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l∞(X)− lp(Y ) SUMMABILITY OF MAPPING MATRICES

Li Ronglu and Zhong Shuhui*

Abstract. For Banach spaces X and Y , FC,δ(X, Y ) is a large and meaningful
extension of the family L(X, Y ) of linear operators. For classical Banach
sequence spaces l∞(X) and lp(Y ) (p ≥ 1) we find a characterization of the
l∞(X) − lp(Y ) transformation of matrices of mappings in FC,δ(X, Y ).

0. INTRODUCTION

Let X and Y be topological vector spaces and fij ∈ Y X , i, j ∈ N. For sequence
families λ(X) ⊂ XN and µ(Y ) ⊂ Y N the matrix (fij) ∈ (λ(X), µ(Y )) means that∑∞

j=1 fij(xj) converges when (xj) ∈ λ(X), i ∈ N and (
∑∞

j=1 fij(xj))∞i=1 ∈ µ(Y )
for each (xj) ∈ λ(X).

We are interested in the sequence families such as

c0(X) = {(xj) ∈ XN : xj → 0},
c(X) = {(xj) ∈ XN : limxj exists},

l∞(X) = {(xj) ∈ XN : (xj) is bounded} and

lp(X) = {(xj) ∈ XN :
∞∑

j=1

‖xj‖p < ∞} when X is normed and p ≥ 1.

There is a nice result for the family (l∞(X), c(Y )) as follows.

Theorem A. ([1; 2]). Let X, Y be topological vector spaces and f ij : X → Y

a mapping such that f ij(0) = 0, ∀ i, j ∈ N. If (fij) ∈ (l∞(X), c(Y )), then for
every bounded B ⊂ X the series

∑∞
j=1 fij(xj) converges uniformly with respect

to both i ∈ N and {xj} ⊂ B, and limi fij(x) exists for every x ∈ X, j ∈ N.
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If, in addition, Y is sequentially complete, then the converse holds. Especially,
if Y is a Banach space, then (fij) ∈ (l∞(X), c(Y )) if and only if

(1) limi fij(x) exists, ∀x ∈ X, j ∈ N, and
(2) for every bounded B ⊂ X , limn supi∈N,m≥n, {xj}⊂B ‖∑m

j=n fij(xj)‖ = 0.

Note that for the case of Banach spaces X, Y and continuous linear operators
Tij : X → Y , I.J. Maddox gave a characterization of (Tij) ∈ (l∞(X), c(Y )) [3; 4,
p.46]. It is easy to see that the Maddox theorem is a special case of Theorem A.

As an immediate consequence of Theorem A, we have

Theorem B. Let X, Y be topological vector spaces and fij : X → Y a
mapping such that f ij(0) = 0, ∀ i, j ∈ N. Then (fij) ∈ (l∞(X), c0(Y )) if
and only if for every bounded B ⊂ X ,

∑∞
j=1 fij(xj) converges uniformly with

respect to both i ∈ N and {xj} ⊂ B, and limi fij(x) = 0, ∀x ∈ X, j ∈
N; (fij) ∈ (l∞(X), l∞(Y )) if and only if for every bounded B ⊂ X and (s i) ∈ c0,∑∞

j=1 sifij(xj) converges uniformly with respect to both i ∈ N and {x j} ⊂ B, and
{fij(x)}∞i=1 is bounded, ∀x ∈ X, j ∈ N.

Since linear operators form a small subfamily of {f ∈ Y X : f(0) = 0}, the
most interesting point in Theorem A and B is just that these results were established
for matrices of mappings satisfying f(0) = 0 only. However, for Banach spaces
X, Y and matrices of mappings in {f ∈ Y X : f(0) = 0}, we have had no any
description of the matrix family (l∞(X), lp(Y )) (p ≥ 1) as yet.

In this paper we would like to consider a very meaningful subfamily FC,δ(X, Y )
of {f ∈ Y X : f(0) = 0}. This is a large extension of the family of linear operators,
and for matrices of mappings in FC,δ(X, Y ) we will give a clear-cut characterization
of the matrix family (l∞(X), lp(Y )) (p ≥ 1).

1. THE FAMILY OF DISSECTING MAPPINGS

Let X, Y be vector spaces over the scalar field K. Every linear operator
T : X → Y has the absolutely exact dissecting property:

T (x + tu) = T (x) + tT (u), ∀x, u ∈ X, t ∈ K.

A function T : R → R is linear if and only if T (x) = αx for all x ∈ R, where
α = T (1) is a constant. Therefore, linear operators in R

R can be used only to
describe Newton’s First Law of Motion, i.e., we have

Proposition 1. The physical meaning of a linear operator T : R → R is just a
motion at constant speed along a straight-line path.
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Definition 1.1. ([5; 6; 7]). Let X, Y be normed spaces over K. A mapping
f : X → Y is said to be dissecting if f(0) = 0 and there exist C ≥ 1 and δ > 0
such that every x, u ∈ X and t ∈ K with ‖u‖ ≤ δ and |t| ≤ 1 determine r, s ∈ K

for which |r − 1| ≤ C|t|, |s| ≤ C|t| and f(x + tu) = rf(x) + sf(u).

