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SIMULTANEOUS METRIC PROJECTIONS IN C(Q,Y)
WITH APPLICATIONS

M. Iranmanesh and H. Mohebi

Abstract. We develop a theory of simultaneous metric projection in a normed
linear space X and present various characterizations of simultaneous metric
projection onto closed convex sets in terms of the elements of X*. Also,
we characterize the elements of simultaneous metric projection onto closed
convex sets in terms of extreme points of the closed unit ball Bx. Finally,
as an application, we give various characterizations of simultaneous metric
projection onto subspaces of the Banach space C(Q,Y).

1. INTRODUCTION

The theory of simultaneous metric projection onto closed convex sets (in partic-
ular, subspaces) has been studied by many authors, e.g., [1, 2, 6, 8, 9, 10, 11, 13,
14, 16, 17, 19]. In this paper, we use totally bounded sets to give various charac-
terizations of simultaneous metric projection onto closed convex sets in a normed
linear space X in terms of the elements of X *, and the extreme points of the closed
unit ball Bx-. Also, we present various characterizations of simultaneous metric
projection onto subspaces of the Banach space C(Q,Y).

The structure of the paper is as follows: In section 2, we give some preliminary
definitions on simultaneous metric projection. Various characterizations of simulta-
neous metric projection in terms of the elements of X* are given in section 3. In
section 4, we present characterizations of simultaneous metric projection in terms of
the extreme points of the closed unit ball Bx«. Applications and characterizations
of simultaneous metric projection onto subspaces of the Banach space C(Q,Y) are
given in section 5.
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2. PRELIMINARIES

Let X be a normed linear space and W a subset of X. If S is a bounded set in
X, we define

(2.1) d(S,W) := inf sup||s—w|.

weW sc8

We recall (see [13]) that a point wy € W is called a simultaneous metric
projection of S onto W or a best simultaneous approximation to S from W' if

sup ||s — wpl| = d(S, W).
ses

The set of all simultaneous metric projections of S onto W will be denoted by
Sw(S):

(2.2) Sw(S) :={we W :supls—wl| =d(S, W)}
ses

It is well-known that Sy (.S) is a bounded subset of X and if W is a closed and
convex subset of X, then Sy (.S) is closed and convex.

For any subset W of a (real) normed linear space X, the polar set of W is
defined by

We:={feX": flw) <0 VweW},

where X ™ is the dual space of X.

We recall (see [7]) that for an arbitrary compact Hausdorff space @, we denote
by Cr(Q) the Banach space of all real valued continuous functions defined on @,
and C(Q,Y) denotes the Banach space of all continuous functions f from @ to the
Banach space Y equipped with the norm defined by

£l = supses [1f(s)]]-

A set M in X is called an extremal subset of a closed and convex set W if:

(i) M is a closed convex subset of .

(ii) Together with every interior point of a segment in TV it contains the whole
segment, that is, the relations x,y e W, Ae + (1 —Nye Mand 0 < A < 1
imply z,y M.

An extremal subset of T consisting of a single point (i.e. a point of W which is
not an interior point of any segment in 1) is called an extreme point of . We
denote by (W) the set of all extreme points of W (for more details see [15]).
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For a normed linear space X and n € N, we define X" to be the n—fold direct
sum of X equipped with the norm:

(2.3) (@1, @2, .., za)l| = max [lq]l

Throughout this paper, we assume that X is a (real) normed linear space.

3. CHARACTERIZATIONS OF SIMULTANEOUS METRIC PROJECTION IN TERMS OF THE
ELEMENTS OF X*

In this section, we give various characterizations of simultaneous metric pro-
jection onto closed convex sets in terms of the elements of X*. We start with the
following theorem.

Theorem 3.1. Let W be a closed and convex set in a real normed linear space
X, S be a totally bounded set in X with SNW = (), and woy € W. Assume that
W Nneo({wo} US) = {wp}. Then the following assertions are equivalent:

(I) wo € Sw(S),

(ii) For each e > 0 there exists a finite subset {s1, so, ..., s,} of S and bounded
linear functionals f; € X* (i =1,2,...,n) such that S C |J;_; N(s;, €),

(3.1) ﬁ;HﬂH =1,

(32) S fw-w) <0 (wew)
and -

(3.3) Zfz si —wo) = max lsi —wol.

Proof. (i) = (ii). Let ¢ > 0 be given. Since S is a totally bounded set,
it follows that there exists a finite subset {si, so, ..., s,} of S such that S C
Uiy N(s4,€). Since wy € Sy (S), we conclude that for each s € S, we have

(3.4) |s — woll < max ||s; —wol| + € < sup||s —wol| + € =d(S, W) +¢,
1<i<n w5

where N'(z,¢) :={y € X : [ly — z|| < e} (z € X). Now, let r = maxj<;<y ||s; —
wol|. Then, r > 0 because S N W = . We define

(3.5) Bi:={yco({wo}US):|si—yl| <r} (i=1,2,...,n).
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It follows that wg € B; forall : =1,2,...,n, and for each i = 1, 2, ..., n, we have
s; € B;.

