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REGULARIZED RESOLVENT FAMILIES

Miao Li, Quan Zheng and Jizhou Zhang

Abstract. In this paper we present the notion of regularized resolvent families,
which generalizes the classes of regularized semigroups, regularized cosine
families and resolvent families. We obtained some generation theorems and
analyticity criterions for regularized resolvent families.

1. INTRODUCTION

Let X be a complex Banach space, a € L (R') (where RT = [0,00)) be

a scalar kernel Z 0, and A be a closed linear operator on X with dense domain
D(A). We consider the Volterra equation

(11) u(t) = F(t) + /O a(t — $)Au(s) ds, >0

where f : RT — X is continuous.

The theory of the abstract Volterra equation has been developed rapidly due to
its applications to many problems in mathematical physics, such as viscoelasticity
and heat conduction in materials; see [14] and the references therein.

In 1980, Prato and lannelli [4] first introduced the notion of resolvent families,
which now plays a central role in the theory of Volterra equations. A family of
strongly continuous bounded linear operators on X, { R() }+>o, is called a resolvent
family for (1.1) if R(t) commutes with A and satisfies the resolvent equation

R(t)x =z + /Ot a(t — s)AR(s)x ds, t >0, x € D(A).
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If the solution of (1.1) exists, it can be represented by the variation of parameters
formula

d t

ut) = L / R(t — 5)f(s) ds.

dt Jo
Recently there are some more general concepts such as integrated solution families
[13] and k(t)-regularized resolvents [11]. The Laplace transform technique is a
very useful tool for exponentially bounded resolvent families, integrated solution
families and %(t)-regularized resolvents. However, in such cases, the resolvent set
of the generator A is always nonempty.

In this paper we introduce the notion of C-regularized resolvent family, where
C'is an injective bounded operator on X, which allows the resolvent set of A being
empty. The class of C-regularized resolvent families is a very natural extension
of resolvent families (with C' = I), C-regularized semigroups (with a(t) = 1)
and C-regularized cosine operators (with a(t) = t) (see [4, 5, 15]). In section 2
we present some basic properties and generation theorems for regularized resolvent
families. Theorem 3.3 and 3.2 give the analyticity criterions for C-regularized
resolvent families, and Theorem 3.2 is even new for resolvent families. At last, we
give several examples.

2. C-RecuULARIZED RESOLVENT FAMILIES AND THEIR BASIC PROPERTIES

Throughout this section, A is a densely defined closed operator on a complex Ba-
nach space X and a € L}, (R™) is a scalar kernel # 0 satisfying [ e~“*|a(t)|dt <
oo. In the sequel, we will denote the range of a linear operator A by R(A), and by
pc(A) ={A e C: X— Ais injective and R(C) C R(\— A)} the C-resolvent set
of A. If f is Laplace transformable, we denote by f (M) the Laplace transform of f
at \.

Definition 2.1. A family {R(¢)}+>0 C B(X) is called a C-regularized resol-
vent family for (1.1) if the following conditions are satisfied:
(@) R(-) is strongly continuous on R* and R(0) = C;
(b) R(t)A C AR(t) fort > 0;
(c) For x € D(A), t > 0, the C-resolvent equation

(2.1) R(t)x = Cx + /t a(t — s)R(s)Axds
0

holds. If in addition, there are some constants M, w > 0 such that || R(¢)|| < Me“*
for ¢ > 0, then {R(t) }+>0 is called exponentially bounded.

We start with the following simple but important proposition.
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Proposition 2.2. Suppose {R(t)}+>0 C B(X) is a C-regularized resolvent
family for (1.1) satisfying || R(¢)|| < Me“*. Then the following statements hold.