Let FC,δ(X, Y ) be the family of dissecting maps related to C ≥ 1 and δ > 0,
and let

EC,δ(X, Y ) =
{
f ∈ FC,δ(X, Y ) : if x, u ∈ X and t ∈ K for which ‖u‖ ≤

δ and |t| ≤ 1, then f(x + tu) = f(x) + sf(u) with |s| ≤ C|t|}.
The family of dissecting maps is a large extension of the family of linear op-

erators. Especially, each nonzero linear operator produces uncountably many of
nonlinear dissecting maps (see [5; 6; 7]).

Dissecting maps in RR contrast sharply with linear operators in RR. In fact,
since no material object can travel at or beyond the speed of light, it follows from
Theorem 1.1 of [7] that every motion in the classical mechanics can be described
by a dissecting map in R

R.

Proposition 2. Let (x(t), y(t), z(t)) be the position in R
3 of a material object

at the moment t. Let a ≥ 0 for which ẋ(a) 	= 0 and s = t − a for t ≥ a,
f(s) = x(t) − x(a) and f(−s) = −f(s). Then f ∈ EC,δ(R, R) for some C ≥ 1
and δ > 0, and similar conclusions hold for y(t) and z(t).

The family of dissecting maps is a very important extension of the family of
linear operators. Indeed, we have the following very important result which is an
essential improvement of a basic principle of functional analysis.

Recall that for topological vector spaces X and Y a mapping f : X → Y is
bounded if f(B) is bounded when B ⊂ X is bounded.

Theorem 1.1. ([5; 6; 7]). Let X, Y be normed spaces and X is of second
category. Let C ≥ 1 and δ > 0. If Γ ⊂ FC,δ(X, Y ) is a pointwise bounded family
of bounded dissecting maps, then Γ is equicontinuous on X , i.e., for every x ∈ X

and ε > 0 there is an α > 0 such that ‖f(z) − f(x)‖ < ε for all f ∈ Γ whenever
‖z − x‖ < α, and Γ is uniformly bounded on each bounded subset of X , i.e.,
supf∈Γ, x∈B ‖f(x)‖ < +∞ whenever supx∈B ‖x‖ < +∞.

2. BASIC PROPOSITIONS

First, we improve the simple but useful Theorem 1 of [8] which implies that
if G is an abelian topological group and {xj} ⊂ G such that

∑
xj is subseries

convergent, then {∑j∈∆ xj : ∆ ⊆ N} is both compact and sequentially compact
[8, Corollary 2].
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Lemma 2.1. Let G be an abelian topological group. Then for every Ω 	= ∅
and {fj} ⊂ GΩ, the following (α) and (β) are equivalent.

(α)
∑∞

j=1 fj(ωj) converges for each {ωj} ⊂ Ω.
(β)

∑∞
j=1 fj(ωj) converges uniformly with respect to {ω j} ⊂ Ω.

Proof. If (α) holds but (β) fails, then there exist a neighborhood U of 0 ∈ G
and integers m1 < n1 < m2 < n2 · · · and {ωij : mi ≤ j ≤ ni, i ∈ N} ⊂ Ω such
that

∑ni
j=mi

fj(ωij) 	∈ U, i = 1, 2, 3, · · · . Pick an ω0 ∈ Ω and let

ωj =

{
ωij , mi ≤ j ≤ ni, i = 1, 2, 3, · · · ,
ω0, otherwise,

then
∑∞

j=1 fj(ωj) diverges. This contradicts (α).

Henceforth, X and Y are Banach spaces and C ≥ 1. Since FC,γ(X, Y ) ⊂
FC,δ(X, Y ) for 0 < δ ≤ γ , we always assume that 0 < δ ≤ 1 in the notion
FC,δ(X, Y ). For (xj) ∈ l∞(X), let ‖(xj)‖∞ = supj ‖xj‖.

Lemma 2.2. For f ∈ FC,δ(X, Y ) the following (1), (2), (3) and (4) are equiv-
alent.

(1) f is continuous.
(2) f is bounded, i.e., for every a > 0, ‖f‖(a) = sup‖x‖≤a ‖f(x)‖ < +∞.
(3) If (uj) ∈ c0(X), i.e., uj → 0 in X , then {f(uj) : j ∈ N} is bounded:

sup
j

‖f(uj)‖ < +∞.

(4) f is continuous at 0 ∈ X .

Proof. (1)=⇒(2). Let θ ∈ (0, δ) for which ‖f(x)‖ < 1 whenever ‖x‖ < θ,
and a > 0. Pick an integer n > 1 for which a

n < θ. Then ‖f( x
n)‖ < 1, ∀ ‖x‖ ≤ a.

