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Nonlinear Stability of Traveling Wavefronts for Delayed Reaction-diffusion

Equation with Nonlocal Diffusion

Zhaohai Ma* and Rong Yuan

Abstract. In this paper, we consider a class of nonlocal dispersal equation with nonlo-
cal time-delayed reaction. We prove that all noncritical wavefronts are globally expo-
nentially stable by the weighted energy method and comparison principle. However,

for the critical wavefronts, we prove that they are globally asymptotically stable.

1. Introduction

The theory of traveling wave solutions of reaction-diffusion equations has attracted much
attention due to its significant nature in biology, chemistry, epidemiology and physics
(see, [1,2,5(7,8,144(17,26,31]). Among the basic problems in the theory of traveling wave
solutions, the global stability of traveling wave solutions is an extremely important one.
In this paper, we are interested in the stability of traveling waves for the following class

of nonlocal diffusion equation with nonlocal time-delayed response term

ou(x,t) . e
W) P =a [ I e~ .0) ~ ulz ) dy
_l’_

flu(z,t),kxu(z,t —7)), t>0, zeR,

with the initial data
(1.2) u(z,s) =uo(x,s), se[-7,0], xR,

where

k*u(m,t—T):/Rk(y)u(a;—y,t—T)dy.

In [32], Yu and Yuan investigated the existence of traveling wavefronts of equation ([1.1J)
by using upper-lower solutions method and Schauder’s theorem. Furthermore, they ob-
tained the asymptotic behavior of traveling waves with the help of Ikehara’s theorem by

constructing a Laplace transform representation of a solution. For such a local or nonlocal
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diffusion model, the most attractive object is its traveling wavefronts. And the existence,
nonexistence, uniqueness, asymptotic behavior, propagation speed and stability of trav-
eling wavefronts are widely studied, such as [3}|4,9,11-13}|15,30] and the references cited
therein.

The equation includes lots of evolution equations for the single species model.
For example, by taking the function f(u(x,t),k*u(x,t — 7)) = —du(x,t) + b(u(x,t — 7)),
equation reduces to the following nonlocal diffusion equation with delay

ou(x,t)
ot

(1.3) = /RJ(y)[u(xy,t)u(m,t)] dy —du(z,t)+b(u(z,t—7)), xR, t>0.

Here, u(z,t) denotes the total mature population of the species (with the age greater
than the maturation age 7 > 0) at time ¢ and position x, the nonlinear function b(u) is
the birth rate of the mature population, d > 0 is the death rate. In [24], Pan, Li and
Lin obtained the existence and asymptotic behavior of noncritical traveling wavefronts by
constructing proper upper-lower solutions. Moreover, the asymptotic stability with phase
shift as well as the uniqueness up to translation of noncritical traveling wavefronts are
proved by applying the idea of squeezing technique.

If we take the diffusion kernel J(x) = §(z) + 0”(z) (where ¢ is the Dirac function) and
reaction term f(u(z,t), k*u(z,t — 7)) = —d(u(z,t)) + € [ f(y)b(u(x —y,t — 7)) dy, then
reduces to the following local reaction-diffusion equations with time-delayed term

2
?;; = Dg;; —d(u(z,t)) + E/Rf(y)b(u(x —y,t—7))dy, z€R,t>0,

where D, ¢ and the delay 7 are positive constant. Nonlinear functions b(u) and d(u)
denote the birth and death rates of the population respectively. In [19], Mei, Ou and
Zhao proved that all noncritical traveling wavefronts are globally exponentially stable, and
critical wavefronts are globally algebraically stable by the combination of weighted energy
method and the Green function technique. We can study more works of the weighted
energy method by referring to [7,8,16-22,28,29] and references therein for more details.
In [23], Mei and Wang extended this result to the general nonlocal Fisher-Kpp equations
in n-dimensional space by the weighted energy method combining Fourier transform.

In the present paper, we make the following assumptions throughout this paper.

(H1) There exist u_ = 0 and uy > 0such that £(0,0) = f(uy,uy) =0, f € C?([0,u;]? R),
flu,u) > 0 for all u € (0,uy);

(H2) 01 f(0,0) <0 and 01 f(us,uy) + Oof (ug,uy) < 0;

(H3) O2f(u,v) >0, 11 f(u,v) < 0 and 9;;f(u,v) <0 (i,j = 1,2) for all (u,v) € [0,uy]?;

(H4) J >0, J(z) = J(—2), /

J(xz)dx =1, and / J(z)e ™ dx < 400, YA > 0;
R

R
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(H5) k>0, k(x) = k(—x), /

k(z)dz =1, and / E(x)e ™ dz < +o0, YA > 0.
R

R

From (H1) and (H3), it can be verified that both u— = 0 and u4 > 0 are constant
equilibria of . Furthermore, we can see that u_ is unstable equilibria and u is stable
equilibria for the spatially homogeneous equation associated with equation . In the
biological environment, the kernel functions J(x) and k(x) can be chosen in the form of
J(z) = k(z) = —A—e 7"/ Tt is not difficult to see the functions J(z) and k() satisfy

4T
assumption (H4) and (H5). Moreover, the response term f(u,k * u) can be chosen in the

form of
k<) = —d(u(e, )+ [ ba)blulo — y.t = 7)) dy,
R
where d(u) = —du? is the death rate, and b(u) can be chosen in the so-called Nicholson’s

birth rate function b(u) = pue=™* (p > 0, a > 0, ¢ > 0). It is not hard to see that
function f satisfies assumptions (H1)-(H3).