It is clear that each B; is a closed and convex subset of X. Moreover, in view
of (3.4) and that W Nco({wo} US) = {wo}, we get intB;NW =0,i=1,2,...,n.
Therefore, by Hahn-Banach Theorem, for each 1 < ¢ < n, there exist bounded
linear functionals g; € X* and \; € R such that,

gi(si—w) >N (NweW),
and
gi(si—y) <N (VyeB;).

Thus, we have g;(s; —wp) = \; # 0,7 =1,2,...,n. Since s; € By, it follows that
Ai>0forall 1 <i<n. Letf;i =)\ "g;, i=1,2,..n. Therefore, f; € X*,
i=1,2,...,n. Then, we get

(3.6) fi(si—w) > — NVweW;i=1,2,..,n),
(3.7) filsi—y) <~ (VyeBsi=12..n),
n
and
(3.8) Zfi(si —wp) =7
i=1
We prove that >, || fil| = 1. Indeed, for each 1 < i < n, we have
T
o = Jilsi —wo) < lfillllsi —woll < [Iill max ls; —woll = rilfill
Thus, ||f;]l > L (i = 1,...,n). We claim that || ;|| = 1 (1 < < n). If not, then
for each 1 < i < n, there exists z; € X such that |[z;]| = 1 and f;(z;) > +.

1
Lett; = s, —rz; € X, ¢ =1,2,...,n. Since for each « = 1,2,...,n, we have
It; — s;]| = r, it follows that t; € B;, i = 1,2, ...,n. But, we have fi(s; —t;) > .
This is a contradiction because f;(s; —y) < - foreach y € B;, i = 1,2,...,n.
Hence, for each i = 1,...,n, we have ||f;|| = +, and hence 37", ||f;|| = 1. Also,
in view of (3.6) and (3.8), we have

Y filw—wo) =Y filsi —wo) = > filsi —w) <r—1r=0,
i=1 i=1 i=1

for all w € W. Thus, (i7) holds.
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(7i) = (7). Assume that (77) holds. For each w € T, we have
Jmax [si —wol = Zfz $i — wp)
n
< Zfi(si —w)+ Zfz‘(w — wo)

< Zfz 8; —w) < [pax Hsz_w”ZHfz”

- lrgax lsi - wl.

Also, since S C |J! , N(s;,€), we conclude that for each s € S there exists
1 <19 < n such that

Is —woll < [lsig — woll +€
< _
< max l|lsi —woll + €
< Jax l|si —w|| + € (weWw).

This implies that

sup ||s — wol| < sup ||s — wl|| +,
seS seS

for each w € W. Since ¢ >0 was arbitrary, we have (i), and the proof is complete. m

In the following, we give a characterization of simultaneous metric projection
for a subset M of Sy (S5).

Theorem 3.2. Let W be a closed and convex set in a real normed linear
space X, S be a totally bounded set in X with SNW =, and M C W. Assume
that W Nnco({w} U S) = {w} for each w € M. Then the following assertions are
equivalent:

(i) M CSw(S),
(ii) For each e > 0 there exist a finite subset {s1, s, ..., s,} of S and bounded
linear functionals f; € X* (i =1, ...,n) such that S C (J;; N (si,€),

(3.9) doIfill=1,
i=1

(3.10) Zn:fz e (W—-w)° (we M),
i=1
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and

(3.11) Jax |si —wl| = Z;fz(sZ —w) (we M).

Proof. (i) = (it). Suppose that (i) holds. Let wyg € M C Sw(S) be fixed.
By Theorem 3.1, for each ¢ > 0 there exist a finite subset {s, s2, ..., s,} of S and
linear functionals f; € X* (i = 1,...,n) such that >_"" , || fi|| = 1,

(3.12) Zn:fz(w —wy) <0 (weW)
and
(3.13) max [lsi = woll = Zfz 8; — wo).

Assume now that w € M C S (95) is arbltrary. Then, by Theorem 3.1, there exist
linear functionals h; € X* (i =1,2,...,n) such that >~"" , ||| =1,

(3.14) Y (W —w) <0 (W eW),
and
(3.15) Jax |s;i — w|| = Z hi(

Then, in view of (3.14) and (3.15), for each W' € W, we get

> fils Z I7ill max [ls; —wl]
i=1

= max Hsz - wH

- th‘(s
i=1
SDILCEED p R
o i=1
Zn:hz‘(s
i=1
Zn:th‘H max |lsi =o'

= max |ls; — ']l

IN

IN

IN
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Consequently, we have

(3.16) 1123<X [si —wll < lrgax [si — woll (w e M),
and
(3.17) Zfz si—w) < max Isi —wol  (we M).

