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MODIFIED EXTRAGRADIENT METHODS FOR STRICT
PSEUDO-CONTRACTIONS AND MONOTONE MAPPINGS

Lu-Chuan Ceng' and Shuechin Huang?*

Abstract. In this paper we introduce an iterative process to find a common
element of the set of fixed points of a strict pseudo-contraction and the set of
solutions of the variational inequality problem for a monotone and Lipschitz
continuous mapping. The iterative process is based on the so-called modi-
fied extragradient method. We obtain a weak convergence theorem for two
sequences generated by this process. Using this theorem, we also construct
an iterative process to find a common element of the set of fixed points of a
strict pseudo-contraction and the set of zeroes of a monotone and Lipschitz
continuous mapping.

1. INTRODUCTION

Throughout this paper, H denotes a real Hilbert space with inner product (-, -)
and norm || - ||.

Definition 1.1. Let C be a nonempty subset of H. A mapping A: C — H is
said to be (see [1, 9]):

(i) monotone if

(Az — Ay,xz—y) >0, forall z,y € C;
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(i) a-inverse strongly monotone if there exists a positive number « such that
(Az — Ay, x — ) > al|Az — Ay|*>, forall z,y € C;
(i) p-strongly monotone if there exists a positive number (3 such that
(Az — Ay,z —y) > Blle —y||?,  forall 2,y € C;
(iv) k-Lipschitz continuous if there exists a positive number % such that

|Az — Ay|| < k||z —y||, forallz,yeC.

It is obvious that every a-inverse strongly monotone mapping A is monotone
and Lipschitz continuous.

Definition 1.2. Let C be a nonempty subset of H. A self-mapping S : C — C
is said to be (see [10, 14]):

(i) nonexpansive if
1Sz = Syl| < |lz —yll, forallz,y e C;
(if) a strict pseudo-contraction if there exists a constant 0 < x < 1 such that
1Sz = Syl|* < llz —ylI* + s (I = $)z — (I = S)yl*,  forall z,y € C;

(iii) a quasi-strict pseudo-contraction if the set of fixed points of S, FI(S) = {z €
C': Sz = z}, is nonempty and if there exists a constant 0 < x < 1 such that

1Sz — p||? < ||z — p||*> + &l|z — Sz||?, forallz € C, pe F(S).

We also say that S is a -strict pseudo-contraction if condition (ii) holds, and
respectively, S is a x-quasi-strict pseudo-contraction if condition (iii) holds.

Let C' be a nonempty subset of H. Givena mapping A : C — H, the variational
inequality problem, denoted VI(A, C), is to find a point v € C' such that

(Au,v—u) >0, forallveC.

The set of solutions of the variational inequality problem VI(A, C) will be de-
noted by Q(A, C). The variational inequality problem was first discussed by Lions
[8]. Subsequently, this problem has been widely studied since it covers diverse
disciplines such as partial differential equations, optimal control, optimization the-
ory, mathematical programming, mechanics and mathematical economics. It is well
known that if A is a strongly monotone and Lipschitz continuous mapping on C,
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then VI(A, C) has a unique solution. The mapping A : C' — H is said to be pseu-
domonotone if for any z,y € C, (x — y, Ay) > 0 implies (z — y, Az) > 0. Every
monotone mapping is pseudomonotone. In particular, if C' is a nonempty closed
convex subset of H and A : C' — H is pseudomonotone and continuous on finite-
dimensional subspaces, then the set of solutions (A, C') of VI(A, C) is closed and
convex [17, Lemma 3.1]. The various approaches and interesting results to this
problem in finite-dimensional and infinite-dimensional spaces have been intensively
developed; see [2]-[5], [7, 9, 12, 15, 16], and [18]-[20].

It is remarkable that, in 1976, Korpelevich [7] found a solution of the noncon-
strained variational inequality problem in the finite-dimensional Euclidean space R™
under the assumption that C € R™ is closed and convex and A : C' — R™ is mono-
tone and &-Lipschitz continuous by introducing the following so-called extragradient
method:

rg=x € C,
1) Zn = Po(xy, — ANz,
Tnt+1 = PC(xn - )‘Ai‘n)v n > 07

where X € (0,1/k). He showed that if (A, C) is nonempty, then the sequences
{z,,} and {z,} generated by (1) converge to the same point z € Q(A4, C).