(a) Forall z € X, t >0, fot a(t — s)R(s)x ds € D(A) with
t
(2.2) R(t)x = Cx + A/ a(t — s)R(s)x ds
0
(b) If ReA > w, then A — Aa(\)A is injective, R(A — Aa(A)A) C R(C), and

(2.3) A =xa(\)A) 0z = / e MR(t)x dt for z € X;

0
furthermore, if a(\) # 0, then 1/a(\) € pc(A). Moreover, { R(t) }+>o is uniquely
determined by A.

(c) R(t)R(s) = R(s)R(t) for t,s > 0.

Proof. By Definition 2.1 (b), (¢) and the closedness of A, (2.2) holds for all
x € D(A), thus (a) follows from the denseness of D(A) and the closedness of A.
(b) By Fubini’s theorem and (2.2), we have

00 00 00 t
/ e MR(t)x dt = / e MOz dt + A/ <e_’\t/ a(t — s)R(s)x ds) dt
0 0 0 0
= \"l0z + A/ R(s)x(/ e Ma(t — s) dt) ds
0

S

= A" 'Cx + AR(N)a(N)z,
where z € X and Re\ > w. Hence,
(2.4) (A= Xa(M)A)RN)z = Cz for z € X and Re) > w.

Since R(t) commutes with A, we get

A

RA)(A—=Aa(N)A)x = Cx  for z € D(A) and Re > w,

so that the injectivity of C' implies that A — Aa(A)A is injective. Thus we see
that (2.3) holds for ReA > w and 1/a(\) € pc(A) if a(\) # 0. Moreover,
by the uniqueness of the Laplace transform, we know that { R(t)}+>0 is uniquely
determined by A.

(c) We first prove that R(¢)C = C'R(t) for all t > 0. By Definition 2.1(b), we
have CA c AC. Thus, we get from (2.4) that

A~

(A= Xa(A\)A)RN)C = C?* = (AC — Xa(\)CAR(N) = (A — Aa(M\)A)CR(N),
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where ReA > w. Thus R(A\)C' = CR()), so, by the uniqueness of the Laplace
transform, we have R(¢)C' = CR(t). Using a similar procedure one can show that
(c) holds. ]

Necessary and sufficient conditions for the existence of a resolvent family have
been studied by Da Prato and Lannelli in [4]. In the following, we will give the
generation theorem for exponentially bounded C-regularized resolvent families by
using the Laplace transform.

Theorem 2.3.  Suppose that {R(t)}:>0 C B(X) is strongly continuous and
satisfies || R(t)|| < Me“*. Then {R(¢)}+>0 is @ C-regularized resolvent family for
(1.1) if and only if the following conditions hold:

(a) CA C AC;
(b) 1/a(X) € p.(A) for A > w with a(\) # 0;
(c) A= Xa(N\)A)"1Cx = [(“ e MR(t)x dt forall z € X and A > w.

Proof. The necessity follows immediately from Definition 2.1 and Proposition
2.2.
Conversely, suppose that (a)-(c) hold. Let z € D(A) and w < A, then

(A= Xa(NA)LCAz = / e MR(t) Az dt,
0

which means
A — Aa(V)A)or = A< / e MR()x dt) - / e MR(t) Az dt,
0 0

it thus follows from the inversion formulas for Laplace transform and the closedness
of A (see cf. Theorem 1.10 in Ch 1. of [16]) that R(¢)z € D(A) with AR(t)x =
R(t)Ax.

To prove (2.1), let pc(A) > A > w and x € D(A). Then, by (a) and (c), we
obtain

/ T MRtz — Ca)dt
0

( (
= (A= xa(\)A)la(\)AC
( (M A)ICa(N) Az = R(\)a(\) Az

_ /0 T /0 Calt — $)R(s) Az ds) dt.
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The uniqueness theorem of the Laplace transform and the strongly continuity of
R(t) yield the C-regularized resolvent equation (2.1). Finally, by (2.1) we also get
R(0) = C and thus complete the proof. [ |

Next, we will give a Hille-Yosida-type characterization of C-regularized resol-
vent family.