Therefore, by (3.12), (3.13) and (3.17), we obtain

n
Zfi(si —w) < max |[s; — wol|
i=1

1<i<n

:fosi—wo)
:Zfz S; — W +Zfzw WO

< Zfi(si_W) (we M).
i=1
This implies that
(3.18) Zfz s = max Hsz —wo|  (weM).

Thus, we have

n
1I£1a<X [si — wol| = Z;fi(sz -

n
< Z; Ifill max [lsi —wl] = max |ls; —w] (v € M).
Hence, it follows from (3.16) and (3.18) that
max Isi — w| = max s — wol| = Z filsi—w)  (we M).
Now, we show that ", fi e (W —w)° for each w € M. To see this, let

w € M and w’ € W be arbitrary. Then, by (3.11), (3.12) and (3.17), we obtain

S filw —w) =D filw —wo)+ > filwo —si) + Y filsi —
i=1 i=1 i=1 i=1

<0-— - — woll = 0.
< 0— max [|s; — wol| + max |ls; —wol| =0
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(#i) = (4). This is an immediate consequence of Theorem 3.1, which completes the
proof. [

4. CHARACTERIZATIONS OF SIMULTANEOUS METRIC PROJECTION IN TERMS
OF THE ELEMENTS OF £ (Bx~)

In this section, we present characterizations of simultaneous metric projection
onto closed convex sets in terms of the elements of £(Bx+). Moreover, we charac-
terize uniqueness of simultaneous metric projection onto closed convex sets.

Itis easily seenthat F' € (X™)* if and only if there exist functionals fi, fa, ..., fn
in X* such that F(x1,x9,...,2,) = D1y fi(z;), where z; € X and ||F|| =

n
i—1 Ifill-

The following lemma shows that if F' is an extreme point of B yn)., then,

nf; (i =1,2,...,n) is an extreme point of Bx-.

Lemma 4.1. Let F' € (X")* be an extreme point of B xn»y- and f; € X* be
such that F(z1,...,x,) = > 1 fi(z;) and ||F|| = Y"1, || fill, where z; € X (i =
1,2, ,n) Then, nf; € 5(Bx*) 1=1,2,...,n.

Proof. Assume that
(4.1) nfz = )\gi + (1 — )\)hz‘,

where g;, h; € Bx-. Therefore, >0 | fi =AY L9, +(1—A) >, Lh;. Con-
sider the functionals F, F» € (X™)* defined by

n

1 "1

Fl(xl,xg,...,xn) = Z;Egz(xz) and Fg(xl,wg,...,xn) = Z;Ehz(xz)
1= 1=

It is clear that Fy, Fy € Bxny~. Now, since F = AF} + (1 — \)F, and F €

S(B(Xn)*), it follows that A = 0, or A = 1. In view of 4.1, we conclude that

nf; = gi, or nf; = h;. Therefore, we have nf; € £(Bx+) (i = 1,2,..,n), which

completes the proof. [

Theorem 4.1. Under the hypotheses of Theorem 3.1 the assertions (i) and (ii)
are equivalent. Moreover, nf; € £(Bx~) forall i = 1,2, ..., n.

Proof. (i) = (ii). Assume that () holds and € > 0 is given. By Theorem 3.1,
there exist a finite subset {s1, so, ..., s,} of S and linear functionals ¢; € X* (i =
1,2, ...,n) such that

n
> lgill =1,
i=1
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n
Zgi(w—wo) <0 (weWw),
i—1
and
n
[max [si — woll = Z;gz‘(sz‘ — wp)-
1=

Let
My ={F e (X")":||F|| =1, max [|s; —wo|| = F(s1 — wo, .., Sp — wo) }-
1<i<n

Since there exists a linear functional Fjy € (X™)* such that

n n
(4.2) Fo(x1, 2, ..y mn) = > _ gil@s), and | Fol = |lgil,
i=1 i=1

we conclude that £y € M1, and hence M # (). It is clear that M is closed and
convex. We show that M is an extremal subset of B(xn-. To do this, assume
that for an F' € My, and a A with 0 < XA < 1, we have F' = AF; + (1 — \)F; for
some Fi, Fy € B(xn-. Since F' € M, we get

maxj<j<n ||si — woll = F(s1 — wo, ..., Sn — wo)
(4.3) = AF1(81 — W0, «vy Sp — wo)
+(1 = N)Fa(s1 — woy -y S — wp)-
On the other hand, we have

Fy(s1 = wo, .., sn —wo) < || Fi|| max [|s; — wol < max [|s; —wol (1=1,2).

