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Solutions for a p(z)-Kirchhoff Type Problem with a Non-smooth Potential
in RV

Ziging Yuan, Lihong Huang* and Chunyi Zeng

Abstract. This paper is concerned with a class of p(z)-Kirchhoff type problem in RY.
By the theories of nonsmooth critical point and variable exponent Sobolev spaces, we
establish the existence and multiplicity of solutions to the p(z)-Kirchhoff type problem
under weaker hypotheses on the nonsmooth potential at zero (at infinity, respectively).

Some recent results in the literature are generalized and improved.

1. Introduction

In this paper, we investigate the existence and multiplicity of solutions to a class of p(z)-

Kirchhoff type problem with a nonsmooth potential

—M(t) (diV(\VuP’(x)*QVu) - V(:n)|u\p(m)*2u) € OF(x,u) in RV,

(1.1)
u € WHpE)(RN),

Here, WP (RN) is the variable exponent Sobolev space, N > 1, M(t) is a continuous
function with ¢ := [y Wlm)(]Vu\p(z) +V(x)|ulf®)dz, F: RN xR — R is a locally Lipshitz
not necessarily smooth potential function. We denote OF (z,u) the partial generalized

gradient of F'(x,-) at the point u. p(z) and V(x) satisfy the following assumptions:
(Hy) The function p: RY — R is Lipschitz continuous and

1<p™ = inf p(z) < sup p(z) =p" < N;

(Hy) V(z) € O(RN), V= =inf cpgn V(z) > 0, u(V~—1(—o00, Mi]) < +oo for all M; € R.
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Here p is the Lebesgue measure on RY. Note that if V € C(RY,(0,400)) is coercive,
namely

lim V(x) = 4o0,

|z| =00
then (Hg) is satisfied.

The operator — div(|Vu[P(®)=2Vu) is called to be p(z)-Laplacian, which becomes p-
Laplacian when p(z) = p (a constant). The p(x)-Laplacian possesses more complicated
nonlinearities than the p-Laplacian, for example, it is inhomogeneous and in general it
does not have the first eigenvalue. The study of various mathematical problems with
variable exponent growth condition has caused great interest in recent years, and raised
many difficult mathematical problems. Problems with variable exponent growth condi-
tions appear in electrorheological fluids [37,40], stationary thermorheological viscous flows
of non-Newtonian fluids [2,3] and image processing [7,22] and so on. The more details
can be found in [24,38/|41].

The problem is a variant type of a class of Dirichlet problem of Kirchhoff type.
Indeed, if the right-hand side function F' is continuously differentiable with respect to the
real variable u, V(z) =0, p(x) = 2 and M (t) = a + bt in bounded domain, then problem
reduces to the following Dirichlet problem:

(1.2) —(a+b [o|Vul?dz) Au = f(z,u) inQ,
ulag =0,

which is related to the stationary analogue of the following equation

(13) u — (a+b [o |[Vu|?*dz) Au = f(z,u) inQ,
ulon = 0.

Such problems are viewed as being nonlocal because of the presence of the term ( [, |Vul?
dz)Awu, which means that the problems and are no longer a pointwise identity
and are very different from classical elliptic equations. We know that such problems are
proposed by Kirchhoff in [25] as an existence of the classical D’Alembert’s wave equations
for free vibration of elastic strings. Kirchhoff’s model takes into account the changes
in length of the string produced by transverse vibrations. Problem caused much
attention only after lions [30] proposed an abstract framework to the problem. Some
interesting and important results can be found in [6,17./29,31.[34,35] and references therein.

Especially, Dai and Hao |11] studied the following p(x)-Kirchhoff-type problem

— 1 p(z) i p(z)=2 = i
(1.4) M (fQ @) |Vul d:n) div(|Vu| Vu) = f(x,u) in Q,
ulon = 0,
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where f is a continuous function. By means of a direct variational approach and the
theory of the variable exponent Sobolev spaces, they established conditions ensuring the
existence and multiplicity of solutions for problem .