Theorem 2.4. (1.1) admits a C-regularized resolvent family {R(t)}:>0 C
B(X) satisfying || R(t)|| < Me“! if and only if the following conditions hold:

(a) CA C AC;

(b) 1/a(N) € pc(A) for A > w with a(\) # 0;

(@) [A=Xa(MNA) IO || < Mp!(A—w)~ D X > w, n e Ny = NU{0}.

Proof. Suppose that (1.1) admits a C-regularized resolvent family R(t). Dif-
ferentiating n times with respect to A on both sides of the identity (2.3) yields (c).
By the necessity part of Theorem 2.3 or by Definition 2.1 and Proposition 2.2(b),
we see that the necessity holds. It remains to prove the sufficiency. By (¢) and

the Arendt-Widder Theorem given in [1], there is a family {F'(¢)}:>0 C B(X)
satisfying F'(0) = 0,

(2.5) |F(t+h) — F(t)|| < Mhe“®h) vt h >0
such that

(2.6) (A= Xa(\)A)1Cz = A / eMP(H)zdt, Ve X andA> w.
0

On the other hand, for x € D(A) and A\ > w, by ACz = C' Az, Fubini’s theorem
and integration by parts, we obtain

)\/0 e M <t(§: —|—Zg a(t — s)F(s)Ax ds)dt
=\ Cx + )\/0 </$ e Ma(t —s) dt)F(s)Ax ds

= \"tCx + A(/OOO e Ma(t) dt) (/OO e M F(s)Ax ds)

0
= X\10z + a(N)(A— xa(\)A)LCAx
= (A= Xa(N)A)"Cx.

Thus, by the uniqueness of the Laplace transform, we have

t
F(t)x =tCx + / a(t —s)F(s)Axz ds, t>0.
0
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Since F'(t)Axz is locally Lipschitz for each = € D(A) and a(t) is locally inte-
grable, we have by Proposition 1.3.7 in [2] that F'(¢)z is continuously differentiable
on R* for each z € D(A). Define R(t)z = F'(t)z, t > 0, for z € D(A);
since D(A) is dense, R(t) can be extended to a bounded operator by (2.5) and the
Banach-Steinhaus Theorem. Moreover it is clear that R(t)x is strongly continuous,
|R(t)]| < Me*t and R(\) = (A — Aa(\)A)~1C, from which and Theorem 2.3 we
obtain that R(t) is a C-regularized resolvent family for (1.1). [ ]

Remark 2.5. If a(t) = 1 or a(t) = ¢, then Theorem 2.3 is the generation
theorem for generators of C-regularized semigroup [5, 6] or C-regularized cosine
function [15], respectively. In the case where C' = I, it is the generation theorem
due essentially to Da Prato and lannelli [4].

At last, we have the following proposition which is a consequence of Proposition
2.2.

Proposition 2.6. Assume that { R(t) }+>0 C B(X) is a C-regularized resolvent
family for (1.1) and satisfies || R(t)|| < Me“*, and assume that AC'is unbounded.
Then a(A) # 0 and 1/a(\) € pco(A) for all A with ReA > w.

Proof. Suppose that a(Ag) = 0 for some Ay with ReAy > w. Let H(\) =
(A = Aa(N)A)~IC, then H(\g) = %C. Since a(\) is analytic and a(t) # 0, Ao
is an isolate zero of finite multiplicity. Therefore, if I" is a small circle around )\,
suchthatI' C {A € C: ReA >w} and a(A) #0on T, thenon T,

AH(\) = %

is analytic, hence by Cauchy’s formula we have

1
AC = ANgH(N) = A<2—m, /
r

AH(A)) o L [AHN-C

A — Ao ~ 27 Jr (A= Xo)a(N)

and so AC' is a bounded operator, a contradiction to our assumption that AC' is
unbounded. Thus a(A) # 0 for all ReA > w and the conclusion follows from
Proposition 2.2(b). ]

