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NEW TYPE SINGULAR OPERATORS ON PRODUCT SPACES

Chao-Qiang Tan

Abstract. In this article we give sufficient conditions on kernels of singular
integral operators on product spaces to be bounded on weighted IP-spaces
for 2 < p < oco. Applications include the weighted norm inequalities of
holomorphic functional calculi of elliptic operators on product spaces.

1. INTRODUCTION

The purpose of this article is to give sufficient conditions on kernels of singular
integral operators on product spaces to be bounded on weighted LP-spaces for 2 <
p < oo. For the basic facts about the classical singular integral operators on product
domains, see, for example, [9, 10, 11, 12] and [13].

To begin with, let us recall some results of the one-parameter theory. Let T be
a bounded linear operator on L?(IR) with an associated kernel k(x,y) in the sense
that

(Tf)() = / k() (y)dy

where k(z,y) is a measurable function, and the above formula holds for each
continuous function f with compact support, and for almost all z not in the support
of f. One important result of Calderon-Zygmund operator theory is that T is
bounded on LP(R) for 2 < p < oo if there exist constants C' and ¢ > 1 so
that the Hormander integral condition on the kernel k(x, y) holds, i.e.,

(L1) / Ik(z,y) — ka1, y)ldy < C
lx—y|>c|z1—x|
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for all z, 21 € R ([18]). In [6], Duong and Mcintosh can weaken the Hormander
integral condition and still conclude that 7" is bounded on LP(R) for all 2 < p < cc.
Roughly speaking, assume that there exists a class of operators A; with kernels
at(z,y), which play the role of approximation to the identity, so that the kernels
ki(z,y) of the composite operators T'A; satisfy the condition

(1.2) / |k(z,y) — ki(w,y)|dy < C
|z —y|>ct/m™

for some constants m, ¢, C, uniformly in z € R and ¢ > 0, then T is bounded on
LP(R) for 2 < p < oo. Moreover, it was proved in [7] that under the condition
(1.2), T is also bounded from L>°(R) to a space BMO 4 (R).

The most important feature of the class of Duong and Mclntosh is the uncertainty
of the choice of the class { 4;}+~o. For example, if 7" is a classical singular operator
one can choose a;(z,y) = %X|J}—y|<t' If T =0b(L), where b € Hy(S,+), and L
is the elliptic operator with holomorphic functional calculi, then one may choose
Ay = e tE. See [6] for more details.

A natural problem is weather results in [6] can be extended to the product
spaces. This paper is devoted to solve this problem. Firstly we recall that the strong
maximal operator M; is defined by:

M) = sup o [ 1(@)lds
z€R ‘R‘ R
where the sup is taken over all rectangles R in R? which contain x. In this paper,
all rectangles’ both sides must be parallel to the coordinate axes.
Given a function f(z1,z2) on R x R, and a rectangle R, in [11], R.Fefferman
introduced the mean oscillation of f over R, oscr(f), by

1

oscr(f) = ;}1‘;2 <\1ﬁ /\f(xl,wg) — fi(xy) — f2(x2)‘2dx1dx2>§
R

where the inf is taken over all pairs of functions f1, fo depending only on the z;
and x4, respectively. Although in [3] L.Carleson disproved the fact that f is in the
dual of H*(R x R) if and only if oscr(f) < ¢, Fefferman proved that the mean
oscillation over R can be used to obtain the boundedness of singular operators. To
be precise, in [11], Fefferman proved:

(1) Suppose that T is a bounded linear operator on L?(R?). Suppose further that
for any rectangle R in R?,

oscr(Tf) < C'Y_(SHfHoo

whenever f is an L*° function supported outside of vR for all v > 2 and
some fixed § > 0, where vR is the rectangle ~v-fold dilation of R. Then T
maps L>°(R?) boundedly into BMO(R x R).
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(2) Suppose T# is an operator defined on positive locally square integrable func-
tions. T# is monotone, i.e., T% f(x) < T#g(x) when f(z) < g(x) for all
x € R2. Suppose further that for any function f supported outside of R,

oscr(Tf) <~ °T# f(x), for all = € R,

where § > 0. Then T# is called a sharp operator of T". Fefferman proved
the following result:

