|| : y € F}. When k = 1 and T} is a self-mapping of
C, Condition (A) reduces to the one discussed in [16, 22, 25].
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A Banach space X is said to satisfy the Opial property [10] if whenever
a sequence {x,} in X converges weakly to x, then limsup,_ . ||z, — z| <
limsup,,_, ||zn — yl|, for y # x. We say that X has the Kadec-Klee property if,
for any sequence {z,} in E which converges weakly to = € X and ||z,| — ||z,
we have {z,} converges strongly to =. Every locally uniformly convex normed
space, for instance, L,, spaces, 1 < p < oo, has this property. We also remark that
L, spaces, 1 < p < oo and p # 2, do not satisfy the Opial property, but their dual
spaces have the Kadec-Klee property.

The lemmas stated in this section will be required in the sequel.

Lemma 2.1. [15]. Let {a,}, {e,} and {J,,} be sequences of nonnegative real
numbers satisfying the following condition:

ant1 < (1+ €,)an + on.

If> " en <ocoand > 2,4, < oo, then lim, . a, exists. In particular, if {a,,}
has a subsequence converging to 0, then lim,, .~ a, = 0.

Lemma 2.2. (Schu’s lemma [21]). Let X be a uniformly convex Banach space.
Suppose that 0 < a < t, <b < 1 for all n € N. Let {x,} and {y,} be sequences
in X such that lim sup,,_, ., [|zx]| < ¢, limsup,,_, - [|yn|| < ¢ and lim,, oo |[tnzn+
(1 —tn)ynl| = ¢, for some number ¢ > 0. Then lim,,—, ||2 — yn| = 0.

Recall that a mapping 7' : C' — X is demiclosed at y € X if, for any sequence
{z,,} in C, the conditions x,, — = € C weakly and T'(z,,) — y strongly together
imply T'(z) = y.

Lemma 2.3. (Demiclosed principle for nonself mappings [4]). Let X be a
uniformly convex Banach space, C' a nonempty closed convex subset of X and
T : C — X an asymptotically nonexpansive mapping. Then I — T is demiclosed
at zero.

The following result enables us to establish the weak convergence theorems of
iterative schemes in a uniformly convex Banach space whose dual space has the
Kadec-Klee property. We will denote w,{z,} the set of the weak subsequential
limits of {x,,}, i.e., the set of all limits of all weakly convergent subsequences.

Lemma 2.4. [9]. Let X be a uniformly convex Banach space such that its
dual X* has the Kadec-Klee property. Let {x, } be a bounded sequence in X. If
limy, o ||tz + (1 — t)p — q|| exists, for all t € [0,1] and p,q € wy{x,}, then
p=q
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Lemma 2.5. [9, 18]. Let X be a uniformly convex Banach space, C' a bounded
closed convex subset of X and T': C' — C an L-Lipschitz mapping. Then there
exists a strictly increasing continuous convex function ¢ : [0,00) — [0, c0) with
¢(0) = 0 such that

_ 1
INTz + (1= NTy — T + (1= Ny)| < Lo~ (Hw —yll - 71T - Tyu) ,
forall z,y € C and X € (0,1).

3. A NECESSARY AND SUFFICIENT CONDITION

Theorem 3.1. Let X be a real Banach space, C' a closed convex subset of
X, {uin}oe,, @ = 1,..., k, bounded sequences in X, R : X — C' a nonexpan-
sive retraction, and {7; : C — X}¥ | a family of nonself generalized asymp-
totically quasi-nonexpansive mappings with respect to {r;,} and {s;,} such that
F =, F(T;) # 0 is closed. Suppose that

(i) o rip<ooand > 07 s, < oo, fori=1,....k;

(i) >0 Bin <oo, fori=1,...,k
Then the sequence {z,,} defined by (9) converges strongly to a common fixed point
of {T;}F_, if and only if lim inf,, . d(z,, F) = 0.

Proof.  Since the necessity is clear, we only prove the sufficiency. It may be
assumed that s;,, < 1,for1 <i < kandn € N. Letr, = max{ry,, :i=1,...,k},
sp =max{s;, 1t =1,...,k}sothat > >, r, <ooand Y >, s, < oo whichis
equivalent to the condition that

Let A, = (rn +2s,)/(1—sp) and 7, = 1+ X, = (1 4+ 7, +5,)/(1 — s,) for
n € N. Then > >, X\, < oo and lim, ,. 7, = 1. Fix any p € F and set
M, = sup{|luin —p|| : 1 <i < k,n € N} < oo (depending on p). For any z € C,
1<i<kandnec N, we have
Iz = Ty(RT)" || < |l — pl| + | T{(RT)" & — p|

< 2+ 7rim)llz —pll + sinllz — T{(RT)" x|

< (24 r)|l@ — pll + snllz — Ti(RT)" x|
which implies that

2471,

o = T(RT)" o < 0"

Iz —pl|.
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It follows that forall z € C, 1 <i <k and n € N,

IT/(RT)" 2 = pl| < (1 +rin)llz = pll + sinllz — Ti(RT)" |

(24 1y)

