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STRONG CONVERGENCE THEOREMS OF REICH TYPE ITERATIVE
SEQUENCE FOR NON-SELF ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS

S. S. Chang, Yeol Je Cho and Y. X. Tian

Abstract. The purpose of this paper is to give some necessary and sufficient
conditions for the iterative sequence of Reich type to converging to a fixed
point. The results presented in this paper extend and improve some recent
results ([2-4]).

1. INTRODUCTION

Throughout this paper, we assume that £ is a real Banach space, C' is a nonempty
closed convex subset of E, E* is the dual space of E and J : E — 2F" is the
normalized duality mapping defined by

(L) J(@) ={f € B (x, f) = ||| - [IFI], V|l = | fI[}, Ve e E,

where (-, -) denotes the generalized duality pairing.

In the sequel, we shall denote the single-valued normalized duality mapping J
by j and denote the fixed point set of a mapping 7" by F(T). If {x,} is a sequence
in £, then x,, — z (resp., =, — x) will denote strong (resp., weak) convergence of
the sequence {z,,} to a point z € E.

Recall that a mapping T' : C' — C' is said to be asymptotically nonexpansive
([1]) if there exists a sequence {k,} C [1,c0) with k,, — 1 such that

| T"x — T"y|| < kpllz —y||, Yz,y € C, n>0.
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A mapping T is said to be uniformly L-Lipschitzian if there exists a constant
L > 0 such that

||IT"x — T"y|| < L||z —y||, Yz,y € C, n>0.

It is clear that every non-expansive mapping is asymptotically non-expansive
and every asymptotically non-expansive is uniformly L-Lipschitzian with a constant
L = sup,,~q k, > 1. The converses do not hold. The asymptotically non-expansive
mappings are important generalization of non-expansive mappings.

Definition 1.1. Let E'be a real Banach space and C be a nonempty subset of £.

(1) A mapping P from E onto C is said to be a retraction if P? = P.

(2) If there exists a continuous retraction P : E — C such that Pz = x for all
x € C, then the set C is said to be a retract of E.

(3) Especially , if there exists a non-expansive retraction P : E — C such that
Pz = x for all x € C, then the set C is said to be a non-expansive retract
of F.

Definition 1.2. Let E be a real Banach space, C' be a nonempty non-expansive
retract of £ with a non-expansive retraction P : £ — C. LetT : C — FE be a
non-self mappings.

(1) T is said to be non-self asymptotically nonexpansive if there exists a sequence
{kn} C [1, 00) with lim,,_,~ k,, = 1 such that
|| T(PT)" o — T(PT)" y|| < kpl||z — ]|, Vz,yeC, n>1.

(2) T is said to be non-self uniformly L-Lipschitzian if there exists a constant
L > 0 such that

| T(PT)" ' —T(PT)" 'y||< Lz —y||, Va,yeC, n>1.

Proposition 1.1. If T : C' — E is a non-self asymptotically non-expansive
mapping with a sequence {k,} C [1,00), k, — 1 (n — o), then we have the
following:

(1) The mapping PT : C — C'is an asymptotically non-expansive mapping with
the same sequence {k,,}.

(2) PT is a uniformly L-Lipschitzian mapping with L = sup ;> k, > 1.
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Proof. In fact, since T : C' — FE is a non-self asymptotically non-expansive
mapping, for any n > 1 and x,y € C, we have

I(PT)"x — (PT)"y|| < |T(PT)" " = T(PT)""'y|| < knllz —yl.

Thus the conclusion (1) is proved. The conclusion (2) is obvious. This completes
the proof.

Definition 1.3. Let S := {z € E : ||z|| = 1} be the unit sphere of a Banach
space E. The space FE is said to have a uniformly Gateaux differentiable norm if,
for each y € S, the limit

L e+ tyl] — el
t—0 t
is attained uniformly for all x € S.