3. ANALYTICITY CRITERION FOR C-REGULARIZED RESOLVENT FAMILIES

In the following we will denote by ¥y := {\ € C\{0} : |arg A\| < 0} and w +
Yo ={w+A: e Xp}. We suppose that

(Hp) A is an unbounded densely defined closed operator on X, C' is injective
and CA C AC. Let 0 # a € L}, (R") satisfying [ e~“0"|a(t)| dt < occ.

loc
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Definition 3.1. The C-regularized resolvent family R(¢) for (1.1) is analytic, if
the function R(-) : R™ — B(X) admits analytic extension to a sector 3y, for some
0 <6y <m/2. We say that R(z) € H(wo, bp), if in addition, for each 0 < 6 < 6
and w > wy there is M = M (w, ) such that

(3.1) |R(2)|| < Me*Re*, 2 €%y

The following two theorems are the main results of this section. Theorem 3.3
generalizes the result of Theorem 3.1 in Ch.1 of [14], Theorem 3.2 is even new for
resolvent family.

Theorem 3.2.  Under the assumption (Hy), (1.1) admits an analytic C-
regularized resolvent family R(z) € H(woq, ) if and only if the following con-
ditions hold:

(A1) a(t) admits analytic extension to ¥y, (still denoted by a(z)) and for
each 0 € (—6p,0), a(te?) € L} (RT) and there are wy, My € R such that
la(2)]] < MgewsRe* for z € £y with Rez > 1 and za(z) — 0 as z — 0 in Xg;

(A2) For each 6 € (—0g,0), let ag(t) = a(te’?), Ay = €A. Then the
equation

(3.2) u(t) = f(t) + /Ot ag(t — s)Agu(s) ds, t>0,

admits a C-regularized resolvent family R (¢);

(A3) For each 6 € (—6p,6p), w > wy, there exists constant M = M (w, )
such that ||Rg(t)|| < Metcost,

In this case, Ry(t) = R(te').

Theorem 3.3. Let (Hp) hold. Then (1.1) admits an analytic C-regularized
resolvent family R(z) € H(wo, 6p) if and only if the following conditions hold:

(H1) a(A) admits meromorphic extension to wo + g, 41 /2;
(H2) 1/a()) € pc(A) for all X € wo + g, 7/ With a(A) # 0;
(H3) (A= Aa(X)A)~'C has an analytic extension H (X) t0 wq + S, /2, and
for each w > wp and 0 < 6 < 6 there is a constant ¢ = ¢(w, €) such that
[HM) <c/[X—w| forall A € w4+ By, q/.

Before proving these two theorems, we need some preparations.

Lemma 34. Letw € R, a € (0,7/2] and F : (w,00) — X. Then the
following statements are equivalent:

(a) F has an analytic extension (still denoted by F') to w + ¥, /o such that
[(A = w)F(\)[| £ Mg (A € w+ Xgyr/2) forevery 8 € (0, );
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(b) There exists an analytic function i : ¥, — X with ||a(z2)|| < MgevRe=
z € Yig) for every 8 € (0, «) such that
B

F(\) = / e Mh(z)dz  for A > w.
0
As a direct consequence of Lemma 3.4, we have

Corollary 3.5. Suppose that (H) holds and R(z) € H (wo, fy) is an analytic
C-regularized resolvent family for (1.1). Then H(X) := R(\) admits analytic
extension to sector wo + Xy, y/2 and for each w > wp, 0 < 6 < fy there is
M = M (w, ) such that
M(w,0)
A—wl|’
Although the proofs of the next two results are not new (see e.g. [14]), we write
them out for completeness and better understanding.

