TAIWANESE JOURNAL OF MATHEMATICS

Vol. 20, No. 4, pp. [823H848] August 2016
DOI: 10.11650/tjm.20.2016.6850

This paper is available online at http://journal.tms.org.tw

Quasi-periodic Waves and Solitary Waves to a Generalized
KdV-Caudrey-Dodd-Gibbon Equation from Fluid Dynamics

Jian-Min Tu, Shou-Fu Tian*, Mei-Juan Xu and Tian-Tian Zhang

Abstract. In this paper, a generalized KdV-Caudrey-Dodd-Gibbon (KdV-CDG) equa-
tion is investigated, which describes certain situations in the fluid mechanics, ocean
dynamics and plasma physics. By using Bell polynomials, a lucid and systematic
approach is proposed to systematically study its Hirota’s bilinear form and N-soliton
solution, respectively. Furthermore, based on the Riemann theta function, the one-
quasi- and two-quasi-periodic wave solutions are also constructed. Finally, an asymp-
totic relation of the quasi-periodic wave solutions are strictly analyzed to reveal the

relations between quasi-periodic wave solutions and soliton solutions.

1. Introduction

It is well known that nonlinear equations are more and more widely investigated to describe
a lot of significant phenomena and dynamic processes in many fields, such as physics,
chemistry, biology and mechanics, etc. Consequently, it is meaningful for us to investigate
the exact solutions of the nonlinear equations. A good number of effective methods have
been come up to obtain the wave solutions. They contains inverse scattering transform [1],
Lie group [4], the Darboux transformation [21], Hirota direct method [10}/11], algebro-
geometrical approach 3] and Painlevé analysis [17,[38], etc. Among these methods, Hirota
bilinear method is one of vital convenient approaches used for constructing soliton solutions
of the nonlinear equations. Interestingly, the method combining with Riemann theta
functions has also been developed to get exact quasi-periodic wave solutions.

In 1980s, Nakamura propose a straight and effective approach to construct quasi-
periodic solutions for nonlinear equations in his essay [24]. Combining with Riemann
theta functions, one can obtain the quasi-periodic wave solutions of the given nonlinear

equations. Recently, Fan and Hon [6,7] extend this method to investigate the discrete Toda
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lattice, (24 1)-dimensional Bogoyavlenskii’s breaking soliton equation and the asymmetri-
cal Nizhnik-Novikov-Veselov equation. Ma [18/20] construct one- and two- quasi-periodic
wave solutions to a class of (24 1)-dimensional Hirota bilinear equations. Chow [5] present
the exact quasi-periodic solutions to some evolution equations. Chen, et al. [22,36] inves-
tigate the bilinear forms, bilinear Béacklund transformations, Lax pairs and conservation
laws of some KdV-type equations. In [28-32], Tian, et al. present the methods to con-
struct the quasi-periodic wave solutons of some nonlinear differential equations, discrete
soliton equations and supersymmetric equations.

Recently, more and more mathematicians and physicists pay attention to the gen-
eralized nonlinear equations because the generalized nonlinear equations could describe
more realistic physical phenomena than their constant-coefficient counterparts in various
fields [13-15125,33,34]. In this paper, we consider the following generalized KdV-Caudrey-
Dodd-Gibbon (KdV-CDG) equation

(11) Ut + (hlua:a: + h2u2)m + (h3u3 + h4uua;a: + hSUxxa;a:)x = 07

where u is a function of the variable =, ¢, u; = %, Uy = %, hi (i =1,2,3,4,5) are arbitrary
constants. Obviously, (1.1)) can be reduced to the KdV equation, Caudrey-Dodd-Gibbon
equation and the Sawada-Kotera equation etc. Some important examples are given as

follows.
e The Korteweg-de Vries (KdV) equation [19,35,39]
(1.2) Ut + Uggr + 6uu, =0

has been found to model many physical, mechanical and engineering phenomena,
such as ion-acoustic waves, geophysical fluid dynamics, lattice dynamics, the jams

in congested traffic, etc.

e The Caudrey-Dodd-Gibbon (CDG) equation [26},37]

2

«
(1.3) Ut + Upprwr + QU Ugy + QUULL + qu

Uy =0

is completely integrable and admits multiple-soliton solutions. Meanwhile, (1.3)) has
the Painlevé property.

e The Sawada-Kotera (SK) equation [16}27]
(1.4) Ut + Uppwwr + 15Uptize + 15Utz + 450Uy = 0

can be used to describe the evolution of steep waves of short wave-length.
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To the best of our knowledge, it has not been studied the quasi-periodic wave solutions
for the generalized KdV-CDG equation . The main purpose of this paper is to apply
the Bell polynomial approach to construct its bilinear form, N-soliton solution and quasi-
periodic wave solutions. Furthermore, we present an asymptotic relation to reveal the
relations between quasi-periodic wave solutions and soliton solutions. In the procedure of
applying the Bell polynomials, some relevant constraint condition on are naturally

found, i.e.,
(1.5) 15h3hs = h3,  hihy = 5hahs.

In the present work, the results of the generalized KdV-CDG equation are investigated
under the condition .

The rest of this paper is organized as follows. In Section |2, the Hirota bilinear form
of the generalized KdV-CDG equation is obtained by using the Bell polynomials. In
addition, some special cases are also investigated. In Section [3| the IN-soliton solutions
of generalized KdV-CDG equation are constructed with a detailed proof. After that one
can obtain the one-soliton and two-soliton solutions of the equation. Through use of the
Riemman theta functions, we obtain the quasi-periodic wave solutions in Section [d In
Section b} we present a relation between quasi-periodic wave solutions and soliton solutions
by a limiting procedure. Finally, some important characters of binary Bell polynomials

are briefly introduced.

