TAIWANESE JOURNAL OF MATHEMATICS
Vol. 10, No. 4, pp. 837-849, June 2006
This paper is available online at http://www.math.nthu.edu.tw/tjm/

STRONG CONVERGENCE THEOREMS FOR STRICTLY
PSEUDOCONTRACTIVE MAPPINGS OF
BROWDER-PETRYSHYN TYPE*

Lu-Chuan Zeng!, Ngai-Ching Wong? and Jen-Chih Yao?

Abstract. Let ¢ > 1 and E be a real g-uniformly smooth Banach space,
K be a nonempty closed convex subset of £ and 7' : K — K be a strictly
pseudocontractive mapping in the sense of F. E. Browder and W.V. Pstryshyn
[1]. Let {u,} be a bounded sequence in K and {«,} and {G,} be real
sequences in [0, 1] satisfying some restrictions. Let {z,} be the sequence
generated from an arbitrary x; € K by the Ishikawa iteration process with
errors: y, = (1 _ﬁn)xn +ﬁnTx'm Tn+1 = (1 _an)xn'i_anTyn +Up, N > 1.
Sufficient and necessary conditions for the strong convergence {z,} to a fixed
point of T' is established.

1. INTRODUCTION AND PRELIMINARIES

Let £ be an arbitrary real Banach space and let J,(¢ > 1) denote the generalized
duality mapping from E into 2&" given by

Jo(@) ={f € E*: (x, ) = |[=[|* = =[]l ]I},

where E* denote the dual space of E and (-, -) denotes the generalized duality pairing
between E and E*. In particular, Js is called the normalized duality mapping and
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it is usually denoted by .J. It is well known (see [11]) that J,(z) = ||=||7 2] () if
x # 0 and that if £~ is strictly convex, then J, is single-valued.

Definition 1.1. A mapping 7" with domain D(T") and range R(7T') in E is called
strictly pseudocontractive [1] if there exists A > 0 such that for all z,y € D(T)
there exists j(x — y) € J(x — y) satisfying

(1.1) (I=T)x—(I=T)y,j(x—y) > AN -T)x— (I =Tyl
where I denotes the identity operator.

Remark 1.1. Without loss of generality we may assume A € (0,1). In Hilbert
spaces, (1.1) is equivalent to the following inequality

(12) |Te Tyl < lle — gl + kI(I - T)a — (I - T)ylP, k=1-2x < 1.

The Mann iterative process (with errors) and the Ishikawa iterative process
(with errors) have been extensively applied to approximate the solutions of nonlinear
operator equations or fixed points of nonlinear mappings in Hilbert spaces or Banach
spaces in the literature. See, e.g., [3-10]. In 1974, Rhoades [9] proved the following
convergence theorem by using the Mann iterative process.

Theorem 1.1. Let H be a real Hilbert space and K a nonempty compact
convex subset of H. Let T : K — K be a strictly pseudocontractive mapping and
let {cv,,} be a real sequence satisfying the conditions: (i) ag = 1; (ii) 0 < o, <
1I,n>1; (iii )Y "7 ay = 00; (iv) limy, 00 i, = @ < 1. Then the sequence {x,,}
generated from an arbitrary zo € K by the Mann iterative process

Tpy1 = (1 — ap)zn + apyTxy,n >0
converges strongly to a fixed point of 7.

Let £ be a real Banach space. The modulus of smoothness of E is defined as
the function pg : [0,00) — [0, 00) :

1
pe(7) =sup{S(lz +yll + |z —y[) = 1: [z < 1, llyll < 7}

E is said to be uniformly smooth if and only if lim, o, (pr(7)/7) = 0. Let ¢ > 1.
The space F is said to be ¢g—uniformly smooth (or to have a modulus of smoothness
of power type ¢ > 1), if there exists a constant ¢, > 0 such that pg(7) < ¢,79.
It is well known that Hilbert spaces, L, and [, spaces, 1 < p < oo, as well as
the Sobolev spaces, W5, 1 < p < oo, are g—uniformly smooth. Hilbert spaces are
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2-uniformly smooth while if 1 < p <2, L,, I, and W}, are p—uniformly smooth.
If p>2, Ly, [, and WP, are 2-uniformly smooth.

Theorem 1.2. [11] Let ¢ > 1 and E be a real smooth Banach space. Then
the following are equivalent:
(1) E is g—uniformly smooth.
(2) There exists a constant ¢, > 0 such that for all z,y € E

(1.3) [+ yl1* < 217 + ¢{y, Jo(2)) + cqllyl*-

(3) There exists a constant d, such that for all z,y € E and t € [0, 1]
(14) A=tz +tyl|? = (=2l + ]yl — w(O)dgllz =yl
where wy(t) = t9(1 —¢) +t(1 —t)9.

