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WEAK CONVERGENCE THEOREM FOR NEW NONEXPANSIVE
MAPPINGS IN BANACH SPACES AND ITS APPLICATIONS

Takanori Ibaraki and Wataru Takahashi

Abstract. A new nonexpansive mapping in a Banach space which is called
generalized nonexpansive was introduced by the authors [4]. In this paper, we
prove a weak convergence theorem for finding a fixed point of a generalized
nonexpansive mapping in a Banach space. Moreover, using this result, we
consider a proximal-type algorithm and the feasibility problem.

1. INTRODUCTION

Let C be a closed convex subset of a Banach space F and let T be a nonex-
pansive mapping of C' into itself. We denoted by F(T') the set of fixed points of
T'. In 1953, Mann [8] introduced an iteration method for finding a fixed point of a
mapping 7" in a Banach space as follows: zy € C' and

(1.2) Tyl = @Try + (1 —ap)zy, n=0,1,2,...,

where {«a,,} is a sequence in [0, 1]. Later, Reich [11] discussed this iteration se-
quence in a uniformly convex Banach space with a Fréchet differentiable norm and
obtained that the sequence {z,} converges weakly to a fixed point of 7" under
Y2 an(l — o) = co. Motivated by Kohsaka and Takahashi [7], Matsushita
and Takahashi [9] also studied an iteration sequence for relatively nonexpansive
mappings 7" in a uniformly smooth and uniformly convex Banach space as follows:
xo € C and

1.2 Tpi1 = e anJzy, + (1 —ap)JTz,), n=1,2,...,
+
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where {a,,} is a sequence in [0, 1], I is a generalized projection of E onto C
and J is the duality mapping on E; see [1] for generalized projections. They
obtained that the sequence {z,} converges weakly to a fixed point of 7' under
lim inf,, 0 an(1l — ay) > 0.

Recently, Ibaraki and Takahashi [4] introduced a new nonexpansive mapping in
a smooth Banach space: Let D be a nonempty closed convex subset of a smooth
Banach space E. A mapping R : D — D is called generalized nonexpansive if
F(R) # 0 and

(1.3) V(Rz,y) < V(z,y)

for each z € D and y € F(R), where V(u,v) = ||ul|* — 2{u, Jv) + ||v||? for all
u,v € K.

Our purpose in this paper is to prove a weak convergence theorem for finding
a fixed point of a generalized nonexpansive mapping in a Banach space. Using
this result, we first consider a proximal-type algorithm for finding a zero point of
a maximal monotone operator in a Banach space. Next, we consider the feasibility
problem of finding a common element of finite sets in a Banach space.

2. PRELIMINARIES
Let £ be a real Banach space with its dual E*. We write x,, — x to indicate

that the sequence {x,,} converges weakly to zy. Similarly, z,, — ¢ will symbolize
the strong convergence. A Banach space F is said to be strictly convex if

fall =l =1, @2y = |52 <1

Also, E is said to be uniformly convex if for each ¢ € (0, 2], there exists 6 > 0
such that

T+
ol =l =1, o=l ze= |34 <1-6
The following result was proved by Xu [22].

Lemma 2.1. ([22]) Let » > 0 and let E be a uniformly convex Banach
space. Then, there exists a continuous, strictly increasing, and convex function
g :10,00) — [0,00) with g(0) = 0 such that

(2.1) Az + (1= N)yll* < Allz|* + (1 = Mlyll* = A1 = Ng(lla = yl)

forall z,ye B, :={z€ E: |z <r}and Awith0 < X <1.
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A Banach space F is said to be smooth if

ek gyl el

(2.2) lim "

exists for each z,y € {z € E : ||z| = 1}(=: S(E)). In this case, the norm of E is
said to be Gateaux differentiable. The space F is said to have a uniformly Gateaux
differentiable norm if for each y € S(E), the limit (2.2) is attained uniformly for
x € S(E). The norm of E is said to be Fréchet differentiable if for each « € S(E),
the limit (2.2) is attained uniformly for y € S(E). The norm of E is said to be
uniformly Fréchet differentiable (and E is said to be uniformly smooth) if the limit
(2.2) is attained uniformly for =,y € S(FE).

