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EXISTENCE OF THREE SOLUTIONS FOR A DOUBLY
EIGENVALUE FOURTH-ORDER BOUNDARY VALUE PROBLEM

G. A. Afrouzi, S. Heidarkhani and Donal O’Regan

Abstract. In this paper we consider the existence of at least three solutions
for the Dirichlet problem

ul + ou” + Bu = \f(z,u) + pg(z, u), x € (0,1)
u(0) =u(1) =0,
u”(0)=u"(1)=0

where «, (3 are real constants, f,g : [0,1] x R — R are L?-Carathéodory
functions and A, > 0. The approach is based on variational methods and
critical points.

1. INTRODUCTION

This paper considers the existence of at least three solutions (weak) of the
fourth-order boundary value problem

u™ + au” + Bu = \f(z,u) + pg(x, u), xz € (0,1)
1) u(0) = u(1) =0,
u’(0)=u"(1)=0

where «, [ are real constants, f, ¢ : [0,1] x R — R are Carathéodory functions
and A\, > 0.

Several results are known concerning the existence of multiple solutions for
fourth-order boundary value problems, and we refer the reader to [2, 5, 6, 8, 9, 11]
and the references cited therein.

The aim of this paper is to establish the existence of a non-empty open set interval
A C I and a positive real number ¢ with the following property: for each A € A
and for each Carathéodory function g : [0, 1] x R — R such that supj¢|<, |9(., §)| €
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L?(a,b) for all s > 0, there is § > 0 such that, for each x € [0, ], problem (1)
admits at least three weak solutions in WOI’Q([O, 1])NnW?22([0, 1]) whose norms are
less than ¢. Our analysis is based on the following three critical points theorem (see
also [15] for an earlier version as well as [4, 13] for related results).

Theorem A. [Ricceri, 14]. Let X be a reflexive real Banach space, I C R an
interval, ® : X — R a sequentially weakly lower semicontinuous C'! functional
bounded on each bounded subset of X whose derivative admits a continuous inverse
on X*and.J: X — R a C! functional with compact derivative.

Assume that
lim (®(z) + AJ(x)) = +o0

[|z]| =00

for all A € I, and that there exists p € R such that

sup inf (®(x) + A\(J(x) + p)) < inf sup(®(z) + A(J(z) + p)).
Ael TEX z€X )\eT
Then, there exist a non-empty open set interval A C [ and a positive real number ¢
with the following property: for every A € A and every C' functional ¥ : X — R
with compact derivative, there exists 7 > 0 such that, for each n € [0, 7], the
equation
' (u) + AJ' (u) + p¥'(u) =0

has at least three solutions in X whose norms are less than q.

In the proof of our main result we also use the next result to verify the minimax
inequality in Theorem A.

Proposition B. [Bonanno, 4]. Let X be a non-empty set and &, J two real
functions on X. Assume that ®(x) > 0 for every = € X and there exists uy € X
such that ®(ug) = J(ug) = 0. Further, assume that exist u; € X, r > 0 such that
(/ﬂ) <I>(u1) >r

—J(u1)

(’%2) Supq)(a:)<r(_‘](x)) <r D(ur) -
Then, for every v > 1 and for every p € R satisfying

—J(u1)
r B(u) - Sup@(m)<r(_J(x)) —J(ul)
sup (—J(x)) + <p<r ,
@(m)gr( ( )) v P (I)(ul)
one has
sup inf (®(z) + A(J(z) 4+ p)) < inf sup (®(z)+ N(J(z) + p))
AeRrTEX 2€X \e[0,0]

where
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vr

r ) — supg ()< (—J ()

For other basic notations and definitions, we refer the reader to [1, 3, 7, 10, 12,
16]. We note that some of the ideas used here were motivated by corresponding
ones in [5].

2. MAIN RESULTS
Let o and 8 be two real constants such that

(1) maX{%, —%, % — %} < 1.
Put
g o p

Z_Z 0

{
0 = Inax
7T27 7-(-47 7T2 7-(-4’

and
d:=+v1—-o0.

Let f:[0,1] x R — R be a L2-Carathéodory function, namely, x — f(z,t) is
measurable for every ¢t € R, t — f(z,t) is continuous for almost every z € [0, 1],
and for every s > 0 there exists a function I, € L?([0, 1]) such that

sup [f(x, t)| < ls(x)
jt1<s

for almost every x € [0, 1]. Let F' be the function defined by putting

mezﬂfm@@

for each (z,t) € [0,1] x R.

A function v : [0,1] — R is a generalized solution to problem (1) if v €
C3([0,1]), v € AC([0,1]), u(0) = u(1) = 0, v”(0) = «"(1) = 0, and u™ +
au” + fu = Nf(z,u) + pg(x,u) for almost every x € [0,1], and it is a weak
solution to problem (1) if u € W,%([0, 1]) N W22(]0,1]) and

1
/0 [ ()0 (z) — au (x)v'(x) + fu(z)v(z)]|dx
1
—A[Xﬂ&u@D+uﬂ%UW»M@Mw=O
for every v € W, 2([0, 1)) N W22([0,1]).