2. The bilinear form

Based on the Bell polynomials [2,/9,/12], we obtain the bilinear form of the generalized
KdV-CDG equation.

By introducing the following transformation
(2.1) u = m(t)qoz,

where m = m(t) is a free function to be determined with Bell’s polynomials. Substituting

the transformation (2.1)) into (1.1]), one obtains

m(t)qozt + mi(t)qae + (Rim(t)qae + ham(t)?¢3,) s
+ (h3m(t)3qu + h4m(t)2q2xq4m + h5m(t)QGw)x = 0.

If m(t) # 0, (2.2) is equivalent to

(2.2)

q2x,t + 815(11’1 m(t))q2cc + (h1Q4m + th(t)qu>z

(2.3)
+ (hgm(t)* g3, + ham(t)q2sqaz + hsger)z = 0.



826 Jian-Min Tu, Shou-Fu Tian, Mei-Juan Xu and Tian-Tian Zhang

Integrating with respect to z, becomes

Gt + O (Inm(t))ge + Mgz + ham(t)a3, + ham(t)* a3, + ham(8)goeqae + hsgor = 0,
where 6 = §(t) is an integration constant. Let
(2.4) hy = 3him™(t), hs = 15hs(m~1(t))*> and hy = 15hsm (1),

we get,
qx.t + hl(q4x + 3(]%3;) + h5(15qu + 15q21’q4$ + Q6a:) =4.

Integrating with the P-polynomials, it shows that
(2.5) E(q) = Pur(q) + M Paz(q) + hs Pea(q) = 0.
Especially, taking § = 0, can be simplified as follows
(2.6) E(q) = Pui(q) + h1Pizr(q) + hsPex(q) = 0.
At last, through use of the property , we have
g=2Inf <<= u=m(t)qgou,
where m(t) is determined by and f = f(z,t). From (2.4), we define m(t) as below

3hihy when hihy # 0,
m(t) = ¢ 15hshy'  when hyhs # 0,

\/15hshs'  when hghs > 0.

When hihg # 0, hyhs # 0, hshs > 0, these three m(t) are equivalent with each other. In

the following derivation process, we take m(t) = 3hihy 1 as an example, i.e.,
g=2Inf <= u=m(t)g =6hi1hy (In f)s.
Using the standard identities of the Hirota D-operator

D;fo(x7t) ’ g(:v,t) = (ar - 6:r’)n(8t - 8t/)kf(xat) 'g(.%'/,t,)l

r=z' t=t"’
one can obtain the bilinear representation of the KAV-CDG equation
(2.7) (DeDy + hiDy + hsDS) f - f =0,

where hiho # 0, and hy, he, hs are arbitrary parameters. Formula (2.7)) is a new bilinear
form. Choosing different coefficients h; (i = 1,...,5), m(t) may be different. But using

the similar way, the bilinear representation can be certainly obtained.
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Case 1. Let hy = 1, hg = 3, hs = 0, (L.1)) becomes KdV equation (1.2)), meanwhile, the
Hirota bilinear form ([2.7)) can be written as

(2.8) (D.Di+ DY) f-f =0,
which is the same as (2.8) in [30].
Case 2. Let hy = 0, hg = 0, hg = o?/15, hy = «, hy = 1, becomes Caudrey-
Dodd-Gibbon equation . Especially, when o = 30, by making the transformation
m(t) = 15hshy " = /15hshyt = 1/2 in the above proof procedure, the Hirota bilinear of
is given by

(DaDy + DY) f - f =0,
which is also obtained in [26].
Case 3. Let hy =0, ho =0, hg = 15, hs = 1, hy = 15, becomes Sawada-Kotera
equation (L.4). Making the transformation m(t) = 15hsh; ' = {/15hshy! = 1, and the
bilinear form for is given by

(D.Dy+DS) f- f =0,

which is equivalent to (2) in [16].

When hihs # 0, the Hirota bilinear form admits a more general conclusion and
applications than the bilinear form which has definite coefficients, e.g. . It would
make sense to us. When hiho = 0, other cases can be discussed by the similar process.
Representatively, we discuss the bilinear form in the rest of this paper.

3. The solitary solutions
In this section, we construct the N-soliton solutions of the generalized KdV-CDG equation
by using the Hirota bilinear form (2.7) with a detailed proof.

Theorem 3.1. The N-soliton solution of the generalized KdV-CDG equation is obtained

as follows

u = 6hihy (10 f)ae,

N N
F=>ep > pmoi+ Y, piridi |,
i=1

p=0,1 1<j<i<N

(3.1)

. . g ) A —(wi—w;)(ki—kj)—h1 (ki—k;)*—hs(ki—k;)®
in which ¢; = kiw+wit+03, €7 = (wi+wj])(ki+kjj)+hl(ki+kjj)4+h5(ki+kj])6

hsk?, (1 <j <i<N). ki is a free parameter characterizing the j-th soliton. Zﬁqu\,

with Ww; = —hlk?—

is the summation over all possible pairs selected from N elements under the condition

=] <1 < , an — shows € summation Oover atl possible comoinations o
1<j<i<N) and Y, o, shows th ti Il possibl binati
pipi =0,1 (i,j=1,2,....N).
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Proof. Considering the bilinear form ([2.7)), (3.1]) can be written as