[ sanpewis<c [ @+1#)@P0) @0
R2 R2

As a corollary, Fefferman also proved: if T is a bounded linear operator on
. 1
L*(R?) whose sharp operator is T# = M,(f?)z, then for p > 2,

//R2 ITfIP(z)w(z)dz < C/R? | f () Poo( ) daz

whenever w € AP/Q(R x R). (A positive function w(z1, z2) is said to be in
A"(R x R) if only if w(-, z2) € A"(R) with A” norm bounded independently
of x5, and w(xy,-) € A"(R) with A” norm bounded independently of z;.)

In this paper, we will extend the above results to more general setting of singular
operators on product spaces. In order to simplify, we always denote ¢ = (t, t2),

= — dxdt dxidzodtdt
t" = (17, 15"), x = (x1, r2) and “C= means doadl

The following two theorems are our main theorems in this paper:

Theorem 1.1. Let T be a bounded linear operator on L?(R?). The sharp
operator T# is monotone and for any functions f supported outside of vR, the
~-fold dilation of R,

Cr(Tf) < ey °T# f()
for all z € R, where § > 0,

Crlh) = (g ///m /M‘ s (@SR

(see Section 2 below for the exact definition of ¢ ;m) Then

(1) We have the following a priori duality estimate:

[ san@iowar < [[[ @+ r#0s0@0) @
RQ RQ

where I denotes the identity operator and M (¢) = M s(Ms(Ms(Ms(p)))).
(see Section 2 below for the exact definition of S function)
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(2) 1f T# is bounded from L°°(R?) to L>°(R?), then T is bounded from L°°N L2
to BMO 4 N L?(see Section 2 for the definition) with estimate:

T fllBroa < el flloo-

The following theorem can be viewed as an extension of Duong and Mcintosh’s
results to product spaces.

Theorem 1.2. Let T be a bounded linear operator on L2(R?), which satisfies
the following conditions:

25

(1) 2 |51
(L3) / D @ y0)l2e padys < oo e,
|z1—y1|>2Ft; h L=l (th1)1+26

25

(2) 2 15
wy 162 (2, )2 pays < oo 2r
|z2—y2|>2Fto 2 Lr=L2 (th2)1+26

(L.5) 153 (2, y)2dy < ¢ ’ 5’
' o1 —y1] 22k yray (2F¢,)1+20 (21t 1420

leg —y2|>2lty

(here & > 0 is given)for all k,I > 2, where k,§j>(x1,y1) and k,ﬁf)(xQ,yQ) are
operators satisfying:

kwg )(9617111 ¢tm (@1, 21)k(21, Y1, 2, Y2) 9 (y2)d21dya
1

kig)($27y2)9 / Yim (2, 22)k(2, Y1, 22, y2) g (y1)d22dys

and the function
k(g) (z,y) / Yym (1, 21) ey (T2, 22)k(21, Y1, 22, Y2)dz1d 2.

Then the operator T satisfies all the assumptions of Theorem 1.1, with 7 # f =
1
M,(|f|*)2. As a consequence, for p > 2,

[ rr@e@is < [ 1o

whenever w € AP/2(R x R). Moreover,

T fllBroa < el flloo:
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The paper is organized as follows. In section 2, we give some assumptions
and introduce the Journé’s covering lemma. In section 3, we give the proof of the
main theorems. In section 4, we show that the C class of singular integral operators
defined by Fefferman is contained in our cases. We note that the classical singular
operators whose kernels satisfy the pointwise estimate must belong to the C class.
In section 5, we prove that the functional calculus of elliptic operators also satisfy
the conditions given in the above two theorems. We remark that operators given in
section 5 may not be handled by classical singular integral operators theory.