Furthermore, it was shown in [12, Remark 5] that if E is g—uniformly smooth
(¢ > 1), then for all z,y € E, there exists a constant L, > 0 such that

(1.5) 17g(2) = Jo()l < Luflz =yl

Recently, Osilike and Udomene [13] improved, unified and developed the above
Theorem 1.1 and Browder and Petryshyn’s corresponding result [1] in two aspects:
(i) Hilbert spaces are extended to the setting of g—uniformly smooth Banach spaces
(¢ > 1); (ii) Mann iterative process is extended to the case of Ishikawa iterative
process.

Theorem 1.3. [13, Theorem 2]. Let E be a real ¢g—uniformly smooth Banach
space which is also uniformly convex. Let K be a nonempty closed convex subset
of Fand T : K — K be a strictly pseudocontractive mapping with a nonempty
fixed-point set F'(T"). Let {«,} and {53, } be real sequences in [0, 1] satisfying the
conditions:

(i) 0<a< ad < b < (q)\q—l/cq)(l — Bn),Vn > 1 and for some constants
a,be (0,1);
(1) Y02 B < oo, where 7 = min{1, (¢ — 1)}.
If {x,,} is the sequence generated from an arbitrary =z, € K by the Ishikawa
iterative process
{ Yn = (1 - ﬁn)xn + ﬁnTxnv

Tny1 = (1 —ap)zy + anTyn,n > 1.
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then {x,,} converges weakly to a fixed point of 7.

Definition 1.2. A mapping 7" with domain D(T") and range R(7T') in E is called
demiclosed at a point p if whenever {z,} is a sequence in D(T') such that {z,,}
converges weakly to x € D(T') and {T'z,} converges strongly to p, then Tz = p.
Furthermore, T is called demicompact if whenever {z,} is a bounded sequence
in D(T) such that {z,, — T'z,,} converges strongly, then {z,} has a subsequence
which converges strongly.

Theorem 1.4. [13, Corollary 2]. Let E be a real g—uniformly smooth Banach
space, K be a nonempty closed convex subset of £/, T': K — K be a demicompact
strictly pseudocontractive mapping with a nonempty fixed-point set F'(T'). Let
{an}{Bn} and {x,} be as in Theorem 1.3. Then {x,} converges strongly to a
fixed point of 7.

Let F be a real g—uniformly smooth Banach space, K be a nonempty closed
convex (not necessarily bounded) subset of £ with K + K C K,and T: K — K
be a strictly pseudocontractive mapping with F'(T') # (. Let {u,} be a bounded
sequence in K and {«,}, {(,} be real sequences in [0, 1] satisfying certain restric-
tions. Let {x,,} be the sequence generated from z; € K by the Ishikawa iterative
process with errors:

{ Yn = (1 - ﬁn)xn + /BnTxnv

(1.6)
Tpnt1 = (1 — apn)zn + anTyn + up,n > 1.

In this paper, we establish the sufficient and necessary conditions for the strong
convergence of {z,} to a fixed point of 7. It is worth noting that comparing
with [13,Theorem 2 and Corollary 2] our results have the following features: (i)
The uniform convexity assumption on £ is removed. (ii) The Ishikawa iterative
process is replaced by the Ishikawa iterative process with errors. (iii) Our restrictions
imposed on {«,,} are much weaker than those in [13, Theorem 2 and Corollary 2].
(iv) We establish the sufficient and necessary conditions on the strong convergence
of the Ishikawa iterative process with errors. Furthermore, our results also improve
and extend the corresponding results in [1, 9].

Now, we give some preliminaries which will be used in the sequel.
From (1.2) we have
lz =yl = Mle —y = (Tz = Ty)[| = ATz — Ty|| — Allz — yl.
so that |Tx — Ty|| < L||z — y||, Vo, y € K, where L = (1 + \)/\. Since
lz =yl = Az —y — (Tz = Ty)]],
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we have

(. =Tx— (y—Ty),jo(x —y)) |z —yl|72(z — Tx — (y — Ty), j(z —y))
Mz —yl|772|z — Tz — (y — Ty)|1?
ANz =T — (y — Ty)|| (1.7)

VIV

Lemma 1.1. [10]. Let{a,}>; and {b,}5°, be sequences of nonnegative real
numbers such that >, b, < oo and a,41 < ay + by, Vn > 1. Then lim, . ap
exists.