(11) < (14 +
1—s,

I —pl

= T llz — pl|.
This asserts that

[y1n—pll = | R((1—a1n—B1n)Zn+o1n Ty (RT)™ 2+ Binuin)—R(p)
<N = a1n — Bra)Tn + OélnTl(RTl)n_lxn + Binuin — ||
(12 < (1= ain = Bin) |20 = pll + c1n| Ti(RT)" 2 — p
+B1nllutn — pll,
< (1 —a1n — Bin + a1nm) |20 — pl| + Binlun — ||

< Tonn - p” + ﬁlnTnHuln - p”

Therefore (11) and (12) imply that

20 = pll < (1 = @20 = Bon) [0 = pl| + 20| T2(RT2)"  y15 — |
+ Bonl|uzn — pl|
< (1 = agn — Bon)ll2n — pll + a2nTally1n — pll + Ba2nlluzn — pll
< (1 — agn — Bon + a2am)l| 20 — pll + @20 1075 01 — pl|
+ Bonl|uzn — pl|

< T?%Hxn - p” + Tg[ﬁlnHuln - p” + ﬁQTLH’UQn - p”]

Now repeat this step inductively to get

[Yin—pl < (1=in—PBin) |20 — Pl +inl| Ti(RT:)™ y 1)l
+Bin||win — pl|
< (I=ain—LBin)llen — pll+inTnllyi-1)n —pll + Binlltin —pll
< (1= —Bint ainﬂi)”xn —pll + Tvi[ﬁln”“ln —pll+-
+Bi—ynllu-1yn = plll + Binllwin — pl|
< rillen = pll + 7 X5y Binllwn — pll,

(13)
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fori=1,..., k, where yy, = x,. In particular,
[zn41 = pll = lykn — pll
k
<yl = pl 475> Binllwin — pll
=1
’ k
(14) < (L4 M) ln = pll + 7MY Bin
j=1
k—1 ‘ k
= |1+ Z(l + ) | lzn —pll + TﬁMpZﬁm
§=0 j=1

< (L4 en)l[zn = pll + Mpdn,

where o = sup{7, : n € N}, ¢, = A\, Zf;ol(l + \p)’ and 6, = o Zle Bijn.
Note that by hypotheses,

(15) §>:en<c>o7 i5n<oo.
n=1 n=1

Now we claim that {x,,} is a Cauchy sequence in X. To see this, applying the
inequality 1 + ¢ < e for all ¢ > 0, we derive from (14) that

|21 = pIE (1+ An)*ll2n — pll + My6,
< " |2y — pl| + Mpon,
which shows that for m,n > 1,

|Zn4m=pll < |2 pmo1 = pll + Mpbprm—
S ek(>\n+nL—1+>\n+m—2) ”xn+m_2 _ pH +ek>\n+nL—1 Mp5n+m—2
+Mp5n+m—1

< ekOntm1Fhntm=2) g, o |
(16)
+ek(>\n+m—1 +>\n+m—2)Mp(5n+m_2 + 5n+m—1)

n+m—1
< FLEN |z, — p|| + P XE N, Z 8;.

i=n

Set eF2iZ14 = L. Given e > 0, it follows from lim inf, o, d(x,, F) = 0 and
(15) that there exist a positive integer ng and a point ¢ € F' such that
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no+m—1

(17) lny —all <& Y Gi<e

i=ng

Therefore, according to (16) and (17), for all m > 1,

Hxno—I—m - anH < Hxno—I—m —q|l + Hxno — 4|
no+m—1
< Ll —all + LM, Y Gite
i=ng

< (L+ LMy +1)e;

hence {z,} is a Cauchy sequence in X. The completeness of X assures that
{x,} converges strongly to a point, say «*. Also, there is a subsequence {x,} of
{x,} such that lim; . d(zy,, ') = 0, since liminf,, .. d(xn, F') = 0. Therefore
the continuity of the mapping z — d(z, F) and the closedness of F' imply that
d(z*,F) =0 and so z* € F, as required. ]

As shown in the preceding proof, the property needed to assure that * € F'
is exactly the following one. Given any sequence {a,} of real numbers there is a
subsequence {a, } of {a,} such that lim; . a,, = liminf, . a,. In general, if
{am;} is a convergent subsequence of {a,}, then liminf,, .. an, < lim;j_o am;.
This immediately yields the following result.

Corollary 3.2. Let X be a real Banach space, C' a closed convex subset of
X, {uin}oe,, @ = 1,..., k, bounded sequences in X, R : X — C a nonexpan-
sive retraction, and {7; : C — X}¥ , a family of nonself generalized asymp-
totically quasi-nonexpansive mappings with respect to {r;,} and {s;,} such that
F =, F(T;) # 0 is closed. Suppose that

(i) o2 rip<ooand > 2 s, < oo, fori=1,....k;
(i) D00, Bin < oo, fori=1,....k

Then the sequence {z,,} defined by (9) converges strongly to a point p € F' if and
only if there is a subsequence {x,,} of {x,} converging strongly to p.

