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COMMON FIXED POINTS FROM BEST SIMULTANEOUS
APPROXIMATIONS

A. R. Khan and F. Akbar

Abstract. We obtain some results on common fixed points from the set of
best simultaneous approximations for a map 7" which is asymptotically (f, g)-
nonexpansive where (T, f) and (7, g) are not necessarily commuting pairs.
Our results extend and generalize recent results of Chen and Li [1], Jungck
and Sessa [8], Sahab et al. [13], Sahney and Singh [14], Singh [15, 16] and
Vijayaraju [17] and many others.

1. INTRODUCTION AND PRELIMINARIES

We first review needed definitions. Let M be a subset of a normed space
(X, )I.1). The set Py(u) = {z € M : ||z — u|| = dist(u, M)} is called the set of
best approximants to u € X out of M, where dist(u, M) = inf{|ly—ul| : y € M}.
Suppose that A and G are bounded subsets of X. Then we write

rg(A) = infoeqsupaca la—gll

centc(A) = {g0 € G : supaea || a — go ||=rc(A4)}.

The number r5(A) is called the Chebyshev radius of A w.r.t. G and an element
yo € centi(A) is called a best simultaneous approximation of A w.rt. G. If A=
{u}, then rq(A) = dist(u, G) and centg(A) is the set of all best approximations,
Pg(u), of uw out of G. We also refer the reader to Milman [12] and Vijayaraju [17]
for further details. We denote by IN, cl(M) and wcl (M) the set of positive integers,
closure of M and weak closure of M, respectively. Let I : M — M be a mapping.
A mapping T : M — M is called an (f, g)-contraction if there exists 0 < k£ < 1
such that || Tz — Ty|| < k|| fx — gy|| for any z,y € M. If k =1, then T is called
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(f,g)-nonexpansive. The map T is called asymptotically (f, g)-nonexpansive if
there exists a sequence {k,} of real numbers with %k, > 1 and lim,k, = 1 such
that | 7"z — T"y|| < ky||fx — gy|| forall z,y € M andn =1,2,3,...;if g = f,
then T is called asymptotically f-nonexpansive [17]. The map T is called uniformly
asymptotically regular [17] on M, if for each n > 0, there exists N (n) = N such
that |77z —T" x| < nforalln > N and all z € M. The set of fixed points of T
is denoted by F(T"). A point z € M is a coincidence point ( common fixed point)
of fand T if fo = Tx (x = fx = Tz). The set of coincidence points of f and
T is denoted by C(f,T). The pair {f, T} is called: (1) commuting if T'fx = fTx
for all x € M, (2) compatible (see [7]) if lim,, ||Tfz, — fTx,|| = 0 whenever
{z,,} is a sequence such that lim,, T'z,, = lim,, fz,, = t for some ¢ in M; (3)
weakly compatible if they commute at their coincidence points, i.e.,if fTz =T fz
whenever fo = Tz. The set M is called ¢-starshaped with ¢ € M, if the segment
[¢,2] = {(1 —k)g+ kz : 0 < k < 1} joining ¢ to = is contained in M for all
x € M. The map f defined on a ¢-starshaped set M is called affine if

f(1—Fk)g+kx)=(1—-Ek)fqg+kfz, for all e M.

A Banach space X satisfies Opial’s condition if for every sequence {z,} in X
weakly convergent to x € X, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo

holds for all y # =. Every Hilbert space and the space [,(1 < p < oo) satisfy
Opial’s condition. The map 7": M — X is said to be demiclosed at 0 if for every
sequence {z,} in M converging weakly to = and {T'z,, } convergent to 0 € X, then
we have 0 = T'z.

The class of asymptotically nonexpansive mappings was introduced by Goeble
and Kirk [2] and further studied by various authors (see [17] and references therein).
Recently, Chen and Li [1] introduced the class of Banach operator pairs, as a new
class of noncommuting maps which is further investigated by Hussain [3]. In
this paper, we improve and extend invariant approximation results of Chen and Li
[1] and Vijayaraju [17] to the class of asymptotically (f, g)-nonexpansive map T'
where (7', f) and (T, g) are Banach operator pairs without the condition of linearity
or affinity of f and ¢ which is a key assumption in the results obtained in of [4-8,
11, 13, 16, 17].

2. MaIN REsSuULTS

The ordered pair (T, f) of two selfmaps of a metric space (X,d) is called a
Banach operator pair, if the set F'(f) is T-invariant, namely, T'(F'(f)) C F(f).
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Obviously, commuting pair (7', f) is a Banach operator pair but not conversely, in
general; see [1, 3] and Example 2.8 below. If (T, f) is a Banach operator pair, then
(f,T) need not be Banach operator pair(cf. Example 1[1]). If the selfmaps 7" and
f of X satisfy

d(fTz,Tx) < kd(fzx,z),

forall z € X and k > 0, then (T, f) is a Banach operator pair; in particular , when
f =T and X is a normed space, the above inequality can be rewritten as

|T%x — Tz|| < k||Tx — x| for all z € X.
The following recent result will be needed.