2. MAIN RESULTS

Throughout this section, A denotes the constant appearing in (1.1). L stands for
the Lipschitz constant of 7', and ¢, dg, wy(t), and L, are the constants appearing
in inequalities (1.3)-(1.5), respectively.

Lemma 2.1. Let ¢ > 1 and E be a real g—uniformly smooth Banach space
and K be a nonempty convex subset of F with K+ K C K,and T : K —
K be a strictly pseudocontractive mapping with F/(T') # 0. Let {u,}°, be a
bounded sequence in K,and {a, }5° 1, {5} be real sequences in [0, 1] satisfying
the following conditions: (i) 300, [luall < oo, (i) an < A(g/cy)¥/ (@Y, and
Y onry B, < oo where 7 = min{1, (¢ — 1)}. Let {x,} be the sequence generated
from an arbitrary z1 € K by the Ishikawa iterative process (1.6) with errors. Then

(1) ||zne1r — 2|9 < (14 ) ||wn — 2|2+ 0, YVn > 1,Va* € F(T),
where
On = 20 BN qd (1 4+ L) 4+, B g Lo (14+ L)1+, Brg AT (14 L)1
and
On = qllunllllznr1 = un — 2|71+ cql|unl|.
(ii) There exists a constant M > 0 (e.g., M = e>n=1%") such that
n+m—1

[2npm — 2|7 < M2y — 2|9+ M > 6k, Yn,m > 1,V2* € F(T).
k=n
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Proof. (i) For each n > 1, from (1.6) we obtain
(2.1) Tny1 = (1 — ap)zy + anTyn + up.
Let =* be an arbitrary element in £'(T"). Then it follows from (1.3) that
[Znt1 — 2|7 = [|(1 — an)zn + anTyn + uy — ||

< (1 = an)rpn + Ty, — x|

(2:2) +q(tn, jq(Tnt1 — tun — %)) + cqllun||?
S H(l - an)xn + anTyn - x*Hq

Hallunllzntr — un — 24971 + cqllunl|.

Observe that

[(1=an)rn+anTyn—2*||1 = [|2n—2" —an(zn—Tyn)||?
(2.3) < @y —2*|9 = qon (@0 —TYn, jo(zn—2*))

+O‘%Cqun — Tya|4,

(@n=TYn, Jo(xn—2%)) = (@n—=Yn, Jg(@n—2")) + (Yn=TYn, Jo(zn—2"))
= Bp(@n =Ty — (2" =Tx*), jo(zp,—2))
+(Un—=Tyn; jg(n—2%))
> B ATy —Twn—(a* —Ta*)||
+(Un=Tyn; jg(n—2%))
= B |2 =T || + (Yo —TYn, jo(zn—2*)),

and by (1.7)

(Un = Tyns Jg(xn — %)) = (Yn—Tyn— (2" =Tx*), jo(2n—2*) = jo(yn—2*))
Hyn =Tyn— (2" =Tx*), jg(yn—2"))
(2.4) > Ay =Ty — (2" —Ta*)||9
Hyn—Tyn— (@ =Tx*), jg(xn—2*)—jq(yn—2"))
= A [y =Ty ¢
Hyn—Tyn— (x*=Tx*), jo(zn— 2*)—Jq(yn—2¥)).



Strong Convergence for Mappings of Browder-Petryshyn Type 843

Moreover, by using (1.4), we have

[yn=Tynll? = (1 =Bn)(@n—=Tyn) + Bn(Ton—Tyn) |
(I=Bn)llen=Tynl|? + Bl Tn—Tynll?
—wq(Bn)dql|n —Txn|.

Then it follows from (2.2)-(2.5) that

A\

(2.5)

lonr1 = 2|9 < flan — 2|9 = qon {Bu AT |2 — T |19

AL = ) l[2n — Tynl|

AN G| T2 — Ty |7 — X wq(Bn)dgllwn — T

+Un = Tyn, Jo(@n — %) = Jg(yn — 7))}

+ohieql|Tn — Tynll? + qllunlllEnry — un — 2771 + gl unl|?
= 2*117 = an(@AT (1 = Ba) =l eg)|an — Tyull?
+qdg A" anwe(Bn) | 2n — Tnl|?

+qanllyn — Tynlllldq(zn — %) = jg(yn — 2¥)||

+qllunllllenr — un — 277 + cql|unl|.