A traveling wavefront of is special solution in the form of u(x,t) = ¢(x + ct)
with ¢(£o00) = uy, where ¢ is the wave speed. The main purpose of this paper is to
investigate the global stability of traveling wavefronts ¢(x + ct) of , including the case
of critical traveling wavefront ¢(z+c*t). Regarding the monotone traveling wave problems
for some scalar reaction-diffusion equations with delay, lots of investigations has been done
concerning the stability of traveling wavefronts by using the spectral analysis method, the
squeezing technique, the weighted energy method. The first work on the stability was
given by Schaaf [26] through a spectral analysis. The stability of traveling waves for local
equations of bistable (i.e., equation has two stable equilibriums) was obtain by Smith and
Zhao [27] by the method of the upper-lower solutions and squeezing technique. In the
monostable case (i.e., one equilibrium is stable and the other is unstable), the study of
the stability of traveling waves is not the same as the bistable case and the main difficulty
is caused by the unstable equilibrium. The first study of this case was obtained by Mei et
al. [22] by using weighted L2-energy method.

In this paper, we will prove that all noncritical traveling wavefronts are globally ex-
ponentially stability by using combination of the comparison principle and the weighted
energy method. But for the critical wavefront, the expecting optimal convergence rate
O(t~1/?) is unable to obtain at this moment mainly because of the effect of the nonlocal
diffusion, which has the essential difference with the classical Laplacian operator. Here,
we not only obtain the L?-estimate for v(£,t) through the L'-energy estimate, but also

obtain the estimate for 6”(%’” and av%(f’t)

. Fortunately, we finally obtain the asymptotic
stability of the critical traveling wavefront. But the optimal convergence rate result to
the critical traveling wavefront with the effect of the nonlocal diffusion is still an open

question.
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The rest of this paper is organized as follows. In section 2] we introduce some necessary
notations and give the existence of traveling wavefronts of . Furthermore, we present
the proof of global existence and uniqueness with respect to the Cauchy problem
and . In section [3|, we present the stability of traveling wavefronts and establish some
energy estimates in weighted L' space and L? space, further prove the global exponential
stability of the noncritical traveling wavefronts and global asymptotical stability of the
critical traveling wavefronts. In section 4] we apply our main stability result to nonlocal

Nicholson’s blowflies equation and local population model with age-structure.

2. Global existence and uniqueness

In this section, we will mainly concentrate on proving the global existence and uniqueness
of a solution to and .

First, we mtroduce some necessary notations throughout this paper. C' > 0 denotes a
generic constant and C; (i = 1,2,...) represents a specific constant. Let I be an interval,
typically I = R and LP(I) is the Lebesgue space of the integrable functions defined on I.
WHP(I) (k > 0, p > 1) is the Sobolev space which function f(z) is defined on I and its
weak derivatives d(zif(as) (i = 1,2,...,k) also belong to LP(I). Further, L%, (I) denotes
the weighted LP space for a weighted function w(x) > 0,

L1 = {f(w) Wiz = ([ w0 ao) " +oo} .

qu’p(l) is the weighted Sobolev space

= (z [ue)

A traveling wave solution of ([1.1]) connecting with u_ and w4 is a solution u(x,t) =

WyP(I) = f(@)

P 1/p
d:v’ () dac) < 400

(&), & = x + ct, satisfying the following equation

1) (@ =d [ ) ol - ) - owlds+ 7 (0(6), [ Kole — - en)dy).
with asymptotic boundary conditions
d(£00) = ug.

To obtain the existence of traveling wave solutions, we consider the following function

A\ ) =d /R J(2)(e™ — 1) dx — e + 81£(0,0) 4 82£(0,0) /R k(y)e 2WHen) qy,.
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Lemma 2.1. Under the conditions (H1)-(H5), there exist \* > 0 and ¢* > 0 such that

AN, ) =0, AN )

Furthermore,
o if0<c<c*, wehave A(N,¢) >0 for all X > 0;

o if ¢ > ¢*, the equation A(\, c) = 0 has two positive real Toots \; = \i(c) (i =1,2)
with 0 < A1 < A* < Ay < 400, and

<0, A€ ()\1,)\2),
>0, A€ (0,A)U (A, +00).

A(Nc)

The existence of traveling wavefronts of (1.1) is guaranteed by the following Theo-
rem In [32], Yu and Yuan proved the existence of traveling wavefronts of (1.1)) by

using the upper-lower solutions and Schauder’s fixed point theorem.

Theorem 2.2 (Existence of Traveling Wavefronts). Assume that ¢ > ¢* holds, then (|1.1))

admits a nondecreasing positive traveling wavefront u(x,t) = ¢(x + ct) = ¢(§) satisfying

(12.1) with ¢p(£oo0) = us.

Next, we consider the following initial value problem

ut(z,t) = Flul(z,t), t>0, z€R,

u(z, s) = uo(x, s), s € [-1,0], x € R,

where

(2.2) Flul(z,t) = d/RJ(y)[u(x —y,t) —u(x,t)]dy + f(u(z,t), (k*u)(x,t —71)).

To obtain the stability of traveling waves, we establish the following comparison principle.
Lemma 2.3 (Comparison Principle). Assume that uy and ug are continuous functions on

R x [0, +00), such that 0 < u; <wug (i=1,2) on R x [0,400) and uy > uz on R x [—7,0].