Remark 1.1. It is well-known that, if E has a uniformly Gateaux differentiable
norm, then the normalized duality mapping J : E — 2F" is uniformly continuous
from the norm topology of E to the weak* topology of E* on any bounded subsets
of F.

Let K be a nonempty closed convex and bounded subset of £ and the diameter
of K be defined by d(K) = sup{||z —y[| : =,y € K}. Foreach z € K, let
r(xz, K) =sup{||lz —y|| : y € K} and r(K) = inf{r(z, K) : « € K} denote the
Chebyshev radius of K relative to itself. The normal structure coefficient NV (E) of
E is defined by

N(E):
d(K)

= inf{ ()

: K is a closed convex bounded subset of E with d(K) > 0}.

A Banach space E such that N(E) > 1 is said to have uniformly normal
structure. It is known that every space with a uniformly normal structure is reflexive
and all uniformly convex and uniformly smooth Banach spaces have uniformly
normal structure (see [12]).

Recall that a linear continuous functional p € (1°°)* is called a Banach limit if

||| =1, liminfa, < pn(an) <limsupan, pin(an) = pn(ani1)
n—00 n—00
for all a = {a,} € 1°°, where p(a), a = {a,} € (> is denoted by u,,(a,).
Next, we introduce the concept of Reich type iterative sequence for non-self
asymptotically nonexpansive mappings.

Definition 1.4. Let E be a real Banach space and C' be a nonempty closed
convex subset of E. Let u € C be a given pointand 7' : C — FE be a non-self
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asymptotically nonexpansive mapping with a sequence {k, } C [1, c0) with k,, — 1,
then the sequence {x,} in E defined by

xg € C
1 <& ,
Tyl = apu+ (1 — ay) . (PT) yy,
(1.2) n+ §=0 Vn >0,
1 ,
Yn :ﬁnxn+(1_ﬁn)n+1 O(PT)jxnv
j:

is called the first type iterative sequence of Reich, where {«,,} and {3, } are two
sequences in [0, 1].
In (1.2), taking 3, = 1 for all n > 0, then the sequence {z,,} in E defined by

xg € C,

n

1 .
j=0

(1.3) Vn >0,

is called the second type iterative sequence of Reich, where {«,,} is a sequence in
[0, 1].

Next, we consider some special cases of (1.2) and (1.3).

In 1980 and 1983, Reich [4], [5] proved that if E is a uniformly smooth Banach
space, C' is a weakly compact convex subset of E with fixed point property for
nonexpansive mappings, 7' : C — C'is a nonexpansive mapping and o, = n=%,a €
(0,1), then the sequence {z,,} defined by

xg € C
(1.4) Vn >0,
Tny1 = apu+ (1 — ap) Ty,

converges strongly to a fixed point of 7.
In 1992, Wittmann [6] proved that, if £ a Hilbert space and the sequence
{a,} C [0, 1] satisfies the following conditions:

o0 o0
lim o, =0 E oy, = 00, E |1 — | < 00,
n—oo

n=0 n=0

then the sequence (1.4) converges strongly to some fixed point of 7.
In 1997, Shioji and Takahashi [7] extended Wittmann’s result to Banach spaces
with a uniformly Gateaux differentiable norm.
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Recently, Zhang [8], [9] and Zeng [10] studied the convergence problem of the
following iterative sequence for asymptotically non-expansive mapping T : C — C:

xg € C,
n

1 ,
Tn+l1 = OplU + (1 - an)— ijnv
(1.5) n+1l jzg Vn>0

)

1 .
n = Mndn 1_n— Tjnv
Yn = o + (1= Ba) o 3 Tlo

which extended the corresponding results of Reich [4], [5], Shiojio and Takahashi
[7], Wittmann [6].
In order to prove our main results, we need the following Lemmas.