As is well known, many free boundary problems and obstacle problems may be reduced
to partial differential equations with nonsmooth potentials. The area of nonsmooth anal-
ysis is closely related with the development of a critical point theory for nondifferentiable
functions, in particular, for locally Lipschitz continuous functions based on Clarke’s gen-
eralized gradient [8]. It provides an appropriate mathematical framework to extend the
classic critical point theory for C''-functionals in a natural way, and to meet specific needs
in applications, such as in nonsmooth mechanics and engineering. For a comprehensive un-
derstanding, we refer to the monographs of [19,32,133] and References |13}/18]/21}2328||39].
More precisely, if M (t) = 1, there exist several existence results for the following problem
(L5) — div(|VulP®=2Vu) + V() |[ulP® 2y € OF (z,u) in Q,

ulag = 0.
Qian and Shen [36] established conditions ensuring the existence and multiplicity of solu-
tions for problem with V(z) = 0 via the theory of nonsmooth critical point theory
and the properties of VVO1 P (x)(Q). Dai and Liu |12] obtained the existence of at least three
solutions for problem with OF (z,u) replaced by AOF (x,u) and V(z) = 0 via a ver-
sion of the nonsmooth three critical points theorem. Ge et al. |20], using a variational
method combined with suitable truncation techniques, proved the existence of at least
five solutions under the suitable conditions for problem with V(x) = 0. For the case
of unbounded domain, there exist few results for problem on RY. Dai [9] derived
the existence of infinitely many radially symmetric solutions for the problem on RV
under suitable hypotheses by applying a nonsmooth variational principle with V' (z) = 1.
Besides, if p(x) = p (a constant), Kristaly [27] studied the following differential inclusion

problem

—Apu+ [uP~%u € a(x)0F (u) in RY,

(1) u e WhP(RN),

where 2 < N < p < 400, a € L} RY) N L®(RY) is radially symmetric. Under suitable
oscillatory assumptions on the potential F' at zero or at infinity, they showed the existence
of infinitely many, radially symmetric solutions of .

Being influenced by the reading of the above cited papers, we will study the existence
and multiplicity of solutions for problem (L.1]), where V(z) satisfies the assumption (Hp).

For the functions M and F', we assume that

(My) M(t): [0,+00) — (mg,+00) is a continuous and increasing function with mg > 0;
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(M2) 30 < p < 1 such that
M(t) = (1 — ) M(t)t,

where M\(t) = f(f M(1)dr;
(F1) F(-,u) is measurable for all u € R;
(Fy) F(x,-) is locally Lipshitz for a.a. z € RY;

(F3) For all w € OF (x,u), a.a. x € RV

w

lim ————
Jul—+o00 |ula(®)=1

=0, and =0,

lim ———

ful 20 [u[P@—1
where py < ¢ < p*;

(F4) F(xz,u) >0 and F(x,u) > 0 for all u # 0;

(F5) 30 > £ such that
OF (z,u) + F°(x,u; —u) <0

for all u € R and a.a. z € RY (F° is introduced in Definition ;
(Fg) F(x,—u) = F(x,u) for a.a. z € RY and all u € R.

Remark 1.1. From hypotheses (F4) and (F5) it is easy to see that F'(z,0) = 0.

Our main results are as follows:

Theorem 1.2. If hypotheses (Hi), (Hz2), (M1), (M2) and (F1)-(F5) hold, then prob-
lem (1.1) has at least one nontrivial solution.

Theorem 1.3. If hypotheses (Hy), (H2), (My), (M2) and (F1)-(F¢) hold, then prob-
lem (L.1) has a sequence of weak solutions {£uy} such that I(tuy) — +o00 as k — +oo.