An operator T C E x E* with domain D(T) = {z € E : Tz # (0} and range
R(T) = U{Tz : x € D(T)} is said to be monotone if (x — y,2* — y*) > 0
for any (z,z%), (y,y*) € T. An operator T is said to be strictly monotone if
(x —y,x* —y*) > 0 for any (z,2*),(y,y*) € T (z # y). A monotone operator
T is said to be maximal if its graph G(T') = {(x,z*) : * € T} is not properly
contained in the graph of any other monotone operator. If 7" is maximal monotone,
then the set 7710 = {u € E: 0 € Tu} is closed and convex. If E is reflexive and
strictly convex, then a monotone operator 7" is maximal if and only if R(J+\T) =
E* for each A > 0. A monotone operator 7" is maximal if and only if there exists a
(p,p*) € E such that (p — u,p* — u*) > 0 for each (u,u*) € T, then (p,p*) € T
(see [16, 19] for more details).

The normalized duality mapping J from E into E* is defined by

J(x) = {2" € B*: (z,2") = ||«|* = [|=*|*}, V€ E.

We also know the following properties (see [18] for details):
(1) Jx # 0 for each z € E.
(2) J is a monotone operator.
(3) If E is strictly convex, then J is one to one, that is,
x#y = JrnJy=10.
(4) If E is reflexive, then J is a mapping of E onto E*.
(5) If E is smooth, then the duality mapping J is single valued.
(6) If E has a Fréchet differentiable norm, then .J is norm to norm continuous.
(7) Eis strictly convex if and only if J is a strictly monotone operator.
(8)

8) FE is uniformly convex if and only if £* is uniformly smooth.

Let £ be a smooth Banach space and consider the following function studied
in Alber [1] and Kamimura and Takahashi [6]:

V(z,y) = |lz|® = 2(z, Jy) + [ly]I*
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for each =,y € E. It is obvious from the definition of V' that

(2.3) (lzll = llylD?* < V(z,y) < (2l + lly 1)

for each =,y € E. We also know that
(2.4) Viz,y) =V(z,2)+ V(z,y) +2(x -z, Jz = Jy)
for each x,y, z € E(see [6]). The following lemma is well-known.

Lemma 2.2. ([6]) Let £ be a smooth and uniformly convex Banach space and
let {x,,} and {y,} be sequences in E such that either {z,,} or {y,} is bounded.
If limy,— 00 V(2p, yn) = 0, then lim,, . || zn, — yn|| = 0.

Let C be a nonempty subset of a Banach space E and let 7' be a mapping from
C' into itself. A point p in C is said to be an asymptotic fixed point of a mapping
T [13] if C contains a sequence {z,} which converges weakly to p such that the
strong lim,, .~ (2, — Tx,) = 0. The set of asymptotic fixed points of T" is denoted
by F(T).

Let D be a nonempty subset of E. A mapping R : E — D is said to be sunny
if

R(Rx +t(x — Rz)) = Rz, Vz € E, Vt > 0.

A mapping R : E — D is said to be a retraction if Rx = z, Ve € D. If E is
smooth and strictly convex, then a sunny generalized nonexpansive retraction of £
onto D is uniquely decided (see [3,4]). Then, if E be a smooth and strictly convex,
a sunny generalized nonexpansive retraction of E onto D is denoted by Rp. Let
D be a nonempty closed subset of a Banach space E. Then D is said to be a
sunny generalized nonexpansive retract (resp. a generalized nonexpansive retract)
of E if there exists a sunny generalized nonexpansive retraction (resp. a generalized
nonexpansive retraction) of £ onto D (see [3,4] for more details). The set of fixed
points of such a generalized nonexpansive retraction is D.

The following result was obtained in [3,4].

Lemma 2.3. ([3,4]) Let D be a nonempty closed subset of a smooth and strictly
convex Banach space E. Let Rp be a retraction of £ onto D. Then R p is sunny
and generalized nonexpansive if and only if

(x — Rpx, JRpx — Jy) >0
for each x € E and y € D, where J is the duality mapping of E.

Let £ be a reflexive, strictly convex, and smooth Banach space with its dual
E*. If a monotone operator B C E* x E is maximal, then E = R(I +rBJ) for all
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r > 0 (see Proposition 4.1 in [4]). So, for each r > 0 and = € E, we can consider
the set J,o = {z € E: 2z € z+ rBJz}. From [4], J,.x consists of one point. We
denote such a J,. by (I +rBJ)~!. J, is called a generalized resolvent of B (see
[4] for more details).