N N
SN 2 =D (05— Ak + hskD),D (pi — Pk
—0,1 p'=0,1 i—1 —y
(3.2) p=0,1p J J
N N
xexp | Y (pi+ oo+ Y. (pip +Aip))Aij | =0,
=1 1<j<i<N

and then we let the coefficient of the factor

N

m n
exp | > (pi+ 0o | =9 (p.p) =exp | D di+2 Y ¢
j=1 j=1 Jj=m+1
Moreover, for the left-hand side of (3.2]), we introduce the following function
N N
M= G 0D | =D (s — Pk + hsk), D (pj — Pk
p=0,1p/=0,1 j=1 j=1
(3.3) N o
xexp | > (pipj + pip) Aij
1<j<i<N
=0,

where the coefficient 4(p, p’) on behalf of the summations about p and p’ under the

conditions provided by the following formulas
L—pf, if1<j<m,
pi=qp=1, ifm+1<j<n,
p;=0, ifn+1<j<N.

Now, introducing a new variable

(3.4) wj = pj — ),
we have
N m 1 m n
exp | > (pipi o)A | = D 5 (14 wiwj) Aij + d> Ay
(3.5) 1<j<i<N 1<j<i<N i=1 j=m+1

+ Y D> Ay

1< <i<N j=m+1
By considering w;,w; = £1 and the following relations
D(—h1k3 — hsk3, kj) = D(kS + hsk3, —k;),

(3.6) Db (K — k) + hs (3 — K9, by — by
exp(4ij) = _@(—h (k3 +k3) — hs (kD + k), ki + k)
LR J 5\ oM
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we have
m 1 @(hl(k? — kg) + h5(kz5 — k5~), kj — kz)
(3.7) —(1+wjwj)Aij = — J J X ;0.
1<j;<N 2 ’ ’ @(_hl(k? + k?) - h5(ki5 + k?), ki + kj) J

Combining equations (3.3)), 7, we obtain

N
M=oY 9 Z (k3 + hsk?) ij
w==x1 j=1 j=1
(3.8) ) i
XH@ hl k )+h5(k‘ —k:j),kj—ki)wiwj
1<t

where &7 = o/ (exp(A;ij)). There’s no relation between the .27 and the summation indices
w; (i =1,2,...,N). By considering the bilinear equation (2.7)), (3.8) can be rewritten as
follows

(3.9)
N N N 1 N 6
My = A Z — Z wle(hlk? + h5k?)k7] + hq ijkj + hs ijkj]
w==+1 ij=1 j=1 i=1
N
< [[ 2 (k3 — k3) + hs (k) — kD), kj — ki)wicw;
i<t
=0.
This implies that ///]\V(—kl, —ko,...,—ky) = ///7\/(/61, ka,...,kn) from the above equation

(3.9). Suppose o7 =1, k1 = ko, we have
%/]\V(klvk%"'ak]\/)

N
= (1321 k{ + 68hskS) [ [ (k1 —
(3.10) e

J
x {(2h1 (k1 — k;)? + 3hikik; + 2hs(ky — k;j)* + 5hs (kik3 + ki k; — kik7) }
X Mok, ks, .. k).

Assume that the identity hold for N — 2. Through using the relevance (3.10)), it shows
that ///1\\],2(1@1, ka,...,kn) is the factor by the following polynomial

My (k1 ko, .. ky)

N N
= [ [(33maki + 17hskf) [ [ (ki — kj)®
(3.11) =1 i<j

x {(2h1 (ki — k;)* + 3hkik; + 2hs (ks — k;j)* + 5hs (kik3 + kP k; — k7k7) }
X My (kr, k- . k).
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From (3.9) and (3.11]), we know that .%/;V(kl,kg, ..., kn) = 0 must be zero when &/ =1,
n > 2. From above, we have demonstrated the expression (3.1]) is the N-soliton solution
for the generalized KdV-CDG equation(|1.1)). O

Through using Theorem the following corollary can be easily obtained.

Corollary 3.2. When N = 1, the one-soliton solution of the generalized KdV-CDG equa-
tion s given by

(3.12) u = 6h1hy 102 1In(1 +e?) = ghlhgle sec? W

with ¢ = kx — (h1k® 4+ hsk®)t + 0. When N = 2, the two-soliton solution is given by
(3.13) up = 6h1h518£ In(1 + e®t + 2 4 efrteztiz)

. _ 3 5 . Ay —(w1—wo)(k1—k2)—hi(k1—k2)*—hs(k1—k2)®
with ¢y = kiw + (—haki —hsk?)t + i, 1= 1,2 €0 = = W (b ) T s (b 1)
and w; = —hlk? - h5ki5, (i=1,2).

The graphics of the one-soliton and two-soliton wave solutions (3.12) and (3.13)) are
plotted as Figures by selecting the suitable parameters, respectively.

i

(a) The perspective view of (b) The overhead view of (c) The wave propagation
the wave. the wave. pattern of the wave along
the x taxis.
Figure 3.1: (Color online) Spatial structures of the one-soliton solution (3.12)) with the
parameters hy =1, hg =3, hg =15, hy =15, hs =1, k=1 and 0 = 1.