Lemma 1.2. Let £ be a Banach space with uniformly normal structure, C' be
a nonempty bounded subset of £ and 7' : C' — C' be a uniformly L—Lipschitzian
mapping with L < /N (E). Suppose further that there exists a nonempty bounded
closed convex subset K of C' with the following property (A):

(A) z € K implies wy(z) C K
where w,,(z) is the weak w—limit set of T" at z, i.e.,

wo(2) = {y € E: y = weak —limT"x for some nj — oc}.
J

Then T has a fixed point in K.

Lemma 1.3. ([7]) Let E be a Banach space with a uniformly Gateaux differ-
entiable norm, C' be a nonempty closed convex subset of £ and {« ,,} be a bounded
sequence of E. Let i be the Banach limit and z € C. Then

fin|n — 2||* = i i |2 ~ yl®

if and only if
pnly — 2, J(zn — 2)) <0, Vy € C.

where J : E — 27" is the normalized duality mapping.

Lemma 1.4. ([13]) Let {a,}, {bn}, {c.} be three nonnegative real sequences
satisfying the following conditions:

An+1 < (1_)‘n)an+bn+cn7 N n > ng,

where n is a nonnegative integer, {\,} is a sequence in [0,1] with >~ ° | X, =
00, by = o0(A,) and >_>° | ¢, < oo, then lim,, .o an = 0.

Lemma 1.5. Let FE be a real Banach space, E* be the dual space of E and
J : E — 2F" pe the normalized duality mapping. Then, for any =,y € E,
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(1) e+ yll* < [lzl]?+ 2(y, iz +y)), Vil@+y) e J(z+y).
(2) |z +yll? > [lz]]?+ 2(y, j(2)), Vi(z)e J(x).

The purpose of this paper is to prove the following main results for non-self
asymptotically non-expansive which improve and extend the corresponding results
of Reich [4], [5], Shiojio and Takahashi [7], Wittmann [6], Zhang [8], [9] and Zeng
[10].

2. THE MAIN RESULTS
Now, we give the main results in this paper.

Theorem 2.1. Let E be a real Banach space with a uniformly normal struc-
ture and whose norm is uniformly Gateaux differentiable. Let C' be a nonempty
bounded closed convex subset of £ and 7' : C — E be a non-self asymptotically
nonexpansive mapping with a sequence {k,,} C [1, co) satisfying the folowing con-
ditions:

(i) kn — 1, 1 <sup,>q kn < /N(E);

(i) >0 y(en —1) < oo, where

€p =

1 n
nHZ%kj»ZL ¥n > 0.
j:

Let P : E — C be the nonexpansive retraction, {«,}, {5,} be two sequences
in [0, 1] satisfying > o2, a, = oo. For any given v € C and n > 1 define a
contractive mapping S,, : C — C by

(1.6) Sn(z) = (1 —dp)u+dp(PT)"z, n>1,

where d,, = =, Vn > 1, t, € (0,1), t, — 1 (n — o0) and k; — 1 < (1 —
d,)?, ¥ n > ng, for some nonnegative integer ng. If z, € C is the unique fixed
point of S, i.e.,

(1.7) Zn = Spzn = (1 —dp)u+ dp(PT)" 2,

then the sequence {z,} defined by (1.7) and the sequence {z,} defined by (1.2)
converge strongly to the same fixed point z € F(PT) if and only if

(1.8) ||z, — PT(xy)|| — 0, ||zn — PT(2)|| = 0 (n — o0).
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Proof.
Necessity.

If the sequences {z,, } and {z,, } defined by (1.2) and (1.7), respectively, converge
strongly to the same point z € F(PT), then, by Proposition 1.1, we have

||xy, — PTay|| < ||xn — z|| + ||PTz — PTx,|
<14+ k)||zn—2|] =0 (n— ).

Similarly, we can prove that ||z, — PTz,|| — 0 (as n — o0).
Sufficiency.
For any v € F(PT), from (1.7), we have

[lzn = [(1 = dn)u + dnv]||
(2.1) =||(1 =dp)u+ dn(PT)" 2, — [(1 — dp)u + dp]||
= dp||(PT)"zp, — v|| < dpkn||zn — v]|.
Again, from Lemma 1.5, we have

llzn = [(1 = dn)u+ dav]|* = [ldn(2n = v) + (1 = dn) (20 — W)
> d2||zp — v||* + 2dp(1 = dp)(2n — u, J (20 — v)).