To the best of our knowledge, it seems that Theorems[I.2|and [I.3]are the first existence
and multiplicity results for problem with a nonsmooth potential function. In the
present paper, we extend the main results of [11] to a class of non-differentiable functionals
in unbounded domain. Compared with the previous works, the main difficulties lie in the
appearance of the nonlocal term, non-differentiable functional and the lack of compactness
due to the unboundedness of the domain. To deal with the difficulty caused by the non-
compactness we will employ the Bartsch-Wang condition established in [4] to recover the
compact embedding. Furthermore, the lack of differentiability of the nonlinearity causes
several technical difficulties. This implies that the variational methods for C' functions

are not suitable in our case. Therefore we will use a variational approach based on the
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nonsmooth critical point theory due to Clarke [8] and Chang [5] to obtain the existence
and multiplicity of solutions for problem under certain conditions.

This paper is organized as follows. In Section[2] we present some necessary preliminary
knowledge. In Section [3] we prove our main results. In Section 4] we deal with a special

p(z)-Kirchhoff type problem and obtain some corollaries.

2. Preliminaries

We firstly give some basic notations.
e — means weak convergence and — strong convergence.
e ¢; (i=1,2,...) denote the estimated constants (the exact value may be different).
e (X,||'||) denotes a (real) Banach space and (X*, ||-||,) its topological dual.
o if inf g~ (hi(z) — ha(x)) > 0, we denote by ha(-) < hi(-).
e h~ =inf gy h(z) and T = inf g~ h(2).

We recall some results on variable exponent Lebesgue-Sobolev spaces and list some
properties of that spaces. For more details the reader is referred to [14H16}26] and the
references therein.

Let p € L°(RY) and p~ > 1. The variable exponent Lebesgue space LP(®)(RY) is
defined by

u is measurable and
]RN

p(x)
de <15.

LPE(RNY) = {u: RY 5 R

luP®) dz < oo}

endowed with the norm

[ullp(zy = inf {)\ >0: /IR

Then, we define the variable exponent Sobolev space

u(x)
A

WO ®Y) = {ue ORY) : |Vul € LORY)}

with the norm

1) = lellp@) T 1 Vullye)

[l = [

or equivalently
3 . u(w)
Jull = |lully pezy = inf {A >0: /Q < —

p(z) N 'Vu(:v)
A

A

p(z)
dex <1
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for all u € WP (RN). From the Proposition 2.1 of [14] we obtain that LP(*)(RY) and
W1PE)(RN) are separable and reflexive Banach spaces.

Next, we consider the following linear subspace
E = {u e WhrlE)(RN) ‘ / IVuP@ 4+ V (2)|ulP® da < oo}
RN
with the norm

Yu p(z) U
V@5

|ull g = inf {/\ >0 ‘ /
RN

Then, (E, ||-|| ;) is continuously embedded into W'P@)(RN) as a closed subspace. There-

fore, (E, ||| ;) is also a separable reflexive Banach space.

pe) dx < 1}.

Definition 2.1. A function I: X — R is locally Lipschitz if for every u € X there exist
a neighborhood U of u and L > 0 such that for every v,n € U

[(v) = I(m)| < Ly =l

Definition 2.2. Let I: X — R be a locally Lipschitz function. The generalized derivative
of I in u along the direction v is defined by

1 -1
I°(u;v) = limsup (n+7v) (77)7

n—u,7—07F T

where u,v € X.

It is easy to see that the function v ~ I°(u;v) is sublinear, continuous and so is the

support function of a nonempty, convex and w*-compact set 9I(u) C X*, defined by
OI(u) = {u* € X*: (u*,v)x < I°(wsv) forallv e X} .
If I € CY(X), then
OI(u) = {I'(u)}.
Clearly, these definitions extend those of the Gateaux directional derivative and gradient.
Definition 2.3. We say that [ satisfies the nonsmooth (PS). if any sequence {u,} C X

such that
I(uy) = ¢ and m!(u,) — 0as n — +oo,

has a strongly convergent subsequence, where m! (uy) = inf .+ cor(zun) 1Uh]] x--

For p € L®RY) with p~ > 1, let p/(z): RY — R be such that Wlx) + Wlx) =1,

a.e. € RY. We have the following generalized Holder’s inequalities.
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Proposition 2.4. [14] (i) For any u € LP@(RY) and v € LY@ (RN) we have

