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STABILITY OF A MIXED ADDITIVE AND
QUADRATIC FUNCTIONAL EQUATION IN
NON-ARCHIMEDEAN BANACH MODULES

G. Zamani Eskandani, Hamid Vaezi and Y. N. Dehghan

Abstract. In this paper we establish the general solution of mixed additive
and quadratic functional equation

f(x+2y) + f(z — 2y) +8f(y) = 2f(x) +4f(2y)

and investigate the generalized Hyers-Ulam-Rassias stability of this equation
in non-Archimedean Banach modules over a unital Banach algebra.

1. INTRODUCTION AND PRELIMINARIES

In 1940, S.M. Ulam [25] asked the first question on the stability problem. In
1941, D. H. Hyers [10] solved the problem of Ulam. This result was generalized
by Aoki [4] for additive mappings and by Rassias [23] for linear mappings by con-
sidering an unbounded Cauchy difference. The paper of Rassias [23] has provided
a lot of influence in the development of what we now call Hyers-Ulam-Rassias
stability of functional equations. Since then, several stability problems for various
functional equations have been investigated by numerous mathematicians; cf. e.g.
[6, 11] and the bibliography quoted there. The functional equation

(11) fle+y)+ flx—y)=2f(z) +2f(y)

is related to a symmetric bi-additive function [15]. It is natural that such equation is
called a quadratic functional equation. In particular, every solution of the quadratic
equation (1.1) is said to be a quadratic function. It is well known that a function f
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between real vector spaces is quadratic if and only if there exists a unique symmetric
biadditive function B such that f(z) = B(x, x) for all = (see [15]). The biadditive
function B is given by

(12) Bla,y) = 1 (fle+v)~ fe—v)).

A Hyers-Ulam stability problem for the quadratic functional equation (1.1) was
proved by Skof for functions f : E; — E,, where E; is a normed space and E> a
Banach space (see [24]). Cholewa [5] noticed that the theorem of Skof is still true if
the relevant domain E; is replaced by an Abelian group. In [7], Czerwik proved the
Hyers-Ulam-Rassias stability of the quadratic functional equation (1.1). Grabiec in
[9] has generalized the above mentioned results. Jun and Lee [13] proved the Hyers-
Ulam-Rassias stability of the pexiderized quadratic equation (1.1). Moslehian [18]
and Mirzavazir [18] have investigated the orthogonal stability of the pexiderized
quadratic equation (1.1).

By a non-Archimedean field we mean a field K equipped with a function (val-
uation) | . | from K into [0, co) such that || = 0 if and only if » = 0, |rs| = |r]|s|,

and |7 + s| < max{|r|,|s|} for all r,s € K. Clearly |1| =] —1]|=1and |n| <1
for all n € N.

Let X be a vector space over a scalar field K with a non-Archimedean non-
trivial valuation | . |. A function || . ||: X — R is a non-Archimedean norm

(valuation) if it satisfies the following conditions:
(i) || z ||=0if and only if z = 0;
(i) [fra =l (re K,z e X);

(iii) the strong triangle inequality; namely,

e +y [<max{flz|.[lyl} (zyeX)

Then (X,| ||) is called a non-Archimedean space. For nontrivial example of
non-Archimedean space we refer to [17]. Due to the fact that

| 20— 2 < max{]| 21 —2; :m <j<n—1} (n>m)

a sequence {z, } is Cauchy if and only if {x,+1 — x,} converges to zero in a non-
Archimedean space. By a complete non-Archimedean space we mean one in which
every Cauchy sequence is convergent.