2. ASSUMPTIONS AND PRELIMINARIES

Assumptions suppose that 7" is a bounded linear operator from L2(R?) to
L?(R?), and its kernel is k(z1, y1, 72, y2). There is a class of integral operators A,
defined on L7 (R) initially, which plays the role of approximations to the identity.
Also we assume that operators A, can be represented by kernels a;(x,y) in the
sense that

Agu(x) :/Rat(x,y)u(y)dy

for every function v € L2(R)NLY(R), and the kernel a;(x, y) satisfies the following
conditions:

(21) ‘at(xvy)‘ < ht(xvy)

for all z,y € R, where hy(z, y) is a function satisfying

1 Tr—y

LS<‘ T ‘>
th tm
for some m > 0 and s is a positive, bounded, decreasing function satisfying:
lim r!*es(r) = 0.

In one-parameter case, we denote ¢, = A;(I—A;) and S(f ffp(m [them (f)
(y)|> %3, where T'(x) = {(y, )| € R%, |y — z| < t}. we assume that
(23) cllfllez < [[S(H)llze < eollfllLe

for all f € L?(R).
We now consider two-parameter case. For any ¢ = (#, t2) and a function f(x)
defined on R? we let ¥y = 1)y, @by, Where oy, = Ay, (I — Ay,), i = 1,2. Also we

dyd
let S(f)(#) = ([ 19em () (y )\2t§t§)2 where T'(z) = {(y,t)| € R} xR, |y1—
x| < tl, \yg — x9| < t2}. We assume “that;

(2.4) callfllz < WSz < cal £l 22
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for all f € L?(R?).

We remark that there are many choices of {4;} that satisfy the above assump-
tions(see section 4 and section 5 for example), but «»; may not satisfy the cancellation
condition(i.e. [:(f)(x)dz =0, Vf € L?).

Definition 2.1. We define the bounded mean oscillation space BAMO 4 N L?
by

t1t2

BMO4NL* = {f| € I*(R?), gy [ e (£)()"H5k < oo,
Q
for all open set Q C R?}

where Q = {(z,t)|R(x,t) C Q}, here R(x, ) is a rectangle in R2 with center at z,
and sidelengths ¢; and t,, respectively.

2.1. Journé’s covering lemma

To show the Theorem 1.1, we recall the Journé’s covering lemma ([12, 13]) and
its extension ([11]).

Lemma 2.2. For any open set Q C R2, let m(£) denote the collection of
all maximal dyadic subrectangles in €2, Similarly, let m ;(Q2)and m2(€2) denote
the families of dyadic subrectangles in €2, which are maximal in the x ; and 2
directions, respectively. Given a rectangle R = I x J € my(Q), let I be the
largest dyadic interval containing I, and such that I x J C €, where Q = {z| €

R%, M(xa)(z) > 3}. Define v1(R) = % then we have the following inequality:

> Rm(RB) T < ol
Rema ()

moreover,

Rema ()

S RIn(R) " inf |f@)] < e [ If(@)lda.
Q

3. ProoF oF THE MAIN THEOREMS
3.1. Proof of Theorem 1.1

Basically, the proof of Theorem 1.1 is similar to the proof of Theorem 1 in
[11]. We, however, remark that the operators{«);} in the Theorem 1.1 may not
satisfy the cancellation condition, which is needed in the proof of Theorem 1 in
[11]. We let Oy = {z| € R%, M(¢)(x) > 2¥}, B, = {R| are a dyadic rectangles,
IRNOk| > 3Rl and |[RN Opy1| < 3|R| }, and Ry = {(y,t)| € RZ xR2 1y €
R |1 <t < |13 < ta < [T}
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Then

//Rg |S(T ) (@)]*p(x)dw
< g MmO [ oS

< Z Z gkt // e (TF) (3 ‘2dydt

k ReBy

The last inequality is based on the fact that %ffly—a:|<t o(x)dzr < in}f% My () (y)
ye

and |R N Og41| < 3|R).
We claim that:

> [, weanorSE < [ aertsers

ReBy,

then it is easy to see that the theorem’s part(1) follows readily.