/ uv dx
]RN

(i) If Wlx) + ﬁ + r(lx) = 1, then for any u € LP@RY), v € LIORN) and w €

(@) RN)

< 2Hfull ey M0l 0y 5

d < 1 1 1
n lwvw|dz < = + P T = [l ) 10 llgay 1wl iz

Proposition 2.5. The function p: WP@(RN) = R defined by

o) = [ (1VuP 4 up)
RN

has the following properties:

(@) If [ul > 1, then [[ul” < p(u) < [ul”";

(i) If full <1, then [[ull”" < p(u) < [Jul”".
In particular, if ||u|| =1 then p(u) = 1. Moreover, ||u,|| — 0 if and only if p(u,) — 0.
Remark 2.6. It is easy to see that with the norm ||-||;, Proposition remains valid.
Proposition 2.7. [8] (i) (—h)°(u; 2) = h°(u; —2) for all u,z € X;

(ii) h°(u;z) = max{(u*,z)y : u* € Oh(u)} for allu,z € X;

(i) Let j: X — R be a continuously differentiable function. Then 9j(u) = {j'(u)},
J°(u; 2) coincides with (j'(u), z) x and (h+ j)°(u; 2) = h°(u; 2) + (§'(u), z) x for all
u,z € X;

(iv) (Lebourg’s mean value theorem) Let u and v be two points in X. Then there exists

a point & in the open segment between u and v, and a UZ € Oh(w) such that
h(u) = h(v) = (uf,u— U>X ;

(v) (Second chain rule) Let Y be a Banach space and j:Y — X a continuously differ-
entiable function. Then h o j is locally Lipschitz and

d(hoj)(y) S Oh(i(y))oj'(y) forallyeY;
(vi) If hi,he: X — R are locally Lipschitz, then

A(hy + ha)(u) C Oy (u) + Oha(u).
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From Lemma 2.6 in [1], we have the following theorem.
Theorem 2.8. If V(x) satisfies (Ha), then

(i) we have a compact embedding E — LP®)(RN);

Np(=z)
N—p(z)’

(ii) for any measurable function q: RN — R with p < ¢ < p* = we have a

compact embedding E — LI@)(RN).

The next theorem is the nonsmooth version of the classic Mountain Theorem, which

comes from Theorem 2.1.3 in [19].

Theorem 2.9. Let X be a Banach space, and h: X — R be a locally Lipschitz function
with h(0) = 0. Suppose that there exist a point e € X and constants p,n > 0 such that

(i) h(u) >n for allu € X with ||ul| = p;
(ii) |le]| > p and h(e) < 0;
(iii) h satisfies (PS). with

= inf h
M

where
I'={y e C([0,1]) : 7(0) = 0,7(1) = €} .
Then ¢ > 1 and ¢ € R is a critical value of h.

3. Existence and multiplicity of solutions

In this section, we prove our main results. We firstly give some notions. Consider the
following function I defined on WP (RN)

I(u) = 37 ( /R L (vup@ +V(x)|u|p<w>)dx> _ /R P, ) da

(3.1) v p(z) N
=®(u) — VU(u)
where ®(u) = ]\//.7<f %(|Vu]p (w)]u\p(“’))dx> and V(u) = [pn F(z,u)dz.

Definition 3.1. We say that « € WP (RY) is a weak solution of problem (T.1)), if for
all v € Whr@)(RN)

M ( / L (uP® + V(@) jufP@) dx) | (190P Vv 4 V@)@ -2u) da
ry P(7) RN

= / wvdzx
RN

where w € OF (z,u). Then, the critical points of I are weak solutions of problem (|1.1)).
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The following three lemmas play an important role in our proofs.

Lemma 3.2. Assume that (Hy), (H2), (M1), (M2) and (F1)-(F4) hold. If {u,} C E is a

bounded sequence with m!(u,) — 0, then {u,} C E has a convergent sequence.