Lemma 2.1. ([3], Lemma 2.10). Let C be a nonempty subset of a metric
space (X, d), and (T, f) and (T, g) be Banach operator pairs on C. Assume that
c(T(C)) is complete, and T', f and g satisfy for all z,y € C and 0 < h < 1,

(2.1) d(Tx,Ty) <hmax{d(fx, gy),d(Tz, fr),d(Ty, gy),d(Tz, gy),d(Ty, fx)}

If f and g are continuous, F'(f)NF(g) is nonempty, then there is a uniqgue common
fixed point of 7', f and g.

The following result extends Theorem 2.3 due to Vijayaraju [17] and approxi-
mation results in [13, 14, 15, 16] to noncommuting pairs.

Theorem 2.2. Let K be a nonempty subset of a normed space X and y1,y2 €
X. Suppose that T', f and g are selfmaps of K such that 7' is asymptotically
(f, g)—nonexpansive. Suppose that the set F'(f) N F(g) is nonempty. Let the set
D, of best simultaneous K -approximants to ¢, and ys, is nonempty compact and
starshaped with respect to an element ¢ in F'(f) N F(g) and D is invariant under
T, f and g. Assume further that (7', f) and (7, g) are Banach operator pairs on
D, F(f)and F(g) are g-starshaped with g € F'(f)NF(g), f and g are continuous
and T is uniformly asymptotically regular on D. Then D contains a 7*-, f- and
g-invariant point.

Proof. For each n > 1, define a mapping 7T,, from D to D by

Tohr = (1 — pn)q + pT",

where 11, = 22 and {An} is a sequence of numbers in (0, 1) such that lim, A\, = 1.
Since T'(D) C D and D is g-starshaped, it follows that 7, maps D into D. As
(T, f) is a Banach operator pair, T'(F'(f)) C F(f) implies that 7" (F(f)) C F(f)
for each n > 1. On utilizing ¢-starshapedness of F'(f) we see that for each = €
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F(f), Thx = (1 — pn)q + pnT™x € F(f), since T"x € F(f) for each = € F(f).
Thus (7., f) is a Banach operator pair on D for each n > 1. Similarly, (7,, g) is
a Banach operator pair on D for each n > 1. For each =,y € D, we have

[Toz = Toyll = pml| Tz — Ty

IN

A llfz = gyll.

By Lemma 2.1, for each n > 1, there exists x,, € D such that x,, = fz,, = gz, =
Tp,. As T(D) is bounded, S0 ||z, —T" || = (1—pn) | T 20 —q|| — 0asn — oc.
Since (7, f) is a Banach operator pair and fx,, = z,, S0 fT"xz, = T" fx, = T"z),.
Thus we have

|20 — Tyl = ||vn — T2 | + | T"2n — Tn—Han + HTn—Hxn — Ty
< Mz — T + | T" 2y — Tn—Han + k|| fT"2n — g, ||
= ||lzp — T"xp|| + || T 2y — T”‘Han + k1| T "z — x|

Since T is uniformly asymptotically regular on D, it follows that

Tz, — T" 2, -0 as n— oco.

Thus we have
|20 —Txn|| < ||n—T"2n ||+ INT 20 =Tz | +E1 | T 20 —20n| — 0 as n — oo

. Since D is compact, there exists a subsequence {x.,} of {z,} such that x,, — y
as m — oo. By the continuity of I — T, we have (I — T)x,, — (I —T)y. But
(I -T)xy — 0, so we have (I —T)y = 0. Since f and g are continuous, it follows
that . . .
fy = fllimpmzy) = limpy fX,, = limpz, =y
and gy = g(limpxm) = limp,gxy, = limpz, = y.
This completes the proof.

The following corollary follows from Theorem 2.2 as condition (i) implies that
D is T-invariant.

Corollary 2.3. Let X, K, y1, y2, f, g and T be as in Theorem 2.2. Assume
that 7" satisfies the following condition:
() | Tz —yi]| < ||z — vy forall z € X and i =1, 2.
Suppose that the set D, of best simultaneous K -approximants to y 1 and o, is
nonempty compact and starshaped with respect to an element ¢ in F(f) N F(g).
Then D contains a T-, f- and g-invariant point.
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Take g = f in Theorem 2.2 to get:

Corollary 2.4. Let K be a nonempty subset of a normed space X and
y1,y2 € X. Suppose that T and f are selfmaps of K such that T is asymp-
totically f—nonexpansive. Suppose that the set F'(f) is nonempty. Let the set D,
of best simultaneous K -approximants to 1 and y», is nonempty compact and star-
shaped with respect to an element ¢ in F'(f) and D is invariant under 7" and f.
Assume further that (7', f) is a Banach operator pair on D, F(f) is g-starshaped
with ¢ € F(f), f is continuous and 7" is uniformly asymptotically regular on D.
Then D contains a T'— and f—invariant point.