Recently, motivated by the idea of Korpelevich’s extragradient method, a va-
riety of iterative schemes were introduced to find a common element of the set
of fixed points of a nonexpansive mapping and the set of solutions of the varia-
tional inequality problem for a monotone and &-Lipschitz continuous mapping. In
2006, Nadezhkina and Takahashi [12] provided an iterative process and proved the
following weak convergence result.

Theorem 1.3. (Nadezhkina and Takahashi [12]). Let C' be a nonempty closed
convex subset of a real Hilbert space H, A: C' — H a monotone and k-Lipschitz
continuous mapping and S : C' — C a nonexpansive mapping such that F'(S) N
Q(A,C) # 0. Let {x,,} and {y,} be the sequences generated by

rg=x € C,
2 Yn = Po(zy, — AMAzy,),
Tpt1 = anZp + (1 — o) SPo(zn, — MAy,), n >0,
where {\,} C [a,b] for some a,b € (0,1/k) and {«,,} C [c,d] for some ¢,d €

(0,1). Then {z,} and {y,,} converge weakly to the same point z € F(S)NQ(A4, C),
where z = lim,, o0 PF(S)HQ(A,C)xn'

Inspired by Nadezhkina and Takahashi’s iterative scheme (2), Zeng and Yao [18]
gave an iterative process and asserted the following strong convergence theorem.
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Theorem 1.4. (Zeng and Yao [18]). Let C be a nonempty closed convex subset
of a real Hilbert space H, A : C — H a monotone and k-Lipschitz continuous
mapping and S : C' — C' a nonexpansive mapping such that F'(S) N Q(A, C) # 0.
Let {z,} and {y,} be sequences generated by

rg=x € C,
Yn = PC(xn - )‘nAxn)v
Tyl = anxo + (1 — ay)SPo(zn — MAy,), n >0,

where {\,} and {«,,} satisfy the conditions:

(i) {\uk} C (0,1—0), for some § € (0,1);

(i) {on} € (0,1), Y o = 00, limy—oe = 0.
n=0

Then {x,} and {y,} converge strongly to the same element Pp(s)no(a,c)(Z0)
provided lim,, .« ||y, — Zp+1]| = 0.

Furthermore, Ceng and Yao [2] introduced an iterative extragradient-like ap-
proximation method and established another strong convergence theorem.

Theorem 1.5. (Ceng and Yao [2]). Let C be a nonempty closed convex subset
of a real Hilbert space H, f : C' — C a contraction, A : C — H a monotone and
Lipschitz continuous mapping and S : C' — C' a nonexpansive mapping such that
F(S)NQ(A,C) #0. Let {,,} and {y,} be sequences generated by

xo=x € C,
3) Yn = (1 - Vn)xn + P)/nPC(xn - )\nAxn)v
Tn+1 :(1 - an_ﬁn)xn‘f’anf(yn)+ﬁnSPC(xn_)\nAyn)v n>0,
where {\,,} is a sequence in (0,1) with > >° A, < oo, and {a}, {Gn} {7}
are three sequences in [0, 1] satisfying the conditions:
(i) ap+ B, <1, foralln>0;
(if) lim a, =0, Zan = 00;
n=0
(iii) 0 < liminf g, < limsupf, < 1.

Then {z,,} and {y,} converge strongly to the same point ¢ = Pp(g)no(a,c)f(q) if
and only if { Az, } is bounded and lim inf,, .~ (Azy, y — z,) > 0, forall y € C.
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Let C be a nonempty closed convex subset of a real Hilbert space H. Suppose
that A : C' — H isamonotone and k-Lipschitz continuous mappingand S : C' — C
is a r-strict pseudo-contraction for some 0 < x < 1 such that F'(S) NQ(A, C) # 0.
Based on the extragradient method (3) and Mann’s iterative method [10], this paper
is devoted to introduce a modified extragradient method as follows:

rg=x € C,

Yn = PC(xn - )‘nAxn)v

t, = Pc(xn — )\nAyn),

Tpg1 = Qulp + (1 — ayp)St,, n >0,
where {\,} C [a,b] for some a,b € (0,1/k) and {c,} C [«, 5] for some «, 5 €
(k,1). It is shown that the sequences {z,} and {y,} generated by this iterative
scheme converge weakly to the same point z € F(S) N Q(A,C), where z =
limy, 00 Pr(s)na(a,c)n- We also apply this result to construct an iterative process

to find a common element of the set of fixed points of a strict pseudo-contraction
and the set of zeroes of a monotone and Lipschitz continuous mapping.