The following two results were obtained in [4].

Lemma 2.4. ([4]) Let E be a reflexive, strictly convex, and smooth Banach
space and let B ¢ E* x E be a maximal monotone operator with B =10 # ). Then
the following hold:

(1

) D(J,) = E for each r > 0.
(2) (BJ)~'0 = F(J,) for each r > 0.
(3) If E has a Frechet differentiable norm, then (B.J) ~10 is closed.
(4)
(5)

5

J,- is generalized nonexpansive for each » > 0.

Forr>0andz € E, X(z— Jyz) € BJJx.

Theorem 2.5. ([4]). Let E be a uniformly convex Banach space with a Fréchet
differentiable norm and let B ¢ E* x E be a maximal monotone operator with
B~10 # (). Then the following hold:

(1) For each x € E, lim, ., J,x exists and belongs to (B.J) 10

(2) If Rx := lim, . Jyz for each z € E, then R is a sunny generalized
nonexpansive retraction of £ onto (BJ) ~

3. Weak CONVERGENCE THEOREM

In this section, we consider the weak convergence of (1.1). We can prove the
following theorem for generalized nonexpansive mappings in Banach spaces.

Theorem 3.1. Let E be a smooth and uniformly convex Banach space, let
C' be a nonempty closed convex subset of E, let T' be a generalized nonexpansive
mapping from C' into itself with F/(T') # 0, and let {«,,} be a sequence of real
numbers such that 0 < «,, <1 and liminf,, o @, (1 — a;,) > 0. Suppose {z,} is
the sequence generated by g =z € C and

Tpt1 = anZp + (1 —ap)Txy, n=1,2,....

If F(T) = F(T), then the sequence {,,} converges weakly to an element of F'(T').
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Proof. Let z € F(T). From convexity of || - |[>, we have

V(znt1,2) = Viape, + (1 — ap)Tay,, 2)

IN

anV(xn, 2) + (1 — an)V(Txy, 2)
< apV(xn, 2) + (1 — an)V(xy, 2)

= V(zp, 2)

for all n € N. Hence, lim, .o V(z,,2) exists. So, we have from (2.3) that

the sequence

{z,} is bounded. This implies that {7z, } is also bounded. Put

7 := suppenu(opl |znll, [ T2 }. By Lemma 2.1, there exists a continuous, strictly
increasing, and convex function g : [0, c0) — [0, co) with g(0) = 0 satisfying (2.1),

where B, = {

V($n+1, z) -

<

and hence

Since {V (zy,

Then the prop

x € E :| x| <r}. Therefore we have
V(apzy + (1 — ap)Tay, 2)
lanzn + (1 = an)T2n||? — 2{anty + (1 — an) Ty, J2) + || 2|2
anl|zall? + (1 = an)IT2n]|* = an (1 = an)g(||lzn — Tznl)
—2a, (xn, J2) — 2(1 — ap)(Txp, J2) + ||2||?
(|12 = 2w, J2) + 2]
(1= ) ([T~ 2T, T2 H[2IP) an(1—n)g (e Tl
anV(xn, 2) + (1 — an)V(Tan, 2) — an(l — an)g(|zn — Tay||)
anV(xn, 2) + (1 — an)V(zn, 2) — an(l — an)g(||zn — Txy||)

Vi(xn, 2) — an(l — an)g(||lzn — Tan|)

an(1 = an)g(llzn — Tanl]) < V(n, 2) = V(Tni1,2).

z)} converges and lim inf,, . a, (1 — av,) > 0, it follows that
lim g(||z, — Tx,|) = 0.
n—oo

erties of ¢ yield that

lim ||z, —Tz,| =0.
n—oo
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For a subsequence {z,,} of {z,} such that z,, — v for some v € E, by F(T) =
F(T) we have that v is a fixed point of 7.

Let {z,,} and {x,;} be two subsequences of {z,} such that z,,, — v; and
Tp; — vg. As above, we have vy, vy € F(T). Put

a= lim <V(xn, v1) — V(zp, v2)>.
Note that
V{2, v1) — V(2 v2) = 2{xpn, Jvg — Jv1) + [Jo1||2 = [Jva?, n=1,2,....