To show the claim above, we decompose f into two parts: f = fx=z +fxzc =

O Oy
O+ f1, then
0) 2dydt 0 o dydt
RZL;// pe@ P < [ e P
<ol

AT

In order to estimate f! , e further decompose it into two parts. Firstly, we note
that R € By, implies R C Oy. Let I be the maximal dyadic interval, containing 7,
such that I x J C O, and denote R = I x J. Also let .J be the maximal dyadic

11

interval, containing J, such that IxJcC 5k. Write 71 (R) = ﬂ, 72(172) = . Let

I
fol = fl)(chR, and fll = leijcy then

> /R e (T f3) (y )\2dydt < > ///III /lJl e (TFL)( )‘2dydt

ReBy, + REm(Ok R

¢ Y B HIR| it T#f(2)’

REm(ék)

[ /O T#(f1)(2)%da.

IN

IN
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The last inequality uses the Lemma 2.2. Also we have

3 /R [on (T ) ) P20

1 rlJ] dydt

<X X ] werterss

Semi (Oy )RE’"(OMR IxJ

1Ll dydt

< /] / [ (T 1) () P22

S€m1(0k) S=I'xJ’
< S)~201S| inf T# f(x)?
<c Z: 72(S5)*IS| i T7 f()

SEm1(Ok)
<

[ /O T#(f1)(2)%dz.

This completes the proof of part (1).

Now we turn to the proof of part(2). For any open set Q € R2, we decompose
f into two parts f° an f!, such that f0 = fxg f= fO + f1. Using the L?
boundedness of S function and the L? boundedness of T, we have:

0 2 0
o [ W (1) @) < exgrll 1 < el o

Now we turn to estimate f*. For any maximal dyadic rectangle R=1IxJC Q,
let I be the maximal dyadic interval, containing I, such that 7 x.J C €. Also let J be

the maximal dyadic interval, containing J, such that I x J c Q. Write v, (R) = @
yo(R) =L Let fl = f'x;e p and f1 = f'x;, jo. Then f1 = f + f1, and

dxd
7 [ e P

@< > I et
> ] /'I| [ s >\2d”““>

Re m(Q

<l X IR+ 30 (BRI

Rem(Q) Rem(Q)

cll f1%.

IN
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The second inequality above uses the assumption on 7#, and the third inequality
uses the Journé’s covering lemma. This completes the proof of Theorem 1.1.

Similar to [11], as a consequence of Theorem 1.1, we have

Corollary 2.3. If T'is a bounded linear operator L 2(R?) whose sharp operator
is T# f = M,(f2)2, then
(1) for p > 2,
[ @i <c [ @
whenever w € AP/2(R x R).
(2) T is bounded from L2 N L> to BMO4 N L2

See the proof of the corollary of Theorem 1 in [11].

Proof of Theorem 1.2. Let R = I x J be a rectangle in R2, and 2° € R.
Without loss of generality we suppose that the center of R is the origin. We just
need to show that when suppf C (vI)¢ x R, we have

RN 202t og) 1y (0
S é/ [ [ e @n@PEE < o a2,

(since we can decompose f into two parts fi, fo, such that f = f1 + fo with
J1 = fX(ynexrs f2 = FXRx (1)) _

Let f = fX(vnex@r) + fX(1)ex@ne = i + f2, and apply S function’s L?
estimates, Minkoski inequality, then we have

R
< 1A /f /om /R | /R[kif)m, D
L 2
< E/ /om </ </R 66 (1, 90) fa (o ->1<w2>\2dw2>§dy1> dx;d -

1

c 1] .
= @/]/0 Z < / Hkij)(‘wlvyl)”%ﬂ_)lgd:lﬂ)

. ok
ke 2591y |2k 1|

2
dxldtl
th

< / | f1 (v, $2)\2d$2dy1> : }

|y [~2*|I|
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|I| t({ k 2 0 deldtl
<[ [ S Grmtarmet)

k: 2k>
< ey M (| f17) ().