2. PRELIMINARIES

Suppose that C' is a nonempty closed convex subset of a real Hilbert space H.
For each point x € H there exists a unique nearest point in C, denoted Pz, such
that || — Pox| < ||z — y|| for all y € C. The mapping P¢ is called the metric
projection of H onto C. Then Pg is a nonexpansive mapping from H onto C
characterized by the following properties [14]: Pcx € C and

4) (x — Pox,y— Pex) <0, forallze H, yeC,

G  lle—yl*> |z - Pox|® + |y — Pox|?, forallze H,yeC.

Let A be a monotone mapping of C into H. In the context of the variational
inequality problem, the inequality (5) implies that

ueQAC) < wu=Po(u—NAu), forall A>0.

We will use the notations — for strong convergence and — for weak conver-
gence. The following facts will be used in the sequel.

Lemma 2.1. ([10, Lemma 1.1]). Let H be a real Hilbert space. Then we have
(i) llz —yl? = l=lI” = [Iyll* = 2{z =y, y), for all @,y € H;
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(i) [tz + (1 =t)yl* = tlzll* + (1 = )llyl|* — (1 — t)[l= — y]|*, for all ¢ € [0, 1]
and xz,y € H,

(iii) If {x,,} — z, then

limsup ||z, — y||* = limsup ||z, — 2> + ||z — y[|?, forally € H.

n—oo n—oo
A set-valued mapping T : H — 2" is said to be monotone if

(x—y,f—g)>0, forall (z,f),(y,9) € G(T),

where G(T) denotes the graph of 7. A monotone mapping 7 : H — 2 is said to
be maximal if its graph G(T) is not properly contained in the graph of any other
monotone mapping. A monotone mapping 7" is maximal if and only if whenever
(r,f) e Hx Hand (x —y, f—g) > 0 for all (y,g9) € G(T), then f € Tz; see
[6]. Let A: C — H be a monotone and k-Lipschitz continuous mapping and let
N¢wv be the normal coneto C at v € C, i.e.,

Nev={we H: (v—u,w) >0, forall u e C}.
Define a set-valued mapping 7' : H — 2 by
Av+ Nev, ifveC,
Tv = )
0, ifvdC.

Then T' is maximal monotone and 0 € T'v if and only if v € Q(A, C); see [13].

3. WEak CONVERGENCE THEOREM

In this section, we establish a weak convergence theorem for strict pseudo-
contractions and monotone mappings. The following two lemmas are required.

Lemma 3.1. (Marino and Xu [10, Proposition 2.1 ]) Let C be a nonempty
closed convex subset of a real Hilbert space H and let S : C' — C' be a mapping.

(i) If S'is a strict pseudo-contraction, then the mapping I — S is demiclosed (at
0), i.e., if {z,} is a sequence in C such that z,, — z and (I — S)z,, — 0,
then (I — S)z = 0.

(if) If S is a quasi-strict pseudo-contraction, then the fixed set F'(S) of S is
closed and convex so that the projection Py is well defined.
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Lemma 3.2. (Takahashi and Toyoda [15, Lemma 3.2]) Let C' be a nonempty
closed convex subset of a real Hilbert space H and let {x,,} be a sequence in H.
Suppose that for each u € C,

lnr —ull < Jzn —ul, n>0.
Then the sequence { Pcx,, } converges strongly to some z € C.
Our weak convergence theorem is obtained as follows.

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H, A:C — H a monotone and k-Lipschitz continuous mapping and S : C — C
a r-strict pseudo-contraction for some 0 < x < 1 such that F'(S) N (A4, C) # 0.
Let {x,} and {y,} be sequences generated by

rg=x € C,
Yn = PC(xn - )‘nAxn)v
t, = Pc(xn — )\nAyn),

Tpg1 = Qulp + (1 — ay,)St,, n >0,

(6)

where {\,} C [a,b] for some a,b € (0,1/k) and {«,,} C [c,d] for some ¢,d €
(k,1). Then {x,} and {y, } converge weakly to the same point z € F(S)NQ(A, C),
where z = lim,, . PF(S)HQ(A,C)xn-

Proof. The proof is divided into five steps. First, note that F'(S) N Q(A,C) is
closed and convex by Lemma 3.1(ii) and [17, Lemma 3.1].