Proof. Since {u,} C E is bounded and the embedding
E < L"(RY)

is compact for all p(z) < r < p*(zx), passing to a subsequence, we assume

(3.2) Up, ~u inFE
and
(3.3) u, — u in L"(RY).

For u} € 0I(uy,), u* € 0I(u), wy, € OF (z,u,) and w € OF (z,u) we have
(uy —u upy —u) = (P(up) — P(u), unp, —u) — (Wp — w, up, — u)

1
- M 7 L [P(®) A1PE) ) d
([ 5 (Tl 4 vl p) as
X / <|Vun|p(x)*2Vun VY (ty — ) 4+ V(@) [P® 2, (1 — u)) dz
RN

M </sz p(la:) (IVal @ + V(@) u) dx)
X / (|VU!P($)—2VU -V(up —u) + V(x)|u|p(a:)—2u(un _ u)) de
RN

— (Wn, — w, Uy, — u)

1
= i p(z) p(z)
M (/RN e (IVualP®) 4V (@) ) dx)
X (/ <|Vun|p(m)72Vun — |VuP®) =2y, V (u, — u)> dz
RN
p(@)=2,,  _ |, |P(x)—2 _

+ /]RN <V(a:) (]un| up — |ul u)  (un, u)>dx)

+ [M < / b (|wn|p<f> + V(x)|un|p<l’>) d:n)
rN P(2)

M (/RN p(lx) (\wﬂx) + V(x)|u|p(‘”)) dxﬂ
X /]RN <|Vu]p(x)*2Vu VY (uy — ) 4 V(@) |ulPD 20y, — u)) dz

—(wp —w,up, —u) .
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Recall the elementary inequalities
|‘/B - y|p7 lfp > 27

lz —y|? .
fl<p<?2
At +ppre " =P

where ¢, > 0 is a constant, and z,y € RY. Then,

1
o, — ) > L [P@) L P@)
(uy, —u*,up —u) > cp,M </szp(m) (|Vu [P+ V() |uy >da:

x / (19 = ) P@ + V(@) — ) da
RN

+ [M </sz p(lm (|Vun|l?(w) N V(x)|un\p($)) dx)
([ vy
X /RN <|Vulp(w)*2Vu  V(un — 1) + V(@) |[ulP@ 2, — u)) e
— {wn — w, up — u)
> mocy /R i (19 un = )P + V@)t — ) do
w [ (o (0 V@) ar)
- M (/RN p(lx) (IWIP("”) + V(x)|u|P(fC)) dwﬂ
y /RN (17l 2% 9 a — ) + V (@)l 2l — ) da

—(wp —w,up —u) .

(|eP2z — [y y,z —y) > ¢p %

One has
mgcp/ (\V(un —w)|P@) + V(2)|u, — u\p(x)) dz
RN
< (uy —u*, Uy — u) +/ (wn — w)(up —u)de
RN
1
Y = L [P() [P
[ </RN o5 (190 V@) e
M (/ (1) (@)l dx)}
RN P(T)
X / <|Vu]p(x)_2Vu -V (g — u) + V(@) |uP®2u(u, — u)) dz.
RN
Set

E= {u e [P@)(RN) . vy € LP@ (RN)}
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with the norm
lullg = VUl
Since the embedding E < Fis continuous, we also have
Up, — U In E

from (3.2)). So, from the boundedness of {u,} in E, and the continuity of M (t), we have

MR
(3.4) — M </sz p(lzr) (VP + V(@) dx)}

X / (|Vu\p(“)’2Vu VY (uy — u) 4 V(@) u[PD 20y, — u)) dez — 0
RN

as n — +o00. Moreover, for any € > 0, from hypotheses (F3) and (F4) there exists a ¢ > 0
such that

(3.5) w| < s|uyp<x>—1 + c|ul1®) 1

for all w € OF(x,u). Then, from (3.3]) and ( one has
/ (wn — w)(up, —u)dx
RN
< / |wn, — wl|uy, — uldz
RN
(3.6) < / (a|un|fo<ff>*1 + Ceun |11 4 guP@) -1 cg\uw(z)*l) [P
RN

-1 -—1 +-1 -—1
< = (lunllziy! + a2y + ulfest + uly) e — wl

p(x) p(z) p(x) p(z)

gt—1 q—l

+-1 -1
e (lunllZis" + unllZy + Nl + i) lam — wlyqey = 0

as n — —+oo.