We show that

Fi(s1 — wo, «eey Sp — wp) = 1@?31 |si — wol|l = Fa(s1 — wo, -y Sp — wp).

Indeed, assume on the contrary that Fi(s; —wo, ..., Sp—wo) # maxi<i<p ||Si —wo|-
It follows that

(4.4) F1(81 — w0,y weey Sy — wp) < 1%&3)% Ils;i — woll-

By (4.3) and (4.4), we have
max HSZ — LUQH = )\F1(31 — WQ, -eey Sp — wo) + (1 — )\)FQ(Sl — WQ, -eey Sp — wo)
1<i<n

< A max [|s; —wol| + (1 — ) max [|s; —woll

= max [|s; —wol.
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This is a contradiction. It is easy to show that
(4.5) [E1]] = [|F2ll = 1.

Therefore, Fy, F» € M. Thus, we conclude that M is an extremal subset of
B xn)-, and hence M; is weak*-compact.

Now, consider My := M N [(W — wp)"]°. Clearly, My is convex and it is
also weak*—compact because [(W — wy)™]° is weak*—closed. Consequently, by a
virtue of Krein-Milman Theorem [[4], p. 440; Theorem 4], we get £(Ms) # &.
Also, note that Mo is an extremal subset of B(xn)-. Taking into account [[15], p.
58,; Lemma 1.7], we get £(My) = E(Bxn)-) N Mo # @. This implies that there
exists a linear functional ' € £(B(xn)-) such that [[F'[| =1,

(4.6) Fw—wgy...,w—wp) <0 (we W),
and
4.7 F(s1 —woy eeey Sp — wp) = 1%&3); Ils;i — woll-

Now, choose linear functionals f; € X* (i = 1,2, ..,n)suchthat F'(x1, 2, ..., x,) =
Yoy filwi) and || F|| = Y>>, || fill. By Lemma 4.1, we have nf; € £(Bx~)
(i=1,2,...,n). In view of (4.6) and (4.7), we conclude that (3.1), (3.2) and (3.3)
hold.

(7i) = (¢). This is an immediate consequence of Theorem 3.1 (the implication

(i5) = (4)). -

Theorem 4.2. Under the hypotheses of Theorem 3.1 the following assertions
are equivalent:

(i) wo € Sw(9),

(ii) For each e > 0 there exist a finite subset {s1, s, ..., s,} of S and bounded
linear functionals f; € X* (i = 1,...,n) such that S C J'_; N (si,e€),
nf; € £(Bx+) with the following properties:

(4.8) Sl =1,
=1
(4.9) \ Z;fz‘(sz‘ —wo)| = Jax l[si — woll,
and

(4.10) 1> filsi—wo)l <D filsi—w)|  (we W),
i=1 i=1
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(iii) For each e > 0 there exist a finite subset {s1, s2, ..., s} of S and bounded
linear functionals f; € X* (i = 1,...,n) such that S C U, N(si,e),
nf; € E(Bx~) satisfying (3.2), (4.9) and

(4.10) Zfz w = wo Zfz si = wo) (wew).

Proof. (i) = (i¢). Assume that (i) holds and ¢ > 0 is arbitrary. Then, by
Theorem 4.1, there exist a finite subset {s1, so, ...., s,} of S and bounded linear
functionals f; € X* such that S C (J;; N(si,€), nfi € E(Bx+) (i = 1,2,...n)
and (3.1), (3.2) and (3.3) hold. Therefore, by (3.2) and (3.3), we have

I filsi—wo)l <1 filsi—w)| (YweW).
i=1 i=1

Hence, (i) implies (ii).

(i1) = (i). Assume that (iz) holds. Since S C (J;_, N (si,€), by a similar
argument as in the proof of Theorem 3.1 (the implication (ii) = ()) and using
(4.10), we get

sup ||s — wp|| < max l|s;i — woll + €
SES 1<i<

< max l|s;i —w|| + €

1<i<

< suplls —w| +¢,
seS
for each w € W. Since € > 0 was arbitrary, this implies that wy € Sy (S).

() = (uiz). Assume now that (i) holds and ¢ > 0 is arbitrary. Then, by
Theorem 4.1, there exist a finite subset {si, so, ..., s,} of S and bounded linear
functionals f; € X* such that S C (J; N (si,€), nfi € E(Bx+) (i=1,...,n)and
that (3.1), (3.2) and (3.3) hold. Thus, we conclude that (4.9) holds and we have

Zfzw wo Zfz $i — wo) (weW).