From x,, — v1 and x,,; — v, We have

(3.1) a = 2(vi, Juy — Jor) + [|vr|* — [Jvz®
and
(3.2) a = 2{ve, Jug — Jur) + |Jv1||* — |Jval|*.

Combining (3.1) and (3.2), we obtain
<’U1 — V9, J’U1 — J’U2> =0.

Since J is strictly monotone, it follows that v; = w,; see the property (7) of J.
Therefore, {x,,} converges weakly to an element of F(T'). |

4. PROXIMAL-TYPE ALGORITHM

In this section, we first study a proximal-type algorithm for maximal monotone
operators. We start with the following lemma.

Lemma 4.1. Let E be a reflexive, strictly convex, and smooth Banach space,
let B C E* x E be a maximal monotone operator and let .J,. be a generalized
resolvent of B for all » > 0. Then, the following hold:

(1) If E has a Fréchet differentiable norm, then .J, is demiclosed;

(2) if the duality mapping J is weakly sequentially continuous, then F(.J,) =
F(J.).

Proof. (1) Let {z,} be a sequence of E such that z,, — z¢ and J,z,, — yo.
Let (u*,u) € B. Then, from monotonicity of B and Lemma 2.4 we have that

< Ty — Jrn,

—u, JJ, Ty — u*> >0
r
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for all n € N. Letting n — oo, we get

<u—u,Jyo—u*> > 0.
r

Since B is maximal monotone, we have (zy — yo)/r € BJyp and hence z( €
yo + rBJyg. From definition of J,., we get yg = J,x0.

(2) It is obvious that F'(J,) C F(J,). Conversely, let z € F'(J,.). There exists
a sequence {z,} C E such that z,, — z and z,, — J,x,, — 0. Hence, we have
Jrxy, — z. Let (u*,u) € B. From the monotonicity of B and Lemma 2.4 that

<u—m,u*—Jern> >0
r

for all n € N. Since J is weakly sequentially continuous, we get
(u,u* — Jz) > 0.

So, we have 0 € B.Jz. Therefore, we get z € (BJ)~'0 = F(J,). This implies
that '(J,) C F(J,). So, we have F(J,) = F(J,). [

Using Theorem 3.1, Lemmas 2.4 and 4.1, we obtain the following result.

Theorem 4.2. Let E be a smooth and uniformly convex Banach space, let
B C E* x E be a maximal monotone operator with B=10 # (), let J, be a
generalized resolvent of B for all » > 0, and let {a,} be a sequence of real
numbers such that 0 < «,, <1 and liminf,, o @, (1 — a;,) > 0. Suppose {z,} is
the sequence generated by 2o = xz € E, and

Tn+1 :anxn+(1_an)Jr$n, n=12,....

If the duality mapping J is weakly sequentially continuous, then the sequence {z ,,}
converges weakly to an element of (B.J) ~10.

Proof. Since B~10 is nonempty, (B.J)~10 is nonempty(see [5]). From Lemma
2.4 and Lemma 4.1, the generalized resolvent J,. is generalized nonexpansive and
F(J,) = F(J;) = (BJ)~'0. By Theorem 3.1, {z,,} converges weakly to an
element of (B.J)~10. [

Next, we apply Theorem 4.2 to solve the the convex minimization problem. As
in [5], we can prove the following result.

Theorem 4.3. Let E be a smooth and uniformly convex Banach space, let
f*: E* — (—o0,00| be a proper lower semicontinuous convex function with
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(0f*)~1(0) # 0, let » > 0 and let {a,,} be a sequence of real numbers such that
0 < ap, <1 andliminf, .o an(1 — ) > 0. Suppose {z,} is the sequence
generated by zo =z € F and
* H * [,k 1 * (|2 1 *
i = argmin§ £(y") + 511y = (e y) |
4.2) y*eE* T T
Tpgl = ATy + (1 — an)J_ly;;, n=12,....

If the duality mapping J is weakly sequentially continuous, then the sequence {x ,,}
converges weakly to an element of (9f*.J)~1(0).