We now consider the iteration generated by (10) and obtain a necessary and suf-
ficient condition for the sequence {x,,} to converge strongly to a common fixed point
of finitely many nonself generalized asymptotically quasi-nonexpansive mappings.

Theorem 3.3. Let X be a real Banach space, C' a closed convex subset of
X, {uin}oe,, @ = 1,..., k, bounded sequences in X, R : X — C a nonexpan-
sive retraction, and {7; : C — X}¥ , a family of nonself generalized asymp-
totically quasi-nonexpansive mappings with respect to {r;,} and {s;,} such that
F =, F(T;) # 0 is closed. Suppose that
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(i) 220:1 Tin < 00 and 220:1 Sin < 00, fori=1,...k;
(i) >0, Bin < oo, fori=1,...,k.

Then the sequence {z,,} defined by (10) converges strongly to a common fixed point
of {T;}F_, if and only if lim inf,, . d(z,, F) = 0.

Proof. We use the same arguments and notation r.,, s,, A, and 7, as in the
proof of Theorem 3.1. Fix any p € F and set M, = sup{|juim —p|| : 1 < i <
k,n € N}. It follows from (11) and (12) that

Y20 — Il < (1 = az2n — Ban)lyor — pll + 2| To(RT2)™ 10 — p||

+ Bon||t2n — P

< (1= a2n = Ban)llon — pll + 2nTallyin — pll + Banlluzn — 1|

< Tollzn = pll + 73 [Binllurn — pll + Banlluzn — pll].

Therefore we derive inductively to get
[Yin—pll < (L—=tin—Bin)1Y(i—2)n — Pll + @inl| T(RT)"  yi—1)n — Dl
+Bin|win — pl|

< (I=ain=Bin) 1Y(i—2)n— Pl +QinTnl|Y(i—1)n =PIl + Binl win—p||

i—2
(18) <(1—ain— ﬁm)Tf{_Q |zn — pll + Z;ﬁm”ujn 4l
i—1 ’
+ainTy, | 1z =l + D Binllwjn = pll | + Binllwim — pl
7 =
< Tollen = pll + 74 Y Bjnllwjn = pll,
j=1
fori=1,..., k. In particular,
k
(19) s =2l S il =pll+ 7 3 Bl )

< (L4 en)llzn = pll + Mpdn,

where o = sup{r, : n € N}, &, = A\ 520 (1+ An)? and 6, = 0" 35 Bjn.
Observe that

o0

(20) Zen<oo, i5n<oo.

n=1 n=1
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Therefore the rest of the proof is the same as that of Theorem 3.1. ]

As mentioned before Corollary 3.2, the following result is an immediate conse-
quence of Theorem 3.3.

Corollary 3.4. Let X be a real Banach space, C' a closed convex subset of
X, {uin}oe,, @ = 1,..., k, bounded sequences in X, R : X — C a nonexpan-
sive retraction, and {7; : C — X}¥ , a family of nonself generalized asymp-
totically quasi-nonexpansive mappings with respect to {r;,} and {s;,} such that
F =, F(T;) # 0 is closed. Suppose that

(i) o2 rip<ooand > 2 sy, < oo, fori=1,....k;
(i) 3°0°, Bin < oo, fori=1,....k.

Then the sequence {z,,} defined by (10) converges strongly to a point p € F' if and
only if there is a subsequence {x,} of {x,} converging to p.

4. AppPLICATIONS TO UNIFORMLY CONVEX BANACH SpPACES

In this section, we will apply the previous results in Section 3 to present the
strong and weak convergence theorems in uniformly convex Banach spaces.

Theorem 4.1. Let X be a uniformly convex Banach space, C' a closed convex
subset of X, {u;n}>2,, ¢ = 1,...,k, bounded sequences in X, R : X — C
a nonexpansive retraction, and {T; : C — X}%_, a family of nonself uniformly
L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
respect to {r;,} and {s;,} such that F = ﬂle F(T;) # 0. Let the sequence {z,,}
be defined by (9). Suppose that

(i) o2 rip<ooand > ° s, < oo, fori=1,...,k;
(i) 0 < liminf, oo @y, < limsup,, o o < 1 and 37, By, < o0, for i =
1,...,k;

(iii) the family {7;}* , satisfies Condition (A) with respect to {x,}, or
TiO(RTiO)m‘1 is semicompact, for some 1 < iy < k and for some m > 1.

Then {x,,} converges strongly to a common fixed point of {T';}%_,.

Proof.  Note that F is closed because the fixed point set of a Lipschitzian
mapping is closed. Let p € F. By Lemma 2.1, (14) and (15) in the proof of
Theorem 3.1 show that lim,, . ||z, — p|| exists and hence {z,} is bounded. Set
lim,, oo ||zn, — p|| = ¢, O equivalently,

Jim [|R((1 = akn = Brn)@n + tenTe(RTe)" ™ Y—1yn + Brntikn) — R(p)|| = ¢,
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which means that
1) ¢ < hnrggolf Hakn[Tk(RTk)n_ly(k—l)n —-p+ ﬁkn(ukn - xn)]
+(1 - akn)[xn —-p+ ﬁkn(ukn - (L‘n))]H,

because R is nonexpansive. The inequality (13) and assumption (ii) imply that

(22) limsup [|yin —pll <e, i=1,... k.