Therefore, (i) implies (iii).

(¢ii) = (¢). If (iii) holds, then for each ¢ > 0 there exist a finite sub-
set {s1, s2,...,s,} Of S and bounded linear functionals f; € X* such that S C
Ui N(sive), nfi € E(Bx+) (i =1,...,n) satisfying (3.2), (4.9) and

Zfzw WO Zfz z_WO (weW).
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Now, for each 1 < i < n, put

n

(4.12) i = signy_ fi(si — wo)l fi

i=1
Then, we have ny; € £(Bx~), and

n n

D ilsi —wo) = sign [y fi(si —wo)] D filsi —wo)
=1 =1 =1
Zﬂ(si —wy)
- Zﬂ(si — wp)
‘ Z fz S; — WO =

= \Zfz si —wo)| = max [|s; —wol|.

1<i<

Also, by (4.11), we conclude that
D hi(w —wo) = sign > fi(si —wo))] Y filw — wo)
=1 =1 =1

Zfi(si_WO) n
= Zf(w—wo)g() (weW).
‘Zfz Z_WO =1

Note that in view of (4.9) and that nf; € £(Bx+) (i = 1,2,...,n), we conclude
that > 7", || fill = 1, and hence by (4.12) we have " , [|¢|| = 1. Whence, the
functionals 1, deflned by (4.12) satisfy (3.1), (3.2) and (3.3), and therefore by
Theorem 3.1, we have wy € Sy (.S). Thus, (éii) implies (i), which completes the
proof. |

Remark 4.1. It is worth noting that under the hypotheses of Theorem 3.1, in the
following we obtain results of a different nature. In fact, we give a characterization
for uniqueness of simultaneous metric projection onto closed convex sets.

Theorem 4.3. Under the hypotheses of Theorem 3.1 the following assertions
are equivalent:

(i) Sw(S) = {wo},
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(if) wo € Sy (S) and for each € > 0 there do not exist w € W \ {wy}, a finite
subset {s1, s2, ..., s,} of S such that S C |J;; N(s;,¢€) and f; € X* (i =
1,2, ...,n) with properties

(4.13) doIfill=1,
=1
(4.14) Zﬂ(w) = fowo),
and =1 =1
(4.15) Zfz si—w) = max ||s; — .

(iil) wo € Sw(S) and for each € > 0 there do not exist w € W \ {wq}, a finite
subset {s1, s2, ..., sp} of S such that S C (J, N(s;,€) and f; € X*
(i=1,2,...,n) with properties (4.14), (4.15) and

(4.16) nf; € E(Bx+) (i=1,2,...n).

(iv) wo € Sw(S) and for each € > 0 there do not exist w € W \ {wq}, a finite
subset {s1, s2, ..., s,} of S such that S C |J;; N(s;,¢€) and f; € X* (i =
1,2,...,n) with properties (4.14), (4.16) and

(4.17) \Zfz si—w)| = max ls; - wl.
(V) wo € Sw(S) and for each € > 0 there do not exist w € W \ {wq}, a finite

subset {s1, s2, ..., s,} of S such that S C |J;; N(s;,¢€) and f; € X* (i =
1,2,...,n) with properties (4.16), (4.17) and

(4.18) > filw—wo))_ fils
=1 =1

Proof. (i) = (ii). Assume that we have (i). Suppose that (ii) does not hold.
Then for each e > 0 there exist w € W \ {wy}, a finite subset {s1, so, ..., s,,} of S
such that S C (J!; N (si,e) and f; € X* (i = 1,2, ..., n) satisfying (4.13), (4.14)
and (4.15). Therefore, since wy € Sy (.5), we have

max s —wl| = \Zfz si —w)] :\fosi—wo)—zfi(w—wo)\
= ‘Zfz si —wo)| < Igax [ES —WOHZHsz

= max l|si — woll < sup||s — woll = d(S W).
I<i< ses



1424 M. Iranmanesh and H. Mohebi

It follows that w € Sy (S), which contradicts (z). Thus, (i) implies (7).

(#i) = (vid). Assume that (iiz) does not hold. Then for each ¢ > 0 there exist
w € W\ {wo}, a finite subset {s1, s9, ..., s,} of S such that S C (U, N(si,e€)
and f; € X* (i =1,...,n)withnf; € E(Bx~) (1 = 1,2,...,n) and (4.14), (4.15)
hold. Therefore, ||nf;|] <1 and thus " | || f;]| < 1. For the reverse inequality, by
(4.15), we get >, || fs]l > 1, and hence (ii) does not hold. Therefore, (i) implies
(iid).

The implication (¢i7) = (iv) is obvious.