Let ‖x‖ ≤ a. Since ‖ x
n‖ < θ < δ, it follows from f ∈ FC,δ(X, Y ) that

f(x) = f
(n − 1

n
x +

x

n

)
= r1f

(n − 1
n

x
)

+ s1f
(x

n

)
= r1r2f

(n − 2
n

x
)

+ r1s2f
(x

n

)
+ s1f

(x

n

)
...

= (r1r2 · · ·rn−1 + r1r2 · · · rn−2sn−1 + · · ·+ r1s2 + s1)f
(x

n

)
,
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where |ri| ≤ 1 + C, |si| ≤ C. Thus, sup‖x‖≤a ‖f(x)‖ ≤ n(1 + C)n−1 < +∞.
(2) =⇒ (3). Obvious.
(3) =⇒ (4). Let xj → 0 in X . May assume that all xj 	= 0 and

√‖xj‖ <

δ, ∀ j ∈ N. Then xj =
√‖xj‖ xj√

‖xj‖
,
√‖xj‖ → 0 and xj√

‖xj‖
→ 0 : ‖ xj√

‖xj‖
‖ =√‖xj‖ → 0. By (3), supj ‖f( xj√

‖xj‖
)‖ = M < +∞ and so

‖f(xj)‖ =
∥∥∥f

(√‖xj‖ xj√‖xj‖
)∥∥∥ =

∥∥∥sjf
( xj√‖xj‖

)∥∥∥ ≤ C
√

‖xj‖M → 0,

i.e., f(xj) → 0 = f(0).
(4) =⇒ (1). Let xj → x in X . May assume that all xj 	= x and

√‖xj − x‖ <

δ, ∀ j ∈ N. Then f(xj) = f(x+xj−x) = f(x+
√‖xj − x‖ xj−x√

‖xj−x‖ ) = rjf(x)+

sjf( xj−x√
‖xj−x‖ ) where |rj − 1| ≤ C

√‖xj − x‖ → 0 and |sj| ≤ C
√‖xj − x‖ → 0.

Since ‖ xj−x√
‖xj−x‖‖ =

√‖xj − x‖ → 0, f( xj−x√
‖xj−x‖ ) → 0 by (4), f(xj) = rjf(x)+

sjf( xj−x√
‖xj−x‖ ) → f(x).

Lemma 2.3. Let k ∈ N and fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. If
(fij)i,j∈N ∈ (l∞(X), l1(Y )) and

Φk((xj)) =
( ∞∑

j=1

f1j(xj),
∞∑

j=1

f2j(xj), · · · ,

∞∑
j=1

fkj(xj), 0, 0, · · ·
)
, (xj) ∈ l∞(X),

then Φk : l∞(X) → l1(Y ) is continuous at 0 ∈ l∞(X), and for every a > 0,

‖Φk‖(a) = sup
‖(xj)‖∞≤a

k∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥ < +∞.

Proof. Let a > 0, ε > 0. Since
∑∞

j=1 fij(xj) converges for each {xj} ⊂ {x ∈
X : ‖x‖ ≤ a} and i ∈ N, Lemma 2.1 shows that there is an n0 ∈ N for which

∥∥∥ ∞∑
j=n0+1

fij(xj)
∥∥∥ < ε/2k, ∀ ‖(xj)‖∞ ≤ a, 1 ≤ i ≤ k.

By Lemma 2.2, for i, j ∈ N there is θij > 0 such that ‖fij(x)‖ < ε/2kn0 whenever
‖x‖ ≤ θij , and let θ = min{θij : 1 ≤ i ≤ k, 1 ≤ j ≤ n0}. Then ‖fij(x)‖ <
ε/2kn0, ∀ ‖x‖ ≤ θ, 1 ≤ i ≤ k, 1 ≤ j ≤ n0. Hence for ‖(xj)‖∞ ≤ min(θ, a)
we have that ‖Φk((xj))‖1 =

∑k
i=1 ‖

∑∞
j=1 fij(xj)‖ ≤ ∑k

i=1

∑n0
j=1 ‖fij(xj)‖ +∑k

i=1 ‖
∑∞

j=n0+1 fij(xj)‖ < ε
2 + ε

2 = ε.
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Thus, Φk is continuous at 0 ∈ l∞(X).
Let ‖(xj)‖∞ ≤ a. It follows from Lemma 2.2 that

k∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥ ≤

k∑
i=1

n0∑
j=1

‖fij(xj)‖+
k∑

i=1

∥∥∥ ∞∑
j=n0+1

fij(xj)
∥∥∥

≤
k∑

i=1

n0∑
j=1

sup
‖x‖≤a

‖fij(x)‖+
ε

2

=
k∑

i=1

n0∑
j=1

‖fij‖(a) +
ε

2
< +∞.

Lemma 2.4. Let fi ∈ FC,δ(X, Y ) be bounded, ∀ i ∈ N. If
∑∞

i=1 ‖fi(x)‖ <

+∞ for each x ∈ X , then the function sequence {∑n
i=1 ‖fi(·)‖ ∈ R

X : n ∈ N} is
equicontinuous at 0 ∈ X , i.e., ∀ ε > 0 ∃ γ > 0 such that

∑n
i=1 ‖fi(x)‖ ≤ ε for all

‖x‖ < γ and all n ∈ N. Thus,
∑∞

i=1 ‖fi(·)‖ : X → R is continuous at 0 ∈ X .

