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Remarks on Normalized Solutions for L2-Critical Kirchhoff Problems

Yonglong Zeng* and Kuisheng Chen

Abstract. We study a constraint minimization problem on S. = {u € HY(RV), |u|? =
¢,c € (0,c*)} for the following L2-critical Kirchhoff type functional:

a b 2 1 o
E,(u) = 3 /RN |Vu|? do + 1 (/]RN |Vu|? da:) + P /RN V(z)|u|*"? dx
N 2N+8

_ N d
INES Jp U “

where N < 3, a,b > 0 are constants, o € [0, &) and V(z) € L®(R") is a suitable
potential. We prove that the problem has at least one minimizer if « € [2, %) and the
energy of the minimization problem is negative. Moreover, some non-existence results

are obtained when the energy of the problem equals to zero.

1. Introduction

In this paper, we consider the following L?-critical Kirchhoff equation
(1.1) - <a + b/ |Vu|? dx) Au+ V(x)|u|u — |u\%u =Au, AeR,
RN

where N < 3, a,b > 0 are constants, a € [0,%) and V(z) € L®°(RY) is a suitable
potential.

Kirchhoff type equation was first proposed by Kirchhoff |13] as an extension of the clas-
sical D’Alembert’s wave equation for free vibrations of elastic strings. Kirchhoff’s model
takes into account the changes in length of the string produced by transverse vibrations.
Some early researches can be found in [3|/15,/19]. The appearance of the nonlocal term
Jen |Vu|? dz makes the study of equation interesting and also leads to some new
difficulty from the mathematical point of view. Recently, problem has attracted
much attention of mathematicians. For example, some researchers seek solutions of
by fixing the parameter A € R, see for [1,4,5,9,[12}(14,/18,20,22] and the references therein.
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Also, one can see (|1.1)) as a nonlinear eigenvalue problem by considering A as an eigen-
value [23,24], and some normalized solutions of (|1.1)) can be obtained by considering the
following minimization problem
(1.2) mea(c) = inf Eq(u),

UESC

where
Se={ue HYRM), [ul3 = c}

and
a 2 b 2 2 1 2
Ey(u) = / |Vu|® dx + - / |Vu|® dx +/ V(z) [u|*** dx
2 RN 4 RN O[—|—2 RN
(1.3) N s )
B 2N + 8 R2 ‘u‘ .

If V(z) = 0, by some standard scaling arguments, one can easily prove that there
exists ¢* > 0 (given by below) such that mq(c) =0, Ve € (0,c¢*] and mq(c) = —o0,
Ve € (¢*,400). This further indicates that possesses no minimizer for any ¢ > 0.
However, the result is quite different for the case of V(x) # 0. For example, let o = 2
and suppose V(z) S 0 satisfies some additional assumptions, it was proved in [24] that
has at leat one minimizer when ¢ € (0,c¢*) and a > 0 is small enough. Also, when
¢ € (¢*,0), then my(c) = —oc0 and cannot be achieved.

In this paper, we focus on minimization problem for the case of ¢ € (0,c¢*) and
a > 0. We try to give some criteria for the existence and non-existence of minimizers for
(L.2). In general, one can easily check that mq(c) < 0 (see for below) if the potential
satisfies lim|;| o V(2) = 0. In what follows, we first show that mq(c) < 0 is critical for
the existence of minimizers for (1.2)). Furthermore, if m,(c) = 0 and the potential V' (z)
satisfies some additional assumptions, we show that cannot be achieved. Before the
statement of the main results, we first recall the following Gagliardo-Nirenberg inequality
21)

(1.4)

4—N
N +4 2 e
/ 2 g < N (/ Vu(a:)|2d:c> </ |u(:v)|2dx> ue H'(RY),
]RN N’Q‘Qﬁ ]RN RN

where Q(z) = Q(|x]) > 0 is the unique radial solution of the following field equation

(4-N)
N

—2AQ + Q=1QI%¥Q mRY,uec H'R).