Consequently, by m!(u,,) = [|u}|| z» — 0, we obtain
/ (\V(un — )P 4V ()|uy, — u\p(x)) dz —0
RN
from (3.5) and (3.6)), i.e., [ju, — u||z — 0. This completes the proof. O
Lemma 3.3. Suppose that I satisfies (F1)-(F3). Then, U: W'P@)(RN) 5 R defined by
U(u) = / F(x,u)dx
RN
1s locally Lipschitz. Moreover
Ve (uyv) < / F°(z,u;v)dx
RN

for all u,v € E.
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Proof. Let ui,us € E be fixed elements. Applying Lebourg’s mean value theorem, there
exists a we € OF(x, &) such that

F(xz,u1) — F(x,u2) = we(ur — ua),

where £ is between u; and ug. From (3.5) and the above equation, we have that
W) = V()] < [ ol — ) do
RN
< / <€\u1]p(x)*l + Ce|ug |7T®) 1 4 gfug|P® T 4 ca\uQ]q(’“")A) lup — ug| dz
RN

—1 —1 +—1 ——1
<e (lanllfiy " + 2yt + luall(y " + luallZey ) = wally

-1 -1 -1 -1
e (lunllfy " + a2y + lluzlfiy " + luall 2™ ) llus = usllyg
— _ +_ -_
< ec (Il ™ + el 1+\|qu” I 2 I 8
eceq (G ™ Nl fluall ™+ luallly ™)l = wall -

From this relation, it follows that W(u) is a locally Lipschitz function on E.
Now, we fix u,v € E. Since F is continuous, F°(x,u(x);v(z)) can be expressed as the

upper limit of
F(x,z+ tv(z)) — F(x, 2)
t )
where t — 07 and z — u. Since E is a Banach space, there exist functions z, € E and

numbers ¢, — 07 such that
Zn —u in K

and

Without loss of generality, we suppose 2, () — u(x) for a.a. * € RY, as n — co. From

(3.5]), we have
(3.7) lw(z,u)| < z€|u|p(”ﬁ)_1 4+ C€|u‘q(a3)—1

for all w(x,u) € OF (x,u). We define g,: RY — RU {+o0} by

F(m,zn + tnv) - F(:E,Zn)
tn

+ |v] [5 (|Z'n|p(x)71 + |z + tnv|p(x)*1) +ce (|Zn‘q(x)fl Flzn + tnv‘q(m)—lﬂ .

gn(x) = —

According to (3.7) it is easy to see that g,(z) is measurable and non-negative. From

Fatou’s lemma, we have
b

A= lim sup [— g, (2)] dz > lim sup/ [—gn(z)]dz = B.
RN

RN n—oo n—o0
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Set g, = —C,, + D,,, where

and
Dy = o] [z (1297 4 + PO o (219970 42, + 021

Let dp = [pn Dypdz. Then, B = limsup,,_,, ( [z Cndz — dy,). From Holder’s inequality,
we have the following estimation

