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THE ABSTRACT GLIDING HUMP PROPERTIES AND APPLICATIONS

Junde Wu, Jianwen Luo and Chengri Cui

Abstract. In this paper, by using the section mappings, we introduce the
abstract strong gliding hump property and the 0-gliding hump property in dual
pair < E, F >, and show that the gliding hump properties can substitute the
AK -property of the dual spaces for the characterizions of the barrelledness of
normed spaces.

1. INTRODUCTION

Let < E, F' > be a pair of (real or complex) vector spaces placed in duality by a
bilinear mapping <,>: E x F — K. Foreveryn e N, letp, : E — E : z — zl"
and p, : F — F: y — y[" be linear mappings on E resp. F, continuous for
o(E, F)resp. o(F, E), and suppose the following axioms are satisfied:

(S1) <z, ylM >=< 2zl ¢yl s=< 2l 4 > forevery ne Nandall z € E,y €
F,

(S2) (xl")lml = g~ whenever = € E, n,me N : n A m denotes min(n, m).

Then we shall refer to this construction as a system of sections on < E, F' >
(see [1, Pioa]).

Let a system of sections be fixed on < E, F' > and 7 be any admissible locally
convex topology on E. If for every x € E, {1[”]} converges to z (n — oo) with
respect to 7, then (E, 7) is said to be an AK-space.

Example 1. For 1 < p < oo, let I" = {(t;) : >_, |t;[" < oo}. Then
< IP,19 > is a dual pair, where % + % = 1. For each n € N, let p, : [P — I? be
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pn(t;) = (t1,t2,- -+ ,tn,0,---), then {p,} is a system of sections on < P, 19 >.
Furthermore, (17, ||.||,) is an AK-space. But, (I*°,]|.||~) is not an AK-space.

We denote by ElM. Fl"l n e N, the spaces of vectors zI", z € E, and [, y €
F, respectively, and refer to /™!, y["l as the sections of z, y respectively.

Let a system of sections be fixed on < E, F >. We denote by E<> the 3-dual
space of £ which consisting of all sequences (y,,)2, of vectors having y, € FI",

[m]

Yn - = ym Whenever m < n and lim,, .., < x,y, > exists for every x € E.

Example 2. Let A be a scalar-valued sequence space and cqo be the scalar
valued sequence space which are 0 eventually, the -dual space of )\ to be defined by:
A% = {(u;) : 3, ujt; is convergence for each (t;) € A}. Then < A, A% > is a dual
pair with respect to the bilinear pairing < ¢, @ >= >, u;t;, wheret = (t;) € A\, u =
(uj) € AP, For each n € N, let p, : A — X be pu(tj) = (t1,t2, - 0, 0,--+).
Then {p,} is a system of sections on < X\, \? >, and A<%> is just \%. That is,
when the space E is a sequence space A, the abstract 5-dual space of E is just the
usual B-dual space of A.

Lemma 1. [1, Prop. 3]. Let E be a barrelled locally convex space with dual
F and let a system of sections be fixed on < E, F >. If E'is a (weakly) AK-space,
then £<F> = F.

Lemma 2. [1, Prop. 2]. Let E be a metrizable locally convex space with
dual F' and let a system of sections be fixed on < F, F' >. If F' is an AK-space
with respect to the strong topology G(F, E), then E is also an AK-space in its
metrizable topology.

Let a system of sections be fixed on < E, F' >. The section mappings {p.}
are said to have the uniform boundedness property if for every bounded subset B
of (E,0(E,F)), {pn(z): z € B,n € N} is a bounded subset of (E,o(E, F)).

If n,m € N, m > n, denote [n,m|] = {j : j € N, n < j < m} and
zlrml = glml 2l A sequence of intervals {[ny, my]} is said to be increasing if
k1 < ko we have my, < ny,. Generalizing Noll [2] we say that a sequence {z}
of non-zero vectors in E is a block sequence if there exists an increasing interval
sequence {[ng, mg]} in N and a sequence {z} C F such that

2 = mek] - ank], k € N.