N

(1.5) o = <I’|Q2N> s
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The following theorem shows that if o > 2, then the assumption mq(c) < 0 is sufficient
for the achievement of minimization problem (|1.2]).

Theorem 1.1. For any fized a > 0, c € (0,c*) and o € [2, %), assume that

(1.6) Ve L®RY) and ‘llim V(x) = 0.
T|—00
If ma(c) < 0, then any minimizing sequence of (1.2)) is compact in H*(RY) and (1.2)) has

at least one minimaizer.

We will mainly use the concentration-compactness principle |16(17] to obtain the com-
pactness of minimizing sequences and further finish the proof of Theorem The as-
sumption mq(c) < 0 and o € [2, £) guarantee that mq (c) satisfies the strict sub-additivity
inequalities, which are essential to rule out the case of vanishing and dichotomy for mini-
mizing sequences. Our next theorem tells that the assumption mq(c) < 0 can be verified

if V(z) approaches to 0 at infinity in suitable rates.

Theorem 1.2. For any fized ¢ € (0,¢*) and o € [2, %), assume that V(z) satisfies (1.6)

as well as
(1.7) V(z)~ —|z|? for some B >0 as |z| — co.
Then mq(c) < 0 if one of the following conditions holds.

(i) N=1,2,3, &2 + 8 <4 and a > 0 is small enough;

(ii)) N=1and §+5<2.

Theorems and give some sufficient conditions for the existence of minimizers
for (L.2), which generalizes the results in [24], where the case of & = 2 and a > 0 is small
was studied. Especially, when N = 1 and « = 2, Theorem ii) tells that if 0 < 8 < 1
then has at least one minimizer for all a > 0, which partly extends the results of
Theorem 1.2 in [24].

From above theorems we see that the condition mg(c) < 0 is important to ensure
the existence of minimizers for problem . How about the case of my(c) = 07 Our

following theorem partly answers this question and gives some non-existence results for

problem (|1.2]).

Theorem 1.3. Let ¢ € (0,c¢*) and suppose V (x) satisfies (1.6)). If one of the following

conditions is satisfied:

(I) V(z) >0 and a € [0, %);
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(II) a € [x.+) and the product S |V (2)|oo is small enough.

Then mq(c) =0 and (1.2) has no minimizer.

We finally remark that if b = 0 and 2]\][\,4'8 is replaced with 2]\][\,+4 in functional , then
minimization problem is also L2-critical and has attracted recently much attention.
For instance, the authors in [6] proved the existence of threshold for the existence of
minimizers, moreover, some detailed blow-up phenomena were also studied in [6-8] for
different kind of potentials. Moreover, this manuscript is also motivated by [2,/10,|11],
where some L2-minimization problems for Schrédinger-Poisson system and quasi-linear
equations were studied.

In this paper, we denote by C' the universal positive constant unless specified, B, =
{z € RY : |z| < r}, and |u|, denotes the LP-norm of u. The weak convergence and strong

convergence are denoted by “—” and “—”, respectively.

2. Proofs of Theorems to

The main purpose of this section is to prove Theorem to Theorem [I.3] and we first

establish the following lemma.
Lemma 2.1. For any fized a > 0, ¢ € (0,¢*) and o € [2, %), if ma(c) <0, then
(2.1) ma(c) < ma(co) +ma(c—co), for any co € (0,c).

Proof. Let {u,} be any minimizing sequence of mq(c). Since a € [2, %), it then follows

from the Holder inequality that

alN
5
(2.2) / | [>T da < (/ \un\mﬁg dac) (/ |un|2dx>
RN RN RN

This together with (1.4 implies that

a ) b c 4;VN / ) 2
. « n 27 n - — —_— n
(2.3) Ealun) 2/RN|Vu|dx+4[1 (C) ]<RN|Vu|d1:

8—aN

! +2
n|*Td
Fays | V@l ds
b e\ T ) 2y
A <c*) - </RN Vil x) Oé+2/]RN [un] z
b [ il 2 8—alN . %
O ()T (L wwra) = (] )
4_ C* 1 RN O[+2 RN
aN
b c\ T ) 2 N\
2.4 SO (e e n |
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Since ¢ € (0,¢*) and a € [2,%), we can deduce from above that {u,} is bounded in
H'(RY), which indicates that ms(c) > —oo. This together with the assumption of
meq(c) < 0 gives that

(2.5) — 00 <mg(c) <0 Yee(0,c").