IN

Also, observe that

wq(Bn) = Bn(1 = Bn)? + BR(1 — Bn) < 20,
[2n = Tanll < (14 L)|lzn — 27|,
lg(@n = 2*) = Gg(yn — )| < LB |[2n — Tan[|?~" (using (1.5))
< L1+ D)7l — a7,
and
1y = Tynll < (1 + L)y — 27|

< (14 DA = Bo)llen — 2| + BuLllzn — 2]
< (14 L)z, — 2.

Consequently, we have

|Zpt1—2* |7 < [1—|—2anﬁn)\q_1qdq(1—I—L)q—i—anﬁ%_qu*(l—i—L)q"’l]Hxn—x*H2
_O‘n[q)‘q_l(l — Bn) — O‘%_lcq”’xn — Ty,

+qllunlllentr — un — 277 + cqllunl| .
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Since oy, < M(q/cg)™ @1, and

[0 = Tynll < llan — 2% + Lll2* — yn||
< flen —2*[ + LI = Bu)llzn — 2*|| + BnLljan — 2]
< (1+ L) [lwn — 2*]),
we conclude that (i) is valid.

(i) It follows from conclusion (i) that for all n,m > 1 and 2* € F(T)

[Zn4m — 2|1 < (14 Sngm—1)|Tngm—1 — %7+ Onpm—1
< (L Sngm—1) (1 + Ongm—2) [|Tngm—2 — 2|
+(1 4 dngm—1)0nrm—2 + Opym—1
< (14 ntm—1)(1 + ptm—2) (1 + Onpm—3) || Tnsm—3 — 2|
+(1 + Gptm—1)(1 + Onm—2)0n+m—3 + (1 + Sntm—1)0ntm—2

+0n+m—1

IN

T Oy — [0 4 XRET 00  gy

IN

< M, — 2|7+ M 350 0,
where M = e>k=1%_ This shows that conclusion (ii) is also valid.

Theorem 2.1. Let ¢ > 1 and E be a real ¢—uniformly smooth Banach space,
K be a nonempty closed convex subset of £ with K + K C K,and T : K — K
be a strictly pseudocontractive mapping with F(T") # (. Let {u,} be a bounded
sequence in K. Let {«,} and {3,} be real sequences in [0,1] satisfying the
following conditions:
(1) 3ony llunll < oo;
(i1) an < Ag/cg)V/01) and 3°°° | BT < oo, where 7 = min{1, (¢ — 1)}.

Let {x,} be the sequence generated from an arbitrary x; € K by the Ishikawa
iterative process (1.6) with errors. Then {z,} converges strongly to a fixed point
of T if and only if {z,} is bounded and

liminf,, oo d(zy, F(T)) =0

where d(z,,, F'(T')) is the distance of z,, to set F/(T'), i.e., d(w,, F(T)) = infyxcp(ryd
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(Tp, u®).

Proof. “Necessity”. Suppose that {x,,} converges strongly to a fixed point of
T, say, y* € F(T). Then it is clear that {x,,} is bounded. Note that

d(xy, F(T)) = infyec peryd(zn, v*) < d(2p,y*) — 0 as n — oo.

Therefore,
liminf,, ood(zp, F(T)) =0

“Sufficiency”. Suppose that {x,,} is bounded and that liminf,,_,..d(z,, F(T)) = 0.
First, from Lemma 2.1(i), we obtain

|Znt1 — 2|7 < (14 0p)||zn — 2|9+ 60,, n>12"€ F(T),
where
On = 20BN 1 qdy (1 + L) 4 0, 83 gL, (1 + L) + @, B,g N7 (1 + L)1,
and

On = ql|tnl[|Tns1 — un — 2|71 + cqllun||? VR > 1.

Since Y07 [Junll < oo, D702 llunll? < co. Note that {,} and {u,} are
both bounded. Thus, there is a number M > 0 such that ||z,41 — un, — 2*|| < M,
and ||z, — z*|| < M,¥n > 1. Hence,

o0 o0
S 00 =3 (@l — wn — a7 + cglluall%)
n=1 n=1

9] 9]
< gMITEY " unll + cq Y Hlun? < oo
n=1 n=1

On the other hand, it follows from condition (ii) that >, 6, M7 < 0. Also,
observe that

(26) Nlanss — 2*1% < (1 80)llzn — 2[4+ On < [Jn — 2*|7 + 8,51 + 0.
This implies that
[d(ni1, F(T)))? < [d(an, F(T))]" + 6, M + 0,,.