Furthermore, w1 and us satisfy

Oui(x,t)
ot

Ous(x,t)

(2.3) — Fluj](z,t) > o

— Flug](z,1),

for allz € R and t > 0. Then u; > uz on R x [0, +00).
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Proof. Let p be such that p1—0; f(0,0)—02(0,0)e " > 0. Since v(z,t) = ua(x,t) —ui(x, t)
is continuous and bounded, v(t) = sup,cp v(x,t) is continuous on [0, +00). Suppose the
assertion is not true. Then there exists tg > 0 such that v(tp) > 0. It is no loss of

generality to assume that
v(tg)e M0 > v(s)e ™, for all s € [T, tg).
Let {a;j};.’il be a sequence on R such that v(z;,ty) > 0 for all j > 1 and

lim v(zj,t0) = v(to).

J—+o0

Let {t]} , be a sequence in [0, ty) such that

G_Htjv([ﬁj,tj) = tg[l(‘;lié] {e pt (:C]’t)} .

Since v(t)e " < v(tg)e H for all ¢ € [0, %), we have lim; 4 t; = to and

| t:) = v(tg).
J_igloov(%a J) v(to)

Furthermore, for each j > 1, we obtain
0<D {6 Mt $J7 }’t t =e g {Dtv(xj’t) :U’v(‘rjatj)}7

where D,u(x,t) = liminfj, o, W Thus, we obtain

D, (uz —w1)(wj,t5) = Dyv(wj,t5) > po(zy, ty).
It follows from (2.3) and assumption (H3) that
0 > Dyv(zj,t5) —d[J * v —v|(x),t;) + flui(z), b)), k *ur(xg,t; — 7))
— flua(zj, t), k*ua(zj, t; — 7))

> (0t d)ola, 1) — dT * v(wj, ;) — 01 £(0,0)0(;, 1) — af (0,0)h % v(zs. t; —7)
> [,u +d— alf(0,0)]U(:Ej,tj) — d’U(tj) — 62f(0,0)v(tj — 7’).

Letting j — 400, we obtain

02> [p+d—01f(0,0)]u(to) — du(to) — 02f(0,0)uv(to — 7)
> [ = 01£(0,0) = 92f(0,0)e™*]u(to).
Noticing that p — 01 £(0,0) — d2f(0,0)e " > 0, we obtain v(¢y) < 0, which contradicts

v(tg) > 0. Therefore, v(z,t) = ua(z,t) — ui(z,t) < 0 for all z € R and ¢t > 0. This
completes the proof. O
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Next, we present the global existence and uniqueness result of solution u(z,t) to the

Cauchy problem (1.1]) and (|1.2)).

Theorem 2.4 (Global Existence and Uniqueness). Assume that the initial data satisfy
0 < wp(x,s) < ug for all (z,s) € R x [—7,0]. For a given traveling wave solution
o(x + ct) of satisfying (2.1), if the initial perturbation data uo(-,s) — ¢(- + cs)
is in C([—,0], HL(R)), then there evists a unique global solution u(x,t) of the Cauchy
problem and such that 0 < u(z,t) < ug for all (z,t) € R x [0,+00) and
u(-,t) — é(- + ct) € C([0, +00), H(R)).

Let v(z,t) = u(z,t) — ¢(x + ct), where ¢(z + ct) is a given traveling wave solution of
(2.1). Then the Cauchy problem (|1.1) and ([1.2]) can be rewritten as

(2.4) ve(x,t) = d[J v —v](x,t) + Qo(z,t), (x,t) € R x[0,+00),

v(x,s) = vo(z,s), (z,s) € R x [-T7,0],
where vg(z, z) = up(x, s) — ¢(x + ¢s) and
Qo(z,t) = f(u(z,t), k*u(x,t — 7)) — f(p(x + ct), k * p(x + ct — eT)).

In order to prove Theorem we give the following two results on the local existence,

uniqueness, extension of solutions and boundedness of solutions of (2.4).

Lemma 2.5 (Local Existence and Uniqueness). For vg € C([—7,0], H'(R)), there ea-
ists to > 0 such that has a unique solution v(-,t) € C([0,t9), H'(R)). Further-
more, if [0,T) is its mazimal interval of existence and v(-,t) € C([0,T), H'(R)), then
either T' = 400 or the solution blows up in finite time, in the sense that T < 400 and

limg - [[o(, )l g2 (g) = +o0.

It can be proved by using the standard iteration method (see [6,25]). Thus the proof

is omitted here.

Lemma 2.6 (Boundedness). If v(-,t) is a solution in C([0,T), H'(R)) for 0 < T < o0,

then there exists a positive constant Cy, independent of T', such that

0
23 1olOllms < O (ool Olpeey + |

-7

o) ey s )
for allt € [0,T), where p = max {|0;f(u,v)|, |0 f(u,v)|,u,v € [0,u4],4,5 = 1,2}.

Proof. From the assumption (H3) and the mean-value theorem, we obtain

Qo(, )] < v, )] + |k * v, t —7)|.
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Multiplying (2.4) by v(x,t) and integrating it over R x [0, ¢] with respect to = and t, we

obtain

(2.6)

m«m&wst¢wam+wAAAJ@wm—%@

t t
2 [ otes)la ds+2u [ [ [ ket
0 0JRJR

Clearly, we have

(2.7)

and

(2.8)

/Ot/R /R kW)o( — g, 5 — 7)o(x, s) dydads
<[ t [ Hwle = es = 1)+ o) dydaas
/t//k(y) (@—ys—7 dydxds—i—///k
:/ T// :csdyd:rder// (2, ) duds
<2// xsdxds+/_T/ (2, 5) dads

- / (- ) 200y ds + / oo )3y ds

2 | t [ [ wlota = 5.5) = vles)lo(e.s) dydads
—2///J vz —y,s (xsdydxds—Q///J

—v(z,s))v(z, s) dydzds

—vy,s — 7)v(x,s) dydzds.