By (11),
1Tk (RT)™  y(ro—1yn — 2+ Brn (k. — n) | < TallY—1yn — Il + Bin ||tk — 2n

which shows that

(23) lim sup HTk(RTk)”_ly(k_l)n — D+ Brn(upn — )| < c.

n—oo

Also, since ||z, — p + Bin(Ukn — )]l < |l2n — 2l + Brnlltkn — zxl|, We have

(24) limsup ||z, — p + Brn(wrn — z0)|| < c.

n—oo

Combining (23) with (24) yields that

¢ > lim sup || ien [Tk (RTk)" ™ Yi—1yn — P + Bren(Wen — )]
(25) n—00
+(1 - akn)[xn —p+ ﬁkn(ukn - xn))] H

Therefore (21) and (25) assert that
il aen [Te(RTk)" Y1y — 2+ Brn (ks — )]

(26)
+(1 = an) [2n — P + Brn (wrn — z0))]l| = c.

According to Lemma 2.2 together with (23), (24) and (26), we obtain that
Jim |z, — Ti(RTR)"™  ygs—1)nl = 0.
Since
2n = pll < ll2n = Te(RTR)"  ye—1ynll + 1 Te(RTe)"  yi—1yn — P
< len = Te(RTR)"™  yge—1ynll + Tallye—1yn — 2ll,
we have

(27) ¢ < liminf [|yg—1yn — pl|-
n—oo



758 Shuechin Huang

By (22) and (27), limy,—co [|Y(k—1)n — pIl = ¢. That is,
Jim [|R((1 = ar—1)n = Be—1yn)Tn + (1) Th-1 (RTk—1)"""Y(r—2)n

+ ﬁ(k—l)n(u(k—l)n) - R(p)H =c.

As shown in (21)-(26), since

limsup || Te—1 (RTe-1)"""Y(r—2yn — 2 + Be—1yn(U(—1)n — 2n)|| < ¢

and
hffﬁp |20 — D+ Br—1)n(Ug—1)n — Zn)|| < ¢,
we see that
Jim om0 [Th-1 (RTk=1)" " Y(—2yn — D+ Ble—1)n (U(—1)n — Tn)]
+ (1= ag-nyn)en = P+ Be-1yn(UE-1yn — 2a)ll = &
hence

lim |z — Tho1(RTk-1)" " Ye—aynll = 0.
n—oo
Continuously proceed this process & times to conclude that
lim |z, — T,(RT)" 'yi-1)all =0, i=1,...,k,
n—oo
where yg, = x5, from which it follows that

|Zn — Tnt |
(28) = ||R(zn) = Tni1]]

< aanTk(RTk)n_ly(k—l n_xn”+ﬁkn”ukn_xn” —0as n—oo,
)

and
2n — Ti(RT)" || < lan — Ti(RT)™ " ygi—1ynl
H|T(RT)"  yi—1yn — Ti(RT)™ |
<@ — Ti(RT)™  yi—1ynll + LIY—1)n — znl
(29) (i-1) (i-1)

< |lzn = T(RT)" ™ yi-1ya
+L06(z‘—1)n”ﬂ—l(Rﬂ—l)n_ly(z‘—2)n — |

+L/8(Z_1)71Hu(z—l)n - xn” —0 asn— 00,
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fori=1,..., k. Since
|20 = Tiwnll < llen — znprll + 2o — Ti(RT) 2 |
+ | T(RTy) " wp 1 — To(RTy)" wnl| + (| T(RT3) " wn — (TiR)wn |
< (14 Dllen = znirll + llzner = Ti(RT) " 2n ||

+ L”ﬂ(Rﬂ)”_lxn - an,

we use (28) and (29) to get

(30) lim ||z, — Tiz,||=0, i=1,...,k.
n—oo

To verify the strong convergence of {z,} to a point of F', we need to discuss two
cases. First, suppose that {7;}%_, satisfies Condition (A) with respectto {z,,}. Let
f be the corresponding nondecreasing function for {Ti}fz1 which satisfy Condition
(A) with respect to {x,,}. According to (30),

fld(zn, F)) < max ||z, — Tizy|| — 0 asn — oo,
i<i<k

and hence liminf, o d(z,, F') = 0. Theorem 3.1 assures that {xz,} converges
strongly to a point of F'

Second, if r is semicompact, for some 1 < 4y < k and for some m > 1, it
follows from (30) that

|20 = Ty (RTig)™ || < l|#n — Tigall + | Tign — Ti (RTip) x| + - - -
+ 1T (RT30) ™ 2an = Tig (RT3)™ |
< [#n — Tigznl| + (m — 1) L|| Rzn, — RT ||
< [14 (m—=1)L]||zy — Tiyxn]| — 0 asn — oo,

and thus there is a subsequence {x,} of {x,} which converges strongly to z* €
C. Using (30), we have T;z* = z*, i = 1,...,k, and so z* € F. Therefore
liminf,, .~ d(xy,, F) = 0. By Theorem 3.1, {z,} converges strongly to z*. ]

The following two results are the weak convergence theorems in a uniformly

convex Banach space such that either it satisfies the Opial property or its dual space
has the Kadec-Klee property.