Now, assume that we have (iv). Let {s1, s2, ..., s} be a finite subset of S such
that S C U, N(s;,¢€). Then, forevery w € W\{wp}and f; € X* (i =1,2,...,n)
with properties (4.16) and (4.17), we conclude that

(4.19) > fiw) # Y filwo).
=1 i=1

In view of (4.16) and (4.17), we obtain > , || fi|| = 1. Consequently, by (4.19),
for any such w € W\ {wp} and f; € X* (i =1,2,...,n), we get

1<i<n

(max [|ls; —wol)* > [ Y fisi — wo)|?
=1
= D filsi—w)+ > filw —wo)?
i=1 i=1
= [ filsi —w)P+ 1D filw —wo)?
i=1 i=1

+2 Zfi(w — wp) Zfi(si —w)
=1 =1

1<i<n

> (o flss — )2+ 23 filw —w0) 3 fisi — ).
=1 =1

Taking into account that wgy € Sy (S), it follows that for any such w € W\ {wo}
and functionals f; € X* (i = 1,...,n), we obtain

n n

Z Jfilw —wo) Z fi(si —w) <O.
i=1 i=1

Thus, (iv) implies (v).

Finally, assume that we have (v), and let w € W \ {wp} be arbitrary. Then, by
Theorem 4.2 (the implication (i) = (i47)), it follows that w € W \ Sy (.S). Thus,
(v) implies (i), and the proof is complete. [ ]
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5. CHARACTERIZATIONS OF SIMULTANEOUS METRIC PROJECTION IN C'(Q,Y')

Let @ be a compact Hausdorff space, Y be a Banach space and G be a prox-
iminal subspace of Y. Let W = C(Q,G) and S = {f1, f2, ..., fn} be a finite set
in X = C(Q,Y) such that SN W = (). As an application of the results obtained,
we characterize simultaneous metric projection onto W, which is considered as a
subspace of X. We start with the following theorem.

Theorem 5.1. Let Q be a compact Hausdorff space and G be a proximinal
subspace of a Banach space Y. Assume that W = C(Q, G) is considered as a sub-
space of X = C(Q,Y). Then for each € > 0 and each finiteset S = { f1, fo, ..., fu}
in X such that SN W = 0 and maxi<j<y, d(f;(Q),G) < §, there exist elements
T1j,L25, ---Tmyj € C(Q) and 91559255 -++» Gmjj € G (] =1,2, ,n) with the fol-
lowing properties:

(i) 0<m; <1(i=1,2,...,my; j=1,2,..,n),
(i) S iy =1(j=1,2,...,n), and

(iii) maxi<y<n || fr = 7 327 2202 @i ® gigll < e. Moreover, S ) (S) # 0,
where d(f;(Q),G) (1 < j <n) is defined by (2.1).

Proof. Let e > 0 be given and let f; € S (j = 1,2,...,n) be fixed. Put
K;:= f;(Q) ( =1,2,...,n). Since K is a compact subset of Y, it follows that
K is a totally bounded set. Thus, for each j = 1,2,...,n, there exist elements
Y15, Y255 - Ym,; € Kj such that K; € U N (yi5,5) (5 = 1,2,...,n). Then, by
([12]; Theorem 2.13), for each j = 1,2, ...,n, there exist functions h;; € C(Y)
such that h;;(x) = 0 for each « ¢ N (y5,5), 0 < hy; <1 (i =1,2,...,m;), and
S hij(g) = 1forall g e Qandall j =1,2,...n. Puta; = hjof; (i =
1,2,..,my; j=1,2,...n). Then, z;; € C(Q), 0 < w;; <1 (i =1,2,....my; j=
1,2,...,n),and >0 x5 =1 (j = 1,2, ...,n). Now, let ¢ € Q be arbitrary. Since
fi(q) € Kj and K; C U” N (yij, ) ( =1,2,...,n), it follows that

€

(5.1) 1) = wisll < 5

for some i =1,2,....,m,.
Since G is a proximinal subspace of Y and y;; € Y (i = 1,2,...,mj; j =

1,2,...,n), we conclude that there exists g;; € G (i =1,2,...,mj; j=1,2,...,n)
such that

(5.2) i — giill = d(yi, G),  (i=1,2,...m5 j=1,2,...,n).

In view of (5.1) and (5.2) and that y;; € K; (i = 1,2,...,mj; j =1,2,...,n), we
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obtain
I1fi(a) = gs5ll < [1fi(@) = wizll + llysj — g5l
< %-f— d(yij,G)
53 < €4 max d(£(@Q),€)
-2 1<ja<)§z J
< S4-=
2797 °

forall g € Q and some i = 1,2,...,m; (j = 1,2, ...,n).