(z,s)dydzds

(z,s) dydzds

/// 2z —y,s) +v3(x,s)] dydxds—Q/// v?(x, s) dydads
:///J(y) (r—y,s dydxdsf/// 2(z,s) dydzds
/// (z,s dydmds—/// (z,s) dydads

Substituting (2.7) and (2.8)) into ., we obtain
0
(M)HM)Mm<M/H Miagey as-+ | [ oot 9l + oo Olfae |

-7

Applying Gronwall’s inequality to (2.9), we obtain

(2.10)

0
HWM@®<UHMWMmﬁMWWI

%Q(R)] et
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for t €10, 7).
Let us differentiate (2.4) with respect to x, then we have
(vg)e(x,t) = d[J * vy — V] + Qoz(z,t), (z,t) € R X [0, +00).

By the similar method above, we obtain
0

Q1) (Dl < G [ [ et ) ey + leoa 0) ey

-7

for t € [0,T), where C] is a positive constant, independent of 7.
Combining (2.10)) and (2.11]), we obtain (2.5 immediately. This completes the proof.
Finally, Theorem follows immediately from the Lemmas and O

3. Stability of traveling wavefronts

In this section, we mainly concentrate on proving the stability for all noncritical traveling
wavefront to with an exponential convergence rate, and present the proof of global
asymptotic stability for the critical traveling wavefronts. Due to the difficulty caused by
the unstable equilibrium, we first establish a weighted L!-estimate by selecting a suitable
weight function. Then using the L!'-estimate, we further obtain the desired L2-energy

estimate. Now, we present the main result of this paper.

Theorem 3.1 (Stability). Assume that (H1)-(H5) hold. For a given traveling wavefront
d(x + ct) of (2.1) with ¢ > ¢* and ¢(£o0) = uy, if the initial data satisfies

0=u_ <wg(z,s) <uy, (z,8)€RX[-7,0],
and the initial perturbation ug(-,s) — ¢(- + cs) € CY([—7,0], HL(R) N H(R)), where the
weighted function w(x) is defined as

e*)\*(zfxo) x < o,

w(z) =
1 T > X,

where g is a very large constant, then the solution u(x,t) of (L.1) and (1.2) satisfies
0=u_ <u(z,t) <uy, V(z,t)eRi xR,
ult,) = ¢(- + ct) € C1([0,+00), Hy,(R) N H' (R)).
Furthermore, we have

(i) when ¢ > c*, the solution u(x,t) converges to the noncritical traveling wavefront

¢(z + ct) exponentially

sup |u(z,t) — ¢z +ct)| < Ce ™™, >0,
zeR

for a small positive constant p > 0;
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(ii) when c = c*, the solution u(x,t) converges to the critical traveling wavefront ¢(x+c*t)
time-asymptotically

li t) — “t)] = 0.
t;?milégIU(x’) P(x + )|

Remark 3.2. Theorem not only shows the convergence rate u to the noncritical travel-
ing wavefronts, but also tells us how the time delay 7 effects the convergence rate u from
the proof of Theorem [3.1] The effect of the time delay 7 will make the decay rate u of the
solution slow down. That is, 4 becomes the smallest 0 as 7 — +o00 and p tends to biggest
as 7 — 0. For more details, we can refer to the proofs of Lemmas and

Let ¢ > ¢* and initial data ug(z, s) be such that 0 = u_ < ug(z,s) < uy for (z,s) €
R x [—7,0], and define

ﬁgr(x, s) = max {ug(z, s), d(x + cs)},

5 V(z,s) € R x [—7,0],
Uy (z,s) = min{ug(z, s), p(x +cs)},

which implies

0=u_< ﬁg(w,s) <wp(zx,s) < ﬁ;(x,s) < ug,

0=u_<U;(x,5) < ¢z +cs) < U (x,5) <uy,

for (z,s) € R x [—7,0]. Clearly, the initial data (7035 (x,s) are piecewise continuous and
don’t have a good enough regularity, which may also cause the absence of regularity for
the corresponding solutions. In order to overcome such a shortcoming and establish the
energy estimate, instead of these initial data, we choose smooth functions Ugt(m, s) as the

new initial data and U (z, s) satisfy

0=u_<Uj(z,5) < (70_(:6,3) <wp(z,s) < ﬁ{(m,s) < U (z,5) <uyg,
for (z,s) € R x [—1,0].
Let U*(z,t) be the corresponding solution of (I.1]) with the initial data USE (z,s), that
is
oU+

o = D[J «U* + f(U%, kx« U%(2,t — 1)),

U*(x,s) = Uf(z,s), (x,8) €Rx[-T,0].
By the comparison principle in Lemma we have
(3.1) u_ < U (z,t) <ulw,t) <UT(2,t) < uy,
(3.2) u- <U (2,t) < ¢t +ct) U (2,t) < uy,

for (z,t) € Ry x R.
Next, we will complete the proof of Theorem [3.1] in three steps.
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Step 1. The convergence of U™ (x,t) to ¢(x+ct). For any given ¢ > c*, let £ = x+ct
and
v(&t) = UF(tz) — oz +ct), w(&s):=Uy(s,2) — oz +cs).

It follows from and that

v(€,t) >0, wo(§,s) >0,
and
(3.3) vt cvg = [T+ v — 0]+ F0 -+ 6, K% (0r + 6r)) — (] % ),
where v; = v(§ —er,t — 7), ¢ = $(§ — c7). Furthermore, can be rewritten as
(3.4) v+ cvg = d[J xv —v] + 01 f(0,0)v + 02 £(0,0)k * v + Q,
where

Q=Q(&1) = f(v+ ¢, kx (vr + ¢r)) = (&, kx d7) — O1f(0,0)v — D2 f(0,0)k  vr.
By the assumptions (H1)-(H3) and mean-value theorem, we can obtain Q(&,t) < —muv?

for the nonnegativity of k, ¢ and v, where m is a positive constant.