=2 [ ol (1 cult ) o

_ =) 2 2 -2
< 320" = 12 Wl { [l — ) (en® + ey + i + k) |

+ (20 = ull o) + to [0l

Pt P2 5 _
x[(nznnp(x)+tn||v||p<x>) + (Izallpey +tnlWlpiey) + lully® + s ]}

+3ce(g" = 127 2 vl
-2 -2 T2 )
x{ [lzn = ul @)(nznuq + lzallfin + i + Il )|
+ (20 = Ullygay + o Iolly(o))

qt—2 a - -
|l + n10l) "+ (Bl ol Bl + el -
From Theorem l2n = ull) — 0 and &, — 0%, we infer that the sequence {d,} is

convergent, with its limit being
i d, =2 [ ol (saP® 1+ eful ) do
n—oo RN

Then, we derive

v n 7fn -V n .
B = limsup/ [—gn(z)] dz = limsup (zn + tnv) (zn) _ lim d,
RN

n—00 n—00 tn n—oo

= U°u;v) — lim d,.
n—oo
Furthermore, A < A; — Ay, where

Ay —/ lim sup Cy,(z) dz, Ag—/ liminf Dy, (z) dz = lim d,.
R R

N n—oo N n—00 n—o00
Then
F t - F
Ay :/ lim sup (2, 2n + tnv) (2, 2n) dz

RN n—oo tn

F tv) — F

S/ lim sup (2,24 tv) (z,2) dx

RN z—u,t—0+ t

:/ F°(z,u;v) de.
RN
Thus, we complete the proof of Lemma O
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Lemma 3.4. If hypotheses (Hy), (Ha), (M), (M2) and (F1)-(F5) hold, then I satisfies
the nonsmooth (PS)..

Proof. Suppose that {u,} C E be a sequence from F such that

(3.8) [ (un)| < c5
and
(3.9) m! (u,) — 0

as n — +o00. Assume |ju|; > 1 for convenience. From Lemma we only need to show
that {u,} is bounded in E. For every n € N there exists u}, € 0I(u,) such that

m! (un) = lup || -

Clearly, (3.9)) implies that
I (un;un) = (g, un) g 2 = |Jug || g« lunllp =2 =0 [[unll g

for n large enough. From Lemma (13.8), (My), (Mz2) and (F5), for n large enough, we
have

Lo
cr 1+ unllp 2 I(un) = 51° (un; un)

_ ( /R b (1Vunl?® + V(@) ) dx> _ / Pz, uy) dz

~ p(x) RN

(g v

X / <\Vun\p(x) + V(:c)]un]p(x)> dz — 1\I!O(un; —Up)
RN 9

l—p 1 1
> 2\ M _ [P [P
(552 ) ([ g (e s
x / (IVunl® + V(@) un /) da
RN
—/ <F(az,un) + 1Fo(a:,un; —un)> dz
RN 9
1—p 1 P
> (- ) mallul

where w) € 0I(uy) and wy, € OF(x,uy). Noting that p~ > 1, we conclude that {||u,| 5}
is bounded. The proof is completed. O

Proof of Theorem [1.2] From Lemma and noting that ®(u) is continuous, we obtain
that the function I(u) is locally Lipschitz on E.
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Claim. There exist n > 0, p > 0 and e € E such that

(3.10) I(u) >n for all [jullp =p
and
(3.11) lelp > p. I(e) < 0.

Firstly, it is easy to obtain

(3.12) / <|W|p<w> 4 (V(a:) - V) |u|p<w>> de >+ / (IVulP® + V(@)@ ) da.
RN 2 2 ]RN

Set ¢ = mOQV — in (3.5). Then, there exists cg > 0 such that

3.13 F(z,u)| < moVZ @) 4 2@
2pt

for a.a. x € RY and all u € R. By virtue of (3.12)), (8.13) and (M), if ||ulz < 1 we have

mo p() p@)Y g MoV p@) 3, / 4(x)
™ /RN(WU\ V(@) ) da o [ ar—co [ jult) da

— mf/ <|vu,p<x> + <V(;p) _ V_) |U|P(ﬂc)> o — 66/ ]9 d
p" JRrN 2 RN

I(u) >

o () @Y de — (@)

> opt /RN <\Vu]p + V(z)|ul? )da: 6 o |ul?*) dx
mo + -

S

Since pt < ¢, there exist n > 0 and p > 0 such that (3.10) holds.
In order to prove (3.11f), we firstly prove