In [17] Moslehian and Rassias have solved the stability problem for Cauchy
and quadratic functional equations in non-Archimedean normed spaces. Stability
of two types of cubic functional equations in non-Archimedean spaces have been
investigated in [19]. In this context we refer to Arriola and Beyer [3] and Kaiser
[14].
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G. Z. Eskandani [8] has investigated the Hyers-Ulam-Rassias stability of the
following functional equation

Zf(mxi + Z xj> —|—f<2xi> = 2f<2mxi>
i=1 j=1,j#i i=1 i=1
(m € N,;m > 2) in quasi-Banach spaces.(See also [21, 22])

In this paper, using extensively the ideas and termonolgy of [17], we deal with
the following functional equation deriving from additive and quadratic functions:

(1.3) f(x+2y) + f(z —2y) +8f(y) = 2f(x) + 4f(2y)

It is easy to see that the function f(z) = ax?+ bz is a solution of the functional
equation (1.3) . The main purpose of this paper is to establish the general solution
of Eq. (1.3) and investigate the Hyers-Ulam-Rassias stability for Eq. (1.3) in
non-Archimedean Banach modules over a unital Banach algebra.

2. SoLuTions oF Eq. (1.3)

Throughout this section, X and Y will be real vector spaces. Before proceeding
the proof of Theorem (2.3) which is the main result in this section, we shall need
the following two lemmas.

Lemma 2.1. If an odd function f : X — Y satisfies (1.3) for all z,y € X,
then the mapping f : X — Y is additive .

Proof. Let an odd function f : X — Y satisfy the functional equation (1.3)
for all z,y € X . Setting x = 0 in (1.3), we get

(2.1) f(2y) =2f(y)

for all y € X. Therefore we have

(2.2) f@+2y) + f(z - 2y) = 2f(2)

for all z,y € X. Replace = by 2z in (2.2), we get

(2.3) fl@e+y)+ flz—y) =2f(x)

for all z,y € X. Replace z and y by y and x in (2.3), respectively, we get
(2.4) fle+y) = flz—y)=2f(y)

for all z,y € X. Adding (2.3) to (2.4), we get

fla+y)=fz)+ fy)
for all z,y € X . Therefore the function f: X — Y is additive. |
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Lemma 2.2. If an even function f : X — Y satisfies (1.3) for all z,y € X,
then the mapping f : X — Y is quadratic.

Proof. Let an even function f: X — Y satisfy the functional equation (1.3)
for all z,y € X. Putting z = y = 0 in (1.3), we get f(0) = 0. Setting x = 0 in
(1.3), we get

(2.5) f(2y) =41 (y)

for all y € X. Therefore we have

(2.6) fle+2y) + flz—2y) = 2f(x) + 8f(y)

for all z,y € X. Replace = by 2z in (2.6), we get

(2.7) fle+y)+ flz—y) =2f(z) +2f(y)

for all z,y € X. Therefore the function f : X — X is quadratic. ]

Theorem 2.3. A function f : X — Y satisfies (1.3) for all z,y € X if and only
if there exists a symmetric bi-additive function B : X x X — Y and an additive
function A : X — Y such that f(z) = B(z,z) + A(x) for all z € X.

Proof. If there exists a symmetric bi-additive function B : X x X — Y and
an additive function A : X — Y such that f(z) = B(z,z) + A(z) for all z € X,
Then by a simple computation one can show that the functions B and A satisfy the
functional equation (1.3). So the function f satisfies the equation (1.3).

Conversely, we decompose f into the even part and odd part by putting

f(x) + f(=x) fz) = f(=x)
2

and fo(x) = 2

fe(z) =

for all x € X. Itis clear that f(z) = fe(z) + fo(z) for all z € X. It is easy to
show that the functions f. and f, satisfy (1.3). Hence by Lemma 2.1 and Lemma
2.2 we achieve that the functions f. and f, are quadratic and additive, respectively.
Therefore there exists a symmetric bi-additive function B : X x X — Y such that
fe(x) = B(x,z) for all x € X (see [1]). So

f(z) = B(z,z) + A(x)

for all x € X, where A(z) = f,(z) for all x € X. |
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3. HYers-ULAM-RAssIAs STABILITY OF EQ. (1.3)

Throughout this section, let B be a unital Banach algebra with norm | . | and
let 5X be left Banach B-module with norm || . || and gY be non-Archimedean
left Banach B-module with norm || . || . In this section, we prove the stability of
Eg. (1.3) in the spirit of Hyers, Ulam and Rassias. For convenience, we use the
following abbreviations for a given function f: g X — gY :