Step 1. Letu € F(S)NQ(A,C) so that (Au,v —u) >0, forall v € C. We
claim that
[#ns1 = ull < [len —ull,  forn >0,

which implies that
lim ||z, — ul|
n—oo

exists, for all u € F'(S) N Q(A,C).
By (5), (6) and the monotonicity of A, we obtain

tn = ull® < 2 = AnAyn = ull* = 20 — AaAyn — ta?
= llan —ul® = |2 — tall* + 2An{Ayn, u — ta)
= [l —ul® = [lon — tall* + 2An{Ayn — Au, u — yn)
+ 22X (Auy u — yn) 4+ 20 (AYn, Yn — tn)
< ln = ull® = llzn = tall® + 22 Ayn, Y — ta)
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= llen = ull® = (lzn = yal® + 2z = Yo Yo — tn) + lyn — tall?)
+ 20 (AYn, Yn — tn)
= llen = ull® = llzn = yall® = lyn = tall® + 2(z0 = AaAYn = Yns ta — ).
Since y,, = Po(x, — A\yAxy,) and A is k-Lipschitz continuous, it follows from (4)
that
(T — A AYn — Yn, tn — Yn) = (Tn — \pAZy — Yyt — Yn)
+ (AnAzy — M\ Ayn, tn — Yn)
< (AAzp — M Ay, tn — Yn)
< Ankll@n = ynlllltn = ynll-

Therefore

<l = ull® = 2w = yall® = lyn = tall* + 20akllzn = yalllitn = ynl
<l = ull® = 2w = yall® = lyn — tal®
21.2 2 2
AR 120 = ynll” + llyn — tall
= [lzn = ull® + A2k = Dllzn — yal®

< [l — ul.

()

Note that w = Sw and {«,,} C [k, 1]. Since S a k-strict pseudo-contraction, we
have by (6), (7) and Lemma 2.1(ii) that

01 — ul?
= [lan(tn —u) + (1 — ) (St — U)H2
= aplltn — ul|® + (1 = an)||Stn — ul® — an(l — )|t — Stnl|?
< O‘nth_uH2 1_0‘71)(”7571_“”2"'“”7571 _Sth2)
—a, (1 = ap) ||t — St
= [|tn — uH2 + (I —an)(k—an)|tn — Sth2
<l = ull® + W2k = 1)l — ynl|?

< flan = ull*.

+(
®) !

Our claim is proved. Hence lim,, . ||z, — u|| exists and so the sequences {z,}
and {t,} are bounded.

Step 2. Observe that
lim ||z, — yu|| =0
n—oo
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and

lim ||y, — ] = 0.
n—oo
In fact, we have by (8) that
(1 =22k |20 = ynl® < lln =l = 241 — ul®
which shows that

= ynl® < J#n = ull? = |21 = ull?).

1— A2k? (
n
Hence lim,, oo |2 — yn|| = 0. On the other hand, since P¢ is nonexpansive,

tn — ynll® = [|Po(2n — AnAyn) — Po(wn — AnAzy) |2
< A2K |2 — ynl?

A2 k2

= W(Hwn —ul?® = zps1 — ul?).

Thus limy, oo ||y — ta|| = 0 by Step 1. Since ||z, —tn|| < |20 — ynll + |y —tall,
it implies that lim,,_. ||z, — t,]| = 0. By Lipschitz continuity of A, we have
lim,, o0 || Ay, — Aty = 0.
Step 3. We claim that the following hold:
(i) lim ||t, — St,]| =0;
n—oo
(i) lim ||z, — Sz,| = 0.
n—oo

Indeed, since x < ¢ < o, < d < 1 forall n > 0, it follows from (7) and the fourth
inequality in (8) that

(e = R)(1 = d)lta = Stal* < (0 = £)(1 = ) [tn = St
< lan = ull* = llzns — ull®.

