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ON JACOBSON PROPERTY OF I'y-RINGS

Wang Dingguo

Abstract. Let M be a I'-ring in the sense of Nobusawa. The ring

My = ( ﬁ E ) was defined by Kyuno. Let P be a class of prime

rings such that for every prime ring R and any 0 # e? = e € R, R € P if
and only if eRe € P. In this paper, the P-Jacobson I'-rings which include
the Jacobson property and Brown-McCoy property as special case are
defined. Relationships between P-Jacobson properties of I'-ring M and
the corresponding properties of I'y, ,,-ring M, 5, the right operator ring
R of T'-ring M, M-ring I" and the ring M, are established.

1. INTRODUCTION

The class of Jacobson rings, which consists of all rings in which the prime
radical coincides with the Jacobson radical in all homomorphic images, is an
important class in ring theory. For several years, Jacobson rings and their
generalizations are extensively studied. In [9, 10] some of the Jacobson and
Brown-McCoy properties have been established for I'-rings. Jacobson I'-rings
are defined to be those I'-rings in which the prime radical equals the Jacobson
radical in all homomorphic images. Brown-McCoy I'-rings are defined to be
those I'-rings in which the prime radical equals the Brown-McCoy radical in
all homomorphic images.

Througout this paper, let P be a class of prime rings such that for every
prime ring R and any 0 # €2 = e € R, eRe € P if and only if R € P. We note
that many well known classes of rings satisfy this property: the class of prime
rings, the class of primitive rings, the class of prime Levitzki semisimple rings,
the class of prime subdirect irreducible rings, the class of primitive rings with
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nonzero socle, the class of weak primitive rings, the class of k-primitive rings,
the class of prime Johnson rings, and the class of nonsingular prime rings (cf.
[6, P.11]) This motivates us to consider the class of P-Jacobson I'-rings (cf.
Definition 3.1).

Let M and I' be additive abelian groups. If, for all x,y,z € M and
a, B, u € T the following hold:

(1) zBy € M;

(2) 2B(ypz) = (xBy)pz;

(3) 2By +2) = xPy + 2Pz x(B+ )y = vy +zpy; (x+y)Bz = Bz +yPz,
then M is called a I'-ring. A weak I'y-ring is a pair (M,T") such that

(4) M is a I'-ring and T is a M-ring;

(5) zB(ypz) = x(Byp)z = (zBy)pz and (azByp = a(zfy)p = ax(Byp).
If in addition, we have that

(6) zpuy =0 for all z,y € M implies p = 0,
then the pair (M,T") is called a I"y-ring.

The notions of ideals, prime ideals, homomorphisms and subdirect sums
of I'-rings are defined exactly as for rings. “I < M” will denote “I is an ideal
of M”.

If M is a I'-ring, let R be the subring of the endomorphism ring of M
(operator being taken to act on the right), consisting of all sums of the form
S [Bisxi](Bi € Tyx; € M), where [, 2] is defined by: y[3, ] = yfz, for all
y € M. The ring R is called the right operator ring of M. A left operator ring
L of M is similarly defined.

A T-ring M is said to have right unity if there exists an element > i, [0;, a;]
€ R such that 1" ; xd;a; = x for all z € M. It is easily verified in this case,
> oie1ldi, a;] is the unity of the ring R. Left unity is similarly defined.

Let (M,T') be a weak I'y-ring and A C M, PC R, Q C Land ® CT.
Then we define: P* = {x € M : [B,z] € Pforall B €T}, QT ={z € M:
[w,u]EQforalluEF},A*l:{TER:MTQA}, A+l:{y€L:yM§A},
MNA)={pel: MuM C A} and M(®) = {x € M : Tzl C ®}.

Let M be a I-ring, and let M, ,, and I';, ,, denote the sets of m xn matrices
with entries from M and of n X m matrices with entries from I', respectively.
Then M, is a I'y ,-ring with matrix addition and the obviously defined
muliplication.

Let (M,T') be a I'y-ring, R and L denote respectively the right and left
operator rings of I'-ring M.
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R

M L
of matrix multiplication and addition. For details, see [1,5]. Moreover, if
I < M, then it is easily verified that

12_(1* F<,f>)gM2_

The set My = ( ) is a ring with respect to the obvious operations

1 It

For further details of I'-rings and their operator rings, we refer to [1] and [4].
Radical classes of I'-rings, special radical and hereditary classes are defined
exactly as for rings. See, for example, [2,3].