Theorem 4.2. Let X be a uniformly convex Banach space satisfying the Opial
property, C' a closed convex subset of X, {u}32,, ¢ = 1,...,k, bounded se-
quences in X, R : X — C a nonexpansive retraction, and {7, : C — X}* | a
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family of nonself uniformly L-Lipschitzian and generalized asymptotically quasi-
nonexpansive mappings with respectto {r;, } and {s;,} suchthat F = ﬂle F(T;) #
(). Suppose that

(i) Do rip<ooand > °, sy, < oo, fori=1,....k;
(i) 0 < liminf,, o a4p, < limsup,, . ain < 1 and Y 27, Bi, < oo, for i =
1,...,k;

(i) I —T;,t=1,...,k, isdemiclosed at O, for i = 1,..., k.

Then the sequence {z,,} defined by (9) converges weakly to a common fixed point
of {Tz}le

Proof.  Since a uniformly convex Banach space is reflexive, the bounded se-
quence {x,} has a subsequence {x.,, } which converges weakly to a point z* of C.
The demiclosedness of each I —T; and (30) imply that T;2* = z*, i =1,... k, i.e,
x* € F. To prove that {x, } converges weakly to z*, let {z,,, } be any subsequence
of {z,,} which converges weakly to a point z so that z € F. Assume that =* # z.
Then it follows from the Opial property that

lim (7, — %] = Tim 2, — %] = lim &, — "]
—00 n—oo J—00
< Tim [z, — &l = lim l@n — 7] = lim zm, -7,
J—00 n—oo J—00

which is a contradiction. Consequently, any subsequence of {xz,} has a weakly
convergent subsequence with limit z*, and hence {z,,} converges weakly to z*. m

We consider an iteration defined by (9) for nonself asymptotically nonexpansive
mappings, where 3;, = 0, forall 1 < ¢ < k and n € N. That is, choose z;
arbitrarily in C. Define an iterative sequence as follows:

Yin = R((1 — a1n)2n + a1, TH(RTY)" ay),
(31) Yin = R((1 = in)mn + 0 Ti(RT)™ ' yo1yn), 2<i<k—1,

Tn+1 = Ykn = R((1 — agp)zn + Oé/mTk(RTk)n_ly(k_l)n), n € N.

Theorem 4.3. Let X be a uniformly convex Banach space whose dual X *
has the Kadec-Klee property, C' a closed convex subset of X, R : X — C a
nonexpansive retraction, and {7 : C — X }¥ | a family of nonself asymptotically
nonexpansive mappings with respect to {r;,} such that F' = ﬂle F(T;) # 0.
Suppose that

(1) 30 rip < oo, fori=1,...k;
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(i) 0 < liminf, o i <limsup,_,., ain < 1,fori=1,...k;

Then the sequence {z,,} defined by (31) converges weakly to a common fixed point
of {Tz}le

Proof. The idea of proof was referred to that of Lemma 3.8 in [2]. As
discussed in Theorem 3.1, the sequence {x,} is bounded and hence there exists
a closed ball B with F'n B # () such that {z,,} ¢ K = BNC. Then K is a
closed bounded convex subset of C. Let r, = max{ry, : ¢ = 1,...,k} so that
Yoo < oo. Letp,g e FN K. For each n € N, define a function

an(t) = lltwn + (1~ )p—qll, where t € [0, 1],

Then lim,, o0 a5, (0) = limy, o0 ||p — ¢|| and lim, .o an (1) = limy, o0 ||zn — 4|
exist. To prove that lim,, . a,(t) exists, for ¢ € (0,1), define a mapping S, :
K — K by

Spv = R((1 — agp)v+ aknTk(RTk)”_lv(k_l)n), veK,
where
V1 = R((1 — agp)v + alnTl(RTl)”_lv),
Vin = R((1 = ain)v + ainTy(RT)" vio1yn, 2<i<k—1

Observe that if v = z,, and v, = yin, for 1 < i < k—1 and n € N, then
Spn = Tpe1. Also, FNK C F(S,), n € N. For any v,w € K, we have

[v1n — win] < (1 = aw)|lv —wll + a1 +ra)llv - w]]
< (A +r)[v—wl
and then
[[v2n — wan| < (1= agn)|lv —wll + azn (1 + ry)lvin — winl|
< (L +7rp)? o —wl.
We repeat this process inductively to obtain that
[vin — win|| < (1= ain)|lv = wll + ain(1 + ) [vi-1)n = wi-1nll
< (1= ain)llv — wl| + in(1 +r0) |l — wl|

< (1+ 7)) v —wl,
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fori=1,...,k — 1. Therefore
180 = Spwl| < (1= arn)llv —wl| + rn (14 70) V-1 — w—1)nl
< (1 = ) + @n (1 + 7)o — w]
< (L+r)* o = w|