(3.3) IHNI < AE W+ Tgin/2:

Lemma 3.6. Suppose that (H() holds and (1.1) has an analytic C-regularized
resolvent family R(z) € H(wo,6p). Then a(A) admits meromorphic extension to
the sector wo + g, 47 /2-

A

Proof. Let H(\) = R(\). For w > wy, by Proposition 2.2(b),
(3.4) H\) = (I —aMNA)™IC/X, Rel > w.

Choose x € D(A), 2* € X* such that g(A\) := (\H(\)Cx,z*) # (C?z,x*).
Otherwise we have AH (\) = C, which leads to a(A\) = 0 or A = 0, in contradiction
to the assumption (Hj) that a # 0 and A is unbounded. By Corollary 3.5, H()\) is
analytic on the sector wo + g, 1+/2, and so are g()\) and g'(A). For ReA > w,

g\ = & (M —a(N)A)2C% Az, )

= &' (MAH(MN)?Az, %)

= d'(AM)h(N),
where h(X) := A*(H(X)?Az, z*) is analytic on wy + g .. We claim that
h(X\) # 0. Otherwise, g()) is a constant. This and the fact that g(\) — (C*x, 2*)
as A — oo (because R(t)x — Cx as t — 07F) imply that g(\) = (C?x, x*), which
is a contradiction to our choice of x and z*. So we know that a'(\) = g(\)/h()\)
admits meromorphic extension to the same sector. Moreover,

g'(A) = &' (AT —a(N)A)2C? Az, 2¥)
= [@' (V) /aN)] - (I = a(\)A)*CPe — (I —a(\)A) ' CPx, z¥)
= [a'(N)/a(N)] - V2H(N) %z — NH(N)Cx, z¥)
= [a'(N)/a(N)] - k(N),
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where k(\) := (A2H(A\)?*z — AH(X\)Cx, z*) is analytic on wy + Xy, /o; this
implies that

a(N)=a' (\)/g(\) - k(X)) = k(N)/h(N\), Rel>w.
Fromwhich we know that &(\) can be extended meromorphically to wyt g 4r/2. ®

Proposition 3.7. Suppose that (H) holds and R(z) € H (wy, fy) is an analytic
C-regularized resolvent family for (1.1). Then R(z)x — Cx for z € X9 as z — 0,
foreach z € X and 0 < 0 < 0.

Proof. Choose 2 € D(A) and z* € X* such that (C?Ax, x*) # 0. Consider
f(z) = (R(2)z, z*). From the facts that f(¢t) — f(0) = (Cz,z*) as t — 07, and
f is analytic and uniformly exponentially bounded on ¥, for every 0 < 6 < 6, one
knows that

M) = AHN)z, 2*) — (Cx, %)

as [A| — oo when A € w+3g. /5 forany w > wp; similarly, considering (R R)(2),
we have
(NZH (N2, 2*) — (C%z, x*),
as |A| — oo when A € w + g /5. Now from
E(A) = (AHAN)(AHMN)xz — Cx),z2*) =0

and
h(X) = N2(H(\)2Az, z*) — (C? Az, z*),
we obtain that
a(A) = k(A)/h(A) — 0,
as [A] — oo uniformly in A € w + ¥g /5. Since R(X\) = H(X), by the inversion
formula for Laplace transform we have for z € X, z € 3y, 61 € (0,6)), w > wo,
and R > 0 that

R(2)z = (2m) " /F N H (M) d,

where
L= {w+re /2400 R <p <00} U {w+ R : |¢] < 7/2+0,}

U {w + re™240) . R < < 00}

is oriented counterclockwise. Moreover, by (3.4) we have for x € D(A) and
ReA > w,
AH(N)(z — a(N)Az) = Cu;
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the above identity holds also for A in wy + ¥y, 4./2 When a()) has an analytic
extension at . And since a(\) — 0 as [A[ — oo uniformly in A € w + g, /2, by
choosing z = te'?, R = 1/t, and § = sin(6; — 6), we obtain when ¢ small enough
that
R(2)z — C = (2mi) ! / A H(\)a(\) Az d,
I
which yields that

|R(z)x — Cz||
M
<A eRe(Az)‘)\_ w‘_l‘d()\)‘HAxH dA
27 Jr
M > " g
< —ewt[/ rYa(A) e dr+/ e?la(N)| de| || Az
™ R |