Moreover, one can deduce from (2.3]) that
(2.6) lim V(2)|un|*T? dz < 0

n—oo RN

Let @, = V0u, with § > 1, then %, € Sy.. Noting that « € 2, %), we can obtain from

and that

mea(0c) < nh_}ngo Eo(Ty) = lim Eq(V0u,)

n—o0

b 2
— 62 lim | X 12d / 12d
ngﬁlzeéN'V“' o+ ([ vl

a=2 4-N
02 19 N~ 2N +8
T dx — d
+a+2/RNV(x)\u| ey M x]
2 1. a 2 b 2 ?
<67 lim |- |V |* de + — |Vuy,|* dx
n—oo | 2 JpN 4 \ Jr~
1 N 2N+8
a+2 o
—I—a+2/RNV(x)\u| dz SN T8 R2\u| N dx]
=62 nlg]rolo Eo(upn) = 68°ma(c) < Oma(c).
Then (2.1) follows from Lemma II.1 of [16]. O

Based on the above lemma, we are ready to prove Theorem
Proof of Theorem 1.1} For any ¢ € (0,c¢*), let {u,} be a minimizing sequence of mq/(c).
Similar to the proof of (2.4), one can easily check that {u,} is bounded in H'(R"). We are
going to prove the compactness of {u,} by using the concentration-compactness principle

in [16,/17]. For this purpose, let
_ 2
pn = |un|”, mneN.

We first rule out the possibility of vanishing: indeed if vanishing occurs, it then follows
from [16, Lemma I.1] that there exists a subsequence of {u,}, still denoted by {uy}, such
that
lim sup / lun|*> =0, forall R < oc.
y+Br

n—o0 yERN

It then follows from Lemma I.1 in [17] that

u, — 0 strongly in LP(RY), p € [2,2%).
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Thus

() |un |2 d SVOO/ un|*T? dz "+ 0 and /
RN

RN

This implies that
mea(c) = lim Ey(u,) >0,

n—o0
which however contradicts the assumption of m(c) < 0. Hence, vanishing cannot occur.
We now prove that dichotomy does not occur. Otherwise, one can prove, similar
to [16, Lemma III.1], that there exist ¢y € (0,c) and H'(R")-bounded sequences {u;,},
{u2} such that for any £ > 0,

!un—u —u2} <5()—>O for p € [2,2%);

‘/ lul|?de — co| < e, ’/ |u2 > dx — (¢ — co)| <

dist(supp ul, suppu?) - oo;

lim [[Vun|* — [Vub|? — |Vu2|?] dz > 0.

n—o0o RN

This implies that

mea(c) = nlgrolo Eo(un) > nlggo [Eoz( n) T Ealu )] +4(¢)
> ma(co) +ma(c—co) +d(e),
where 0(¢) =%0. By taking ¢ — 0 we obtain that

ma(c) > ma(co) + ma(c — co),

this contradicts (2.1). Hence, dichotomy does not occur.
We now have the compactness of the minimizing sequence {u,} in the following sense:
Ve > 0, there exist {y,} C RY and R. > 0 such that

/ lun|>dz > ¢ —e.
BRg(yn)

If |y,| — oo, since limy| o0 V(7) = 0, we then have
(2.7) lim lim V(x)|un|*T = 0.

e—0n—o0 BRE (y )

Moreover, from ([2.2)) we also obtain that

/ V(@) fun |2
RN\BRE (yn)

8—aN

8
<C (/ | | da:)
RN\BR (yn)

8—aN g¢—()
s — 0.

lim

< (Ce
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By passing ¢ — 0, it then follows from (2.7)) and (2.8) that

lim V(2)|un|*™ = 0.
n—oo RN

Since ¢ € (0,c¢*), it then follows from (2.3 that

meq(c) = lim Ey(u,) >0,

n—o0

which also leads to a contradiction.
So, {y,} is bounded and there exists v € H'(R") such that

u, — u strongly in L2(RY).
Thus, we have

lim V(x)\unla+2da::/ V(x)|u|*"? d,
RN

n—o0 RN

lim [un N dr = / |ul N da
n—oo ]RN N

and
me(c) < Eq(u) < le Eq(up) = my(c).