(32)
k—1 ‘
= L Y@ ) | o —
j=0
= (1 +en)llv—wl,
where €, = r, Zf;ol(l + 7). Note that by hypothesis,
(33) Zen < 00.
n=1

For m € N, define a mapping Q.. : K — K by

Qnm = n+mSn+m—1 e Sn

and
bm = ||Qum (tzn, + (1 — t)p) — [tQnmzn + (1 — t)p]|.
By (32), for v,w € K,

1Qnmv = Qumw || < (1 + €ntm) (1 + éngm-1) -+~ (1+ €n) v — wl|
= Onm|v — wl|,
where
Som = (1 + €npm) (1 + €ngm—1) - (1 +€,), forn,me N,

so that limy, ;00 0nm = 1 by (33). According to Lemma 2.5, there is a strictly
increasing, continuous and convex function ¢ : [0,00) — [0, 00) with ¢(0) = 0
such that

_ 1
bpm < 5nm¢ ! <Hxn _pH - 5—HQnmxn - QnmpH>

5nm

. 1
P (Hxn ol = e —pu) ,

since QumTn = Tptm+1 and F N K C F(Qum). Therefore limy, 1,00 bpm = 0.
Now from
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Antm+1(t) = [[{QnmTn + (1 = t)p — g
< N[t Quman + (1 = t)p] = Qun(tan + (1 = t)p)||
+ |Q@um (tzn + (1 = )p) — Qumdl
= bpm + Opman(t),

we take the limit superior as m — oo and then the limit inferior as n — oo to
obtain
limsup a,(t) < liminfa,(t).
n—00 n—0o0
Consequently, lim,, .~ a,(t) exists.

The reflexivity of X implies that the bounded sequence {z,,} has a subsequence
{xn,} which converges weakly to some point z* € K because K is closed and
convex. Lemma 2.3 asserts that T;z* = z*, for 1 < i < Ek,andso z* €¢ FN K.
We can see at once that w,,{z,} C F N K. To prove that {x,,} converges weakly
to z*, let {x,,,} be any subsequence of {x,} which converges weakly to a point
z sothat z € FNK. Since 2%,z € wy{x,} and lim, . |[tx, + (1 — t)p — ¢||
exists, for all ¢t € [0,1] and p, ¢ € F N K, it follows from Lemma 2.4 that z* = z.
We conclude that any subsequence of {z,,} has a weakly convergent subsequence
with limit z*, and hence {z,,} converges weakly to z*, as assured. ]

The following three theorems are analogs of the preceding results for the iteration
defined by (10).

Theorem 4.4. Let X be a uniformly convex Banach space, C a closed convex
subset of X, {u;n}>2,, i = 1,...,k, bounded sequences in X, R : X — C
a nonexpansive retraction, and {T; : C — X}*_, a family of nonself uniformly
L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
respect to {r;,} and {s;,} such that F = ﬂle F(T;) # 0. Let the sequence {z,,}
be defined by (10). Suppose that

(i) o2 rip<ooand > 07, s, < oo, fori=1,....k;
(i) 0 < liminf, o i < limsup, . ain < 1 and > >°, Bi, < oo, for i =
1,...,k;

(iii) the family {T;}%_, satisfies Condition (A) with respectto {x ,,}, or T}, (RT;,)™*
is semicompact, for some 1 < iy < k and for some m > 1.

Then {x,,} converges strongly to a common fixed point of {7';}%_,.

Proof. We may assume by hypothesis that p < a;, < 1 — p, for some p > 0,
where i = 1,...,k, and n € N. Let p € F. It follows from (19) and (20) in the
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proof of Theorem 3.3 that lim,, ., ||z, — p|| exists and hence {x,,} is bounded. Set
lim,, oo ||zn — p|| = ¢ which can be written as

Jim [|R((1 = kn = Bkn)Y(k-2)n + o Te(RT)" ™ Y1 yn + Bintikn) — R(p) || = c.
So

34) ¢ < liminf o, [Tk (RT%)™ ™ Y1y — D + Brn(Ukn — Y(e—2)n)]

+(1 = ) [Y(h—2)n — P+ Brn(Ukn — Ye—2)n)]1I-

From the inequality (18) and assumption (ii) we obtain that

(35) limsup ||y —pll <e, i=1,... k;

n—oo

so the sequence {y;,, } is bounded, for i =1, ..., k. By (11),
IT(RTR)™  Yik—1yn — P + Bin(Wkn — Y(—2ym) |
<TullYk—1)n =PIl + Brnlltkn — Y2yl

which shows that

(36) limsup || Tk (RTk)™  Y(—1yn — 2 + Bin (Wen — Ye—2)m)) || < ¢

n—oo

Since [[y(x—2)n) =P+ Brn (Wkn — Ye—2)n) 1l < NYk—2)n =PIl + Brnlltkn — Y—2)nll,
we have

(37) lim sup [|Yx—2yn — P + Bren (Wkn — Yr—2)n) || < €
We obtain from (34), (36) and (37) that
Jim lven [Tk (RT%)™  Y(k—1yn — D + Bion (tkn — Y(r—2)n)]