< Me“t||Az| - sup{|a(\)| : |A| > Tt aew+ Yo, 47/2) — 0

as |z| =t — 0. Thus R(z)x — Cz as z — 0, z € Xy for each x € D(A), our
assertion follows from the Banach-Steinhauss theorem. [

The proof of the following result is the same as Corollary 2.3 in Ch.1 of [14].

Corollary 3.8. Suppose that R(z) € H(wg,0) is an analytic C-regularized
resolvent family for (1.1). Then a(t) admits analytic extension to X ,. Furthermore,
on each sector Xy, 0 < 8 < 6, there is a decomposition of the form

(3.5) a(z) = ij(z)ekfz +a1(z), z€ Xy,

where the \; denote the finitely many poles of a()) contained in w + ¥ g /2,
the p;(z) are polynomials, and a;(z) is analytic in 34 and satisfies

(3.6) la1(2)] < CMe“R%/|2|, =z € %y,
(3.7) zaj(z) =0, asz—0, zé&X,.

Lemma 3.9. Suppose that R(z) is an analytic C-regularized resolvent family
for (1.1) of type (wo, 8p). For § € (—0g, 6p) let ag(t) := a(te') be the holomorphic

extension of a(t) on Xy, given by Corollary 3.8, then ag(t) is locally integrable on
R* and the identity

. t . . .
R(te®)x = Cx + / a((t — s)e)R(se?)e Az ds
0

holds for = € D(A). That is, Ry(t) := R(te"?) is the C-regularized resolvent
family for (3.2).



Regularized Resolvent Families 127

Proof.  First from (3.5), (3.7) and the integrability of a(¢), we know that
ap(t) is locally integrable; next from (3.5) and (3.6), we have that ag(t) is Laplace
transformable for A large enough and

(3.8)  ag(A) = / e Mag(t) dt = e‘”/ e (1) dt = e~ Pa(re™).
0 0
For ReX > w, we have

(A= Xa(NA) oz = / h e MR(t)xdt
0

for all z € X. So for X\ large enough, we have
(e — Xe"Pa(Ne ) A) 10z = / e_’\e_th(t)x dt,
0
hence

(A= Xag(N)Ag) " 1Cx = / e tR(t)ze " dt
0
= / e MR(e"2)x dz
Ty
= / e MRy(t)x dt,
0
since R(z) is analytic on Xy and (3.1) holds, where I'y := {re=% : r > 0}. Our
result is obtained by Theorem 2.3. [ |

Now we are in the position to give the proofs of the two main results.

Proof of Theorem 3.2. Necessity follows from Corollary 3.8 and Lemma 3.9.

Sufficiency, Let R(z) = Ry(t) for z = te? € Sy, where t > 0, 6 € (—6, 0).
We only need to show that R(z) is analytic and satisfies (3.1). For each 6 €
(=00, 6p), by (A3) we can define analytic family

Ho(\) = /0 T MRy (1)t

for ReA > wcos . Moreover, by (A2) and Proposition 2.2, for ReA > max{w cos 6,
wo t,

Hy(\) = (A= Aag(N)Ag) 10 = (A= ra(re ) A)~1C
= e P (A — Ne7Pa(re" ) A) 710,



128 Miao Li, Quan Zheng and Jizhou Zhang

since (3.8) also holds under the assumption (A1). Note that ® : A — Ae? maps
the region {A e C: -2 -0 <argA—w)<Z -0} to {AeC: % <arg(A—
wcosf) < I} (which equals to {\ € C: —Z < arg(A —we'?) < T}), we have
when 0 < 6; < 0 < 0y that

e Hy(Ae®) = €1 Hy (Xe1) = (X — Ma(N)A)~LC

forae {AeC:-% -0 <arg(A—w') <% —0} wherew > max{w,wy/ cosb,
wp, / cos 01 }. And similar identity holds for —0y < 6 < 6, < 0. Since each Hy(\)
is analytic, the function