By Step 1, limy, .o ||t — Stn|| = 0.
By Lemma 2.1(ii),
[nt1 = Sni1]* = lan(tn = Stpi1) + (1= an)(Sty — Swnia)|?
anlltn = Stppal” + (1= o)l Sty — Szppa|?
—an(1 = ap)|[tn — St

©)
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Note that ¢, — z,+1 = (1 — ay,)(t, — Stp,). The first term on the right-hand side
of (9) can be written as
tn = Szaiill® = [1(ta = 2nt1) + (@1 — Szps1) |2
= l[tn = zp1 [ + 201 — Szoia ||
(10) +2(tn — Tpt1, Tne1 — STht1)
= (1= a)?[[tn — Stall® + lzns1 — Szata

+2<tn — Tn+1l, T+l — an+1>-

To estimate the second term on the right-hand side of (9), since S is a x-strict
pseudo-contraction, it follows that
1Stn = Szt < lltn — @nrall® + Kll(ta — Stn) = (2n41 — Szpga) |
= |tn — @nrall® + Klltn — Stal® + Kllznsr — Szpa|?
(11) —2K(ty — Sty, Tpt1 — STpt1)
=[(1— an)® + &]ltn — Stall? + £llenr1 — Sznpf?

—2K(ty, — Stp, Tnt1 — STpt1).
Now, we deduce from (9), (10) and (11) that

|1 = Szaral® < (1= ) (1 + £ — 2a0)|[tn — Sta|?
o + £(1 = an) [|zns1 = Szni ||
12) +2(1 — ap) (v — &) (ty, — Sty, Tpp1 — STpt1)
< lan + #(1 = o)l @ns1 = Sz
+(1 = ) (1 + K — 20, ||tn — Stn|?
+2(1 — an)(an = £)|[tn = Stallllznsr = Seapa|-

Putting a,, = ||zn+1 — Szpt1]| and by, = ||t, — St,|| for n > 0, and then dividing
(12) by 1 — a, yields

(1 —k)a2 < (14K — 20002 + 2(tp — K)anb,.

If b, = 0, then a,, = 0. If b, > 0, divide the last inequality by 52 and set
Yn = an /by to get the quadratic inequality of -,

(1—K)72 = 2(an — k)Y — (1 + K —20,) <0
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which implies that

an —k++/(an — )2+ (1= kr)(1+ K —2ap)
1-x

=1.

Y <

Therefore a,, < b,. It follows that ||z,,+1 — Szp4+1] < ||[tn — Sty ||, for all n > 0.

Since limy, o ||t — St,|| = 0, we have limy, o ||z, — Sz,|| = 0.
Step 4. Denote the weak w-limit set of {x,,} by
wy(xn) = {2z € H : x,, — x, for some subsequence {z, }}.

We claim that
ww(zn) C F(S)NQA,C).

Since {x,} is bounded and H is reflexive, wy,(z,) is nonempty. Let z € wy,(zy,)
so that there exists a subsequence {x,,} of {z,} converging weakly to z. We will
show that z € Q(A, C). Since z,, — t,, — 0 and y,, — ¢, — 0, we have ¢,, — z
and y,,, — z. Define a set-valued mapping 7' : H — 2 by

Av+ Nev, ifvecC,
Tv = .
0, ifvdC.

Then T' is maximal monotone. Let (v,w) € G(T'). Then w € Tv = Av + N¢w.
Hence w — Av € Ngv and so

(v—u,w—Av) >0, forallueC.
On the other hand, since ¢,, = Po(x, — A\ Ayy,) and v € C, we have by (4) that

<xn - )‘nAyn — by, ty — 'U> >0

and so
tn_ n
(13) (v = tu, Ao + 5 Tny > .
Since w — Av € N¢w, t,, € C and A is monotone, (13) shows that
<’U - tnsz>
> (v —tp,, Av)
[

> (v — ty,, Av) — (v — tp,;, Ay, + ———""
gy =0t AY = y ) t

= (v —tp;, Av — Aty,) + (v — tp,, Atn, — Ayn,) — (v — ty,, m}\— fL'nz>

tn, — Tn. n;

> (v —ty,, Atn, — Ayn,) — (v — tn,, 3 ).

7
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As i approaching oo,
(v—2z,w) > 0.

Since T is maximal monotone, z € T-10 and hence z € Q(A, C); see [13].