+ (1 = akn) [Y(k—2)n — P + Brn(tkn — Y—2yn)lll = ¢

According to Lemma 2.2,
m ([yg—2yn — T(RTk)"™ ™ Ys—1)nl = 0.
n—oo

On the other hand, from (18) we have
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[2nt1 —pll < (1 —agn — ﬁkn)Hy(k—mn -l + O‘knTn”y(k—l)n -l

+ﬁkn”ukn _pH
< (1 - Oékn)’rql-f”xn - p” + T/—f[ﬁln”“ln - p” + ﬁ?nH’UQn - p”

e ﬁ(k—2)n”u(k—2)n - p”] + aknT/’ny(k—l)n - p”

+ ﬁkn’rj—f”ukn - p”
k

< (=) rillzn—pl+7a D Binllugn—pll+eunms |y-1yn—pl;
j=1

hence
k
20 = pll = llons = pll + 75> Binllujn — bl

Tp — || <
o=l < >
+ 1Y (e—1)n — Pl
1 k
k k
< [ 7Hllon =l = omia = pll+ 7 D Brallugn ~ o
+ 1Yk—1)n — I,

because (19) implies that the expression in the square bracket is nonnegative. This

asserts that ¢ < lim inf,, . [|y(x—1)» — Pl and so by (35),

lim g1y — pll = c.
n—oo

Therefore
Jim | R((1—ar—1)n = Bik-1)n)Y(k—3)m + b-1)nTe-1(RTe—1)"""Y—2)n

= Be-vntie-nn) = RO = c.
Again, since
liiscgp HTk—l(RTk)n_ly(k—Z)n =D+ Be-1)n(Uk—1)n — Y—s))ll < ¢
and
lim sup [|yx—3)n — P + Br—1)n (U—1)n — Y—3)n) | < ¢,

n—oo

we see that
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Jim. lorge—1yn[Th—1 (BTk)" ™ Y(—2yn — P+ Be—1)n (U(k—1)n — Y(—3)n)]

+ (1= age—1)n) Wk—3)n — P + Be—1)n(W—1)n — Ye—syn)lll = ¢,

and so
nli)rglo Hy(k_g)n - Tk—l(RTk) y(k 2)n H = 0.

Furthermore,
1Yk—1)n — Pl < (1 = ag—1yn = Br—1)n) 1¥k—3)n — Pl + —1)nTallYk—2yn — Pl
+ Br—1ynlltg—1yn — 2l

k—1
< (1= agn)m lan —pl+ 7" D Binllujn - pll
7=1
+ a1yt Y—2yn — Pl
and hence
1 k—1
— k—
lzn—pll < ———= | = Mllzn—pl = lyg—1)n—pI +7} 125jn”“jn—pH
C(k—1)nTn j=1
+ 1Y e—2)n — Pl
1 k—1
— k—
< —— [ e =2l = 1yg—iyn — Il + 7Y Binllwgn — pl
PTn j=1
+ 1Y g—2yn — PII-
Thus
lim [|ygoyn — pll = c.
n—oo
Repeat this process inductively % times to conclude that
lim ||z, — T2 (RT)™ a,|| = 0
n—oo
and
(38) Tim [y — TRT)  yonall =0, i=2,..,k,

from which it follows that

(39) Tim [ — yral = 0
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and fori =2,... k,

9in — Yii—2pnll < Qin| TH(RT)" ' Y—1yn — Yii—2)nl

(40)
+ﬁz‘nHum - y(i_z)nH — 0 asn — oo.

If < is an even integer, then
20 = Yinll < lyon = y2ull + lly2n = vanll + - + [[YG—2)n — Yinll;
if 4 is an odd integer, then
Hxn - yan < ”yOn - ylnH + ”yln - y3nH +-t Hy(z—2)n - yan
Consequently, by (39) and (40),
(41) lim ||z, —yin||=0, i=1,... k.
n—oo
In particular, since x,1+1 = Yin,
(42) lim ||z, — zpy1]|| = 0.
n—oo
Also note that from (38) and (41),

|20 —T{(RT)" 20|l < | —yi—2ynll + 1¥i-2yn—Ti(RT)™  y(i—1)nl

(43) HITH(RT)" ™ y1yn — T(RT)" |
< Nz —yg-2pnll H1Y(-2)n—To(RT)™ Y1yl

—|—LHy(Z~_1)n —Zpl| =0 asn— oo.
From
[2n — Tizn|l < [lon — 2ni1ll + [|Zng1 — Ti(RT:) " pga |
+ | T(RT) 1 =T (RT) |+ (TR Ty(RT)" ™ s — (TR |
< A+ L)|lzn — znga || + [[onr — Ti(RT)" 2nqa |
+ LI Ti(RT)™ 'y — ),
(42) and (43) imply that
lim ||z, — Tiz,||=0, i=1,...,k.
n=>00