From (2.1), we have
2d, (1 — dp){(zn — u, J(2z, — v))
(2:2) < lzn = [(1 = dn)u + dnv]|]? — di |20 — 0|
< dp (k7 = 1)[|2n — vl
By the assumption that k2 — 1 < (1 — d,)?, we have

(zn —u, J(zn, —v)) < spD?,

where D = diamC (the diameter of C), s, := %_d") — 0asn — oo. Therefore,
we have
(2.3) lim sup(z, —u, J(z, —v)) < 0.

n—oo

Let x be the Banach limit. We define a mapping ¢ : C' — [0, c0) by

(2.4) $(@) := pnl|zn — 2|?, Vo € C.
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Since E has uniformly normal structure, it is reflexive. Again, since ¢(z) —
oo (as ||z|] — o0), ¢ is continuous and convex, by Mazur and Schauder’s Theorem
[19], there exists * € K such that ¢(z*) = inf,cc ¢(x). This implies that the set

K={yeC:¢(y) = inf ¢(z)}

zeC

is @ nonempty bounded closed convex subset of C'.
Now, we prove that

(2.5) U wwl) c K,

yeK

where w,, (y) is the weak w—limit set of mapping PT at y.

Indeed, for any y € K and any p € w,(y), there exists a subsequence {m;} C
{m} such that p = weak —lim;_,.. (PT)™y. By the weakly lower semi-continuity
of ¢, we have

¢(p) <liminf ((PT)™y) < limsup ¢((PT)™y)

J—00 m— 00
(2.6) = limsup un|| 2, — (PT)™y]|?
m—0o0

= limsup pn| |2, — (PT)" 20 + (PT)" 2, — (PT)myHQ'
m—0o0
By the condition (1.8), ||z, — (PT)z,|| — 0 as n — oo, we can prove (by using
induction) that

(2.7) l|zn — (PT)"z,|| — 0, (as n — o0), ¥V m > 1.
Therefore, from (2.6)and (2.7), it follows that

¢(p) < limsup piy ||z — (PT)" 20 + (PT) "2, — (PT)™y||?

m—00
= lim sup pn || (PT) ™z, — (PT)™y||?

(2.8) .
< hmsupk?nunHZn - yH2

m—00

= nl|zn — yH2 = glelg(ﬁ(x)v

i.e., p € K. The conclusion (2.5) is proved. Therefore, the set K satisfies the
condition (A). By Lemma 1.2, the mapping PT has a fixed point z in K and z is
also a minimal point of ¢ in C. By Lemma 1.3, we have

(2'9) ,Un<y -z J(Zn - z)> < 07 Vy eC.
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Especially, taking y = u, we have
(2.10) tn{u—z, J(zn, —2)) <0.
Combining (2.3) and (2.10), we have

unHzn—zHQ:un<zn—z, J(zn — 2))
:Mn<zn_u+u_zv J(Zn_z)>
< pnzn —uy, J(zn —2)) < 0.

Therefore, there exists a subsequence {z,,} of {z,} such that {z,,} converges
strongly to z.

Next, we prove that every subsequence of {z,} converges strongly to the same z.
Suppose the contrary, there exists a subsequence {z,, } of {z,} such that z,, — p.
It follows from ||z, — PTz,|| — 0 as n — oo that p is a fixed point of PT. By the
assumption that the norm of E' is uniformly Gateaux differentiable, the normalized
duality mapping J is uniformly continuous on every bounded subset of E from the
strong topology of E to the weak* topology of E*.

Observe that

‘<zni_u7 J(an —p)>—<z—u, J(Z—p)>‘
:‘<zni_z7 J(an —p)>—|—<z—u, J(an —p)—J(Z—p)H
< lzn; = 2| - llzn;, = pll + [z = w, J(z, —p) = J(z = p))I.