Proof. By Rockafellar’s theorem [14, 15], the subdifferential mapping 0f* C
E* x E is maximal monotone. Fix » > 0 and z € E. Let J, be the generalized
resolvent of 9f*. Then we have

z2€ Jpz+r0f*JJ.z
and hence,
. 1., 1 L1, 1
0€dfJz+=J " Jhpz—=2=0(f"+—|-|I'==(z,") | JJ,z.
r r 2r r
Thus, we have
sz =agmind 17+ 5P = )}
T’z = - - Z, .
v B 4 or Py

Therefore, from (4.1) we have that J~1y} = J~'JJ.x, = J,x, for all n € N. By
Theorem 4.2, {x,} converges weakly to an element of (0 f*J)~10. [ ]

5. FEASIBILITY PROBLEM

In this section, we consider the feasibility problem. We know the WW-mapping
which was introduced by Takahashi and Shimoji [20]: Let C be a convex subset
of a Banach space E. Let T1,T5, ..., T, be finite mappings of C into itself and
let a1, o, ..., «, be real numbers such that 0 < o; < 1 foreachi =1,2,...,r.
Then, we define a mapping W of C into itself as follows:

U= a1+ (1 —aq)l,
Us = aoTolUy + (1— an)l,
(5.1)
U1 = a1l U o+ (1 —ar1)l,
W=U = aTU1+(1—an)l.
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Such a mapping W is called the TW-mapping generated by 77, Ts, . . ., T, and a1, s,
ce, O
To prove our result, we need the following lemmas.

Lemma 5.1. Let E be a smooth and uniformly convex Banach space and let

C be a nonempty closed convex subset of E. Let T1,T5,..., T, be generalized
nonexpansive mappings of C' into itself such that N7_, F'(7;) is nonempty, and let
a1, Q, ..., o be real numberssuchthat0 < a; < 1foreachi =1,2,...,r—1and

0 < a, <1. Let W be a W-mapping of C into itself generated by 71, T5, ..., T,
and ay, g, ..., a.. Then, F(W) = Ni_, F(T;).

Proof. It is obvious that N}_, F(T;) C F(W). Conversely, let z € F(IW) and
w € N/_F(T;). Then, we have z = Wz = o, T,U,—12 + (1 — o)z and hence
T,U,_1z = z. Further, we have

V(z,u) V(T,Up—12,u)

IN

V(Ur-1z,u)

IN

ar—lv(Tr—lUr—Q'zv u) + (1 - aT’—l)V(zv ’U,)
Oér—lv(Ur—2zv u) + (1 - ar—l)v(zv ’U,)

IN

IN

ar—lar—2V(Tr—2Ur—327 u)

+a,—1(1 —ap2)V(z,u) + (1 — ap_1)V (2, u)

IN

ar—lar—2V(Ur—327 u) + (1 - Oér_l()ér_g)V(Z, u)

IN

ar—lar—2ar—3V(Tr—3Ur—4zv u)

+ar—1ar—2(1 - Oér_g)V(Z, ’U,) + (1 - ar—lar—2)v(zv u)

IN

ar—lar—2ar—3V(Ur—4zv u) + (1 - Oér_l()ér_g()ér_g)V(Z, u)

IN

ap_1Qp_g -V (Uyz,u) + (1 — apjop_g - a0)V(z,u)

IN

Qp_1Qp_g g V(T z,u)

tor_qar_g-raz(l —a)V(z,u) + (1 —ap_10p—o- - a2)V(z, u)

ap_1Qp_g ool V(Tizyu) + (1 — apjop—g - - -ana)V(z, u)

IN

Qp_1Qp_g oo Vi(z,u) + (1 — aporap—g - - - g )V(z,u)

V(z,u)
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So, we have V(z,u) = V(Uiz,u). Put r := max{||z|, ||[T1z]|}. By Lemma 2.1,
there exists a continuous, strictly increasing, and convex function g : [0, 00) —
[0, 00) with ¢g(0) = 0 satisfying (2.1), where B, = {z € E : ||z|| < r}. We have

V(Uiz,u) = ||oaTiz + (1 — o) z]|? = 2 Thz + (1 — o)z, Ju) + ||ul|?

< ar|[Tazl* + (1 = an)l|2]* — a1 (1 = ax)g(||2 — Trz]))
—201 (T2, Ju) — 2(1 — ay){z, Ju) + ||u?