A commuting pair (7', f) is a Banach operator pair and affineness of f implies
that F'(f) is g-starshaped; hence we get the following from Corollary 2.4.

Corollary 2.5. ([17], Theorem 2.3). Let K be a nonempty subset of a normed
space X and y1,y2 € X. Suppose that 7" and f are selfmaps of K such that T is
asymptotically f—nonexpansive. Suppose that the set F'(f) is nonempty. Let the
set D, of best simultaneous K-approximants to y; and y,, IS nonempty compact
and starshaped with respect to an element ¢ in F'(f) and D is invariant under T
and f. Assume further that 7" and f are commuting, 7" is uniformly asymptotically
regular on D and f is affine. Then D contains a 7— and f—invariant point.

Remark 2.6. Note that the condition” f(D) = D” in Theorem 2.3 of Vijayaraju
[17] is not needed in our work.

Theorem 2.7. Let K be a nonempty subset of a Banach space X and y1, 2 €
X. Suppose that T', f and g are selfmaps of K such that 7' is asymptotically
(f, g)—nonexpansive. Suppose that the set F'(f) N F(g) is nonempty. Let the set
D, of best simultaneous K -approximants to i, and y», is nonempty weakly compact
and starshaped with respect to an element ¢ of F'(f) N F(g) and D is invariant
under 7', f and g. Assume further that (7', f) and (T, g) are Banach operator
pairs on D, F(f) and F(g) are g-starshaped with ¢ € F(f) N F(g), f and g are
continuous under weak and strong topologies and 7" is uniformly asymptotically
regular on D. Then D contains a T'— f— and g—invariant point provided f — T’
is demiclosed at 0.

Proof.  Let {7} be defined as in the proof of Theorem 2.2. The weak
compactness of wclT (D) implies that wclT,, (D) is weakly compact and hence
complete by the completeness of X (see [3, 7]). The analysis in Theorem 2.2,
guarantees that there exists an x, € D such that =z, = fz, = gz, = Thz,
and ||z, — Tz,|| — 0 as n — oo. The weak compactness of wclT (D) im-
plies that there is a subsequence {x,,} of {xz,} converging weakly to z € D as
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m — oo. Weak continuity of f and ¢ implies that fz = z = gz. Also, we have,
frm —Txm =2y — Tz — 0as m — oo, Asso f— T is demiclosed at 0, then
fz=Tz Thus DN F(T)NF(f) N F(g) # 0. This completes the proof.

Theorem 2.7 extends and improves the results due to Jungck and Sessa [8], Latif
[11], Sahab et al. [13], Sahney and Singh [14], Singh [15, 16] and Vijayaraju [17].

Following example exhibits an important fact: F'(f) may be g-starshaped with-
out the affineness of f.

Example 2.8. Consider X = R? with the norm ||(z,y)|| = |z| + |y|, (z,y) €
R2. Define T and f on X as follows:

1

T(e,) = (300 =2, 562 +y - 1))

flz,y) = (%(m —2), 2% +y— 4).
Obviously, T being f-nonexpansive is asymptotically f-nonexpansive but f is not
affine. Moreover, F(T) = {-2,0}, F(f) = {(-2,y) 1y € R} and C(f,T) =
{(z,y) : y = 4—2% 2 € R}. Thus (T, f) is a continuous Banach operator pair
which is not a compatible pair [1, 3], F(f) is g-starshaped for any ¢ € F(f) and
(—2,0) is a common fixed point of f and 7.

Definition 2.9. A subset M of a linear space X is said to have the property
(N') with respect to 7' [5, 6] if,
()T :M — M,
(43) (1 —kn)q+k,Tx € M, for some ¢ € M and a fixed sequence of real numbers

kn(0 < K, < 1) converging to 1 and for each = € M.

Hussain et al. [5] noted that each g-starshaped set M has the property (V) but
converse does not hold, in general. A mapping f is said to be affine on a set M
with property (N) if f((1 —ky)q+k,Tx) = (1 —ky)fq+k,fTx for eachz € M
and n € N.

Remark 2.10. The results (2.2-2.5 and 2.7) of this paper remain valid, provided
the ¢-starshapedness of the set D, F'(f) and F'(g) is replaced by the property (V).
Consequently, recent results due to Hussain, O’Regan and Agarwal [5], Hussain
and Rhoades [6], Khan et al. [9] and Khan and Khan [10] are extended to asymp-
totically (f, g)—nonexpansive map 7" where (7', f) and (7, g) are Banach operator
pairs which are different from C,-commuting and R-subweakly commuting maps
(see Remark 2.15(ii) [3]).
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