Daf(x,y) : = flax + 2ay) + f(ax — 2ay) + 8f(ay) — 2af(x) — 4af(2y)

Aaf(z,y): = flaz +2ay) + f(az — 2ay) + 8f(ay) — 2a° f(x) — 4a*f(2y)

Maf(z,y) : = flax +2ay) + f(ax — 2ay) + 8f(ay)
—(a*+a)f(z)—(a®~a) f () —2(a’+a) f (2y) —2(a® —a) f (~2y)

forall z,y € X and a € B.
Theorem 3.1. Let ¢ : pX x pX — [0, c0) be a mapping such that

1
(3.1) lim ——p(2"z,2"y) =0

for all z,y € pX and

0,2/2)

(3.2) o(x) == sup{tp(‘éi‘j 1j €

Nu{o}}

exists for all z € gX. Suppose that an odd mapping f : 3 X — gY satisfies the
inequality

(3.3) [1Daf (x, y)ll < (2, y)

for all xz,y € pX and a € B. Then there exists a unique additive mapping
A: pX — gY satisfying A(azx) = aA(x) for all x € X and a € B such that

(3.4) [f(z) = Alz)|| < —¢(2)
forall x € pX.

Proof. Putting z =0 and @ = 1 in (3.3), we get

(35) 1£(2y) — 2£ ()] < i‘wo,y)

|4
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for all y € pX. Replacing y by 2"z in (3.5) and dividing both sides of (3.5) by
|2]7L, we get

(3.6) ‘

1 1
+1
on+1 f2 ) — 2n f2"x) H = ‘2‘n+3@(072%)

for all x € pX and all non-negative integers n. Therefore, we conclude from
1 . .
(3.1) and (3.6) that the sequence {Q—nf(Q”x)} is a Cauchy sequence in gY for all

. . 1 .
x € gpX. Since gY is complete the sequence {Q—nf(Q”x)} converges in gY for all
x € gX. So one can define the mapping A : s X — gY by

(3.7) A(x) := lim —f(2” )

n—oo 2N

for all x € pX. Using induction one can show that

(3.8) Hf@n ~ S H<‘8‘ x{ \2P 0<j<n)

for all n € N and all z € pX. By taking n to approach infinity in (3.8) and using
(3.2) and (3.7) one obtains (3.4). Now, we show that A is an additive mapping. It
follows from (3.1), (3.3) and (3.7) that

|D1A(z,y)| = hm Hle ", 2™y H < hm —p(2"z,2"y) =0

\2\” \2\”

for all 2,y € pX. Hence, the mapping A satisfies (1.3), So by Lemma (2.1) the
mapping A is additive. Replacing y by 0 in (3.3), we get

(3.9) 1f(az) = af(@)|| < = e(,0)

2|

for all x € pX and a € B. Replacing = by 2"z in (3.9) and dividing both sides
of (3.9) by |2|", we get

‘ 1

27’L

—f(2"az) — —f (2"z) H < ‘2‘71—}—1('0( z,0)
for all z € X, a € By and for all non-negative integers n. Therefor

‘ L

27’L

f@"az) = o f(2"w) | — 0

asn — oo for all z € g X, a € B. Hence

Afazr) = lim —f( ax) = lim o F(2") = aA(2)

n—oo 2N oo 2T
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forall z € X and a € B.