The section mappings {p,} are said to have the strong gliding hump property, if
given any block sequence {z;} in E, which is weakly bounded in E, there exists a
sequence of {%;} such that the series > >, 2z, is o(E, F')-convergent to an element
zeF.
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Let a system of sections be fixed on < E, F' > and 7 be an admissible locally
convex topology on E. The section mappings {p,} are said to have the 0-gliding
hump property with respect to the topology 7, if {z;} converges to 0 with respect
to 7 and {[ng, mg]} is an increasing sequence of intervals in N, there exists a
subsequence {xy, } of {1} and a subsequence {[n,, my,]} of {[ng, m]} such that

[, ;]

the series > 5%, a; " ™ is 7-converges to an element z € E.

Many important classical sequence spaces have the strong gliding hump property
or 0-gliding hump property (see [3, 4]). Now, we present two spaces, one has the
strong gliding hump property and another has the 0-gliding hump property, but they
are both not sequence spaces.

Let (Q,U, u) be a o-finite measure space and {(2,,} be an increasing sequence in
Q2 with union €2 such that (£2,,) < oo for every n € N, where y is a measure on U.
For p > 1, let (L7, ||.||,) = (LP(Q2, U, 1), ||.]|) denote the space of all equivalence
classes of p-integrable functions and (L, ||.||cc) = (L*=°(2,U, 1), ||.]|sc) denote
the space of all equivalence classes of essentially bounded functions.

Example 3. Let E = L>® = L>®(Q,U, ). Define a system of sections on
< E,E’ > by setting f"l = fy,, where x denotes the characteristic function of
Q. Then {p,} has the uniform boundedness property and the strong gliding hump
property, but (L*°, ||.||o) is not an AK-space.

Example 4. Let E = LP = LP(Q,U, 1), 1 < p < oo. Define also a system of
sectionson < LP, L7 > by setting f) = fy,, where ¢ satisfiesthat 1 +1 = 1. The
space (L?,||.||) has the 0-gliding hump property and (L?, ||.||,) is an AK-space.

The space E is said to have the bounded uniform convergence property if for
every (z) € E<P> and every o(FE, F)-bounded subset B of E, the sequence
{< x, z >} converges uniformly with respect to = € B.

It is clear that if E<#> = F and 3(F, E) is an AK-space, then E has the
bounded uniform convergence property. Furthermore, we have

Lemma 3. Let a system of sections be fixed on < E, F' > and the section
mappings { p., } have the uniform boundedness property and the strong gliding hump
property. Then E has the bounded uniform convergence property.

Proof. If not, there is ¢ > 0, a bounded subset B of o(E, F) and y = (yx) €
E<P> such that for every k € N, there is z;, € B and nj, € N, k < ny, satisfying
that | < g, y™) > — < z1,4 > | > . Note that lim,, .o < 23, yl" >=<
Tk, y >, SO there is my € N, ni < my such that

e

‘<$k7y[mk]>—<$k7y>‘< 9
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Thus we have -

2

Pick z;11 € B and niy; € N such that my < ngyq and | < xk+1,y[”’“+1] >
— < Ty1,y > | > . Similarly, we can obtain my, such that ny1 < mg41 and

| < ap, yl™ > — <z yme > >

| < appn, yme) > o <y S >

9
5
Inductively, we obtain two sequences {ny} and {m} in N such that n < my <
Ngt1 < Mg+ and

| < g, yl™ > — < gyl > > %,keN.

It follows from the axiom (S1) that

\<x£§m’“],y> - <wLn’“],y> | > %,keN.

Or equivalently,
(1) \<mek]—ank],y>\Z%,keN.