2. P IDEALS AND P-RADICAL OF I'-RINGS

As in G. L. Booth [3], a T-ring M is called a (right) P-I'-ring or Pr)-ring
if (i) the right operator ring R of M belongs to P, (ii) MT'z = 0 implies
r = 0. We will use P(r to denote the class of all P-I'-rings. I < M is called
a P-ideal if M/I € P(ry. For any I'-ring M, the P-radical of M is defined as
the intersection of all P-ideals of M and is denoted by Rp(M).

In the following only right operator rings are considered. Analogous results
for the left operator ring can be proved similarly. We will need the following
two lemmas.

Lemma 2.1. If A is an ideal of the I'-ring M, R and [I', M/A] are the
right operator rings of T'-ring M and T'-ring M/A, respectively, then we have

[, M/A] = R/A*/ under the mapping

Z [vi, zi + A] — Z [Vi, ] +A*/.

(2

Moreover, if (M,T) is a weak T’ n-ring, we have [I'/T'(A), M/A] = R/A*/ under
the mapping

Z [vi +T(A),z; + A] — Z [i, zi] + A*/.

(2
Lemma 2.2. If M is I'-ring with right operator ring R. and P is a prime
ideal of R or M has right unity and P is an ideal of R, [I', M/P*] is the right
operator rings of I'-ring M/P*, then we have [I', M/P*] = R/P under the
mapping

(]

Z [vi, zi + P*] — Z [vi, xi] + P.

161



162 Wang Dingguo

The proof of Lemmas 2.1 and 2.2 may be easily verified by direct compu-
tation.

As an immediate consequence of Lemma 2.2 and [4, Theorem 1], we have
the following result.

Proposition 2.3. Let M be a I'-ring with right operator ring R. Then the
mapping P — P* defines a one-to-one correspondence between the P-ideals

of R and that of M. Moreover, (P*)*/ =P.

Let (M,T) be a I'y-ring. It is easily verified that an ideal P of M is P-ideal
if and only if M/P is a P-I'/T'(P)-ring. From [1, Theorem 3.3], we have the
following

Proposition 2.4. Let (M,T) be a weak T'n-ring. Then the mapping
A — T'(A) defines a one-to-one correspondence between the sets of P-ideals
of T'-ring M and those of M -ring I'. Moreover, M(T'(A)) = A.

Corollary 2.5. Let (M,T') be a weak I’ n-ring. Then Rp(I') = T'(Rp(M)).

Proposition 2.6. Let (M,T") be a weak I n-ring and T'-ring M has right
unity. Then My € P if and only if M € Pr).

Proof. Suppose that I-ring M € P(r). Then R € P and M is a prime
[-ring. By [1, Theorem 3.5], My is a prime ring. Since eMae = R € P, where

1 0
6:(0 0>,M2€7D.

Conversely, suppose that Ms € P. Since eMe =2 R, R € P. By the
primeness of My and [1], Theorem 3.5, M is a prime I'-ring, thus MTz =
0, x € M, implies x = 0. Therefore M € Pr.

Proposition 2.7. Let (M,T') be a I'n-ring and let I'-ring M have right
unity. Then a subset Py of My is a P-ideal if and only if

p= 4 W)
A At
where A is a P-ideal of I'-ring M.

Proof. Suppose that P, is a P-ideal of Ms. Then P, is a prime ideal of
Ms. Hence, by [1], Theorem 3.6,

Py ( A¥ r(4) )
A At
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for some prime ideal A of M. Now

My Py = R/AT T/T(A) )
S WV R Ve

Hence, by Proposition 2.6, M/A € Py, i.e., A is a P-ideal of M.

Conversely, if A is a P-ideal of M. then M/A € P). Hence, by Proposi-
tion 2.6, Mo/ Py = (M/A)2 € P, i.e., Py is a P-ideal of Mo.

The following result generalizing a result of Kyuno [5] to I'-rings which do
not necessarily have left unity.

Corollary 2.8. Let (M,T') be a I'y-ring and let T'-ring M have right

unity. Then
_( Br(R)  Rp(l)
mon= (5200 i) )

3. P-JACOBSON I'-RINGS AND MATRIX I’ ;,-RINGS

Definition 3.1. TI'-ring M is called a P-Jacobson I'-ring if the prime
radical equals the P-radical in all homomorphic images of M.