To prove the uniqueness of A, let 7 : X — Y be another additive mapping
satisfying (3.4). Then

|A(x) = T(x)]| = lim |2[7"]|A(2"2) - T(2"2)|

< lim [2[" max {|| A(2") — f(2"2)|, |T(2"2) — f(2"2)| }
—00
©(0,27)
<
< \8\ kli)rgonlggomax{ 27 k<j< n—i—k}
1 (0,27x)
1 — 2k <y =0
-l e {2055 k< < o)
forallz €e gX.So A=T. [

Theorem 3.2. Let & : X x X — [0, 00) be a mapping such that

(3.10) lim [2"® (55, ) = 0

n—00 T on

for all z,y € pX and
(3.12) ®(z) := sup {|2]'®(0, 2jﬁ) :j € NU{0}}

exists for all z € gX. Suppose that an odd mapping f : s X — gY satisfies the
inequality
[Daf(z,y)l < ®(z,y)

for all z,y € pX and a € B. Then there exists a unique additive mapping
A: pX — gY satisfying A(azx) = aA(x) for all x € pX and a € B such that

(3.12) 1f(z) — Az ”_\4\ b (x)

forall x € pX.

Proof. Similar to the proof of Theorem 3.1, we have

(3.13) 1/ (2y) = 2f ()] < 77 (0, 9)

\4\

for all y € pX. Replacing y by anﬁ in (3.13) and multiplying both sides of (3.13)
to |2|", we get

X
)

(3.14)

27 £ f(50)|| < 120 0. 507)

2n+1
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for all x € pX and all non-negative integers n. Therefor, we conclude from (3.10)
and (3.14) that the sequence {2" f(x/2™)} is a Cauchy sequence in gY for all
x € pX. Since gY is complete the sequence {2" f(x/2™)} converges in gY for all
x € pX. So one can define the mapping A: X — gY by

(3.15) A(z) :== lim 2”f( )

n—oo

for all x € pX. Using induction one can show that

(3.16) | L y0<j<n)

2nf(2£n)_ H< max {|2|7®(0, 2+1

for all n € N and all z € H. By taking n to approach infinity in (3.16) and using
(3.11) and (3.15) one obtains (3.12). The rest of the proof is similar to the proof of
Theorem 3.1. ]

Corollary 3.3. Let 8,r,s be positive real numbers such that r,s # 1 and
|2| < 1. Suppose that an odd mapping f : pX — pY satisfies the inequality

1Daf (2, y) || < Ol + [lyl°)

for all xz,y € pX and a € B. Then there exists a unique additive mapping
A: pX — pY satisfying A(az) = aA(x) for all x € pX and a € B such that

(r,s>1)

1f(z) = Alx)]| <

(r,s<1)

forall x € pX.

Corollary 3.4. Let 0, r, s be positive real numbers such that » + s # 1 and
|2| < 1. Suppose that an odd function f : X — Y satisfies the inequality

[1Daf (2, y)|| < Oll=l"[[y]l®

foralla € Bandz,y € gX.Then f : g X — gY isan additive mapping satisfying
flax) =af(z) forall z € pX and a € B.

Theorem 3.5. Let ¢ : 5 X x pX — [0, 00) be a mapping such that

o, on
(3.17) lim £27%2")

=0
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for all z,y € pX and

(0,27z)

(3.18) o(x) == sup{W :j € NU{0}}

exists for all z € pX. Suppose that an even mapping f : pX — Y with f(0) =0
satisfies the inequality

(3.19) [Aaf (2, y)| < p(x,y)

for all x,y € pX and a € B, Then there exists a unique quadratic mapping
Q : pX — gY satisfying Q(az) = a?Q(z) for all z € X and a € B such that

1

(3.20) 1f(2) = Q)] < Bk p(x)

forall x € pX.
Proof. Putting z = 0,a =1 in (3.19) , we get

(3.21) 1£C0) = 45 @)1 < Gre(0.9)

for all y € pX. Replacing y by 2"z in (3.21) and dividing both sides of (3.21) by
|41 we get

1 1 1
T /@) = S 00| S e(0,27)

(3.22) |

for all x € pX and all non-negative integers n. Therefore, we conclude from
1 . .
(3.17) and (3.22) that the sequence {4—nf(2”x)} is a Cauchy sequence in gY for

. . 1
all x € pX. Since Y is complete the sequence {4—nf(2”x)} converges for all
x € gX. So one can define the mapping Q : X — gY by:

(3.23) Qz) = lim — f(2"x)

n—oo 4N

for all x € pX. Using induction one can show that

©(0,277)
|41/

max{ :0§j<n}

(3.24) Hf@n ~ fle H<‘8‘

forall n € N and all x € pX. By taking n to approach infinity in (3.24) and using
(3.18) and (3.23) one obtains (3.20).
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Now, we show that the mapping @ is quadratic. It follows from (3.17), (3.19)
and (3.23) that

18:Q(z, y)|| = lim |ALf(2 2, 2™y)||

\4\”

< lim ﬁap@”x,?”y) =0
for all z,y € X, So the mapping @ satisfies (1.3), hence by Lemma 2.2, the
mapping @ is quadratic. Replacing y = 0 in (3.19), we have

(3.25) If(az) — a?f(@)] < g

27"

for all z € pX and a € B. Replacing = by 2"z in (3.25) and dividing both sides
of (3.25) by |4|", we get

‘ L

47’L

f(2 ) - _f H = ‘2‘2n+1g0( nxvo)
for all z € X, a € B and for all non-negative integers n. Therefore

‘ 1

47’L

2

f@"az) — L f(2")| — 0

asn — oo for all x € gX, a € By. Hence

Qlax) = Tim - f(2"ax) = Tim —-a*f(2"s) = a*Q(x)

n—oo

for all x € pX, a € B. To prove the uniqueness of @, let T : g X — X be
another quadratic mapping satisfying (3.20). So it follows from (3.20) and (3.23)
that

Q) = T(a)]| = lim |4~ |Q(2"x) - T(2")|
< lim 4] * max {|Q(2¢) — f(2*0)]], | T(2*0) — f(2*0)])}

©(0,27z)

< — <
< \8\ kli)rglonlggo max{ 4] k<j<n+ k}
(0,27x)
1 — k< =0
< i o (2525 i <)

forallz € pX.So Q@ =T. |
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Theorem 3.6. Let & : X x X — [0, 00) be a mapping such that

(3.26) lim (405, ) = 0
for all z,y € pX and
(3.27) ®(z) := sup {[|4]®(0, 2jﬁ) :j € NU{0}}

exists for all z € pX. Suppose that an even mapping f : pX — Y with f(0) =0
satisfies the inequality

[Aaf(z,y)ll < @(z,y)

for all z,y € X and a € B. Then there exists a unique quadratic mapping
Q : pX — gY satisfying Q(az) = a?Q(z) for all z € X and a € B such that

(3.28) @) - Q)] < 78(a)

forall x € pX.

Proof. Similar to the proof of Theorem 3.5, we have
1
(3.29) 1(2y) —4f (W)l < Wb(o’ y)

for all y € p X. Replacing y by anﬁ in (3.29) and multiplying both sides of (3.29)
to |4]", we get

(3.30)

4n+1f(ﬁ) nf

for all x € X and all non-negative integers n. Therefore we conclude from (3.26)
and (3.30) that the sequence {4™f(xz/2™)} is a Cauchy sequence in gY for all
x € pX. Since gY is complete the sequence {4" f(x/2™)} converges in gY for all
x € gX. So one can define the mapping Q : X — Y by

(3.31) Q(z) := lim 4”f( )

n—oo

x
|| < 2o (0. 55)

for all x € pX. Using induction one can show that

(3.32) —~):0<j<n)

max{\ll\J(I) » 571

x
4nf(—) — < —
I = 1w < g
forall n € N and all x € pX. By taking n to approach infinity in (3.32) and using
(3.27) and (3.31) one obtains (3.28). The rest of the proof is similar to Theorem
3.5. [
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Corollary 3.7. Let 8,r,s be positive real numbers such that r,s # 2 and
|2| < 1. Suppose that an even mapping f : pX — gY satisfies the inequality

1Aaf (z y) | < OClll" + [lyl*)

for all z,y € gX and a € B. Then there exists a unique quadratic mapping
Q : pX — Y satisfying Q(az) = a2Q(xz) for all z € g X and a € B such that

0 =||*

(r,s > 2)

1f(z) = Q)| <

forall x € pX.