Lemma 3.3. It holds that

t t
o)z, =) +/0 e =) [o(s)llLa,, m) ds +/0 e t=s) HU(S)H%g”(R) ds < Ce™!

forc>c*, and
! 2
oz, 0+ [ ol 0 ds<C fore=c
0 1

where wy (&) = e~ €720 (x4 is a large constant) and p is the small constant.

Proof. Using the similar arguments as proof of Theorem and noticing that initial data

v is a smooth function, we have
(3.5) v(+,t) € C([0, +o00), HL (R) N H'(R)).

Multiplying (3.4) by w1 (€)ef1t, where pq > 0 is a small constant, we obtain

9 pit ¢ 0 t w)
— (wreltv) + et 8—§(cw1v) =w1eM’ |d(J *xv —v) + eV + piv + 01 £(0,0)v
1

ot
+ 0o £ (0, 0)wy e o, + wi et Q.
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Integrating the above equation over R x [0, ¢] with respect to & and ¢, we have

1t d
et [ wnepuien) dg
t
3O = IOl e+ [ [ w©eraes) s

t /
+ // weett® [d(J *V —v) + c%v + pv+ 901 £(0,0)v + 92 f(0,0)k * v, | dEds.
0JR 1

Here, we use ({3.5)) to ensure that

t L0 .
/O/Reu o€ [cwi(§)v (&, )] dgds = 0.

Because of Q(¢,s) < —mwv? and w1 (€)e1t > 0, we have

(3.7) /Ot/R e *wy (§)Q(E, s) dgds < —m/ot et HU(S)H%gUl(R) ds

By changing variable y — y, £ —y — ¢t — &, s — 7 — s and using the fact

+y+ —\* cT
/M(?J/)wl(g y L) dy:/Rk(y)e M) dy = ko,

we obtain

/t/ wl(f)e’”s/ k(y)v(€ —y — er) dydéds
/ T/ / et s+‘r)w1 (€ 4y + en)k(y)o(€, s) dydeds
:/ T/ wi (€)eM Ty (g, )[/R (Q)Wdy déds

:/‘yﬁlewﬂf@ﬁﬁﬁéuwemwmw
gw”/mwﬁwﬂﬂm//m Jerou(e, 5) déds

+ e,ulT/R —)\ (y+er) dy/ /,w1 PRICTE )d£d5

= koe“” [ e |lu(s HLI )d8+/ e"*® |lug(s )HL%Ul(R) ds

—T
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By the similar method above, we obtain

d /0 t /R wy (€)eMs /R J(z)v(€ — z,s) dededs

= d/t/ / wi (€ + 2)e!5 T (2)(€, 5) dedéds

oo [0
_d/J ”dx/ e‘“/wl s)déds
={éﬂ@eyﬂmﬁemﬂwﬁh%®ds

So we obtain

t /
// wy (§)err? {d(] xv—v)+ Pyt v + 01 £(0,0)v + 92 £(0,0)k * U.,-:| déds
0JR w1

< [ t [un@eate)

(3.8) X [d/ J(@) (e T —1)dx — eX* + py + 01.£(0,0) + D2 £(0, O)koe“”] déds
R

0
02 0.0koe™ [ e un(5)] 1y, A5

¢ 0
= A()\*,c,ul)/ e ()l my ds + a2f(0»0)k06’“7/ e lvo(s)ll sy, (my ds:
0 -7

where

AN e ) = d/ J(x) (e — 1) dx — eX* + g + 91 £(0,0) + Do f (0, 0)koet ™
R

= AN, ¢) + 1 + 02£(0,0)ko ('™ — 1).
Substituting (3.7]) and ( . ) to , we have
t
e“1t|v<t>nL;10R)——14<A*,c,u1>J/ 5 o(s) |y, gy ds
0 1

t
[ fu(s) Iy, ) ds

0
SW@M%®+@ﬂWMWM/‘WWW@MMm®-

—T

Furthermore, when ¢ > ¢*, due to A(X*,¢) < 0 and lim,, 0 92 f(0,0)ko(e"1™ — 1) = 0, we
can choose a small g7 > 0 such that

AN, ¢, 1) < 0.



884 Zhaohai Ma and Rong Yuan

When ¢ = ¢*, because of A(X*,¢*) = 0, we can take only p; = 0 such that
AN, ¢, 1) =0.

Thus, we obtain

t

t
o zg, o0+ [ € Mooy, oy s+ [0 (o), sy ds < O

for ¢ > ¢*, and

t
o5, 0+ [ o3, e ds <€ fore=c"
0
This completes the proof. O

Lemma 3.4. For c > c*, it holds that

o) ey / Jo(s) 22z, ds < C.

Proof. Since wy(£) = e 2" €=20) > 1 for £ € (—o0, x0), it follows from Lemmathat

t—T
/ ftdf—i—/ / s)déds < C, Vt>0, forc>c",

and in particular by taking ¢ = +00, we obtain

(3.9) / o / s)déds < C.