On the other hand, we have z;;(¢) = hi;(fj(q)) = 0, if f;(q) ¢ N(yzj )
(i=1,2,...,my; j =1,2,...n). This, together with (5.3) and that "7, z;; = 1
(j =1,2,...,n) imply that

n m; n m;j
/(g szw gZJH:_anT’ szw )9i; |
j 1¢=1 J=11i=1
n mj
= —HZZ% — 3]l
(5.4) A
< _szw M fr(a@) — gisll
J=1 =1
n mj
R
J=11i=1

forall r =1,2,...,nand all g € Q.
Now, Consider the isometry

p:CQ)®GE—CQ,G)

defined by p(z) = p., where z = >°F_ u, ® v, € C(Q) ® G (k € N) and
p=(q) == % u,(q)v,, for each g € Q. Therefore, it follows from (5.4) that

n mj
B <
11213<Xn I fr szw ® gijll < e.
j 1¢=1

Now, let o = d(S,W). It is obvious that o > 0, since SN W = (. Then, by
the above, we conclude that for € = rq > 0 there exist elements x1, zo;, ...Zm 5 €
C(Q) and 91559255 --+s Gmy;j € G (] =12, .. ) such that 0 < Tij <1 (’L =
1,2, .omy; §=1,2,..,n), >0 @y =1(j=1,2,...,n), and

n Mmj

(5.5) max || f, — _szw ® gijll < ro.

1<r<n
J=1 =1
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Let 20 = 3 271 >0 @i © gij- Thus, p, € C(Q, G), and by (5.5), we have
maxi<y<n || fr — pzll < 7o. This implies that maxi<,<p || fr — psll = d(S, W),
and hence p., € S¢(,)(S), which completes the proof. ]

In the sequel, let S = {f1, fa, ..., fn} be a finite subset in C(Q,Y") and, For
simplicity, we denote S, := {f1(q), f2(q), ..., fn(q)} for each q € Q.

Theorem 5.2. Under the hypotheses of Theorem 5.1, for each e > 0 and each fi-
nite set.S' = { f1, fa2, ..., fn} In X such that SNW = 0 and max; <<, d(f;(Q), G) <
$, then there exists ¢o € @ such that

(5.6) d(S,C(Q,G)) =supd(Sq, G) = d(Sy,, G).
q€Q

Proof. If w € W and ¢ € @, then we have

(5.7) d(Sq, &) < max [|fi(q) —w(9)ll < max [Ifi — w].

1<i<n
By taking infimum on w € W, and then supremum on ¢ € @, we get

(5.8) supd(Sq, G) < d(S,W).

q€Q
For the reverse inequality, by Theorem 5.1 there exist elements 1, 22, ...Zm,; €
C(Q); Y15 Y245 - Umyj € f3(Q) and guj, 925, -y gmy5 € G (J = 1,2,...',n) such
that 0 < z;; < 1, |lgij — vijll < € (i =1,2,..;my; §=1,2,..,n), S ay; = 1
(j=1,2,...,n),and

n mj

1
(5.9) max | f, — SN w0yl <e

1<r<n — <
J=1 =1

Now, for each i = 1,2,...,m;, choose ¢; € @ such that y;; = f;(¢;) (j =
1,2,...,n). Choose gy € G such that

lyij — goll < max [lyi; — gol|

1<j<n
= max 1fi(a:) — goll
< j (a:) —
< ;gélrgjagn Hfj(QZ) g” +e€
= d(Sy,G)+ ¢

< supd(Sq,G)+e, Vi=1,2,..my; j=1,2,..,n
q€Q
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This implies that

l9i5 = goll < llgi5 — wis | + lyiz — goll
(5.10) . .
<supd(Sq, G)+2¢ Vi=1,2,...,m5 j=1,2,...,n
q€Q

Let zgp = %Z}Ll S x4 ® gy Thus, by a similar argument as in the proof
of Theorem 5.1, we have p., € W and p.,(q) = £ > 7 > wij(q)gi; for
all ¢ € Q. Therefore, in view of (5.9), (5.10) and that "% z;; = 1 for each
j=1,2,...,n, we conclude that

d(Sv W) < Hfr - pzo” - sup Hfr(Q) - pzo(Q)”

SWM@—%H+WZZ%®%9M
9€Q j=1 i=1

n mj

< €+_SUPHZZUUU (95 — 90)l
" qeQ J=11i=1
n m;
§€+_SUPZZx2J )lgi — goll
quj 1 4=1
< 3e +supd(Sy, G).

q€Q

Since € > 0 was arbitrary, we conclude that d(5, C(Q, G)) = sup,cq d(Sy, G).
Finally, we define F'(q) := d(S,, G) for each ¢ € Q. Now, for each g € G and
each ¢, ¢ € @, we have