Similarly,

), /om /0|J| e (TR )P
ﬁ//p{/om/om{ // \k( (1,1, T2, y2)| dy1dy2>

k: k>
osa) w2k

ol

IN

ly2]~2! ]|

Y 2
< / ‘fl(yl,yg)‘Qddey1>§} dadt

t

ly1 |~2F 1]
ly2]~2! ]|

2
[l plJ]| 5 5
JL ] B 1 obeoding () a0t} 28
(HI)FH (21]7)) 350 :

k: 2k>
I 1>1

ey~ Mi(| f17) (=)

This completes the proof of Theorem 1.2.

| /\

IN

4, ExampPLE 1: THE C CLASS SINGULAR INTEGRAL OPERATORS OF FEFFERMAN

In this section, we will verify that the singular integral operators of C class that
defined initially by R.Fefferman satisfy all assumptions of Theorem 1.2.

Firstly, let us recall the definition of the singular integral operators of C class.
If T is a bounded linear operator on L?*(R?), with kernel k(z1, y1, 2, y2), in the
sense that

Tf(xi,y1) = //2 k(z1, y1, 22, y2) f (Y1, y2)dy1dyo
R

whenever (z1,x2) ¢ suppf.

We define k(l)(xl, y1) to be the integral operator on R whose kernel is k(l)(xl, Y1)
(x2,10) = k(z1,y1, T2, y2). Define k(2) similarly with the kernel k() (9, y2) (1, y1)
= k(z1,y1, 2, y2). Suppose T}, f(z) = [p h( y)dy is bounded on L?(R). We
define |Th|cz = ||Th||r2—12 + me where the |nf is taken over all C' > 0 so that

1
2
( / |h(x,y) — h(mﬁy)\%zy) <Oy 70— |73
|z —y|>y|z—2|
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(here 6 > 0 is given) for all v > 2. We say that T" is in the C class if

1

2

(4.1) </| - lVf(l)(xhy1)—k(1)($'17y1)\%zdy1> <ey 30 |—a| 7
x1—y1 [>y|z1—y]

and similarly,

[SIE

(42) </| 5] /| ‘k(2)(1‘2,yg)—k(2)($l2,y2)‘%zdy2> SCPY_%_(S‘{L‘Q_‘%JQ‘_%
T2—Y2|>Y|T2— Yy
for all v > 2.

In order to prove all operators in the C class satisfy our assumptions in Theorem
1.2, we should choose a suitable class of operators { A;}~¢. To do this, let n(z) €
C§°(R), with suppy C [—1,1] and [ n(z)dz = 1. We set A;(f)(z) = f *n(x),
where n;(z) = 1n(%). Then for any ¢; > 0, vy, f(2) = vy, * f(x), where 1(z) =
n(z)—n(z)*n(x), and hence ¢ (x) € C§°(R), and [ ¢(x)dx = 0. This implies that
the S function defined in (2.3) is the classical S function. Therefore the assumptions
(2.1), (2.3) and (2.4) hold with m = 1.

Theorem 4.1. The operators in the C class satisfy the hypothesis of Theorem
1.2.

Proof. We firstly verify the condition(1.3). If |z; — y1| > 2Ft;, where k& > 2,
then

WD) = [ vtk 2 mgn)dads
R2

= //2 Vi (w1, 21) [k (21, Y1, 2, y2) — k(21,915 2, y2) |9 (y2) d21dys
R
by the cancellation condition of ). And thus

1
kagll)(xlvyl)HLQ—>L2 < C/ =1k (z1,51) — kY (21, 91)|czd21.

21—z |<2t; t1
This gives:
1
Lo Gl
T1—Y1|= 1
1
[ - KO e, 0) KO e, ) pdadn
|

m1—y1|22kt1 tl |z1—21]|<2t;

C/ i( okt )—1—25‘361 - 21‘_1d21
|z1—21]|<2t1 tl ‘xl - zl‘

Cit%s
- (2kt1)1+2(5'

IN

IN
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The second inequality above uses the assumption(4.1). The proof of the condition(1.4)
is similar.