(3.3) can be rewritten as
(3.10) v+ cvg =d[J xv —v] + 01 f(d, k* dpr)v+ Oaf(d, k * dpr )k xvr + Q1

where

Q=Q(&t)=fv+ ¢ kx(vr +¢7)) — f(d,k*o7)
_alf(¢ak*¢T)U_82f(¢7k*¢7)k*v7‘-

By using the mean value theorem and (H3), we can obtain ()1(§,¢) < 0 for the nonnega-
tivity of k and ¢, v
Multiplying (3.10]) by v(§,t) and integrating it over R x [0, ¢] with respect to £ and ¢,

then we have

t
()2 < IU0(O)]Za +2 / / d(J % v — v)vdeds
(3.11) 0/R

t t
2
+2/O/Ralf(¢,k*¢7)v d§ds+2/0/Rﬁzf(¢,k*¢T)k*vTvd§d3,
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Using the Cauchy inequality |ab| < gaQ + 2—177192 for n > 0, which will be specified later, we

obtain

2 / t / O f(6,k * 67) / B(y)o(€ — y — 7,5 — T)o(, 5) dydeds
/// YR (6K % br )03 (€ — y — er,5 — 7) dydéds

+17/0/Rv (&, 8) déds.

By changing variables y — vy, { —y —c7 — &, s — 7 — s, we have

1 t
5/0/]R/Rk(y)822f(¢»k*¢r)vz(§_y—CﬂS—T)dydfds

-1 | [ ez (¢<§ syten), [ Koo+ y -2 dz) V(6. 5) dydeds
_Lp k()03 f (& +y+cr), | k(2)d(¢+y — 2)dz | v*(&, s) dydéds
o | [ rwass ( / )
t—7 o +00
e
< 031 <¢(£ yten. [ Kooty -2) dz) V(€. 5) dydéds

1 1 oo o
< LORF0.0) [oo(O) oy + 1 051(0.0) [ [ (€9 acas

o t / :OO [ [ kot (¢(5 yten), [ KEo(E+y—2) dz) dy} v2(€,5) déds
coetf t / :OO { [ ks (qs(g +yter), [ BE0lE+y -2 dz) dy] V() déds,

where we have used 0 f(u,v) > 0 and 9;;f(u,v) < 0 for all (u,v) € [0,u4]* and (3.9).

Similarly, we obtain
t
2 /O / S (6, k% by 02(E, ) deds
t rxo —+o00
(313) =2 /0 [ 0070,k 0,076, 9) deds +2 / / O f (6 k x b )0 (€, 5) déds

t +oo
<2 /0 / (6K 60706 5) ds
and

(3.14) n/ot/]l%v?(g,s) déds < 0+n/0t/m:w v?(€, 5) déds,

where we use the fact that 9; f(u,v) < 0 and (3.9)). Substituting (3.12)—(3.14) to (3.11)
and noticing (2.8]), we obtain

t p+oo
ool - [ [ caternie s dsas <,

0
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where

Cal) =0+ [ k)R <¢<g yen), [ Koy -2) dz) dy
+ 231f(¢, k x (bT)

for £ € [zg, +00). If we let £ — 400, we have

Catroc) =+ - | KO us) dy+ 201 Flag )
=0+ 05 f(up,up) + 201 f(uy, uy)
= [ 2001 ) + 03 ()]
Noting 01 f(u4,us) < 0 and 0y f(uy,uy) + O2f(uy,uy) < 0, and using the properties of

quadratic function, we can choose a suitable n > 0 such that Cy(400) < 0. Furthermore,

we can choose zg large enough such that

C2(€) < 5Ch(+00) <0, & € [z, +00).

Thus, we have
1 t p+oo
[0(6) 3 e) — 5C2(+o0) /0 / W2(€.5) déds < C.
Zo

In particular, we have

(3.15) //x s)déds < C.

Combining (3.9) and (3.15), we have fo v(s)|7 12wy ds < C. Thus, we can immediately

obtain
o) ey / Jo(s) 228, ds < C,

and complete this proof. O

To obtain the stability of traveling waves, we need to get the estimate for ve(§,1).
Let us differentiate with respect to £ and multiply the resulting equation by ve(§,t)
and then integrate it over R x [0,¢] with respect to & and t. By the similar method of
Lemma we can obtain the following estimate for vg(&,t). The detail of the proof is

omitted.

Lemma 3.5. For any c > ¢*, it holds that

t
(3.16) Ol ey + [ Ie)]age) ds < C.



Nonlinear Stability of Traveling Wavefronts 887

Now, based on lemmas above, we obtain the exponential stability for noncritical trav-

eling waves in (—o0, zo].
Lemma 3.6. For any c > c*, it holds that
V()] poo (—somg) < Ce™1H3, £ >0.

Proof. Let I = (—o00,zg]. Then we have

(3.17) lo(O)22r) = / (& O A€ < [0t ey 1001

—00

and

/ Oe(v?) dé = 2 / o(€ (€. 1) de

<9 </_OO 2(¢, t)d&)m (/_;vé@,t)df)m

= 2@l L2y lvell 21y »

which implies

(3.18) o Zoe(ry < 20@) 201y lvell 22
Combining (3.17)) and ( -, we obtain

1/3 2 3
(3.19) lo(®)ll oy < VAR@ AT e @17

In view of ||ve(t )HL2 < C from (B.16)), wq(§) = e N (E=20) > for z € T = (—o0, x|, and
Lemma we obtaln

(3:20) o)1) < Ny, 1y < Ce ¢>0.
Thus, combining and , we immediately get
o)l ooy < Ce™3, >0,
and compete the proof. O

Now we are going to prove the exponential stability for noncritical traveling waves in
[xo, +00).