Proof. Let 0<ε<1, I =[0, ε
2(1+C) ] and M ={x∈X : ‖x‖≤δ,

∑n
i=1 ‖fi(x)‖∈

I for all n ∈ N}. Then 0 ∈ M .
By Lemma 2.2,

∑n
i=1 ‖fi(·)‖ : X → R is continuous for all n ∈ N and so M

is a nonempty closed set in X .
Let x ∈ X and α ∈ (0, 1) for which ‖αx‖ ≤ δ, and θ = ε

2(1+C)(1+
∑∞

i=1 ‖fi(αx)‖).
If 0 ≤ t ≤ θ

C , then
n∑

i=1

‖fi(tαx)‖ =
n∑

i=1

‖sifi(αx)‖ (|si| ≤ Ct ≤ θ)

≤ θ

n∑
i=1

‖fi(αx)‖ <
ε

2(1 + C)
, ∀n ∈ N,

i.e., tαx ∈ M, ∀ 0 ≤ t ≤ θ
C . Hence, 1

nx = 1
nααx ∈ M whenever n ≥ C

αθ .
This shows that X =

⋃∞
n=1 nM . Since X is a Banach space, it follows from

Baire category theorem that {x ∈ X : ‖x‖ < γ} ⊂ M − M = {u − v : u, v ∈ M}
for some γ > 0.

Let x, u ∈ M . Then ‖u‖ ≤ δ. Since ‖y + tz‖ = ‖y‖+ s‖z‖ with |s| ≤ |t| for
y, z ∈ Y and t ∈ K, it follows that

∑n
i=1 ‖fi(x−u)‖ =

∑n
i=1 ‖rifi(x)+sifi(u)‖ =∑n

i=1(‖rifi(x)‖ + s′i‖fi(u)‖) =
∑n

i=1 |ri|‖fi(x)‖ +
∑n

i=1 s′i‖fi(u)‖, ∀n ∈ N,
where |ri − 1| ≤ C| − 1| = C, |s′i| ≤ |si| ≤ C| − 1| = C. Hence,

n∑
i=1

‖fi(x − u)‖ ≤ (1 + C)
( n∑

i=1

‖fi(x)‖+
n∑

i=1

‖fi(u)‖
)
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≤ (1 + C)
( ε

2(1 + C)
+

ε

2(1 + C)

)
= ε, ∀n ∈ N.

Since {x ∈ X : ‖x‖ < γ} ⊂ M − M ,
∑n

i=1 ‖fi(x)‖ ≤ ε when n ∈ N and
‖x‖ < γ .

Lemma 2.5. Let n ∈ N and fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. If
(fij)i,j∈N ∈ (l∞(X), l1(Y )) and

Fn((xj)) =
( n∑

j=1

fij(xj)
)∞

i=1
, (xj) ∈ l∞(X),

then Fn : l∞(X) → l1(Y ) is continuous at 0 ∈ l∞(X) and for every a > 0,

‖Fn‖(a) = sup
‖(xj)‖∞≤a

∞∑
i=1

∥∥∥ n∑
j=1

fij(xj)
∥∥∥ < +∞.

Proof. Let limk(xkj)∞j=1 = 0 in l∞(X), i.e., limk supj ‖xkj‖ = 0.

Since (fij)i,j∈N ∈ (l∞(X), l1(Y )) and (0, · · · , 0,
(j)
x , 0, 0, · · ·) ∈ l∞(X) when

x ∈ X and j ∈ N,
∑∞

i=1 ‖fij(x)‖ ≤ +∞ for every x ∈ X and j ∈ N. By Lemma
2.4, limk

∑∞
i=1 ‖fij(xkj)‖ = 0 for each j ∈ N and

lim
k

‖Fn((xkj)∞j=1)‖1 = lim
k

∞∑
i=1

∥∥∥ n∑
j=1

fij(xkj)
∥∥∥ ≤ lim

k

n∑
j=1

∞∑
i=1

‖fij(xkj)‖ = 0.