Corollary 3.8. Let 0, r, s be positive real numbers such that » + s # 2 and
|2| < 1. Suppose that an even mapping f : pX — gY satisfies the inequality

1Aaf (2, y)|| < Ollz]]"[[y[|®
for all z,y € pX and a € B. Then f : X — gY is a quadratic mapping
satisfying f(ax) = a%f(z) forall z € gX and a € B.
We now prove our main theorem in this section.
Theorem 3.9. Let ¢ : pX x pX — [0, 00) be a mapping satisfying (3.17) for
all z,y € gX, and let

0,27z)  ¢(0,-2z)

(3.33) Jm(x) :=sup { (P(\m\j P

exists for all x € pX and m € {2,4}. Suppose that a mapping f : X — gY
with f(0) = 0 satisfies the inequality

(3.34) [ Mo f(z,y)|l < ¢(z,9y)

for all z,y € pX and a € B. Then there exists a unique additive mapping
A : X — Y and a unique quadratic mapping Q : 35X — pgY satisfying
A(ax) = aA(z), Q(ax) = a*Q(x) for all x € X and a € B such that

(3.35) 1£(x) - Az) - Q)] < ﬁ max {J(z), Pa(z)}

forall x € pX.
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Proof. Let f,(x) = W and f,(z) — M then f, (—x) =
fe(z) and fo(—x) = —fo(x) for all z € pX. Let
(3.36) o, y) = [p(x,y) + (=2, —y)]

2|

for all z,y € pX. By using (3.34) and (3.36), we have
[Aafe(@,y)ll = |Mafe(z,y)|| < ¢(z,y)

HDafo(xvy)H = HMafo(xvy)H < w(%y)

for all x,y € g X and a € B. Hence, the result follows by using Theorems 3.1 and
3.5 for ¢ instead of ¢ . ]

Theorem 3.10. Let @ : 5 X x pX — [0, c0) be a mapping satisfying (3.10) for
all z,y € gX, and let
(337) U, (z) :=sup {|m|’®(0, ﬁ) + |m|?®(0, _ﬁ) :j € NU{0}}
exists for all z € pX. Suppose that a mapping f : pX — gY with f(0) =0
satisfies the inequality

[Maf(z,y)l| < @(z,y)

for all z,y € pX and a € B . Then there exists a unique additive mapping
A : X — Y and a unique quadratic mapping @ : X — Y satisfying
A(ax) = aA(z), Q(ax) = a*Q(x) for all x € X and a € B such that

(3.39) 1£(x) - A(x) — Q)] < gmax [Ta(2), Tu())

forall x € pX.

Proof. Similar to Theorem 3.9, the results can be obtained by using Theorems
3.2and 3.6 . ™

Corollary 3.11. Let 6, r, s be positive real numbers such that (r,s < 1) or
(r,s > 2) and |2| < 1. Suppose that a mapping f : X — pY satisfies the
inequality

[ Maf(z, )l < 6"+ [ly]l°)

for all x,y € pX and a € B. Then there exists a unique additive mapping
A : X — Y and a unique quadratic mapping Q@ : X — Y satisfying
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A(az) = aA(z), Q(az) = a®Q(x) for all z € X and a € B such that

Wal'
16 ’
1) - Alx) - Q) < { 1O
Wl
‘2‘8—}—3 )

forall x € pX.

Corollary 3.12. Let 6, r, s be positive real numbers such that (r + s < 1) or
(r+s > 2)and |2] < 1. Suppose that a mapping f : X — gY satisfies the
inequality

[ Maf(z,y)ll < Ollz]"lyl]*

for all x,y € pX and a € B. Then there exists a unique additive mapping
A : X — Y and a unique quadratic mapping Q : 35X — pY satisfying
A(ax) = aA(z), Q(ax) = a*Q(x) for all x € X and a € B such that

f(z) = Az) + Q(x)

forall x € pX.
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