Lemma 3.7. For any ¢ > c*, it holds that

V()] Lo g o) < Ce™ 13, £ >0.
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Proof. Multiplying (3.10)) by e#t! and integrating it with respect to (£,t) over R x [0, ],
and noticing that Q1(&,t) < 0, we obtain

t
Ol = [ e [ 000k 5 6, )odeds
t
(3.21) —/0 e“ls/Rﬁgf(qﬁ,k*qﬁT)k*defds

t
< loo(O)lgsgey +d | @ [ (Tx0—v)deds.
0 R

By changing variables y — y, s — 7 — s and € — y — e — &, we have
[ e [[ar(600n 00k, asas
_ /O:u /]R /R k(y)oaf <¢(£), /R k()€ — 2 — er) dz) W€~y er s — 1) dydeds
_ /7 Tt [ [ kmoa (ote+yen), [ Kole +y - )d ) ofe. o) apads
< /0 e; /R v(€,5) [ew /R k(y)df (<z><5 +y+er), /R k(2)0(€ + 1 — 2) dz) dy] deds
ets [ (g s) [eMT | k(y)o ). | k(2 Cavds ) dul deds.
) s e [utes [eor [t (ste+u+en. [ Krote+y—21as)au ae
C3(8) = 01f (&, k * ¢7)
e /R k(y)0af (¢>(5 by +or), /R k(2)o(€ + 1 — 2) dz) a.
As ¢ = +oo, we obtain

C3(+00) = 01 f(ut,uy) + 70 f(us, ug).

Due to the fact that 01 f(u4, us) + 02 f (ug,us) < 0, we can choose p1 small enough such
that C3(+00) < 0. Thus, we can choose zg large enough such that C5(&) < $C5(+00) < 0
for & € [xg, +00).

t
/ e / Cs(€)o(€, 5) deds
0 R

([ e

< /O e / ch<£>v<f,s>déds+;cg<+oo> /O s /%*mv(s,s) dgds,

From Lemma [3.3] and w1 (£) > 1 in (—o0, z¢], we obtain

X0 t o
e’“t/ v(&,t)dE < C  and / e’“s/ v(€,8)déds < C
0 —o0

—0o0
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which, together with the boundedness of C5(&), implies that

t xo
/ e“ls/ C3(&)v(€, s)déds| < C.
0 —00

Furthermore, splitting each integral on the inequality (3.21) into two parts due to R =
(700)330] U [CEO, +OO)’ we get

1 t “+o00
e [[0(8) | 1y o) — 203(+oo)/ ems/ v(E,5)déds < C.
0 x0
In particular, noticing C3(+00) < 0, we have
[0(t) 1 g 4oy < Cebit, £ 0.
By the similar method of Lemma we can prove the following convergence in [z, +00),
[0l e 00 < Ce, 20,
This completes the proof. O

Combining Lemmas and we can immediately get the following result.

Lemma 3.8. For any c > ¢, it holds that
sup |Ut (z,t) — ¢(x + ct)| = V()| oo (m) < Cemt/3 ¢ >0.
z€eR
Next, we are going to prove the fact that the critical traveling wave with ¢ = ¢* is

time-asymptotically stable.

Lemma 3.9. For any c > c*, it holds that

(3.22) /Ot d ds—i—/ot

2
— [lv(s)lI72 (R)
Proof. Multiplying (3.4) by v(£,t) and integrating it over R with respect to &, then we

ds < C.
ds 5=
obtain

d
~loe(s)22m

G IOl emy =24 [ (750 —v)dg+2 [ 070,002 (e.1)de

+ 2/ 02 f(0,0)k * vyv(€,t)dE + 2/ Q& t)v(g,t) dE.
R R

Noticing the fact that Q(&,t) < 0 and v(&,t) > 0, we obtain

‘iHv(t)H%z(R) < ‘2d/R(J*v—v) df‘ + ‘2/Ralf(o,0)v2<g,t)dg’
+ ’2/8210(0,0)1@*@7@(5,15) dg‘
R

< Cllv(®)lI72(g) -
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Integrating the above inequality over [0, ], we obtain

t t
d 2 2
— ds < C d
[ 1O | s < [ Cluolage a
Noting the result of Lemma we have

(3.23) / f|d

L o(s) age
Let us differentiate (3.4 with respect to £ and multiply the resulting equation by v¢(&,1),

and then by the similar method above, we can obtain

(3.24) /0 t

Combining (3.23)) and (3.24)), we can immediately get (3.22)) and we complete the proof. [J

Lemma 3.10. For c = c*, it holds that
lim sup|U"(z,t) — ¢(x + c*t)| = 0.

ds < C.

ds < C.

d
= lloe(s)22m)

t—=400 1cR
Proof. From Lemmas [3.4] 3.5 and [3.9] we have
d
(3.29 O+ [ IO ds+ [ |5 o)l |ds < €

and
ds < C,

t t
2 2 d 2
IOl gey + [ oelo) g ds+ [ |55 Iee(o) e

for t € [0,+00) and ¢ = ¢*. Let g(t) = Hv(t)H%Q(R). From ({3.25)), we know that

—+00 “+o00
0<g(t) <C, / g(t)dt < C, / lg'(t)|dt < C.
0 0

This implies
(3.26) lim [Jo(t)[|72) = lim_g(t) = 0.

t—+oo t—+o0

By the similar method, we obtain

(3.27) lim {[|ve (6)]72r) = O-

t——+o0

Due to the inequality

£ £
2(¢,1) = / Be(v?) dé = 2 / o(€ v (6, ) de
<2 /R [0(6, (6,1 4 < 2[00l gy - 10O,

we have
(3.28) o)l 70y < 20O 2wy - 106 O] 2z
By (3.26)), (3.27) and (3.28]), we immediately obtain

+ | = 1 —
t_l}grnooilelg (Ut (z,t) — ¢z + ct)| = Jm o) pee () = 0. -
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Step 2. The convergence of U™ (z,t) to ¢p(x+ct). For any given ¢ > ¢*, let { = x4t
and
v(§,t) =gz +ct) U (2,t), wo(§s) =gz +cs)— Uy (s,2).