Finally, we turn to verify the condition(1.5). If |z; —y;| > 2Ft; and |z —yo| >
25, then

kP () / Ve, (21, 21) Ve, (T2, 22) K (21, Y1, 22, Y2)d21d 2o
= // ¢t1($1721)1%(952,22){[’“(217111,227112)
R2

—k(w1,y1, 22, y2)] — [k(21, Y1, T2, y2) — k($17y1,$27y2)]}d21dz2-

Therefore,

(3) 2
//"1—?/1>2’“t1 ‘k (1‘ y)‘ dy

lwg —y2|>2lty

1
//901 v1\>2’“t1 //951 z1\<2t1 t1t2“k(21,y1,22,y2) k(xl’yl’ZQ’yQ)]

|zg — y2\>2 to |zg — 29

| /\

—[k(217y179€27y2) - k($17y1,$27y2)]‘ dz1dzady1dys

=t // / ‘k(l)(zlvyl)
fatz i e 22k
21752 —1-26 B
¢ thl —1-26
< — <7> o
vl /2;:225:; =) A
21752 —1-26 B
<m> |2 — 2o Ydz1dzy

t20 30
(th1)1+26 (2tq)1+20°

This completes the proof of Theorem 4.1.

5. ExampLE 2: HoLomoRPHIC FUNCTIONAL CALcuLl OF ELLIPTIC OPERATORS

In this section, we will give another example of operators that satisfy all the
assumptions of Theorem 1.2, which may not be contained in the C class(see section
4 above and [11]). We firstly give some preliminary definitions for introducing
holomorphic functional calculi of operators. (For more details see [1, 4] and [14])
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For0 < w < u <, define the closed and open sectors in the (extended)complex
plane:

S ={zl€C:|arg(z)] w}U{0,00}, S, ={z] € C:|arg(z)| < p}.

Also we let S}, = {z| € S,y,z # 0}. Denote by H(S,) the space of all
holomorphic functlons on Sy and by Hoo(Suy) = {b € H(Suy) : ||b]]oc < 00}
where [|b||so = sup{|b(2)| : z € S,.+}. A closed operator L in L?(R) is said to be
type w if its spectrum o (L) C S, and for each ;> w, there exists a constant ¢,
such that

1(¢T = L) Mlpemrz < cul¢|™ ¢ E S

In what following, we assume that L is a one-one linear operator of type w on
L?(R) with w < 7/2, and hence L generates a holomorphic semigroup e=*%,
0 < |arg(z)| < § — w. Also we assume the following two conditions:

(1) The holomorphic semigroup e =%, | arg(z)| < 5 —w, is represented by kernels
a(x,y) which satisfy, for all w < § < 7, an estimate
‘az(xv y)‘ < C@h|z|(1‘, y)

for z,y € Rand | arg(z)| < —6, where h, is defined on R? that satisfies(2.2).

(2) The operator L has bounded holomorphic functional calculus in L?(R). That
is, for any ;o > w and b € Hoo(S)), the operator b(L) satisfies

(5.1) 1o(L)[]2 < Cull fl]oo-

In what following, we choose 4; = e~*%, as in section 2, we define the operator
v = A1 — Ay), and the S function Sp(f fff‘(m (e (F)(y )\Qdydt) ,
where T'(z) = {(y,t)| € R2, |y — z| < t}.
Then inequality(5.1) is equivalent to the square function estimate and its reverse:

CillfI < /SL J2de < Cyl| 1|2
Also we have:
Cullf13 < /SL* )2 < Cyl| 13

See [14] for more details.

Remark. There are many operators satisfying the assumptions above. For
example,
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(1) the magnetic Schrodinger operator:
(% —ia)> 4+ V(x)

where « is real value function and 0 < V'(z) € Ljoc(R).
(2) the divergent operator:

L =—

d d
L= —G,l%(G,Q%)

where a; € L*°(R,C), and Re(a;) > k > 0,i=1,2.