80 60 40 -20 0 20 40 60 80 10080 -60 40 20 20 40:760 80 100
(a) The perspective view of the  (b) The overhead view of the (c) The wave propagation
wave. wave. pattern of the wave along

the z taxis.
Figure 3.2: (Color online) Spatial structures of the one-soliton solution (3.12)) with the
parameters hy = 2, hg =6, h3 =15, hy =15, hs =1, k= 0.1 and 0 = 1.
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(a) The perspective view of (b) The overhead view of (c¢) The corresponding

the wave. the wave. contour plot.
Figure 3.3: (Color online) Spatial structures of the two-soliton solution (3.13|) with the
parameters hy = 1, ho = 3, hg = 15, hy = 15, hs = 1, k1 = 2, ko = —1.5 and o1 = 1,

0‘2:0.

(a) The perspective view of (b) The overhead view of (c) The corresponding

the wave. the wave. contour plot.
Figure 3.4: (Color online) Spatial structures of the two-soliton solution (3.13|) with the
parameters hy = 1, hg = 3, hg = 15, hy = 15, hs =1, k1 = 2, kg = —1.5 and o1 = 1,

oo = 1.

4. Quasi-periodic wave solutions

Firstly, we introduce the multidimensional Riemann theta function of genus N
(41) 19(6) = 19(577-) - Z eTri(nT,n>+27ri<§,n),
nezZN

in which the integer-valued vector n = (ny,...,nx)" € Z" and complex phase variable
€= (&,...,6n)T € CN. The inner product is defined as

(4.2) (f,9) = fig1 + fag2 + -+ + fngn.
Particularly, when N = 1, the Riemann theta function (4.1)) becomes

400
(4.3) (e T) = D emmrmnS,

with the phase variable { = ax + ft +¢ and Im(7) > 0. When N = 2, the Riemann theta
function (4.1]) becomes

(4.4) I, T) =9(&1,62,T) = Z emilrnn)+2milgn)

nez?
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with the phase variable & = a;x + Bit + ¢4, 1 = 1,2, n = (n1,n2)’ € 72, £ = (£1,&) € C?,

and —i7 is a positive definite and real-valued symmetric 2 x 2 matrix, the 7 is given by

711 T12
T =

T2 722

which is a symmetric complex matrix and has a positive definite imaginary part. In this
paper, we make the matrix 7 be pure imaginary matrix to promise the theta function (4.4)

real valued.

Furthermore, to construct the quasi-periodic wave solutions of the generalized KdV-
CDG equation (1.1)), we consider a more generalized form of the bilinear equation ([2.7)).
Suppose (|1.1]) satisfies the nonzero limiting condition u — wug as [£] — 0. The solution to

(1.1) can be written as
(4.5) w = + 6h1hz 02l 9 (¢),

where ug is a constant solution to ([l.1)). The phase variable £ is of the form & =

(&1,..., &), & = auw + Bit + &5, i = 1,2,...,N. Combining (T.1) with ([£5)), and

integrating with respect to x, we obtain the generalized form as follows

M (Dy, Dy)I(E) - 9(§)
(4.6) = (D3 Dy + h1 D} + ughy D} + hs DS + ughs DS + ¢) 9(€) - 9(€)
=0,

where ¢ = ¢(t) is an integration constant.

4.1. One-quasi-periodic wave solutions

According to the bilinear representation (4.6)), we construct the one-quasi-periodic wave

solutions through use of the Riemann theta function in this subsection.

Considering Theorem 1 in [28], we know that «, 3, € satisfy the following system

+o0o
Z W (dnmia, 4n7ri6)62”2”” =0,
(4.7) e e
S° W @mi(2n — 1), 2mi(2n — 1)B)e 20T — g,

n=—oo
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Combining (4.6)) with (4.7), we get
[e.e]

#(0)= > (-16x°n’af + 256l m*na’ + 256k upnintat

n=—oo
— 4096h575n%a® — 4096 h5uon®nSal + c) 2min®T
=0,
(4.8) .
#(1)= > (—47*2n—1)%aB + 1607 (2n — 1)*a* + 16h1uen® (2n — 1)*a*
n=—oo
— 64hsS(2n — 108 — 64hsuon(2n — 1)%8 4 ¢) T2
=0.

If we set Z = €™, ([4.8) can be rewritten as

(4.9) ail  aie B _ b1 7
a1 Q22 c by
in which
(o]
2
ajp = — Z 167202 a%®™
n=—oo
(o]
2
alo = Z %211 ’
n=-—00
= 2
as] = — Z 47.‘.2(271 _ 1)204%271 72n+1?
n=-—o0o
> 2
(4.10) a2 = Z g2t
n=-—o00
o
b=— Y (-256mn*nia — 256h ugrinta’ + 4096hs 700
n=-—o00
+ 4096h5u0776n60z6) 9?2”2,
(o]
by= > (=16hi7*(2n — 1)*a* — 16hyuon® (2n — 1)’ + 64hs7®(2n — 1)%a°
n=-—00

+ 64hzuor®(2n — 1)%a8) 27 -2+
Solving the system (4.9)), we obtain

birazs — baai2 birag1 — baaiy
(4.11) 8= , c= )
a11a22 — 12021 a12a21 — 11022

where a11a20 — aj2a21 # 0. Namely, we obtain the one-quasi-periodic wave solution of the
generalized KdV-CDG equation (|L.1))

4.12 U= ug + 6h1h7182 In¥(&),
2 Yz
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where the vector (3, c)? and the theta function ¥(¢) can be determined by and
respectively. The one-quasi-periodic wave solution is completely depended on arbitrary
parameters «, 7 and €.