Clearly, Brown-McCoy TI'-rings and Jacobson I'-rings are special case of
P-Jacobson I'-rings. It is easy to prove the followings:

Proposition 3.2. If M is a P-Jacobson I'-ring and I QA M, then M/I is
also a P-Jacobson.

Proposition 3.3. M is a P-Jacobson I'-ring if and only if every prime
ideal of M is an intersection of P-ideals of M.

Corollary 3.4. T'-ring M is P-Jacobson if and only if every prime ho-
momorphic image of M is Rp-semisimple.

If we denote by R the class of all P-Jacobson I'-rings, then, from Definition
3.1, we have

R ={M:P(M/I)= Rp(M/I) for every ideal I of M}.

If Rp is a hereditary radical, as in the cass of [7, Theorem 26] we have
that R is a radical class. If we denote by v the radical associated with the
P-Jacobson I'-ring class R. then ~ is the largest radical class such that v(M)N
Rp(M) C P(M) for every I'-ring M.
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In the following we assume that Rp is a hereditary radical.

Proposition 3.5. ~ is hereditary i.e., ideals of P-Jacobson I'-rings are
P-Jacobson.

Proof. Let R, denote the class of all P-radical I'-rings, and U, the class
of all semiprime I'-rings. Then R, N, is a class of semiprime I'-rings. In a
way similar to that of [8, Proposition 2] we can prove that - is hereditary.

Corollary 3.6. Let M be a I'-ring and I an ideal of M. Then v(I) =
I'n~(M).

We now prove the next theorem which indicates one way to construct new
P-I'-rings from given ones.

Theorem 3.7. Let M be a I'-ring with right unity. Then M € Py if
and only if the I'n ym-ring My, n € P(r).

Proof. Suppose that M € Pr). Then R = [[',M] € P and M sati-
fies MT'z = 0 implies * = 0. Denote the right operator ring of M,,, by
[Crms M), and recall that [Ty, My n] = R, (see [4, P. 376]) and R, is
prime. We have that [I'y, ,,,, My, n] € P. Also, if My, nI'pm(zij) =0, (zi;) €
My, p, then for all m € M, v €T', we have that

0 0
0 = (mea)(ver)(xst) = | mywjn -+ myzg, | (0).
0 0

Therefore, MT'z;; = 0 for all 1 <7 <m, 1 < j < n, and consequently z;; = 0
and (z;;) = 0. Hence Ty, ,,-ring My, , € Pry-

Conversely, suppose that 'y ;,-ring My, € Pry. Then Crm, M) =
R, € P. Hence R € P. Also, if MT'x = 0, x € M, then M, ,I';, yxeir =0
and consequently xei;; = 0, i.e.  =0. Hence M € P(ry.

Lemma 3.8. If I <4 M, then the matriz 'y, y,-ring (M /1)y, , is isomorphic
to the L'y m-ring My, /I p-

Lemma 3.9[4]. Let M be an arbitrary I'-ring. Then the prime ideals of
the matriz 'y, -ring My, ,, are precisely the sets Py, where P is a prime
ideal of the I'-ring M.
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As a consequence of Lemma 3.8 and Theorem 3.7, we have

Theorem 3.10. Let M be an I'-ring with right unity. Then the P-ideals
of the matriz I'y, p,-ring M,y ,, are preciselg the sets Py, n,, where P is a P-ideal
of the I'-ring M .

Theorem 3.11. If M is a I'-ring, then Rp(Mpn) = (Rp(M))mn-

Proof. By Theorem 3.10, we have that

Rp(Mpmpn) = {(I)mn|Iis a P —ideal of M}
= (N{I/Iis a P —ideal of M})p,p

= [Rp(M)lm,n-

Theorem 3.12. Let M be a I'-ring with right unity. Then I'-ring M
is P-Jacobson if and only if, for any m,n, the matriz 'y, y,-ring M, , is P-
Jacobson.

Proof. Suppose that M is a P-Jacobson I'-ring. By Lemma 3.9, any prime
ideal of M, is of the form P, ,, where P is a prime ideal of the I'-ring M.
Since the I'-ring M is P-Jacobson, whence P = NP,, where P, (o € A) are
P-ideals of M. Now P = (NPa)mn = N(Pa)mmn, and My, p/(Po)mn =
(M/Py)mn, we have (Py)mn(a € A) are P-ideals of M, . Thus M, , is a
P-Jacobson I'y, ,,-ring.