Now we consider the two-parameter case. Suppose that ({1, (2) defined on C?,
and it satisfies the following property: for any fixed (2, f(¢1, ¢2) is holomorphic in
S,.+ for the ¢; variable, and for any fixed (i, f(¢1, ¢2) is holomorphic in S, for
the ¢, variable. The collection of all such functions is denoted by H (.S, x S,+).
Similar to one-parameter case, we write

U(Sus x Sur) = {f] € H(Sur X Sur), 1f(G, G| < Ol ot
Vgl,g“g € Suy, for some s > 0}, and Hyo(S,u4 % Sut) = {f| € H(S,+ %

)y [F(C Q)| < CVG, G € Sy -

We define the symbol @ by T3 T f (z, y) = [[ K1(z, u)Ka(y, v) f (u, v)dudv,
where T; and T, are operators on LQ(R) with kernels K1 and Ko, respectively.

If ¢ € U(S,4+ x S,4), then we define

= (5 /7 /7 (L—aD™ @ (L - G 6(G, GG de

where ~ is the contour {¢ = re*® : r > 0} parameterized clockwise around S,
and w < 0 < pu. Clearly, this integral is absolutely convergent. Applying Cauchy
theorem, we conclude that the definition is independent of the choice of 6 € (w, ).

Let ¢(¢1,C2) = (1+<1) (1+<2) Then ¢ € (S, x Syuy) and ¢(L) is one-one.
For all b € Hoo (Su+ x Sy ), We define

b(L) = (¢(L))~(bg)(L).

We can verify many properties in one-parameter case are also satisfied in our case(see
[1]). For example, the following convergence Lemma holds.

Lemma5.1. Let {f,} be a uniformly bounded net in H (S, x S7, ), which
converges to f € Huo (S5, xSp, ) uniformly on compact subsets of 5, ><52+, such
that {f,(L)} is a uniformly bounded net. Then f(L) € B(LQ(RQ)) fa(L)u
f(L)u for all w € L?(R?), and || f(L)|| < sup,, || fo(L)]]-

Theorem 5.1. If b € Hyo(Su+ x S, ), then the operator T = b(L) satisfies
all the assumptions of Theorem 1.2. As a consequence, we have:
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(1) The operator T = b(L) is bounded from L?(R? w) to LP(R?,w), for all
w € A%(R x R), where p > 2.
(2) The operator T = b(L) is bounded from L? N L> to BMOy, N L2,

Firstly we give a lemma.

Lemma 5.2. If t,s5,8> 0, then

/OO M —fsugy, <
—e u<c :
0o (I4tu)? ~ (s+1t)?

Proof. If s <t, then

1 1
> tu t s 1 > 1 1
Mgy, < tud / 1 / d
/0 1+ tu)3® d“—c</0 e+ L (tu)? T ) e su)? “)

< ¢
—t
If ¢t <s, then
/OO __~psugy < (/%td +/%t = d+/oo L1 du)
D E—— uau U-——=au U
o w3t A L T L )2 (su)p?
< t
C—.

This completes the proof of Lemma 5.2.

Proof of Theorem 5.1. We choose A, = e *~. Applying the convergent
lemma above, we just need to show that when b € W(S9, x S, ), the conditions
(1.3),(1.4)and(1.5) hold. We choose w < 6§ < v < u, and denote

v = {se"]s > 0}, 7 = {se”|s > 0}, v =74 U,
Ty ={sGDs>0}, T_={se & Ds>0}, [ =T, UT_.

It is easy to see that

KD (g () = (5-)? / / G (1 — et
v

271
b(Cr, Q)L — G ), 1) (L — GI) 7 g(2)d¢ide.
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Applying the fact that (L — (11)~! = ¢ [ e’1e *d), we have

16D (21, 91)9(2)| |2

1 _m _m —
< = / e~ (1 — )| sup |b(¢1, )| (L — )" (@, w1)] [lglldlC]
(27T) 5 G2
= / e~ (1 — )| sup [b(Cy, G|
Y+Uy— C2

[ st 4 gl di

< clbllsllole [ [ e e ) duds,

where 3 > 0 is a constant.
If |21 — 91| ~ 2Ft;, we apply Lemma 5.2, then we have

1 2k,
—Bsu 1—e
/ / 1+t1 e —Sl/m(l i ) “duds
m 1 2 t
/ / e_ﬂs “—(1+4 -1 )16 L duds
1 + tl S S

1 2kt 4
1 —1—e m—ld
C/o 7(3—1—151)2’”3( +— —) s s
t
< C(th1)1+6

| /\

1
16D @1, 91)| 212

| /\

IN

where 6 = min(m,e).
As a result,

/ KD )l R e
KOG ) B ey < ¢ 3 ool <o T
w1 —y1[>2Ft " per l: 1>k (2081)2+20 (2kt) 1420

The conditions (1.4), (1.5) can be verified by the similar way. Here we omit
details.