Standard methods (see [5, Proposition 2.2]) show that a weak solution to (1) is
a generalized one when f, g are L?-Carathéodory functions.
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Let X = W,"([0, 1]) N W22([0, 1]) endowed with the norm

lul=( [ (W @) — el (@) + ﬂ\u(m)\?)dx)

Our main result is the following theorem

1/2

Theorem 1. Assume that there exist a positive constant » and a function
w € Wy ([0,1)) N W22([0, 1]) such that:
) (" (@)2 = alw! ()2 + Blw(x)2)de > 2r,

.. 1 [ F(z,w(z))ds
T T 2 U 3
(W) Josupyel_x g Flot)de < 2r e e e P

(iii) 527 lim SUP7| o0 %ﬂ <  for almost every = € [0,1] and for all ¢ € R,
and for some @ satisfying

1
0>

fO F(z,w(z))dz
2 T @) =l (@) P+ Bla() P)de ﬁ)supﬂﬂ——;wf;gwx/W F(z,t)dx

Then, there exist a non-empty open interval A C]0, 6] and a number ¢ > 0 with
the following property: for each A € A and for an arbitrary L 2-Carathéodory
function g : [0,1] x R — R, there is 7 > 0 such that, whenever n € [0, 7], problem
(1) admits at least three generalized solutions whose norm in X are less than q.

Put

27 9

and it is easy to see (see [5 pg 1169]) that & > 0.
Let us first present a consequence of Theorem 1 for a fixed test function w.

2048 32 13
k::252n2<———-—-—— ﬁ) ,

Corollary 1. Assume that there exist two positive constants ¢ and d with ¢ < %
such that:

(i) F(z,t) >0 foreach (z,t) € ([0, 3] U[3,1]) x [0,d],

5
(W) Jo suprei—c.q F(x, )dw < k($)* [ Fla,d)da,

(iij) 57 imsupy 00 %ﬂ < ¢ for almost every z € [0,1] and for all t € R,

and for some @ satisfying

1
0 >

C

E f3 )d(L‘ - fol SUP¢e[—c,c] F((L‘, t)d(L‘
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Then, there exist a non-empty open interval A C]0, 6] and a number ¢ > 0 with
the following property: for each A € A and for an arbitrary L 2-Carathéodory
function g : [0, 1] x R — R, there is 7 > 0 such that, whenever p € [0, 7], problem
(1) admits at least three generalized solutions whose norm in X are less than g.

The proof of Corollary 1 is based on the following lemma motivated from a
result in [5].

Lemma 1. Assume that there exist two positive constants ¢ and d with ¢ < %.
Under Assumptions (j) and (jj) of Corollary 1, there exist » > 0 and w € X such
that ||w||? > 2r and

1 3 d
/ sup F(z,t)dx < 2r Jo Fle, ng)) ’
0 tel-& V5 EVE [Jw]]

Proof. We put

64d, , 3 3
- [ << -
g(x 4x) IfO_:c_8,
) w(z)=1<¢ d ifg§x<g,
64d, , 5 1. .5
L fl<z<i
g(x 4x—|—4) i 8_w<

and r = 2(d7c)?. It is easy to see that w € X and, in particular, one has

46272

d>.
k

2
[|wl|” =
Hence, taking into account that ¢ < %, one has

2r < ||wl|*.

Since 0 < w(x) < d for each z € [0, 1], condition (j) ensures that

[ Ptz s [ ez

Moreover from (jj), » = 2(d7c)? and the above inequality we have that

1 c 5 ' Pz, w(z))da
/0 sup F(x,t)dw < k(a)Q/ F(x,d)dw < 27"‘[0 F(H’;UHg )

tel-5= /5 5= /3 :
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Thus
1 'F d
/ sup F(z,t)dx < 2rf0 (x,ng)) x,
0 te[— /T, i /T] ]|
so the proof is complete. [ |

Proof of Corollary 1. From Lemma 1 we see that Assumptions (i) and (ii) of
Theorem 1 are fulfilled for w given in (3). Also, from (jjj), one has that (iii) is
satisfied. Hence, the conclusion follows directly from Theorem 1. |

Let us present an application of Corollary 1.
Example 1. Consider the problem

u™ 4 ou” + Bu = Me " (8 — u) + 1) + pg(xw, u), z e (0,1)
@ { w0)=u(1)=0,
u’(0) =u"(1) =0

where g : [0,1] x R — R is a fixed L2-Carathéodory function and «, 3 satisfying
(2) are such that & > %. Let f(x,t) = f(t) = e *"(8 — t) + 1 and note
F(z,t) = F(t) = e t® +t forall z € [0,1] and ¢t € R. It is clear that (j) is
satisfied. Also, by choosing ¢ = 1 and d = 5 and taking into account that 0 < k < %