Conversely, suppose that M,,, is a P-Jacobson I', ,,-ring. Let P be a
prime ideal of I'-ring M. Now My, /Pmyn = (M/P)yy is prime and so
Rp((M/P)mn) =0. Thus Rp(M/P) =0 and M is a P-Jacobson I'-ring.

Corollary 3.13. A ring R is a P-Jacobson ring if and only if, for any
m,n, the Ry, m-ring Ry, n s P-Jacobson.

Corollary 3.14. (M) = (y(M))m,n for any I'-ring M.

Proof. This follows immediately from Theorem 3.12 and the corresponding
result for ring [7, Lemma 8].

4. P-JACOBSON I'-RINGS AND THE OPERATOR RINGS

In this section, the relationships between P-Jacobson properties of I'-ring
M and its right operator rings are established. Analogous results for the left
operator ring can be proved similarly.
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Theorem 4.1. Let M be a I'-ring, and let R be the right operator ring of
M. Then M s a P-Jacobson I'-ring if and only if R is a P-Jacobson ring.

Proof. Suppose that M is a P-Jacobson I'-ring. For every prime ideal @)

of R, there is a prime ideal P of M such that Q = P* . Hence, there exist
P-ideals P, of M(a € A) such that P = N{P, : @ € A}. Then

Q = P*/:{xER:MxQP}

= ﬂ{a:ER:MasgPa,aEA}:ﬂ{Pg:l:aEA}.

By Proposition 2.3, Pa*/ (o € A) are P-ideals of R. Therefore, R is a P-
Jacobson ring.

Conversely, suppose now that R is a P-Jacobson ring, and let P be a prime
ideal of I'-ring M. Then there is a prime ideal A of R such that P = A* =
{z € M :[I'z] C A}. Since R is a P-Jacobson ring, A = N{A, : a € A},
where A, (a € A) are P-ideals of R. But

P = A*={xeM:[I'z] C A}
= NfeeM:[Ihz]CAy,ae A} =n{A, : a € A}.

By Proposition 2.3, A% (a € A) are P-ideals of M. Hence, M is a P-Jacobson
I'-ring. This completes the proof.

Lemma 4.2. Let M be a semiprime I'-ring and A M. If <T,A >
denotes the right operator ring of the I'-ring A, then <T'; A >= [I', A] (see [3,
Lemma 2.3]).

Let « be the radical class of P-Jacobson rings, v denote the radical class
of P-Jacobson I'-rings. Then we have the following.

Lemma 4.3. FEvery a-semisimple ring or ~y-semisimple I'-ring is
semiprime.

Lemma 4.4. Let M be a I'-ring with right and left unities, and let R
be the right operator ring of M. Then M is v-semisimple if and only if R is
a-semisimple.

Proof. Suppose that R is a-semisimple. If M is not ~y-semisimple, then
0 # v(M) < M and the right operator ring < I', (M) > of I'-ring v(M) is a
a-radical ring by Theorem 4.1. On the other hand, since R is a-semisimple, R
is semiprime and hence M is semiprime. By Lemma 4.3, < I',v(M) >
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[[',v(M)] is a a-radical ring. But [I',y(M)] < R, this contradicts the a-
semisimplicity of R. Thus M is ~-semisimple.

Conversely, suppose now that M is y-semisimple. If R is not a-semisimple,
then 0 # «(R) <J R. Since M has right and left unities, it is easy to prove that
a(R) = [I',a(R)*]. By Proposition 3.2 and the fact (see [4, p. 203])

<T,a(R)* > = [ a(R)*]/([I',a(R)*] N Annga(R)*)
= a(R)/([T'; a(R)] N Annra(R)¥)
we have that < I', a(R)* > is an a-radical ring. Hence a(R)* is a y-radical I'-

ring by Theorem 4.1. But 0 # «(R)*< M, this contradicts the y-semisimplicity
of M. Therefore R is a-semisimple.

Theorem 4.5. Let M be a I'-ring with left unity, R be the right operator
ring of M. Then, we have

(1) a(R) € (v(M))* ; and
(2) If M has right unity, then v(M) C (a(R))*.

Proof. (1) Since [[', M/u(M)] = R/(M(M))*/ by Lemma 2.1 and M /(M)
is y-semisimple, by Lemma 4.4, R/(v(M))* is a-semisimple. It follows that

a(R) C (v(M))" .
(2) By Lemma 2.2, [I', M/(a(R))*] = R/a(R) and R/a(R) is a-semisimple.
Then, by Lemma 4.4, it follows that v(M) C (a(R))*.