= a1 (ITa2? =2(Tiz, Ju) +[jul]2) + (1=an) (|22 2z, Ju) +|u]]?)
—a1(1—a)g([lz — Thzl)

= a1V(Tiz,u)+ (1 —a1)V(z,u) — a1 (1 — a1)g(||]z — T12||)

< aV(zyu)+ (1 —a)V(z,u) —ar(1 —aa)g(|lz — Thz|)

= V(z,u) —a1(1 —a1)g(||z = Taz|)

Hence we have

1

9(llz = Tiz|)) < (= an)

{V(z, u) — V(U z, u)} = 0.
We get z = T} z, and hence z = U; z. Next, we also have that V' (z,u) = V(Uaz, u).
From U,z = z, we get
V(Usz,u) = ||aoTolUz + (1 — ao)z||? = 2({aaTolUr 2 + (1 — o)z, Ju) + ||u|?
< ag|| Toz|” + (1 = ag)||z]]* — a2(1 — a2)g(||z — Taz]))
—200(Toz, Ju) — 2(1 — ag)(z, Ju) + ||u?
< V(z,u) — aa(l — ag)g(|[z — Toz|)).-

So, we get T5z = z and hence Usz = z. By such a method, we have z = T}z and
z=Ugzforeachk =3,4,...,r—1. Since 2z =U,_1z and z = Wz, we get z =
T,Uy—1z = T,z. This implies z € N}_, F(T;). So, we have F(W) C Ni_, F(T3).
Therefore, we have F'(W) = N_, F(T;). ]

Lemma 5.2. Let E be a smooth and uniformly convex Banach space and let
C be a nonempty closed convex subset of E. Let T1,T5,..., T, be generalized
nonexpansive mappings of C' into itself such that N}_, F'(T;) is nonempty, F'(T;) =
F(T;), and

(5.2) V(z, Tix) + V(Tiz,u) < V(z,u), VzeC, Yue F(T;)
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foreachi=1,2,...,r. Let a1, a9, ..., a, be real numbers such that 0 < a; < 1
foreachi=1,2,...,r—1and 0 < o, < 1 and let W be a W-mapping of C into
itself generated by 74,75, ..., T, and a1, e, ..., a,. Then, F(W) = F(W)

Proof. It is obvious that F(W) c F(W). Conversely, let z € F'(W). Then
there exists a sequence {x,} such that z,, — z and ||z,, — Wx,|| — 0. From the
definition of W, we have

1
HTrUr—lxn - fL‘nH - _HW{E” B x””
Ay

and hence ||T,U,_1x,, — || — 0. From the definition of 1, it is obvious that
(5.3) V(Ujz,u) < V(x,u), Vo € C, Vu € (| F(T))
i=1

foreach j =1,2,...,r. Puty, = U,_1z, and letu € N]_, F(T;). Then, it follows
from (5.2) and (5.3) that

V(ym TT’yn) S V(ym ’U,) - V(TT’yTL7 ’LL)
< V(zp,u) — V(T,Up_12p,u)

= ||@p||? = | T U120 |)? — 2(xy — T Up_1 20, Ju)

IN

(Il 1T Tl ()| = 1T U ) +2 0~ U

IN

(Il TVl o= Ty Urca |+ 2l = T Up 2]

and hence V (yy,, Ty,) — 0. From Lemma 2.2, we get ||y, — T,y || — 0 and hence
|y — @n|| — 0. So, e have that y, — z. This implies that z € F(T}) = F(T}).
Moreover, we have

Hxn - r—lan - Hxn - TrUr—lxn + TrUr—lxn - r—lan
< Hxn - TrUr—lan + HTrUr—lxn - Ur—lan
= || — ToUr—1zn || + | T7yn — ynll-

This implies that ||z,, — Uy_12,] — 0.

Similarly, from || T;_1U, o2, — || = =L

|Uy—12y — x|, we have ||z, —

Qpr—1
T, U, _gay|| — 0. As above, we get z € F(T,_1) and ||z, — U_ozp| — 0. By
such the method, we have z € F(T;) and ||x,, — Uz, || — 0 foreach i = r —3,r —
4,...,2. From the definition of 7, we have ||T z,, — x| = O%Hlen—an. Since
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|20 —n| — 0 and 2, — 2, we get z € F'(T1). Hence we have z € N[_, F'(T))

From Lemma 5.1 and the assumption of T;, then /(W) = ni_, F(T;) = Mi_, F'(T;)
This implies that z € F(W). So, we have that F'(W) = F(W). |

Using Theorem 3.1, Lemmas 5.1 and 5.2, we can prove the following result.