H(A) = ¢ Hp(Ae"),
7T 7T
when \ {)\G(C:—E—0<arg()\—w) < 5—0},96 (—00, 6o)
is well-defined on w + ¥4, ,/2 and analytic. Moreover, for each 0 < 6 < &, if
A € w+ Yy, With arg(A —w) < 0, then A = w + ret(=0+®) for some 7 > 0 and

—7m/2 < a < 6, which falls into region {A € C: —% — §; < arg(A —w) < 5 — 6}
where 6; = (6 + 6y)/2, so that

7 > —Xet?
IH) = | He, (2| = H/O e M Ry, (t)dt]|

< M(@l,w) o M(@l,w) N M(@l,w)
~ |Re(Net?1) —wecosfy|  rcos(fy —O0+a) |\ —w|cos(f — 0+ )
M(@l,w) . Mg’w

< =:
= | — w|min{sin(f; — 0),cos0;} " |A—w]|’

and similar inequality holds for A\ € w + ¥g /5 With arg(A — w) > 0, thus by
Lemma 3.4, there exists analytic function F'(z) : ¥y, — B(X) such that || F'(z)|| <
Mye“Re?(z € $p) for 0 < 6 < 6 and

H(\) = /OOO e M F(z)dz for A > w.
Since F'(z) is analytic, we have
Hy(\) = e PHM\e ") =¢" /0 T e M gy a
= /OOO e MF(e"t)dt,

thus by the uniqueness of Laplace transform we have Ry(t) = F(te*®), which means
that R(z) = F(z) is analytic and satisfies (3.1). |
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Proof of Theorem 3.3. Necessity. Lemma 3.6 gives (H1). For w > wy, let
H()) = R(\) for ReA > w. Then by Proposition 2.2, \H(\) = (I — a(\)A)~'C;
and by Corollary 3.5, H () admits analytic extension to wy + Xy, /o and satisfies
(3.3). This gives (H3).

Now let © = {\ € wo + Xg 42 : A # 0,a(A) # 0,00}. Then for z € D(A),
we have

(3.9) AHMN (I —a(N)A)x = Cx forall A € ©

since this relation holds for ReX > w. On the other hand, since Ry(t) = R(te')
is the C-regularized resolvent family for (3.2) by Theorem 3.2, we have R(z)
commutes with A for every z € 3p,. Moreover, from the proof of Theorem 3.2 we
know that, for A € {A e C: —71/2 — < arg(A —w) < 7w/2—0}, 6 € (=0, bp),
e? € weosf + Yrp= we? + Yr/2 and

H(\) = e Hy(Ne'®) = ¢ / et Ry(t)dt,
0

thus H (X\) commutes with A for every A € wy + g /o Since R(z) commutes
with A and 6 is arbitrary. Therefore, AH (\)x = H(\) Az is analytic for x € D(A),
A € Qand

(3.10) AI —a(NA)H(N)z = Cx for all A € Q.

From (3.9) and (3.10) we know that H()\) = (A — Aa(\)A)~1C for all X € Q.
Next we consider the poles of a(A). If Ay € wo + X 4r/2 is a pole of a(\) of
order n, then there is an analytic function b(\) near Ay and a,, # 0 such that

a(A\) = an(A = Xo) ™" + (A = Xo) " B(N),

then from (3.9) and (3.10) we know that AH () has a zero of order n at \g; letting
A — Xg in (3.9) and (3.10) we obtain

—anHyAx = —a, AH,x = Cx for x € D(A),

where H,, := )\hr&l AH(XN)(XA — Xo)™", which implies that 0 € pc(A). And if
—A0

wp < 0 then it is easy to see that A = 0 must be a pole of a(\) from (3.9) and
(3.10). Thus (H2) is proved.