The graphics of the one-quasi-periodic wave solution are plotted as Figures 4.1

and [4:2 by selecting the suitable parameters.
]

[ | 20
[ [
[
| [ \‘10
AR

I W
-1 —u.aw.“sw.%fo.z\o

(a) The perspective view of (b) The overhead view of (c) The wave propagation
the wave. the wave. pattern of the wave along

the z taxis.
Figure 4.1: (Color online) Spatial structures of the one-quasi-periodic wave solution (4.12)
with the parameters h1 =1, ho =3, h3 =15, hy =15, hs =1, 7 =14, a = 2, ug = 0 and
e=0.

I [ {
o
|
| | | | | ‘b | ‘\ [
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L] \ |
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\/ oL “40“ W

0.5 1

(a) The perspective view of (b) The overhead view of (c) The wave propagation
the wave. the wave. pattern of the wave along

the = taxis.
Figure 4.2: (Color online) Spatial structures of the one-quasi-periodic wave solution (4.12])
with the parameters hy =1, ho =3, h3 =15, hy =15, hy =1, 7 =14, a = 3, ug = 0 and
e=0.

4.2. Two-quasi-periodic wave solutions

In this subsection, we search for the two-quasi-periodic wave solutions for (1.1]) by a similar
way. By considering Theorem 2 in [28], «;, (i, ; should satisfy the following system

#(0,0) = Y #(2mi (2n — 01,0) ,2mi (2n — 6y, B))e™ (T n=b0Frnn)] —

nez?
(1,00 =D #(2mi (2n — 02, a) , 2mi (2n — by, B))e™HTn=02)n=b2)(rnm)] — ¢
(4.13) neL |
#(0,1) = > W (2mi (2n — 03,a) , 2mi (2n — 03, B))e™ (=08} n=bs)H(rnm] — o
nez?

Y (1,1) = > W (2mi (2n — 04, a), 2mi (2n — 04, B))e™ (T =0a)n=buF(rnml — o
nez?
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where 0; = (0},02)7,i=1,2,3,4, 61 = (0,0)7, 63 = (1,0)T, 63 = (0,1)7 and 64 = (1,1)7.

1771

Combining (4.13]) with (4.6[), (4.13) can be rewritten as

Z [—47r2 (2n — 61,) (2n — 61, 8) + 16h 7t (2n — 64, a)4 + 16hquom? (2n — 04, a>4
neZ?

_ 64h57'r6 (2n — 91,Oz>6 . 64h5U07'&'6 (2n — 0y, Oz>6 + C} emil(T(n—=01),n—01)+(Tn,n)] _ 0,
Z [—47r2 (2n — O, ) (2n — 62, B) + 16h 7t (2n — 64, a)4 + 16hquom? (2n — 05, a>4
nez?

_ 64h57'r6 (2n — 02,a>6 . 64h5U07'&'6 (2n — 0, Oz>6 + C} eTil(T(n—=02),n—02)+(Tn,n)] _ 0,
Z [—47r2 (2n — 05, a) (2n — 03, B) + 16k 7* (2n — 05, a)* 4+ 16hiuen™ (2n — 05, a)*
nez?

_ 64h57'r6 (2n — 93,0{)6 . 64h5U07'&'6 (2n — 03, Oz>6 + C} eTil(T(n—=03),n—03)+(rn,n)] _ 0,
3 [—479 (2n — 04, Q) (2n — 04, B) + 16h17* (2n — B4, a)* + 16k ugn® (2n — 04, @)
nez?

_ 64h577'6 <2TL _ 94,0&)6 _ 64h5’LL07'&'6 <2’I’L — 0y, a>6 + C} 67r”£[<7(n—94)m_94>+<’rn,n>] =0.

Similarly, by considering the following system

hii hi2 hiz his b1 b1
h h h h b
(4.14) 21 hoo hag ha B2 _ | b ’
h31 hza hsz hss Ug b3
hgr haz haz has c by
we obtain
hil = —47['2 Z <2n — Hi, a> (2n1 — 911)%@(”),
(n1,n2)€Z2
hip = =4 Y (2n—6;,a) (202 — 67)Su(n),
(n1,n2)€Z?
hs= Y (16h17r4 (2n — 0, a)* — 64hs7® (2n — 05, a>6) 3i(n),
(n1,n2)€Z?
(n1,n2)€Z?
b= 167" Y (—m (2n — 0, a)* + dhsm® (2n — 0;, a>6) 3(n)
(n1,n2)€Z?

n?+(n1—01)% _nZ+(n2—02)2 _ning+(n1—0;})(n2—67)
Si(n) =%, Ky 8 )

Ry =", Ry =" Ry =TT i=1,2,34,
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where 6; = (0},6?)1,i=1,2,3,4, 0, = (0,0)T, 62 = (1,0)T, 63 = (0, )T, 6, = (1,1)T, and
o, Tij, € (1,7 = 1,2) are free parameters. Solving system , based on the formulas
(4.15]), we can obtain the vector (31, B2, ug, ¢)”. Furthermore the theta function 9(£) can
be identified by virtue of the vector (81, 32,ug,c)’. Then, we get the two-quasi-periodic

wave solution of the generalized KdV-CDG equation (1.1]) as follows
(4.16) u = up + 6h1hy '02 In (&1, &, 7).

The graphics of the two-quasi-periodic wave solution (4.16]) are plotted as Figures and
by selecting the suitable parameters, respectively.

o 1000 Lo J.
—2000 —1000 | [ | 1000 | 2000
. X 7 5 %

N h
| | -2q
"

Ul
-30 4

1o e T 51
X

(a) The perspective view of (b) The overhead view of (c) The wave propagation
the wave. the wave. pattern of the wave along
the t taxis.