Theorem 5.3. Let E be a smooth and uniformly convex Banach space and
let C' be a nonempty closed convex subset of E. Let T, 75, ..., T, be generalized
nonexpansive mappings of C' into itself such that N7_, F'(T;) is nonempty, F'(T;) =
F(T;), and

(5.4) V(z, Tix) + V(Tiz,u) < V(z,u), VxeC, Yue F(T;)

foreachi=1,2,...,r. Let ay, a9, ..., a, be real numbers such that 0 < a; < 1
foreachi=1,2,...,r—1and 0 < o, < 1 and let W be a WW-mapping of C into
itself generated by 7', 75, ..., T, and a1, o, ...,«,. Let {3,} be a sequence of
real numbers such that 0 < 3,, < 1 foreach n = 1,2, ... and liminf,, .~ Bn(1 —
Bn) > 0. Suppose {z,} is the sequence generated by zy = = € C and

Tn+1 :ﬁnxn"f’(l_ﬁn)wxnv n=12,....
Then the sequence {z,} converges weakly to an element of N_, F'(T}).

Proof. From Lemma 5.2, we have F(W) = F(W) = Ni_, F(T;) and hence,
by the definition of W, it is obvious that V(W x, u) < V(z, u) for each x € C and
u € F(W). Therefore, by Theorem 3.1, {x,,} converges weakly to an element of
Ni= F(T5). u

Next, we apply Theorem 5.3 to solve the feasibility problem. Before solving it,
we prove the following lemmas.

Lemma 5.4. Let D be a nonempty subset of a reflexive, strictly convex, and
smooth Banach space E. If R is the sunny generalized nonexpansive retraction of
E onto D, then

(5.5) V(z,Rz) +V(Rx,u) < V(x,u)
for each z € F and u € D.
Proof. Letx € E and v € D. From (2.4) and Lemma 2.3, we have
V(z,u) = V(z, Rz)+ V(Rz,u) + 2(x — Rx, JRx — Ju)
> V(z, Rz)+ V(Rx,u)
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for each x € F and u € D. n

Lemma 5.5. Let E be a reflexive, strictly convex, and smooth Banach space
and let D be a nonempty weakly closed subset of E. If R is the sunny generalized
nonexpansive retraction of £ onto D, then F(R) = F(R).

Proof. It is obvious that F(R) c F(R). Conversely, let z € F(R). There
exists a sequence {z,} C E such that z,, — z and z,, — Rz,, — 0. Hence, we
have Rx,, — z. From {Rz,} C D and Rz, — z, we get z € D. This implies that
F(R) c D = F(R). So, we have that F'(R) = F(R). m

Finally, we prove the following result.

Theorem 5.6. Let E be a smooth and uniformly convex Banach space, let
D4, Ds, ..., D, be nonempty weakly closed sunny generalized nonexpansive re-
tracts of £ such that N_; D; is nonempty, and let a1, ao, . . ., o, be real numbers
such that 0 < a; < 1 foreachi =1,2,...,r—1land 0 < o, < 1. Let W
be a W-mapping of E into itself generated by R1, Rs, ..., R, and aq, as, . . ., a,
where each R; is the sunny generalized nonexpansive retraction of £ onto D ;. Let
{B.} be a sequence of real numbers such that 0 < 3,, < 1foreachn =1,2,...
and liminf, .o G,(1 — 3,) > 0. Suppose {z,} is the sequence generated by
o=z € F and

Tl = PnTn + (1 = Bn)Wa,, n=12....
Then the sequence {z,} converges weakly to an element of N]_, D;.

Proof. From Lemmas 5.4 and 5.5, we have F(R;) = F(R;) and

(5.6) V(z,Rix) + V(Rjz,u) < V(z,u) VreE, Yuée D,

foreach i =1,2,...,r. We recall that F(R;) = D, foreachi=1,2,...,r. Using

Theorem 5.3, {z,} converges weakly to an element of _, D;. |
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