Thus, Fn : l∞(X) → l1(Y ) is continuous at 0 ∈ l∞(X).
Let a > 0. By Lemma 2.4, for each j ∈ N there is a θj ∈ (0, δ) such

that
∑∞

i=1 ‖fij(x)‖ < 1 whenever ‖x‖ < θj . Letting θ = min(θ1, θ2, · · · , θn),∑∞
i=1 ‖fij(x)‖ < 1, ∀ ‖x‖ < θ, 1 ≤ j ≤ n.
Pick an integer n0 > a

θ and let j ∈ {1, 2, · · · , n}, ‖x‖ ≤ a. Then ‖ x
n0
‖ =

‖x‖
n0

< θ < δ and
∞∑
i=1

‖fij(x)‖ =
∞∑
i=1

∥∥∥fij

(n0 − 1
n0

x +
x

n0

)∥∥∥
=

∞∑
i=1

∥∥∥rij1fij

(n0 − 1
n0

x
)

+ sij1fij

( x

n0

)∥∥∥
=

∞∑
i=1

∥∥∥rij1rij2f
(n0 − 2

n0
x
)

+ rij1sij2fij

( x

n0

)
+ sij1fij

( x

n0

)∥∥∥
...
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=
∞∑
i=1

∥∥∥(rij1rij2 · · ·rij n0−1 + rij1rij2 · · ·rij n0−2sij n0−1 + · · ·

+ rij1sij2 + sij1)fij

( x

n0

)∥∥∥,

where |rijk − 1| ≤ C|1| = C, |sijk| ≤ C|1| = C and so

∞∑
i=1

‖fij(x)‖ ≤ n0(1 + C)n0−1
∞∑
i=1

∥∥∥fij

( x

n0

)∥∥∥
≤ n0(1 + C)n0−1, ∀ ‖x‖ ≤ a, 1 ≤ j ≤ n,

‖Fn‖(a) = sup
‖(xj)‖∞≤a

∞∑
i=1

∥∥∥ n∑
j=1

fij(xj)
∥∥∥

≤ sup
‖(xj)‖∞≤a

n∑
j=1

∞∑
i=1

‖fij(xj)‖

≤ nn0(1 + C)n0−1 < +∞.

We also need a useful fact in linear algebra.

Lemma 2.6. ([9, Lemma 3.2]). Let E be a vector space and V a convex set
in E , 0 ∈ V . If x1, x2, · · · , xn ∈ E and M > 0 such that

M
∑
j∈∆

xj ∈ V, ∀∆ ⊆ {1, 2, · · · , n}, ∆ 	= ∅,

then
∑n

j=1 sjxj ∈ V, ∀ 0 ≤ sj ≤ M, j = 1, 2, · · · , n.

3. A CHARACTERIZATION OF THE MATRIX FAMILY (l∞(X), lp(Y ))

Let X, Y be real Banach spaces and C ≥ 1, δ > 0. Let Y ′ be the dual space
of Y .

Theorem 3.1. Let fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. If (fij)i,j∈N ∈
(l∞(X), l1(Y )) and

[fij]((xj)) =
( ∞∑

j=1

fij(xj)
)∞

i=1
, (xj) ∈ l∞(X),

then for every a ≥ 0,

‖[fij]‖(a) = sup
‖(xj)‖∞≤a

∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥ < +∞.



l∞(X) − lp(Y ) Summability of Mapping Matrices 2299

Proof. Suppose that a > 0 and ‖[fij]‖(a) = +∞. Pick (x1j) ∈ l∞(X) for
which ‖(x1j)‖∞ ≤ a and

∑∞
i=1 ‖

∑∞
j=1 fij(x1j)‖>1. Then

∑i1
i=1 ‖

∑∞
j=1 fij(x1j)‖

> 1 for some i1 > 1 and so
∑i1

i=1 ‖
∑n1

j=1 fij(x1j)‖ > 1 for some n1 > 1.
For each i ∈ {1, 2, · · · , i1} pick y′

i ∈ Y ′ with ‖y ′
i‖ = 1 and ‖∑n1

j=1 fij(x1j)‖ =
y′i(

∑n1
j=1 fij(x1j)). Then

∑i1
i=1 y′i(

∑n1
j=1 fij(x1j)) > 1.

Let Φi1((xj)) = (
∑∞

j=1 f1j(xj), · · · ,
∑∞

j=1 fi1j(xj), 0, 0, · · ·) and Fn1((xj)) =
(
∑n1

j=1 fij(xj))∞i=1, ∀ (xj) ∈ l∞(X). By Lemma 2.3 and 2.5,

‖Φi1‖(a) = sup
‖(xj)‖∞≤a

i1∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥ < +∞,

‖Fn1‖(a) = sup
‖(xj)‖∞≤a

∞∑
i=1

∥∥∥ n1∑
j=1

fij(xj)
∥∥∥ < +∞.

Since ‖[fij]‖(a) = +∞, there is (x2j) ∈ l∞(X) with ‖(x2j)‖∞ ≤ a such that∑∞
i=1 ‖