Figure 4.3: (Color online) Spatial structures of the two-quasi-periodic wave solution (4.16)
with the parameters hy = 2, ho =6, hg =15, hy =15, hs =1, a1 = =2, as = 1, ug = 0,

711 = i, T12 = 0.5i, T29 = 2¢ and &1 = 1, Eg = 0.

1o e i 51
X

(a) The perspective view of (b) The overhead view of (c) The wave propagation

-4

10

=5

71078%472024'6810

the wave. the wave. pattern of the wave along
the t taxis.

Figure 4.4: (Color online) Spatial structures of the two-quasi-periodic wave solution (4.16))
with the parameters hy = 2, ho =6, hg =15, hy =15, hs =1, a1 = —1, ag = 2, ug = 0,

™1 = i, T12 = 0.5i, T29 = 27 and &1 = 1, g9 = 1.

5. Limiting behavior of quasi-periodic wave solutions

In this section, we research the asymptotic behaviour of the quasi-periodic solutions. In
what follows, we obtain that the one-quasi- and two-quasi-periodic wave solutions ,
that expressed by (&, 1), ¥(£1,&,7) can be degenerated into the one- and two-
soliton solutions , as the amplitude Z — 0, respectively.
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Theorem 5.1. If the vector (B,¢)T is a solution of the system (.9)), and for the one-

quasi-periodic wave solution (4.12)), we take
k o — TIT

1 _ _ ko
(5.1) w =0, a=g= ==

)

where k, o are free constants and lie on (3.13). Then we have the limiting properties as
the following

¢ — miT

c—0, &— . 96, 7) = 1+e®,  when Z — 0,

21

which means that the quasi-one-periodic wave solution (4.12)) can be degenerated into the
one-soliton solution (3.12)) by a small amplitude limit Z# — 0.

Proof. Expanding the matrix elements a;; (i = 1,2) and b; (i = 1,2) in terms of Z based

on we obtain
apn = —32m%a(B* + 4% + - + n2%* + ... )s
a1 =14+ 22+ R+ + B+,
ag) = —8m2a(# +9%° + -+ (2n — 1)2,@2"2_2”'*'1 + ),
ap = 2B+ R+ -+ R ),
by = 5127%a* [(—hi — hiug + 16hsm?a® + 16hsuona®) %>
(5.2) + 16(—hy — hyug + 32hs7°a® + 32hsuem’ )5 + - - -
+ (=hin* — hyugn* + 16hsn’r2a® + 16h5u0n6772a2)%2"2 + -,
by = 32nta’ [(—h1 — hyug + 4hsm®a® + dhsugr’a®) %
+ 81(—hy — hyug + 36hsn?a’® 4 36hsugm®a®)#° + - --
+ (=h1(2n — 1)* = hyug(2n — 1)* + 4hsn? (2n — 1)%a?
+ 4hsuon?®(2n — 1)a?) e ] .

From (j5.2)), based on (4.10) and (4.12) in [28], we can get the following formulas

0 1 0 0 3272 2
Ay = , A= , A= )
00 —812a 2 0 0
0 0
A5 = A3 =A4=0, ...,
(5.3) ~727%a 2

By=0, B;= (0, 327T4044(—h1 — hiug + 4h57r2042 + 4h5U07T2042))T,
By = (5127‘(‘40[4(7]711 — hyug + 16hsm?a? + 16hsugm?a?), O)T, Bs =0,
Bs = (0,25927a’*(—hy — hyug + 36hsm>a’ + 36hsupn®a®))’, By=0,....
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According to the Proposition 3 in [28], and combining with system (/5.3]), we have

47r2a3(h1 + hiug — 4h57r2a2 — 4h5u07r2a2)

0

Xo =

32m2a3(hy + hiug — 4hsm?a? — 4hsugm?a?)

12874 (hy + hiug — 4hsm?a? — dhsugm?a?)

Xo =

(480h w203 — 12288hsm*a®) (1 + ug)
X, = , X1 =X3=0,....
7687r4a4(h1 + hiug — 4h57T2C¥2 — 4h5U07T2042)

From (4.11) in [28], the following formulas can be obtained
I} 47r2a3(h1 + hiug — 4h57r2042 - 4h5u07r2a2)
c 0

327r2a3(h1 + h1u0 - 4h571’2042 - 4h5u0772042)

12874 (hy + hiug — 4hsm2a? — 4hsugm?a?)

(480h 723 — 12288hsm*a®) (1 + ug)

R+ o(%Y),
76874t (hy + hiug — 4hsm?a® — dhsugm?a?)

namely

8 = 4n%a? (h1 + hiug — dhsm2a® — 4h5u07r2a2)
+ 32723 (h1 + hiug — dhsm2a? — 4h5u07r2a2) RB*?
+ (480h 720 — 12288hsm!a”) (1 + ug) %" + o(%*),
c = 1287%a? (h1 + hiug — 4hsma® — 4h5u0772a2) ?
+ 76870t (h1 + hiug — dhsm2a® — 4h5u07r2a2) R* + o(FY).

By considering the formulas , we have

(5.4) c—0, B—4r?a3(hy+ hiug — 4hsn?a® — dhsugn®a?), if # — 0,
which means

(5.5) 2mif3 — —hik3 — hsk®.