Note that the section mappings {p,} have the uniform boundedness property
and the strong gliding hump property, so there are a subsequence {xggki] — xL’jki]}
of {«l™! — 2"y and & € E such that 3, mek] - me“] converges to = with
respect to o(E, F'). Thus we have

Z < wg;nkl] — xzk"],y >=<z,y>.
i

So, lim; < xgﬁmk] - xzki], y >= 0. This contradicts (1) and Lemma 3 is proved.

As we knew, the study of the barrelledness of locally convex spaces is an
important topic in locally convex spaces theory ([5-10]). Noll and Stadler in [1]
introduced the above section mappings {p,, } and gave an abstract characterization of
the barrelledness of the normed spaces by their 5-dual spaces. Note that many such
theorems asked that the dual spaces of the normed spaces must be A K -spaces, but,
the normed space (I',|.||1) is a Banach space, so it is also a barrelled space, but
(I 110" = (1°°,]].]]0) s nOt an AK-space, thus, the barrelledness of (I',||.||1)
cannot be obtained by these known theorems. Now, we substitute the A K -property
of the dual spaces of the normed spaces with the gliding hump property, then the
barrelledness of normed spaces can also be characterized by their G-dual spaces.

Our main theorem is:
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Theorem 1. Let (E,||.||) be a normed space with dual F' and a system of
section mappings {p,} be fixed on < E, F >, E be a GAK-space with respect
to the norm topology. If £ has the bounded uniform convergence property or the
section mappings {p,} have the 0-gliding hump property with respect to the norm
topology, then the following statements are equivalent:

(1) (E, |I.||) is barrelled,
(2) Every (E[,||.||),n € N, is barrelled and E<#> = F.

Proof. (2) follows from (1) and Lemma 1 immediately.
If (2) is satisfied but (E, ||.||) is not a barrelled space, then there is a pointwise
bounded sequence {y;} C F such that sup{||y:|| : i € N} = 0. i.e.,

sup{| < z,y; > |:x € B(E),i € N} = oc.

Here B(E) is the unit ball of (E, ||.||).
Note that for every n € N, (E, ||.||) is a barrelled space and {y;} C F is
pointwise bounded, so for every n € N,

supfJy,"]| - i € N} < .

Case 1. E has the bounded uniform convergence property:

Let us define {i,,};2; and {j,}°>; as following:

Suppose that i1 = 1,49, - , i, and j1 = 1, jo, - - -, j» have been defined. Pick
iny1 > ip and z;, ., € B(E) such that

Hyin-HH > ‘ < Lipi1 Yinga > ‘ > Hyin-HH -1> n2”(1 + Sllp{HyZ[q]H S AS N})
q=Jn
Note that for every = € B(E),y € F, {< z,9" >} converges to < z,y >
uniformly with respect to x € B(E), so there is j,+1 > j, + 1 such that
. el . B(E l
Sup{‘ <x7yzn+1 yin+1 > ‘ NS ( )}< n'
Thus, two strictly increasing sequences 41,12, -- and j1, jo,--- have been well
defined. If j,, <k < jny1,n € N, let
[k—1,k]
_ yin+1
‘ < Tipyqy Yip 1 > ‘

2k

)

and

J
@i =D %
k=1
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where y[ }'= 0. Atfirst, we show that (w;) ¢ E<#> = F i.e., thereisnotaw € F,
such that wb! = w;, j € N. If not, we can find a w € F satisfying the condition,
then

[nsin+1—1]
‘ < xin+1 ’ yin+1 > ‘

‘ < Tipiys Yipyr = ‘

‘ < xin+17w[jn’jn+1_1] > ‘ -

(‘ < xin+17yin+1 > ‘ - ‘ < xin+17yz[ij1 > ‘ - ‘ < xin-&-l’yin-&-l - yz[i.:;l ] > ‘)

‘ < Zipy1s Yipgr > ‘

1 1
n2"  np2on’

>1-—

So whenever n — oo,

DO | —

‘ < xin+17w[jnajn+1—1] > ‘ Z

Note that for every y € F, {< z,9™ >} converges to < z,y > uniformly with
respect to 2 € B(E), s0 | < xzn+1,w[J"’J"+1 I'> | — 0. This is a contradiction.
Thus, (w;) ¢ E<P> =F.