I1fia) = gll < [lfila) = i)l + 1fi(d) — gll,

and

I1fi(d) = gll < |I.fia) = fi(@)Il + [1fi(@) — gll-

From these relations, we obtain

F(a) = F(@)| < max [|fi(a) = )] (. ¢ € Q).
This implies that F is a continuous function on Q. Since @ is compact, it follows
that there exists go € @ such that sup ¢ d(Sy, G) = d(Sy,, G), which completes
the proof. [ |
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Theorem 5.3. Under the hypotheses of Theorem 5.1, for each ¢ > 0 and
each finite set S = {f1, f2,.... fn} In X such that SN W = 0, max;<;<, d(f;
(@), G) < 5 and wy € W, then the following assertions are equivalent:

(i) wo € Sw(9),
(if) There exists go € @ such that wo(go) € Sg(Sg,), and

(5.11) ax | fi —wol = Joax | fi(q0) — wolqo)|l = d(Sgq, G)-

Proof. (i) = (ii). Suppose (i) holds. In view of Theorem 5.2, there exists
qo € @ such that
d(Sg,G) =d(S,C(Q, Q).

Since wy € Sy (S), we get

max || f; —wol| = d(S, C(Q, G)) = d(S4, G))

1<i<n
< . —
< @%ﬁ”fl(%) wo(qo)|l
< max [|f; — wol|

1<i<n

Therefore

ax 1fi = woll = ax 1fi(20) —wo(qo)|| = d(Sg,, G),
and we have wy(qo) € Sa(Sq,)-

(i) = (). Assume that (i7) holds. Then there exists ¢y € @ such that wo(qo) €
Sc(Sq,), and (5.11) holds. Therefore, in view of Theorem 5.2, we obtain

(S, C(Q, G)) < max || fi — wol

1<i<n

= max | fi(q) — wolq)| = d(Sg, G)

1<i<n

< d(5,C0(Q,G)).
This implies that wg € Sy (.5), and the proof is complete. [ ]
Corollary 5.1. Let Q be a compact Hausdorff space. Assume W = Cr(Q)
is considered as a subspace of X = C¢(Q). Let ¢ > 0 be given and let S =

{f1, fo. ..., fn} be afinite set in C(Q,Y") such that SNW = 0 and max1<;<, d(f;
(@),R) < 5. If wg € W, then the following assertions are equivalent:

(1) wo € Scy@)(9),
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(if) There exists go € Q such that wg(go) € Sr(Sy,) and
maxi<i<n [ fi — woll = maxi<i<n || £i(g0) — wo(qo) || = d(Sg, R).

Proof. This is an immediate consequence of Theorem 5.3. ]

Theorem 5.4. Under the hypotheses of Theorem 5.1, for each ¢ > 0 and each
finite set S = {fl, fo, ey fn} in X such that SNW = 0, maxi<;j<n d(fj(Q), G) <
5 and wy € W, then the following assertions are equivalent:

(i) wo € Sw(9),
(ii) There exist go € @ and bounded linear functionals ¢; € Y* (i = 1,...,n)

such that .
> il = 1,
" i=1
Y wilg—wolw) <0 (ge@),
i=1
and

1<i<n

> @il filg0) = wolao)) = max || f; — woll.
=1

Proof. (i) = (ui). Suppose (i) holds. Since wy € Sy (5), it follows from
Theorem 5.3 (the implication (i) = (i4)) that wo(qo) € Sc(Sg,). Therefore, by
Theorem 3.1, there exist linear functionals ¢; € Y* (i = 1,2, ...,n) such that

n
Y lleill =1,
=1

n

> pilg—wol@) <0 (g€ ),

i=1
and

1<i<n

max || fi —wol = Z%‘(fz‘(QO) —wo(q0))-
=1

(ii) = (1). Assume (i7) holds. Then there exist ¢o € @ and bounded linear
functionals p; € Y* (i = 1, ...,n) such that

max || fi — wol| :Z vi(fi(a0) —wolqo))
i=1

1<i<n

n

— Z%(g —wo(qo)) + Z vi(fi(qo) — 9)
i=1

=1
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< Z@z‘(fz‘(%) )

max | fi(a0) — gll;

| /\

for all g € G. Therefore, we have
wax |lfi —woll < inf max || fi(g0) — gl = d(Sar, &)

< ax I1.fi(q0) — wo(qo)l|

< _
< max |[fi —wol.

This implies that

1I£Ia<x | fi —woll = Igax | fi(q0) — wolqo)|l = d(Sg,, G),

and wo(go) € S(Sq,)- Thus, by Theorem 5.3 (the implication (ii) = (i)), we
obtain wy € Sy (S), and the proof is complete. [ ]
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