∑∞
j=1 fij(x2j)‖ > 1+‖Φi1‖(a)+‖Fn1‖(a). Then

∑i2
i=1 ‖

∑n2
j=1 fij(x2j)‖ >

1 + ‖Φi1‖(a) + ‖Fn1‖(a) for some i2 > i1 and n2 > n1, and it follows from
‖Φi1‖(a) ≥ ∑i1

i=1 ‖
∑n2

j=1 fij(x2j) +
∑∞

j=n2+1 fij(0)‖ =
∑i1

i=1 ‖
∑n2

j=1 fij(x2j)‖
and ‖Fn1‖(a) ≥

∑∞
i=1 ‖

∑n1
j=1 fij(x2j)‖ that

i2∑
i=1

∥∥∥ n2∑
j=1

fij(x2j)
∥∥∥ > 1 +

i1∑
i=1

∥∥∥ n2∑
j=1

fij(x2j)
∥∥∥ +

∞∑
i=1

∥∥∥ n1∑
j=1

fij(x2j)
∥∥∥

≥ 1 +
i1∑

i=1

∥∥∥ n2∑
j=1

fij(x2j)
∥∥∥ +

i2∑
i=i1+1

∥∥∥ n1∑
j=1

fij(x2j)
∥∥∥,

i.e.,
∑i2

i=i1+1 ‖
∑n2

j=1 fij(x2j)‖ > 1 +
∑i2

i=i1+1 ‖
∑n1

j=1 fij(x2j)‖ and
i2∑

i=i1+1

∥∥∥ n2∑
j=n1+1

fij(x2j)
∥∥∥ =

i2∑
i=i1+1

∥∥∥ n2∑
j=1

fij(x2j) −
n1∑

j=1

fij(x2j)
∥∥∥

≥
i2∑

i=i1+1

(∥∥∥ n2∑
j=1

fij(x2j)
∥∥∥ −

∥∥∥ n1∑
j=1

fij(x2j)
∥∥∥)

=
i2∑

i=i1+1

∥∥∥ n2∑
j=1

fij(x2j)
∥∥∥ −

i2∑
i=i1+1

∥∥∥ n1∑
j=1

fij(x2j)
∥∥∥ > 1.

Now for each i ∈ {i1 + 1, i1 + 2, · · · , i2} pick y′
i ∈ Y ′ with ‖y ′

i‖ = 1 and
‖∑n2

j=n1+1 fij(x2j)‖ = y′i(
∑n2

j=n1+1 fij(x2j)). Then

i2∑
i=i1+1

y′i(
n2∑

j=n1+1

fij(x2j)) > 1
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.
Continuing this construction inductively gives integer sequences 0 = i0 < i1 <

i2 < i3 < · · · , 0 = n0 < n1 < n2 < n3 < · · · and {y′i} ⊂ Y ′ with ‖y ′
i‖ = 1 and

{xkj : nk−1 + 1 ≤ j ≤ nk, k ∈ N} ⊂ {x ∈ X : ‖x‖ ≤ a} such that

y′i
( nk∑

j=nk−1+1

fij(xkj)
)

=
∥∥∥ nk∑

j=nk−1+1

fij(xkj)
∥∥∥, ik−1+1 ≤ i ≤ ik, k = 1, 2, 3, · · · ,

(∗)
ik∑

i=ik−1+1

y′i
( nk∑

j=nk−1+1

fij(xkj)
)

> 1, k = 1, 2, 3, · · · .

Consider the matrix [
∑ik

i=ik−1+1 y′i(
∑np

j=np−1+1 fij(xpj))]k,p∈N. Fix p ∈ N and
let

zj =




xpj, np−1 + 1 ≤ j ≤ np,

0, otherwise.

Then (zj) ∈ l∞(X) and
∑∞

i=1 ‖
∑np

j=np−1+1 fij(xpj)‖ =
∑∞

i=1 ‖
∑∞

j=1 fij(zj)‖ <
+∞ and so

0 ≤ lim
k

∣∣∣ ik∑
i=ik−1+1

y′i
( np∑

j=np−1+1

fij(xpj)
)∣∣∣

≤ lim
k

ik∑
i=ik−1+1

∣∣∣y′i(
np∑

j=np−1+1

fij(xpj)
)∣∣∣

≤ lim
k

ik∑
i=ik−1+1

‖y′i‖
∥∥∥ np∑

j=np−1+1

fij(xpj)
∥∥∥

= lim
k

ik∑
i=ik−1+1

∥∥∥ np∑
j=np−1+1

fij(xpj)
∥∥∥ = 0,

i.e., limk
∑ik

i=ik−1+1 y′i(
∑np

j=np−1+1 fij(xpj)) = 0, ∀ p ∈ N.

Let p1 < p2 < · · · in N and uj =




xpνj, npν−1 + 1 ≤ j ≤ npν , ν = 1, 2, 3, · · · ,
0, otherwise.

Then (uj) ∈ l∞(X) and
∑∞

i=1 ‖
∑∞

j=1 fij(uj)‖ < +∞. Hence,

0 = lim
k

ik∑
i=ik−1+1

∥∥∥ ∞∑
j=1

fij(uj)
∥∥∥
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≥ lim
k

ik∑
i=ik−1+1

∣∣∣y′i( ∞∑
j=1

fij(uj)
)∣∣∣

≥ lim
k

∣∣∣ ik∑
i=ik−1+1

y′i
( ∞∑

j=1

fij(uj)
)∣∣∣

= lim
k

∣∣∣ ik∑
i=ik−1+1

∞∑
j=1

y′i(fij(uj))
∣∣∣

= lim
k

∣∣∣ ik∑
i=ik−1+1

∞∑
ν=1

npν∑
j=npν −1+1

y′i(fij(xpνj))
∣∣∣

= lim
k

∣∣∣ ∞∑
ν=1

ik∑
i=ik−1+1

y′i
( npν∑

j=npν −1+1

fij(xpνj)
)∣∣∣ ≥ 0,

i.e., limk
∑∞

ν=1

∑ik
i=ik−1+1 y′i(

∑npν
j=npv −1+1 fij(xpvj)) = 0.