On the other hand, if + € B(E),j1 < po < qo, pick k,I € N such that
Ji < po < Ji+1,Jk < qo < Jr+1, then

k jm+1—1
|< &, wgy — Wpo—1 >| = Z <@,z > (< Z Z <@, 25 >
J=po m=ll j=jm
Do Je1—1
+ Z<x,zj> + Z <w, zj>
J=n J=q0
Since
] — JmsJm 1
Jm+1-1 ‘ ’yz[m+1 +1—-1] ‘
Z <Z,2 > =
J=jm |< Limt1s Yim1 >|
[Jm] [Jm 1]
(|< x7y’im+1 >| + ‘< €T yz m+1 + < x7y’im+1 yzm_:;l > )

|< Lim19 Yim41 >|

(sup{|< z,yn >| :n € N} +

<z, yz[j"ﬂl ‘—i—i)

m

’< L1 Yimg1 >’
L

<
= om

(sup{|< z,yn >| : n € N} + 2).
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Thus we have

k jm+1—1
1
(2) Z\ Z <x,zj>\§21—_1(sup{\<x,yn>\:neN}+2).

m=l J=Jjm

Since Hyin-HH > ‘ < Tipps Yigpr > ‘ > Hyin-HH —1>n2" so0

(3) tim il

Note that (E, ||.||) is an AK-space, we have

(4) 11%1 sup | < x,y[u’”] > | = 11%1 sup | < x[u’v],y > | =0.
T yeR|lyl|<1 T yeR|lyl|<1

Thus,
‘ [po] [7:] ‘

<z, yi1+1 B yil+1 >

‘ < Zipyyr Yiyy = ‘

Ppo
‘Z<$,Zj>‘=

J=n
— Hyil+1“ ‘ < x[jl’pO]v y’il+1 > ‘
‘ < Zipyy Yiyy > ‘ Hyiz-HH
Jr+1—1 A
‘ ki <w,zj>|= HyikﬂH | < glaodk 1]7yik+1 > |
=0 T ‘ < Tigy1s Yigyr = ‘ Hyik-HH

It follows from (2), (3) and (4) that whenever pg, go — o0,
| < T, Weo — Wpo—1 > | = 0.

So {< z,wy >} is convergent. Thus, we have proved that (w;) € E<°>. This is
a contradiction. The case 1 is proved.

Case 2. (E,||.||) has the 0-gliding hump property:

Since sup{| < z,y; > | : © € B(E),i € N} = oo, so there are r; € N,
z1 € B(E) such that | < z1,y,, > | > 1+ 1. Note that E<F> = F, so there exists
n1 € N such that

| < xl,yT[,’fl] >|>1.

Similarly, for 2 + sup{| < x,yz[m] >|:7€ N, z € B(E)} + 1, there are
ro > r1,x9 € B(F) such that

[n1] g
s I el 5 . 5 .
| < Z9,yp, > | >2+sup{| < z,y;"" >|:i€ N,z € B(E)} + 1

(2
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So, there is a ng € N, satisfying
| < xg,yl,’;ﬁl’”g] > | > 2.

Continuing this construction we can obtain n; < ng < ---,r1 < ry < ---, and
{z} C B(F) such that

| < g,y S > B ke N B> 2.

That is
[ng—141,14]
| <z, 22— > | > 1, ke N, k> 2.
\/— vk
Equivalently,
[nk 1+1,m]
5 -k oy >|>1,keNk>2.
() \/—\ T |
- . . . - 1 m[,ni_1+1’ni] -
Consider the infinite matrix (ﬁ < T Y >). Itis clear that for every
1 €N,
[nz 1+1,n4]
lim — < Y, >=0.