Since z,, — z (as i — o0), we have

(2.11) lim (z,, —u, J(zn, —p)) = (z —u, J(z—p)).

1—00
Similarly, we can prove that

(2.12) lim (z,, —u, J(zn; —2)) = (p—u, J(p—2)).

j—00

It follows from (2.3), (2.11) and (2.12) that (z—u, J(z—p)) < 0and (p—u, J(p—
z)) < 0. Adding up these two inequalities, we have

(z—p, J(z=p)) =z —plI> =0,

i.e.,, z = p. This implies that z,, — z € F(PT) as n — oc.
Next, we prove that the sequence {x,} defined by (1.2) converges strongly to
z € F(PT) too. In fact, it follows from (1.2), Lemma 1.5(i) and Proposition 1.1
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that, for any n > 1,

[ESEEE
= ||znt1 — [anu + (1 — ap)z] + ap(u — z)H2

<|lznt1 = [onu + (1 — ap Z]H2 + 2an(u — 2, j(Tpt1 — 2))

n

1 .
= |lapu+ (1 — o) —— (PT)Jyn—anu—(l—an)zH2
n+1 =
(2.13) + 200 (u — 2, j(@pt1 — 2))
n .
<10 = )y STV un = 2+ 200 = 2. s =)
j:

1 n+1 .
< (1 - an)? 1 Z; kY2 lyn — 211 + 2an{u — 2, j(@ns1 — 2))
j:
= (1 - an)?epllyn — 2l + 200 (u — 2, j(zns1 = 2)).
Now, we consider the first term on the right side of (2.13). From (1.2), we have

(1= an)?epllyn — 2|1
n

Z(PT)jxn — 2|2

J=0

< (1= an)’ep]|Bn(n — 2) + (1 - Bn) = Z((PT)J% - 2)|I”

= (1= an)?e3|Bun + (1= Bn) =

(2.14) 1
< (1= @) Bullarn —2*l|+ (1= B) =g Dyl — 21132
j=0

< (1= an)en{Ballen — 2l + (1 = Bu)enllzn — 2|[}
< (1 - an)ellfon — 2|1

< (1= an)lzn = 2l* + (1 = an)(ep = 1)lan — 2|2
< (1= ap)||zn — 2||* + (en — 1) M.

where M = D? - sup,,> (€3 + €2 + e, +1) < oo and D = diam(C). Substituting
(2.14) into (2.13), we have

(2.15) ||z — 2|12 < (L—ap)||zn— 2|2+ (en — 1) M + 20 (u—2, j(2pi1—2)).
Since

Zm — (L —dp)u+ dnxy) = (2m —xn) — (1 —dp)(u—2,), Yn >0, m>1,
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it follows from Lemma 1.4 and (1.7) that

Hzm_wnW:Hzm ((1- )'“"’dmxn)"‘(1_dm)(u_xn)u2
<|lzm = (1 = dm)u+ dmxn)”2 +2(1 = dn)(u — Tn, j(2m — 20))
= |I(1 = dim)u+ d(PT)"2n) — (1 = dyn)u + dimn) ||
+2(1 = dp) (U — 2 + 2 — Ty J(2m — 20))
< dll(PT) ™2 — 2)|* +2(1 = din )| 2m — @[
+2(1 —dm) (U — 2m, §(2m — Tn))-

Since the normalized duality mapping J is odd, i.e., J(—z) = —J(z), € E, we
have

<u - vaj(xn - Zm)>

1-2d, 9 d2 )
< |z — —m_||[(PT)" 2y, —
_2(1—dm)Hzm Zn| +2(1—dm)H( )" 2 — x|

2d,, 1 d, i
=72(1_ ){H(PT) m = Zal* = ||2m — al I’} + [(PT) ™2 — n]|?
< 2In =L PTY s, — (P | + | (PT) ™00 — 22
= 2(1—dyp) “m Tn Tn = Tp

1—d,, .