Then limk

∑ik
i=ik−1+1 y′i(

∑nk
j=nk−1+1 fij(xkj)) = 0 by Antosik-Mikusinski ma-

trix theorem [10; 11; 2]. This contradicts (∗) and so ‖[f ij]‖(a) < +∞.

Lemma 3.1. p, p′ > 1, 1
p + 1

p′ = 1 and fij ∈ Y X for i, j ∈ N. Then
(fij)i,j∈N ∈ (l∞(X), lp(Y )) if and only if (sifij)i,j∈N ∈ (l∞(X), l1(Y )) for each
(si) ∈ lp

′.

Proof. If
∑∞

i=1 ‖
∑∞

j=1 fij(xj)‖p < +∞ and (si) ∈ lp
′ , then

∞∑
i=1

∥∥∥ ∞∑
j=1

sifij(xj)
∥∥∥ =

∞∑
i=1

|si|
∥∥∥ ∞∑

j=1

fij(xj)
∥∥∥

≤
( ∞∑

i=1

|si|p′
)1/p′( ∞∑

i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

< +∞.

Conversely, if
∑∞

i=1 |si| ‖
∑∞

j=1 fij(xj)‖ =
∑∞

i=1 ‖
∑∞

j=1 sifij(xj)‖ < +∞,
∀ (si) ∈ lp

′, then
∑∞

i=1 ‖
∑∞

j=1 fij(xj)‖p < +∞.

Theorem 3.2. Let p ≥ 1 and fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. If
(fij)i,j∈N ∈ (l∞(X), lp(Y )) and

[fij]((xj)) =
( ∞∑

j=1

fij(xj)
)∞

i=1
, (xj) ∈ l∞(X),
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then for every a > 0,

sup
‖(xj)‖∞≤a

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

< +∞.

Proof. By Theorem 3.1, the conclusion holds when p = 1. Let p>1, 1
p′+

1
p = 1

and a>0. By Lemma 3.1 and Theorem 3.1,

sup
‖(xj)‖∞≤a

∣∣∣ ∞∑
i=1

si

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥∣∣∣≤ sup

‖(xj)‖∞≤a

∞∑
i=1

∥∥∥ ∞∑
j=1

sifij(xj)
∥∥∥<+∞, ∀ (si)∈ lp

′
.

Hence {(‖∑∞
j=1 fij(xj)‖)∞i=1 : ‖(xj)‖∞ ≤ a} is a pointwise bounded subfamily of

lp = (lp
′
)′. Then the resonance theorem shows that

sup
‖(xj)‖∞≤a

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

< +∞.

Now for fij ∈ FC,δ(X, Y ) (i, j ∈ N) and i ∈ N let

‖(fi n, fi n+1, fi n+2, · · · )‖ = sup
k≥n, ‖(xj)‖∞≤1

∥∥∥ k∑
j=n

fij(xj)
∥∥∥,

the group norm of (fij)j≥n [4, p.5] which is the key object in the Maddox results
of [3; 4]. Moreover, for p ≥ 1 and a > 0 let

‖[fij]‖p,a = sup
m,n≥1, ‖(xj)‖∞≤a

( m∑
i=1

∥∥∥ n∑
j=1

fij(xj)
∥∥∥p)1/p

.

Theorem 3.3. Let p ≥ 1 and fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. If
(fij)i,j∈N ∈ (l∞(X), lp(Y )), then for every a > 0,

‖[fij]‖p,a = sup
‖(xj)‖∞≤a

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

< +∞.

Proof. Let a > 0. If ‖(xj)‖∞ ≤ a, then ‖(x1, x2, · · · , xn, 0, 0, · · ·)‖∞ ≤ a for
all n and so (

∑∞
i=1 ‖

∑n
j=1 fij(xj)‖p)1/p ≤ sup‖(zj)‖∞≤a(

∑∞
i=1 ‖

∑∞
j=1 fij(zj)‖p)1/p,

∀n ∈ N. By Theorem 3.2,
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‖[fij]‖p,a = sup
m,n≥1, ‖(xj)‖∞≤a

( m∑
i=1

∥∥∥ n∑
j=1

fij(xj)
∥∥∥p)1/p

= sup
n≥1, ‖(xj)‖∞≤a

( ∞∑
i=1

∥∥∥ n∑
j=1

fij(xj)
∥∥∥p)1/p

≤ sup
‖(zj)‖∞≤a

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(zj)
∥∥∥p)1/p

< +∞.