Furthermore, the quasi-periodic function ¥(§) can be rewritten as

(5.6) I, T) =1+ (emf + e‘%’f) R + <e4’”f + e“mf) R+
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Considering the transformation ({5.1]), we get

(5.7)
D7) =145+ (e*f+e2g>%’2+ (6*25+e35>%’6+--- — 1+ ¢, when Z — 0,

& = 2mi& + miT = kx 4 2mift + o.

From (5.4) to (5.7)), we obtain

€= kx4 (—hik® — hsk®)t+ 0 = ¢, when Z — 0,
(5.8) £ ¢ — 77‘2'7"
27

Combining (5.7)) and (5.8)), we further have

() = 14 ¢®, when Z — 0.

when % — 0.

From all the above, this implies that the one-quasi-periodic solution (4.12)) tends to the
one-soliton solution (3.12)) under a small amplitude limit #Z — 0. O

Theorem 5.2. If the vector (31, B2, uo,c)” is a solution of the system ([&.14), and for the
two-quasi-periodic wave solution (4.16)), we consider

ki o — MiT; A .
g =—"——, Ti2=—, =12,
271

where ki, o;, A12, 1 = 1,2 are depended on (3.13)) and k;, o; are free constants. And then

we have the limiting properties as follows

(5.9) (677

= o’ omi

i — Ty )
u — 0, c¢—0, §—>¢T i=1,2,

(&1, E0,7) = 1+ e 4 €92 1t 5 1 ) — 0.

This means that the two-quasi-periodic wave solution (4.16)) tends to the two-soliton solu-
tion (3.13) under a small amplitude limit, that is, (u, %1, %2) — (u1,0,0).

Proof. First, we write the functions H, b, (81, 32, u0,c)? as the series about %

(5.10)
hi1 hiz hiz hig
ho1  hga has haa
h31 hsa hsgz hsa
har  haz haz  has
(5.11) (B, Basuo, €)' = Ao + M %y + MoZs + N3 B} + NaRBs + NsFrTo + -+
(5.12) (b1,b2,b3,bs)" = B1%1 + BoJo + B3} + BaFs + BsIr%tr + -+ .

= Ho + H1 %1 + Hy%o + H3<@12 + H4%22 + Hs 9%\ Ry + -+ -,
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From (4.15)) and (5.10)—(5.12)), we can obtain

0001 0 0 0
0000 N —8m2a; 0 32hmtat — 128h57m0a$
0000 0 0 0
0000 0 0 0
0 0 0 0
0 0 0 0
2
0 —8mlay 32himtaj — 128hsmta§ 2
0 0 0 0
—-327%0; 0 512kt ozl 8192hs70 al 2
0 0 0 ol ,
K1
0 0 0 0
0 0 0 0
0 —327%ay 512hmta] — 8192hs7%aS 2
0 0 0 ol ,
K
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 iy
G\ Ry + o( K1 HY), i+]>2,
0 0 0 0
T Ty T3 Ty
b= i
0
0
Ty 0
0
+ R3 + B\ Ry + O(BLR}), i+ >3,
0
0 Ts




Quasi-periodic Waves and Solitary Waves

(00) (11) (21) (12)
B1 1 1 1 1
3, éoo) én) 521) éu)
_ 2
= (00) + () 1+ (21) P + (12) 4
c (00) ~11) +(21) (12)
22 2
O X
5(22) (2) o
+ |72 N B+ |7 | BB+ o B, i+ > 2,
(22) (2)
Up Uy
(22) o))

with

Ty = —8n% (a1 — ag) — 872 (y + ) H3,
Ty = 87r2(a1 —ag) — 87r2(a1 + o) X3,
T3 = 32774((11 — 042)4 (h1 — 4h5772(a1 — a2)2)
+ 321t (a1 + a2)? (g — 4dhsm® (a1 + a2)?) X3,
Ty =2+ 25,
T, = —32hintat + 128hs70al,
Ty = —32h g + 128h575a8
T3 = —512hi7lad + 8192h575a8,
T, = —512hywaj 4 8192h570as,
Ty = —327r4(a1 — a2)4 (h1 — 4h5772(a1 - a2)2)
— 327r4(a1 + a2)4 (h1 — 4h57r2(a1 + a2)2) K.

Meanwhile, from the system (4.14]) and - -, we have

H()AO = 0, HIAO + HOAI = Bl;
(5.13) HoAy + HyAg = By, HoAs + HiAy + H3Ag = Bs,
HoAy + HoAy + HiAy = By, HoAs + HiAs + HoA1 + HsAg = Bs.

Furthermore, we have the following formulas based on ([5.13)
00 — (1) — (21) — () = B) = g,
— 8 alﬁ(oo + (32hy 7t — 128h5m0af)u’® = 1,
—87202 85" + (32hymhad — 128h5m8a)u” = 15,
12 — 397 ozl,é’(oo + (512h1tat — 8192hs7%al)u é 0 — T3,

841
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7871'20[1B£11) (32h 7t — 128hs7 al)u(()n) =0,

2 _ 397 a25(0° + (512h 7o — 8192h578af)u’” = 1y,
(21) _

—81%2 87" + (32hymiad — 128hsmbad)ultt = 0,
—8r201 B + (32mymiat — 128h570al)uPY =0,
—8r20a 85 + (32hymhad — 128h5m0ad)ul =0,

7,8 + 1,807 + T5u{™ = ;.