Corollary 4.6. Let M be a I'-ring with right and left unities, R be the
right operator ring of M. Then, we have a(R) = (y(M))* .

Proof. Since I'-ring M has right and left unities, it is easy to prove that
T, v(M)] = (v(M))* and (a(R))* = Ma(R). Thus, we have

/ !/ /

(v(M))* < ((a(R)")" = (Ma(R))" =[I' Ma(R)] € a(R).

/

By Theorem 4.5, we have a(R) = (y(M))* .

5. P-JACOBSON PROPERTY OF M-RING I' AND THE RING My

In this section, let (M,T") be I'y-ring. Let R and L denote respectively

the right and left operator rings of I'-ring M and My = ( ]\R4 E >

Theorem 5.1. Let (M,T) be a weak T'n-ring. Then the T'-ring M is
P-Jacobson if and only if the M-ring I is P-Jacobson.

167



168 Wang Dingguo

Proof. Suppose that I'-ring M is P-Jacobson. For every prime ideal ®
of M-ring I', by Proposition 2.4, there is a prime ideal P of I'-ring M such
that ® = I'(P). Hence, there exist P-ideals P, of M(a € A) such that
P =n{Pa:acA}. But

IN(P)={yel:MyYM CP}=n{yel: MyM C P,, a € A}
=N{['(P,) : « € A}.

By Proposition 2.4 and [1, Theorem 3.3], I'(P,) are P-ideals of I'. Thus, M-
ring I' is P-Jacobson. The proof of the converse is similar. This completes the
proof.

Proposition 5.2. Let (M,T) be a weak T'n-ring. Then v(M) C M (y(T))
and y(I') C T'(y(M)), where v(M) and ~(I') denote respectively the y-radical
of '-ring M and M-ring I.

By Theorem 5.1 and the fact that (M/~(M),T'/T'(y(M))) is weak
(T/T(y(M))n-ring, it is clear that (I') C T'(y(M)). Similarly, it can be
shown that v(M) C M(~(I)).

Theorem 5.3. Let (M,T) be a T'n-ring and T'-ring M have right unity.

Then the ring My = ( ﬁ 1; ) is a P-Jacobson ring if and only if U'-ring M

is P-Jacobson.

Proof. Suppose that My is a P-Jacobson ring and I is a prime ideal of
M. By [1, Theorem 3.6], Iy = < I[ ;i,[) ) is a prime ideal of Ms. Thus,

I, = NP2, where P,s(ac € A) are P-ideals of M,. By Proposition 2.7,

*
Poo = < Fa F(J,Da) ), where P, is a P-ideal of I-ring M. From this we
P, Pr

have that I = NP,, i.e., M is a P-Jacobson I'-ring. The proof of the converse
is similar, and will be omitted.

Theorem 5.4. Let (M,T") be a I'n-ring and I'-ring M have right unity.

Then /
) ( () TG() ) |
"\ ()t
. ((M))* T(y . ( R/((M))* T/T((M))
Proof. Since M: i iy
! I SO RN > ( M/y(M) L)) )
by Theorem 5.3 and the facts that [F/F( M)),M/~(M)] = R/(y(M))* and
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[M/(M),T/T(y(M))] = L/~(M)* , it follows that

o) ( (D) T((M) ) |
a0 ot

Theorem 5.5. Let (M,TI') be a I'n-ring and I'-ring M have right and left
unities. Then we have

) ( () T (M) ) |
W) ()

Proof. Since I'-ring M has right and left unities, we can prove that for any
A<M, A* =[I,A], At =[A,T] and I'(A) =T AT and thus

(v(0M))* P(v(M)) :<[F,7(M>] Iy (M) )
y(M)  (y(M)T V(M) (M), T] )~

I, A] [CAT

By [5], Lemma 4.1, we have a(M3) = < A (A, T]

the other hand, by the facts that

D, A] TAD ) N ( R/A* T/T(A) )
e

),WhereAgl M. On

Ma/a(Mz) = Mo/ < A [A,T MJ/A  LJAY

and Mas/a(Ms) is a-semisimple, from Theorem 5.3 we get that M/A is 7-
semisimple and thus v(M) C A. Hence we have

(v(M))*  T(y(M)) T, 4] TAD \
( W1) () ) - < A (AT ) = B(My).

us, we have « = ’Y(M))*I P(V(M)), e proof is completes
Thus, h (My) (fy(M) (M) > The proof pletes.
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