_Hxn_zmH2}+TH(PT) Zm—{L‘nH2

2d,, — 1
< gy Wl 2 =l + 1P =l = [ = zl)

1—dm

+ (PT) " 2, — al[*

2dm 1
572(1_d){(k2 1)[|2m — 22 + 2km| | 2m — 2| [|(PT) 2 — 2|

1—d
+I(PT)"an — zall*} + “(PT) " 2 — .

Since C is a bounded subset of £ and
[(PT)"2m — || < [[(PT)™ 2 — 2[| + [|zn — ]
< kmllzm — 2| + [|zn — 2]|

and hence {||(PT)™z,, — x,||} is also bounded. Letting

S= sup {||(PT)"zm —znl||, D} < o0,

m>1,n>0

we have
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. 2dm -1 2 2
_ _ DS _
(2.16) + 2k S||(PT) ™2, — ]|
1—d,,
+[(PT) = a7} + — 5%

From the condition (2.8): ||z, — PTz,|| — 0 (n — o0), by induction, we can
prove that

(2.17) |(PT)"xy — xpl] — 0, (n—o00) Vm>1.

Again, since k2, — 1 < (1 — d,,,)?, it follows from (2.16) and (2.17) that

2d,, — 1 1—d,
lim sup(u — 2, j(Tn — 2m)) < m(’ffn —1)8%+ TS2
(2.18) < (4 - 1)1 _Qdm52 L1 —QdeQ

= (1 —dp)dmS?, VYm>1.
Hence, for any given € > 0, there exists a positive integer ny such that
(2.19) (U= 2y (2n — 2m)) < (1 —dpm)dmS* +¢, Vn>ng, m>1.

Since d,,, — 1, 2z, — z(m — oo) and J is uniformly continuous on any bounded
subset of £ from the norm topology of F to the weak* topology of £* and hence
we have

hmsup(u — Zm; ](xn - zm)> = <u — & ](xn - Z)> <e, Vn2>n,
m—0o0
ie.,
<fI,'—Z7 j(xn—Z)>S€, vnzn()v
and so

limsup(u — z, j(x, — 2)) <e.
n—oo

By the arbitrariness of € > 0, we have

(2.20) limsup(u — z, j(z, —2)) <O0.

n—oo

Letting &, = max{(u— z, j(z, —2)), 0} for all n > 0, we know that &, > 0.
Now, we prove that

(2.21) lim &, = 0.
n—oo
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In fact, it follows from (2.20) that, for any give ¢ > 0, there exists a positive
integer ny such that

(u—z, j(xn—2)) <e, Vn>ny,

and so we have 0 < &, < ¢ for all n > ny. By the arbitrariness of £ > 0, this
implies that

lim &, = 0.

n—oo

From (2.15), we have

nsr — 21 < (1= an)l|zn — 2|* + (en — DM + 200 (u — 2, j(2ng1 — 2))
< (1= ap)||lzn — zH2 + 20,8041 + (en — 1) M.

In Lemma 1.4, take
an = ||zn — zHQ, An = Qn, by = 2008011, ¢ = (e, — 1)M.

Since " ((en —1) <ocoand Y > a, = oo, we have

i)‘” =00, by =o0(\), icn < 00.
n=0 n=0

This shows that all the conditions in Lemma 1.4 are satisfied. Therefore, we have
lim ||z, — 2|| =0.
n—oo
i.e., {x,} converges strongly to z € F'(PT). This completes the proof.
Taking 6, = 1 for all n > 0 in Theorem 2.1, we have the following theorem:

Theorem 2.1. Let {z,} and {x,} be the sequences defined by (1.7) and (1.3),
respectively. If the conditions in Theorem 2.1 are satisfied. Then the sequences
{z,} and {z,} converge strongly to the same fixed point of PT" in C if and only
if the condition (1.8) is satisfied.
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