For every k € N, it follows from {%} converging to 0 and (E, ||.||) having the 0-
gliding hump property that every subsequence {[n;, 1 +1,7;,]} of {{n;—1 +1,n,]}
has a subsequence {[n;, —1+1,n;, |} of {[n;,—1+4+1,n;]} and zq € E such that
in the norm topology,

o0 x[niPnL -1 +1’ni17m ]

“pm

m=1 \% Z.pm o
So we have
[nZPnL_1+1 nlpm] 1
Ty m .
kli)rgo \/_ < Z L 7 s Yry >= kli)rglo—k < xg, Y, >=0.

Pm

By the Antosik-Mikusinski basic matrix theorem ( [11]) that
1 xL”k—l'f’L”k]

k—oo v/ k \/E ’

This contradicts (5) and so case 2 is also true. The theorem is proved.
It follows from Lemma 3 and Theorem 1 that:

Y, >= 0.
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Corollary 1. Let E be a normed space with dual " and let a system of sections
be fixed on < E, F' > and E be an AK-space with respect to the norm topology. If
the section mappings {p,} have the uniform boundedness property and the strong
gliding hump property, then the following statements are equivalent:

(1) E is barrelled,
(2) Every El"l n € N, is barrelled and E<6> = F.

Note that if E<#> = F and 3(F, E) is an AK-space, then E has the bounded
uniform convergence property. In addition, it follows from Lemma 2 that if £ is
an AK-space, then FE is also an AK-space. Thus, we can obtain the main result of
[1], that is

Corollary 2. [1]. Let E be a normed space with dual F and let a system of
sections be fixed on < E, F >, E' = F be an AK-space with respect to the dual
norm topology. Then the following statements are equivalent:

(1) E is barrelled,
(2) Every EI"l n e N, is barrelled and E<#> = F.

Finally, we use Theorem 1 to prove the barrelledness of the dense subspace
(@, (1) (0 < p < 1) of (11, [].][1)-

Following the terminology of references [1], [6] and [7], a Banach space E with
a system of sections has the Wilansky property, provided a dense subspace D of E
is barrelled if and only if the S-duals of D and E coincide. The practical use of
this property is the following:

Suppose we want to show that two spaces F and F' coincide, (where F' is a
dense subspace of FE, say). If the Banach space E' has the Wilansky property, and
if F'is itself a Banach space with a finer topology, then it suffices to show that the
(-duals of E and F' coincide. Because then F' will be barrelled as a subspace of
E, and the identity I : F' — E will be continuous for these two topologies by the
closed graph theorem, so the two topologies will coincide, and since F' is dense,
this will imply £ = F.

In a concrete situation, the use of this might be that we want to show that two
properties £ and F' are equivalent. While it may be hard to show this directly, it
could be much easier to show that the S-duals of £ and F' coincide. So we hope
that £ has the Wilansky property.

But, note that the Banach space (I!,||.||1) does not have the Wilansky property
in the sense above, so it is not possible to identify barrelledness of the subspace
(1P, 1].]l1) (0 < p < 1) by means of their §-dual space. In addition, note that
the dual space (I°°,||.||s0) OF (I%,]].]]1) (0 < p < 1) is not an AK-space, so the
barrelledness of (I7,]].||1) (0 < p < 1) can not also be obtained by the Corollary
2. On the other hand, it is very easily to prove that (7, ||.||1) (0 < p < 1) has the
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0-gliding hump property, so it follows from Theorem 1 that (7, ]|.||1) (0 <p < 1)
is a barrelled subspace of (11, ||.||1). That is

Corollary 3. Let0 <p <1land(?={(t;): >, [t;|" <oc}. Then (%, ||.|[1)
is a proper dense barrelled subspace of (11, .||1).

Corollary 3 showed that our Theorem 1 extended substantially the main result

in [1].
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