(for more details, see [5 pg 1169]), one has ¢ < %, and since k > % we
have e ! +1 < k (55) e °57 < K (55) (e ®57+1), and as a result (jj) is satisfied.
Also since lim supjy|_ 4o %ﬂ = 0 then (jjj) holds. As a result we can apply
Corollary 1 for every

1

o> k(55)(e 257 +1) — (e + 1)

3. PROOF OF THEOREM 1
We apply Theorem A, taking X = W;"*([0,1]) N W22(]0,1]) endowed with
the norm
1/2

1
HuH=<A(W%@V—aw%wﬁ+ﬂm@N%m>
Let

(4) ®(u) =

and



Existence of Three Solutions for a Doubly 207

1
(5) J() = — /0 Flz, u(z))da

for each v € X. First of all, by classical results, the functional ® is well de-
fined, bounded on each bounded subset of X as well as continuously Gateaux
differentiable and sequentially weakly lower semi continuous functional and whose
Gateaux derivative admits a continuous inverse on X*, and the functional J is
well defined and a continuously Gateaux differentiable functional whose Gateaux
derivative is compact. In particular, for each u,v € X one has

1
' (u)v = /0 W (z)v"(x) — a/ (z)v'(2) + Bu(x)v(x)|dx

and

1
J (u)v = —/0 f(z,u(x))v(z)ds.

Furthermore from (iii) there exist two constants v, 7 € R with 0 < v < % such
that

2
52—4F(x, t) <~t? + 7 forae z e (0,1)andall t € R.
7r

Fix v € X. Then
§2mt
(6) F(z,u(x)) < T(fy\u(m)\Q +7) forall z € (0,1).

Then, for any fixed A €]0, 6], since ||ul|1,(j0,1)) < 52z ||ull (see [5 pg 1168]), from
(5), (6) and (7), we have

2 1
B(u) + \J(u) = @—A / F(z, u(z))da
0
1 2.4 1
> Ul = 2 (5 [ uteas +7)
2 2 A
1 5 06%m4
> (1 — _
S i

and so
lim  (®(u) + AJ(u)) = +o0.

[uf| =00

We claim that there exist » > 0 and w € X such that

sup —J(u)) <r .
uE‘b‘l(]—oo,r[)( ( )) (I)(w)

Note

fu(z)] < == |lull
max |u\xr — | |U
xz€[0,1] — 20w
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for each v € X (see Proposition 2.1 of [5]) and so

(] —o0,r]) = {ueX;d(u)<r}
= {ue Xs|jul| < vor}

1
C {u € X;lu(z)| < ﬁ\/% for all z € [0, 1]}
T

1 /r
= N <_ —
{u€X7\u(x)\_57T\/; for aIIxE[O,l]},

and it follows that

o (s [ s

u€d~1(]—oo,r[)

Now from (ii) we have

/

and so

sup

F(z,t)dx.

0 el VEEVE

Jo F(z,w(z))dz

F(z,t)dx < 2r

tel- /53 VB |

sup (=J(u) <r

u€d~1(]—o0,r]) (I)(w)

|w]|?

Also from (i) we have ®(w) > r. Next recall from (iii) that

Choose

and note v > 1. Also, since

we have

0 > 1
7"_45{553) — SUDye-1(J—o0,r]) (= (1))
—J(w)
v=~0[r — sup —J(u ,
( B0) e oo ))>
0 > 1
7"_45{553) — SUPyep—1 (|—o0,r) (= (w))’
1 —J(w)
sup (=J(u) + 5 <r ,
ue<1>-1<1—oo,r1>( )+ D (w)

and so with our choice of v we have

sup
u€d~1(]—o0,r])

—J(w

T <I>(w)) ~ SUPued—1(]—00,r])

(=J(w))

)

(=J(w) +

14
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Now from Proposition B (with ug = 0 and u; = w) for every p € R satisfying

—J(w)
T3y — SUPucd—1(]—oco]) (—J (1)) _
sup (I (u)) + — Gl e <p<r )
u€d—1(]—o0,r]) v (w)

we have (note o = r6)

sup inf (®(u) + AJ(u) + pA) < inf sup (®(u)+ AJ(u) + pA).
AeRUEX u€X )e[0,r0]

For any fixed L?-Carathéodory function g : [0,1] x R — R, set

W(u) = — /0 1 /O " (o s)dsd.

It is well known that ¥ is a continuously differentiable functional whose differential
U'(u) € X*, at u € X is given by

1
U (u)v = —/ g(x,u(x))v(z)dx for every v € X,
0

and ¥’ : X — X* is a compact operator. Now, all the assumptions of Theorem
A, are satisfied. Hence, applying Theorem A, taking into account that the critical
points of the functional ® + \J + p¥ are exactly the weak solutions of the problem
(1), we have that problem (1) admits at least three weak solutions in WOI’Q([O, )N
W?22([0, 1]) whose norms in X are less than g.
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