As in Step 1, we can similarly prove that U~ (x,t) converges to ¢(x + ct) as follows.

Lemma 3.11. For any c > c*, it holds that

sup [U™ (z,t) — ¢(x + ct)| < Ce ™™, ¢>0,
z€eR

and for ¢ = c*, it holds that

I U™ (x,t) - “t)] = 0.
Jim_sup [U7(2,1) — d(z +¢"0)]

Step 3. The convergence of u(x,t) to ¢(x + ct). Here, we present the proof of
Theorem [3.1] based on lemmas in Steps 1 and 2.

Proof. From Lemmas [3.8] and we obtain the following results
sup ‘Ui(:r,t) — (x4 ct)‘ <Ce ™M t>0,c>c
zeR

and

1i Ut(z,t) — O =0 = .
t;+mmilé£| (z,t) = p(x + )| =0, c=c

By (3.1) and the squeezing argument, we immediately obtain

sup [u(z,t) — ¢p(z +ct)| < Ce ™™, >0, ¢ > c*,
R

xe
and
lim supavu(z,t) — ¢(x +c't) =0, c=c".
i supavu(z, t) = ¢z + ct)
The proof is completed. O

4. Applications

In this section, we apply our main result — Theorem to some monostable evolution

equations to obtain the global stability of traveling waves, including the critical one.

4.1. Nonlocal Nicholson’s blowflies equation

If we take the nonlocal diffusion rate d = 1 and f(u, k*u) = —du(z,t) +b(u(z,t — 7)), the
equation (|1.1)) will reduce to (|1.3]). That is, we consider the following initial value problem

ou(z,t)
(4.1) ot
u(z, s) = up(z, s), s€[0,7], z € R.

= /RJ(y)[u(w —y,t) —u(z,t)] dy — du(z,t) + blu(z,t — 7)), t>0, z €R,
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Here, we assume that the function f(u,v) and kernel function J(z) satisfy the assump-
tions (H1)—(H4). It is easy to see that (4.1) has two equilibria u— = 0 and u4 > 0. The
following result is a straightforward consequence of Theorem

Theorem 4.1. For a given traveling wave ¢(x + ct) of (4.1) with ¢ > c*, if the initial
data satisfies
0=u_ <wg(z,s) <uy, V(x,s)€Rx][-T1,0],

and the initial perturbation uo(-,s) — ¢(- + cs) € CH([~7,0], HL(R) N HY(R)), then there
exists a small > 0 such that the solution of (4.1) converges to the traveling wave ¢(x+ct)

i the sense that

sup |[u(z,t) — ¢z +ct)] < Ce ™, VYt >0, forc>c*
z€R
and

li ) — “t)| =0, = ¢
t_£+mooi1€1£\u(x ) — (x4 ') forc=c

Remark 4.2. In [24], Pan et al. considered the equation (4.1) and by constructing proper
upper and lower solutions with the method of squeezing technique, they obtain the asymp-

totic stability with phase shift for the noncritical traveling wave in the sense that

u(x,t)
P(x + ct + o)

lim sup
t—4o0 zeR

—1‘ =0, forc>c",
if the initial value satisfies

=0, liminfug(0,2) >0,

T—00

lim max ‘u0(37x)€—>\1(0)w _ poe)q(c)cs
T——00 s¢[—1,0]

where & = %(c)ln po and p > 0. Here, we not only obtain stability of the noncritical

traveling wave for ¢ > ¢*, but also prove that the decay rate is exponential decay. Fur-
thermore, we also obtain the global asymptotic stability of the critical traveling wave for

cC=2cC.

4.2. A local population model with age-structure

Letting diffusion kernel J(z) = §(x) + 0" (z) (§(z) is the Dirac function) and f(u, k*u) =
—6u?(x,t) + pe 7 fR k(z)u(x —y,t —7)dy with § > 0, p > 0, v > 0, we then reduce ([L.1])

to the following age-structured population model

ou  0%u 5 oy
(42) i d@ — du” + pe /Rk(y)u(:c —y,t—71)dy,

u(z, s) =uo(x,s), se[-1,0, zeR
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It can be easily checked that the constant equilibria of (4.2) are ug =0 and u; = §e™7,
and the assumptions (H1)—-(H5) are satisfied. From Theorem we immediately obtain

the following result.

Theorem 4.3. For a given traveling wave ¢(x + ct) of (4.2) with ¢ > c*, if the initial
data satisfies
0=u_ <wg(z,s) <uy, V(x,s)eRx][-T1,0],

and the initial perturbation uo(-,s) — ¢(- + cs) € CY([~7,0], HL(R) N H(R)), then there
exists a small 1 > 0 such that the solution of (4.1)) converges to the traveling wave ¢(x+ct)

in the sense that

sup |[u(z,t) — ¢z +ct)] < Ce ™™, VYt >0, forc>c*
zeR

and

li ) — )| =0, = ¢
t_}inooilelg\u(x ) — oz + c"t)| fore=c

Remark 4.4. For the critical traveling wave, in [19], Mei et al. considered the more general
form, and proved that the critical traveling wave is global algebraic stable in the sense
that

sup |u(t, ) — (z + c*t)] < Ct~ 2, for ¢ = c*.
z€R

No doubt that this global algebraic stability is better than time-asymptotic stability given
in Theorem However, when we introduce the nonlocal diffusion instead of the local
diffusion to the equation (4.2]), we only obtain the global time-asymptotical stability for

the critical traveling wavefront because of the effect of the nonlocal diffusion.
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