Considering ué 0 — ¢ yields

ug = O(%l,ﬂg) — O,

= (—384hym'af + 7680hsm0al) %7 + (—384h 't aj + T680hsm0al) %3

(5.14) + o(%1%5) — 0,

B1 = 4hi?ad — 16hsmtal + o( %K) — 4him2al — 16hsmtas,

Bo = 4h17r204§ - 16h57r4ag + 0(%1%2) — 4h1ﬂ'20¢% — 16h57r4ag,
when (%1, %2) — (0,0). Combining with (5.9)) yields
(5.15)  2mify — —hik} — hsk?, 2mifBe — —hiks — hsk3, when (%21, %) — (0,0).
Furthermore, the quasi-periodic wave function 9¥(&1, &2, 7) can be rewritten as
9(Er, Ea,7) = 1+ <e2m51 i 67271'1'51) LT (€2Tri£2 I 6727”:{2) oiT22

(5.16) , . .
+ (ezm(§1+€2) + 6—27”(£1+§2)) e +2T2+ )

Under transformation ([5.9)), we have
9, &0, 7) =1+ egl + 652 + e§1+5~2+27ri‘r12 _*_%%6*51 —l—%%efé
(5.17) 4 %%%%e—gl—gz+2ﬂi712 4.
— 14+ 651 + 652 + 6§1+£~2+A127
as %1, Ry — 0, with & = kix + 2miBit + 04, i = 1,2. From (5.14) to (5.17), we obtain

(5.18) é — kx+wit+o;=¢;, & — -
27

Combining ([5.17)) and ( -, we have

0(&1,62,7) = 1+ P 4 €92 4 eP1TO2HA 55 ) Ry — 0.

as %1,%2 — 0.

This implies that the two-quasi-periodic wave solution (4.16|) degenerated to the two-
soliton solution (3.13) under a small amplitude limit, that is, (u, %1, %2) — (u1,0,0). O
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6. Conclusions and discussions

In this paper, we investigate a generalized KdV-Caudrey-Dodd-Gibbon (KdV-CDG) equa-
tion, which can be used to describe certain situations from the fluid mechanics, ocean
dynamics and plasma physics. Based on Bell polynomials, we derive the Hirota bilinear
form of the generalized KdV-CDG equation, based on which, we present its N-soliton
solutions with a detailed proof. Furthermore, the quasi-periodic wave solutions are ob-
tained by using the properties of Riemman theta functions. And then we investigate the
limiting behavior of the quasi-periodic solutions. As a result, we obtain the relationship
between the soliton solutions and the quasi-periodic solutions, that is the one-quasi- and
two-quasi-periodic wave solution that expressed by ¥(§, 7) 9(&1, &2, 7) can be degenerated
into the one- and two-soliton solutions as the amplitude Z — 0, respectively. Finally, we
hope that the discussed method is much meaningful for us to do further research nonlinear

problems in mathematical physics.

Appendix: Multidimensional Bell polynomials

We narrate some necessary notations on multidimensional binary Bell polynomials con-
cisely as follows, for details refer, for example, to Lembert and Gilson’s work [2}9,/12].
Let f = f(z1,22,...,2,) be a C* multi-variables function. Considering n = 1, Bell

polynomials are given as follows

! n
Y"“(f)zyn(fl"“’f”):Zslg...s l(l?)m...(nl)sn s ”:Z’f%
A ’ k=1

To correlate the Bell polynomials with the Hirota D-operator, one can define the multi-

dimensional binary Bell polynomials as follows [9]

Uliay,. bz, 11+ -+ 1 is odd,

Whay,.. lrzy ll + -+ lr is even,

%(Uﬂﬂ) = Uy, %x(vaw) = Ug + Wz, %,t(vaw) = VgVt + Wty

W (U, w) = U3z + 3Ugwoy + u?;, e

The above formulas inherit the easily recognizable partial structure of the Bell polynomials.
The relationship between the #/-polynomials and the Hirota bilinear equation D} - --
D2 F - G [10] can be presented by the following formula [9]

1

(Al) %111,...,7%9& (U = lnF/G,w = IHFG) = (FG)_IDgll T DZ:F -G,
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with ' and G both the functions about x and t. Particularly, when F' = G, the formula

(A.1) becomes

0 ny+---+n, is odd,
F2DM...D"F-F=%(0,q=2nF) = ! ’

Poizi,onea, (@) m14---+n, is even,

where the P-polynomials can be substituted by an equally recognizable even part parti-

tional structure
P2x(Q) = q2z, Px,t(Q) = Qxt, P4a:(‘]) = q4z + 3q§xa PGx(Q) = g6z + 15G22qaz + 15Q§xa cee
The binary Bell polynomials %}, 4, ... n,z, (v, w) can be separated into P-polynomials and
Y -polynomials
(FG)™'D!-..DI"F -G
= %1x17---7”7“7‘ (U7 w) ‘U:ln F/Gw=In FG
= %1x1,.‘.,nrxr (U’ v+ q) ’v:lnF/G,w:lnFG
ni Ny 1 N
= Z Z U Z H <ll> Plll'l,---ylv-l'v- (q)}/(nl—l1)$1,...,(nr—lr)xr (U)
ni+-+nr=evenl;=0  [,=0i=0 >

The multidimensional Bell polynomials have the following key property

(A.2) Yoy, nrwr(v)‘yzlnw:wmm ----- ey /U,

which shows that the binary Bell polynomials %, 4, ... n,z, (v, w) can be linearized through
use of the Hopf-Cole transformation v = In, that is, ¥ = F/G.
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