Let a > 0 and ‖(xj)‖∞ ≤ a. Then

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

= sup
m≥1

( m∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

≤ sup
m≥1, ‖(zj)‖∞≤a

( m∑
i=1

∥∥∥ ∞∑
j=1

fij(zj)
∥∥∥p)1/p

= sup
m≥1, ‖(zj)‖∞≤a

lim
n

( m∑
i=1

∥∥∥ n∑
j=1

fij(zj)
∥∥∥p)1/p

≤ sup
m≥1, ‖(zj)‖∞≤a

sup
n≥1

( m∑
i=1

∥∥∥ n∑
j=1

fij(zj)
∥∥∥p)1/p

= sup
m,n≥1, ‖(zj)‖∞≤a

( m∑
i=1

∥∥∥ n∑
j=1

fij(zj)
∥∥∥p)1/p

= ‖[fij]‖p,a.

Recall that 0 < δ ≤ 1 and C ≥ 1 in the notation FC,δ(X, Y ).

Theorem 3.4. Let p ≥ 1 and fij ∈ FC,δ(X, Y ) be bounded, ∀ i, j ∈ N. Then
(fij)i,j∈N ∈ (l∞(X), lp(Y )) if and only if

(I) for each i ∈ N, limn ‖(fin, fi n+1, fi n+2, · · ·)‖ = 0, and
(II) ‖[fij]‖p,a < +∞, ∀ a > 0.

Proof. =⇒ By Theorem 3.3, (II) holds. Let i ∈ N. Then
∑∞

j=1 fij(xj) con-
verges for each (xj) ∈ l∞(X). By Lemma 2.1,

∑∞
j=1 fij(xj) converges uniformly

with respect to ‖(xj)‖∞ ≤ 1 and so (I) holds.
⇐= If ‖(xj)‖∞ ≤ 1, then (I) shows that {∑k

j=1 fij(xj)}∞k=1 is Cauchy and so∑∞
j=1 fij(xj) converges for all i ∈ N.
Let (xj) ∈ l∞(X) with ‖(xj)‖∞ > 1 and ε> 0. Pick an m ∈ N such that

‖(xj)‖∞
m ≤ δ ≤ 1 and let i ∈ N, M = m(1 + C)m−1. By (I) there is an n0 ∈ N
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such that supk≥n, ‖(zj)‖∞≤1 ‖
∑k

j=n fij(zj)‖ < ε
2M for all n > n0. If ∆ ⊂ N is

finite and zj =

{
xj/m, j ∈ ∆,

0, j 	∈ ∆,
then ‖(zj)‖∞ ≤ 1 and, observing fij(0) = 0, we

have that∥∥∥M
∑
j∈∆

fij

(xj

m

)∥∥∥ <
ε

2
, ∀ k ≥ n > n0, ∆ ⊆ {n, n + 1, · · · , k}, ∆ 	= φ.

For convenience, we say that
∑

j∈∆ yj = 0 when ∆ is empty. As in the proof of
Lemma 2.2, fij(xj) = fij(m

xj

m ) = sjfij(
xj

m ) where sj ∈ [−M, M ]. For k ≥ n >
n0 and ∆1 = {j ∈ N : n ≤ j ≤ k, sj ≥ 0}, ∆2 = {j ∈ N : n ≤ j ≤ k, sj < 0}, it
follows from Lemma 2.6 that

∥∥∥ k∑
j=n

fij(xj)
∥∥∥ =

∥∥∥ k∑
j=n

sjfij

(xj

m

)∥∥∥
≤

∥∥∥ ∑
j∈∆1

sjfij

(xj

m

)∥∥∥ +
∥∥∥ ∑

j∈∆2

sjfij

(xj

m

)∥∥∥
=

∥∥∥ ∑
j∈∆1

sjfij

(xj

m

)∥∥∥ +
∥∥∥ ∑

j∈∆2

(−sj)fij

(xj

m

)∥∥∥
<

ε

2
+

ε

2
= ε.

This shows that {∑k
j=1 fij(xj)}∞k=1 is Cauchy and so

∑∞
j=1 fij(xj) converges.

Now let (xj) ∈ l∞(X) and a = 1 + ‖(xj)‖∞. Since
∑∞

j=1 fij(xj) converges
for all i ∈ N, it follows from (II) that

( ∞∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

= sup
m≥1

( m∑
i=1

∥∥∥ ∞∑
j=1

fij(xj)
∥∥∥p)1/p

≤ sup
m≥1, ‖(zj)‖∞≤a

( m∑
i=1

∥∥∥ ∞∑
j=1

fij(zj)
∥∥∥p)1/p

= sup
m≥1, ‖(zj)‖∞≤a

lim
n

( m∑
i=1

∥∥∥ n∑
j=1

fij(zj)
∥∥∥p)1/p

≤ sup
m,n≥1, ‖(zj)‖∞≤a

( m∑
i=1

∥∥∥ n∑
j=1

fij(zj)
∥∥∥p)1/p

= ‖[fij]‖p,a < +∞.
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