By Lemma 1.1, we infer that lim,,_, [d(x,,, F(T)]? exists, that is, lim,,_..c d(zy, F'(T'))
exists. Since lim,,_. infd(z,, F'(T)) = 0, we have liminf,_,.d(z,, F(T)) = 0.
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Now we claim that {x,} is a Cauchy sequence. Indeed, according to Lemma
2.1(ii), we deduce that there exists a constant M > 0 such that
n+m+1
[2nim — 2| < Mllzn — 2|7+ M > 6k, Yn,m > 1,2* € F(T).
k=n

Since limy, .o d(zy, F(T)) = 0 and > °, 6, < oo, for an arbitrary ¢ > 0, there
exists an integer Ny > 1 such that for all n > Ny
(3

1 € 1
d(zn, F(T)) < (B—M)l/q' e—17q and > Ok < —
k

Hence, d(zn,, F(T)) < (557)'/7- ﬁ This implies that there exists an =7 €
F(T') such that

oy o (e, L
d(prxl) < (?)M) 9(q-1)/q"
In view of Jensen’s Inequality [2, p.183], we conclude that
(2.7) |Zntm = zall? < 277 (|20 — 2] + [ 2ntm — 27]1%).

Since for all » > N7, we have

n
lan = w3 < Mllan, - o117+ M 3 6

k=N,
x
< Moy, — 2319+ M ) 6k
1 k=N,
€ €
< = .- N
- M3M 2(g—1) +M6M 2a—1
€ 1
=5 T
and n+m—1
[2nim — 257 < Mzn, — 25|+ M Y 6k
k=N,
xD
< Mllzy, — i+ M ) o,
1 k=N,
< m=. SV
3M 2q—1 6M 241
€ 1
=5 T

so, from (2.7), we get

€ 1 € 1

|Zn4m — Zn||? < 2q_1(2 " 9¢—1 + 9 9¢-1

)=¢, Vn>Ny,m>1.
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This shows that {z,,} is Cauchy sequence. Since the space E is complete, lim,, .~ =,
exists. Thus, we may assume that lim,, o z,, = u*.

Next, we claim that «* is a fixed point of T, i.e., u* € F(T). Indeed, since
d(u*, F(T)) =0, for any ¢ > 0, there is z* € F'(T') such that ||u* — 2z*|| < e. Then
we have

[Tw* —wr[| < [|Tu = T2"[| + [lu* — 2%

< (1+L)e.

As ¢ is arbitrary, we conclude that Tu* = «* and hence «* is a fixed point of 7.
This completes the proof of Theorem 2.1.

Theorem 2.2. Let ¢ > 1 and E be a real g—uniformly smooth Banach space,
K be a nonempty closed convex subset of £ with K + K C K,and T : K — K
be a strictly pseudocontractive mapping with F(T") # (. Let {u,} be a bounded
sequence in K, and {«, }, {83,} be real sequences in [0, 1] satisfying the following
conditions:

(1) 2oy lunll < oo;

(i) an < MNq/cg)V/ 01, and 3°°° | BT < oo, where 7 = min{1, (¢ — 1)}.

Let {x,} be the sequence generated from arbitrary z; € K by the Ishikawa
iterative process (1.6) with errors. Then {x,} converges strongly to a fixed point
uw* of T if and only if {z,} is bounded and {x,,} has a subsequence which is
strongly convergent to a fixed point v* of 7.

Proof. The conclusion of Theorem 2.2 follows immediately from Theorem 2.1.

Remark 2.1. If we take 3, = 0,¥n > 1 in Theorems 2.1 and 2.2, then we can
obtain the corresponding results on the strong convergence of the Mann iterative
process with errors

Tony1 = (1 —ap)zn + anTxy +uy, VYn > 1.

In addition, if we take u, = 0,¥n > 1 in (1.6), then Theorems 2.1 and 2.2 are
still valid under the lack of the assumption that {x,} is bounded. Indeed, when
u, = 0,Vn > 1, it follows from Lemma 2.1(i) that

|ne1 =29 < (148,) [ —a* |7 < 5= % oy —a*||9 < €221 % ||z —2*]|? < oo
This shows that {x,,} is bounded.

Remark 2.2. Recall that Ishikawa iterative process with errors introduced
by Liu [3] is stated as follows: Let K be a nonempty convex subset of E with
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K + K C K. For any given x; € K, the sequence {z,,} is defined by the iterative
scheme

Yn = (1 - ﬁn)xn + ﬁnTxn + Un,
Tn+l = (1 - an)xn + OénTyn + Up,n > 1,

where {u,} and {v,} are bounded sequences in K, and {«,} as well as {3, } are
real sequences in [0, 1]. Naturally, one may ask the following open question.

Open Question:  Are Theorems 2.1 and 2.2 extendable to the case of the
Ishikawa iterative process with errors in the sense of Liu [3]?

10.

11.

12.
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