To prove that z € F(S), note that S is a x-strict pseudo-contraction and so by
Lemma 3.1 (i) the mapping I — S is demiclosed at zero. Since ||z, — Sz,| — 0
and z,, — z, we have z € F(S). Consequently, z € F'(S) N (A, C) and hence
wy(zn) C F(S)NQA,C).

Step 5. The sequences {z,} and {y,,} converge weakly to the same point z €
F(S) N Q(A,C), where z = lim,, ..o Pp(s)na(a,c)Tn- T see this, we first show
that w,, (z,,) is a single-point set. Take z1, zo € wy,(z,,) arbitrarily and let {x, } and
{z,} be subsequences of {z,} such that xy, — 21 and x,,, — 2o, respectively.
It follows from Step 1 and Step 4 that lim,,_.o ||z, — 21| and limy, oo |20 — 22|,
exist. By Lemma 2.1 (iii) we obtain

limy, oo |20 — 21]|* = lim [#m,; — leQ
J._’OO 2 2
= lim [z, — 22" + [lz2 — 2]
J._’OO 2 2
= lim [lzg, — 22" + [[22 — 21|
ZT)OO 9 9
= lim [lzg;, — 21" + 2[22 — 21|
1—00

= lim Hxn — 21H2 + 2”22 — 21H2
n—00

which asserts that z; = z,. Therefore wy,(x,) is a single-point set, say {z},
and so z, — z. Since z, —y, — 0, we also have y, — z. Forn > 0, let

un = Pr(s)na(a,c)n S0 that by (4),
(z = Up, Ty — up) < 0.

Then Step 1 and Lemma 3.2 assure that {u,,} converges strongly to some z €
F(S)NQ(A,C). Hence (z — zp,z — z9) < 0 which shows that z = zy. This
completes the proof. [ |

4. APPLICATIONS

In this section we apply Theorem 3.1 to construct an iterative process to find a
common element of the set of fixed points of a strict pseudo-contraction and the set
of zeroes of a monotone and Lipschitz continuous mapping.

Theorem 4.1. Let H be a real Hilbert space, A : H — H a monotone and
k-Lipschitz continuous mapping and S : H — H a x-strict pseudo-contraction for
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some 0 < x < 1 such that F(S) N A='0 # (. Let {z,} and {y,} be sequences
generated by

tn = T — AnAYn,
Tpt1 = Qplp + (1 - Oén)Stn, for n > 0,

where {\,} C [a,b] for some a,b € (0,1/k) and {«,,} C [c,d] for some ¢,d €
(k,1). Then {x,} and {y,} converge weakly to the same point z € F'(S)n A~10,
where

z = nlgglo Pr(s)na-10n-

Proof. This is exactly the case when C' = H in Theorem 3.1. Since Q(A, H) =
A~'0 and Py = I, the desired result follows. m

Remark. Notice that F(S) N A~10 C Q(A, F(S)). See also [16, Yamada]
for the case when A : H — H is a strongly monotone and Lipschitz continuous
mapping and S : H — H is a nonexpansive mapping.

It is well known (see [11]) that if A : H — H is a maximal monotone mapping,
then for each v € H and A > 0 there is a unique z € H such that

ue (I+MA)(2).

The (single-valued) function J{' := (I +\A)~! thus defined is called the resolvent
of A of parameter \, and it is also known as the proximal mapping. The mapping
J{* : H — H is nonexpansive and Ji!(z) = z if and only if 0 € A(z).

Theorem 4.2. Let H be a real Hilbert space, A : H — H a monotone and
k-Lipschitz continuous mapping and B : H — 2 a maximal monotone mapping
such that A=10 N B~10 # (. Let JZ be the resolvent of B, for each r > 0. Let
{z,,} and {y,} be sequences generated by

ro=x € H,

Yn = Tp — ApATy,

tn = T — AnAyn,

Tpi1 = apty + (1 — ay)JBt,, forn >0,
where {\,} C [a,b] for some a,b € (0,1/k) and {«,,} C [c,d] for some ¢,d €
(0,1). Then {z,} and {y,} converge weakly to the same point z € A=10N B0,

where
z = lim PA—lomB—loxn.

n—oo



1210 Lu-Chuan Ceng and Shuechin Huang

Proof. We have Q(A, H) = A=10, F(JB) = B~10, Py = I and x = 0 in Theorem
3.1. The desired result obtains. ]
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