The above two inequalities indicate that

lim ]VunIQdm:/ \Vul|? dz.
RN RN

n—oo

Therefore, u, — u strongly in H'(R") and u is a minimizer of mq/(c). O

In the following, we are going to prove Theorem [I.2] which shows that the condition

ma(c) < 0 can be verified under suitable assumptions.

Proof of Theorem [I.2 Choose ¢(z) € C(RY) such that [,y ¢*dz = c and suppyp €
Bi(zg) with fixed |zg| = 2. Set

or(x) = T%cp(T:L'), 7> 0.
Then
. or|fde =1 |* dx, Or N T =T © ¥ €,
2.9 Vo2 d 2 Vol2d 2N d 4 2N d
RN RN RN RN

and it follows from ([1.7]) that

Na

[ ov@lezae=o% [ v (Z)prita
RN B1(J:0)

Na
< —Cr2 ™ asr -0t

T
T
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Therefore,
ar? 9
Eo(pr) < > V| dx
RN
(2.10) brt 9 2 N4 2N 48 Na
— Vol?der | — de —Cr2 5,
+ I ([ vk dn) = i [ 10 do - o
I,

(i) If N < 3 and &2 + 8 < 4, we can choose 79 > 0 small enough such that I, < 0.

. 21,
Furthermore, if we take 0 < a < TN Vel then

ma(c) < Eo(pr) <0,

and (i) is proved.
(i) f N =1 and § + 3 < 2, one can deduce from (2.10) that

ma(c) < Ea(pr) <0
if 7> 0 is small, and (ii) also holds. O

In the end of this section, we intend to prove Theorem which addresses some
non-existence results for problem (|1.2]).

Proof of Theorem [L.3] Let ¢, be that as in the proof of Theorem In view of (1.6),

we have
T
V(- |<p|a+2d1‘
/Bl(xo) (7’)

[ V@l ae] = % S0 T o0
RN

This together with (2.9)) yields that
(2.11) ma(c) < Eq(pr) -0 as7—0.

Case (I). If V(x) > 0 and ¢ € (0,c*). It follows from ([1.4)) that for any u € S,,

a 2 b o\ T / 2\
> — — —(—
Eq(u) > 2/]RN|Vu| d$+4 [1 (c*) } < RN|Vu| dx

(2.12) :
a+2d
a2 Jox Vi(x)|ul T.
Thus,
(2.13) Ey(u) >0 for any fixed u € S..

We then further have m,(c) = inf,ecg, Fo(u) > 0, which together with (2.11)) gives that

mea(c) = 0.
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This indicates that (1.2]) has no minimizer. Otherwise, if there exists ug € S. being a

minimizer of ((1.2)), then
Ey(ug) = my(c) =0,

which however contradicts (2.13)).
Case (II). From (|1.4) and (2.2)), we see that for any u € S,

Na
8 Na
N +4 ~Nat(4-N)a B
(2.14) / V(z)|ul*T2 dz| < R Ve 5 (/ ]Vu|2dx> _
RY NlQly RN
4 8\ Na . .o 8=Nat+(@-N)a .
When a € [, §), i.e., 7 € [1,2), one can easily check that if ¢ 8 |V oo is small,
then
Na
8
1 N +4 ~Nat(i-N)a  Na b =
o ) W <G L (2) T
N|Qly

for any ¢ > 0. This together with inequalities (2.12]) and (2.14)) implies that

Ey(u) >0 for any u € S..

One can similarly to Case (I) deduce that m(c) = 0 and (|1.2)) possesses no minimizer. [
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