Sufficiency. It follows from (H3) and Lemma 3.4 that for every w > wy and 6 <
6y there exists an analytic family R(z) : ¥y — B(X) with |R(2)|| < c(w, 0)e“Fe=
such that

HO) = /O T e R(2)dz

for A > w. Since H(\)=(A—\a(\)A)~1C for A>w, it follows from Theorem 2.3
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that R(¢) is a C-regularized resolvent family for (1.1). And from Definition 3.1,
we know that R(z) € H (wo, o). ]

From the proof of Theorem 3.3, we have

Corollary 3.10. Suppose that R(z) € H(wo, 6p) is an analytic C-regularized
resolvent family for (1.1). Then (3.4) can be extended to wq + g, /2-

4, EXAMPLES

In this section, we will give several examples.

Example 4.1. Suppose that R(C) is dense. For the kernel
a(t) =71 /T(B), t>0

where 3 € (0, 2), the Volterra equation (1.1) has a bounded analytic C-regularized
resolvent family for (1.1) of angle & if and only if pc(A) D Yg(9,+rx/2) and

(4.1) lp(p = A)TIC| < M, 1€ S(gy1m/2)-

In fact, since a(\) = A~° for ReA > 0, a(\) admits analytic extension to the
complex plane sliced along the negative real axis. Moreover, 1/a(A) maps the
sector Xy, /2 onto the sector Xg(g,4/2). Thus by Theorem 3.3, there is a bounded
analytic C-regularized resolvent family for (4.1) if and only if 3¢5, ~/2) C pc(A)
and

I = Xa(\)A)TICI < M/, X € Bgyinya,

which is exactly (4.1).

So the C-regularized resolvent family extends the conditions on resolvents of
A for a resolvent family to its C-resolvents. Also, since we only need a sector
(of angle probably less than 7/2) contained in the C-resolvent set of A, the class
of C-regularized resolvent families is not a trivial generalization of C-regularized
semigroups.

Recall that a C>°-function f : (0,00) — R is called completely monotonic if
(—=1)"f™(X) > 0 for all A > 0, n € Ny, and Bernstein function if f(\) > 0 and
f/(X\) is completely monotonic. Suppose that a(\) # 0 for all A > 0. Then a(t)
is called completely positive if 1/Aa()\) is completely monotonic and 1/a(\) is a
Bernstein function. Similarly as the proof of Theorem 3.7 in [7], we can show

Lemma 4.2 Let A be the generator of an exponentially bounded C-regularized
semigroup and a(t) be completely positive. Then (1.1) admits a C-regularized re-
solvent family.
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And the following improves slightly Example 3.10 in [7].

Example 4.3. Consider the equation

ou

(42) S

t
(t, z)=Au(t, x)—a/ e S Au(s, x) ds, a>0,0<t<T,z€R
0

u(0, z) = ug(z).

This equation equals to the Volterra equation

(4.3) u(t,z) = F(z) + /0 a(t — ) Au(s, 2)ds

with f(z) = ug(z), a(t) = e~ Thus a(t) is completely positive, since 1/a()\) =
A+« is a Bernstein function and 1/Aa(A) = § + 1 is completely monotonic. Now
choose A = ag—;g + bg—m(a, b € R\{0}), then (4.2) is just the K-dV equation

ou 3

ou
E(t’ x) = a@(t, x) + b=—(t, z).

ox

From [8], we know that A generates a r-times integrated semigroup for r > \% — % :

it thus follows from [9] that A generates a (w — A) "-regularized semigroup for
some w > 0. Therefore, by Lemma 4.2, there is a C-regularized resolvent family

for (4.3). So, for up(x) € W+3P(R), the equation (4.2) has a solution.
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