Using the same argument as in the last part of the proof of Theorem 4.1, we can
assure that {x,,} converges strongly to a point of F. [ ]
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Theorem 4.5. Let X be a uniformly convex Banach space satisfying the Opial
property, C' a closed convex subset of X, {u;,}>>,, ¢ = 1,...,k, bounded se-
quences in X, R : X — C a nonexpansive retraction, and {7; : C — X}¥ | a
family of nonself uniformly L-Lipschitzian and generalized asymptotically quasi-
nonexpansive mappings with respect to {r;,, } and {s;, } such that F' = ﬂle F(T;) #
(). Suppose that

(i) o2 rip<ooand > > s, < oo, fori=1,....k;
(i) 0 < liminf,, o a4p, < limsup,, . ain < 1 and Y 27, Bi, < oo, for i =
1,...,k;

(i) I —T;,t=1,...,k, isdemiclosed at O, for i = 1,..., k.

Then the sequence {z,,} defined by (10) converges weakly to a common fixed point
of {Tz}le

Proof. ~ The proof is the same as that of Theorem 4.2 and so is omitted. m
Setting (;,, = 0 for the iteration defined by (10), for all 1 <i < k and n € N,
we obtain a sequence {z,,} as follows: choose z; arbitrarily in C,
Yin = R((1 = a1n)xy 4+ a1, TL(RTY) " Ly,),
44)  yin = R((1 = cvin)y(i—2pn + i Ti(RT)" yic1yn), 2<i<k—1,
Tnt1 = Ykn = R((1 = cn)Yk—2)n + enTe(RTR)" Y1yn), m €N,

where yg, = xp.

Theorem 4.6. Let X be a uniformly convex Banach space whose dual X *
has the Kadec-Klee property, C' a closed convex subset of X, R : X — C a
nonexpansive retraction, and {7, : C — X }¥ | a family of nonself asymptotically
nonexpansive mappings with respect to {r;,} such that F' = ﬂle F(T;) # 0.
Suppose that

(1) 30 rip < oo, fori=1,...k;

(i) 0 < liminf, o iy < limsup,_ . @ < 1,fori=1,... k;

Then the sequence {z,,} defined by (44) converges weakly to a common fixed point
of {Tz}le

Proof. It follows from (19) and (20) in Theorem 3.3 that lim,, ., ||z, — ||
exists for all p € F and so the sequence {xz,} is bounded. Hence there exists
a closed ball B with F N B # () such that {z,} ¢ K = BNnC. So K is a
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closed bounded convex subset of C. Let r, = max{ry, : ¢ = 1,...,k} so that
Yome T < o0. Letp,g € FN K. For each n € N, define a function

an(t) = ||txn + (1 —t)p —q||, wheret € [0,1].

Then lim,, o0 a,,(0) = limy, oo ||p — ¢|| and lim, .o an (1) = limy, o0 ||zn — ¢||
exist. To prove that lim,, . a,(t) exists, for ¢ € (0,1), define a mapping S, :
K — K by

Spv = R((1 = apn)V(—2)n + en T (RTR)"  0g_1)n), v € K,
where
Von = U,
Vin = R((1 = a1,)v 4+ a1, T (RT))" ),
Vin = R((1 = ain)vi—9)n + amTi(RTi)”_lv(i_l)n), 2<i<k-1.

If vi, = yin, for 0 <i <k —1andn € N, then S,x,, = ygn, = Tn+1. Moreover,
FNK CF(S,), neN. Forany v,w € K, we have

[v1n — win] < (1 = aw)|lv —wll + a1 +ry)llv = w]|
< (A +r)[v—wl
and so
[van — wanll < (1 — azgn)llvon — won|| + a2 (1 + 1) |[v1n — w1
< (L4 )?[lv —wl.
Inductively continuing this process, we obtain
[vin — Winll < (1 = @in)vi—2)n — Wi—2)nll + @in (1 +70) V1) — Wi 1nll
< (1= ain)(L+70)"[Jo = wll + @in (L +715) [0 — wl|
< (1 r)lo = wl,
fori=1,...,k— 1. In particular,
|| Spv—Spwl|

< (1 - Oékn) Hv(k—2)n _w(k—2)nH +akn(1 + rn) Hv(k—l)n _w(k—l)nH

< (L+70)5 v —w|

(45)

= (L+e)[lv—wl,
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where e, = r, Y2570 (1 + r,)7. By hypotheses,
(46) Z €n < 00.
n=1

For m € N, define a mapping Q... : K — K by

Qnm = n+mSn+m—1 e Sn
and
bnm = HQnm(txn + (1 - t)p) - [thmxn + (1 - t)p]H
By (45), for v,w € K,

|Qrmv — Qrmw|| < (1 + €nm ) (L + €ngm—1) - (1 + &) Jlv — w]|
= Opm|lv —wl[,

where

Onm = (L + €ngm) (L + €psm—1) ---(1+€,), forn,meN,

so that by (46), limy, ;1,00 Onm = 1.

It remains to show that lim,,_.~ a,(t) exists, for ¢ € [0, 1], and hence {z,}
converges weakly to a point of /"N K. The argument of this part is the same as
that in Theorem 4.3 and so is omitted. |
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