ACKNOWLEDGMENT

The author thanks Professors D. G. Deng for helpful comments and suggestions.

REFERENCES

1. D. Albrecht, X. Duong and A. M¢Intosh, Operator Theory and Harmonic Analysis,
Workshop in Analysis and Geometry, 1995, Proceedings of the Centre for Mathemat-
ics and its Applications, ANU, 34 (1996), 77-136.



10.

11.

12.

13.

14.

15.

16.

17.

18.

New Type Singular Operators 1245

. P. Auscher, X. T. Duong and A. Mc¢Intosh, Boundedness of Banach space valued

singular integral operators and Hardy spaces, Preprint, 2005.

L. Carleson, A counterexample for measures bounded on H? for the bi-disc, Mittag
Leffler Report No. 7, 1974.

M. Cowling, I. Doust, A. Mclntosh and A. Yagi Banach space operators with a
bounded H° functional calculus, J. Austral. Math. Soc. Ser. A, 60 (1996).

D. G. Deng, X. T. Duong, A. Sikora and L. X. Yan, Comparison of the classical
BMO with the BMO spaces associated with operators and applications, Preprint,
2005.

X. T. Duong, A. M¢Intosh, Singular integral operators with non-smooth kernels on
irregular domains, Rev. Mat. lber., 15 (1999), 233-265.

X. T. Duong and L. X. Yan, New function spaces of BMO type, the John-Nirenberg
inequality, interpolation and applications, Comm. Pure Appl. Math., 58 (2005),
1375-1420.

C. Fefferman, Inequalities for strongly singular convolution operators, Acta Math.,
124 (1970), 9-36.

R. Fefferman, Calderon-Zygmund theory for product domains: HP spaces, Proc.
Nat. Acad. Sci. USA., 83 (1986), 840-843.

R. Fefferman, Multiparameter Calderon-Zygmund theory, Harmonic analysis and
partial differential equations, edited by M. Christ, C. Kenig and C. Sadosky, 207-
221, The University of Chicago Press, 1995.

R. Fefferman, Harmonic analysis on product spaces, Annals of Mathematics., 126
(1987), 109-130.

J. L. Journg, A covering lemma for product spaces, Proc. Amer. Math. Soc., 96
(1986), 593-598.

J. L. Journg, Calderon-Zygmund Operators on product Spaces, Revista Matematical
Iberoamericana Vol. 1, N.3, 1985.

A. M¢Intosh, Operators which have an H-calculus, Miniconference on operator the-
ory and partial differential equations, Proc. Centre Math. Analysis, ANU, Canberra,
14 (1986), 210-231.

J. M. Martell Sharp maximal functions associated with approximations of the identity
in spaces of homogeneous type and applications, Studia Math., 161 (2004), No. 2,
113-145.

A. Seeger, Singular integral operators with rough convolution kernels, J. Amer. Math.
Soc., 9 (1996), 95-105.

Z. Shen, Estimates in L? for magnetic Schrodinger operators, Indiana Univ. Math.
J., 45 (1996), 817-841.

E. M. Stein, Harmonic analysis: Real variable methods, orthogonality and oscillatory
integrals, Princeton Univ. Press, Princeton, NJ, 1993.



1246 Chao-Qiang Tan

19. L. Song and C. Q. Tan, L? boundedness of area function associated with operators
on product spaces, Analysis in Theory and applications, 22(3) (2006), 208-222.

Chao-Qiang Tan
Department of Mathematics,
Shantou University,

Santou, Guangdong 515063,
P. R. China

E-mail: cqtan@stu.edu.cn