(3.14) t'F(x,u) < F(x,tu) for allt > 1 and all u € R.
Fix any arbitrarily v € R. By virtue of the second chain rule, it follows that
O F (z,tu) C OF (x,tu)u

for all t > 0.
Since t +— t~9F(x, tu) (t > 0) is locally Lipschitz, we have

Ot VF (z,tu)) = —0t 97 F (2, tu) + t YO, F (x, tu)
for all ¢ > 0. Therefore,

(3.15) Ot F (x,tu)) Ct7 07 [—0F (2, tu) + tOF (x, tu)u]
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for all t > 0.
Next, set ¢ > 1. From Lebourg’s mean value theorem and (3.15)), there exists a
7 € (1,t), such that
tOF(z,tu) — F(x,u) € 8;(r O F(z, mu))(t — 1)
C 79 [<0F (z,7u) + TOF (z, Tu)u] (t — 1).

Thus, there exists {7 € OF (z, Tu) such that
tOF (z, tu) — F(x,u) = =1 " [OF (2, Tu) + £ (—71u)] (t — 1).
Employing (F5), we have

t7F (z,tu) — F(z,u) > —7 Y [0F (2, 7u) + F°(z, 7u; —7u)] (t — 1)
> 0,

which deduces (3.14)). When ¢ > to > 0, by (M) we can easily obtain

—

—~ M(to) 1

(3.16) M(t) < —2t10,
to "

where ¢y is an arbitrary positive constant. For v € E \ {0}, choosing ¢ > 1, by virtue of
(3.14) and (3.16), one has

I(to) = M < /R e ) (1670 1 v (@)} ) dx) - /R Fla ) de

p(z
— 1
<M - p(x) p(x) _ 40 F
< (/RN e (1070 + V@)l ) de ) —1 [ Fa)da
1
+ 1—u
<8 4 (/ (\Vv[p(x)—|—V(:r)|v\p($))dx>1 ! —te/ F(z,v)de
(p=) T+ RN RN
— —00

as t — +oo (since 6 > %) Note that I(0) = 0. So from the nonsmooth mountain pass

theorem, I possesses at least one nontrivial solution. O

We will use the following nonsmooth fountain theorem to prove Theorem
Since F is a reflexive and separable Banach space, there exist {e;} C E and {e}f} C E*
such that

E =span{e;:j=1,2,...}, E*:span{e;‘-:jzl,l...},
and
1, ifi=j
0, ifi##7.

For convenience, we write E; = span{e;}, ¥, = @?:1 E; and Z;, = @]Oik: E;.

(eunes) =
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Definition 3.5. Assume that the compact group G acts diagonally on V*

g(vla"',vk) = (gvla" . agvk),

where V' is a finite dimensional space. The action of G is admissible if every continuous
equivariant map OU — V* =1 where U is an open bounded invariant neighborhood of 0
in V¥ k> 2, has a zero.

Example 3.6. The antipodal action G = Z on V = R is admissible.

We consider the following situation:

(A1) The compact group G acts isometrically on the Banach space X = @, cny Xm, the
space X,, are invariant and there exists a finite dimensional space V such that, for

every m € N, X, ~ V and the action of G on V is admissible.

The following lemma is very important when we use the fountain theorem to prove
infinite solutions for problem ([1.1)).

Lemma 3.7. If p(z) < r(z) < p*(x), then we have that

By = sup |ulp(z) =0, Kk — o0.
UuEZy,|lull p=1

Proof. Tt is obvious that 0 < 11 < B. So there exists § > 0 such that 5 — f as k — oo.
We need to show 5 = 0. From the definition of 8, for every k > 0 there exists ug € Zj
such that [lugllz =1, 0 < B — |uglrz) < 7. Then, there exists a subsequence of {u},
which still denote by wuy, such that

ur —uwin E, and <e;,u>:khm <e;‘~,uk>:0,j:1,2,...,
—00

which means that v = 0 and uj, — 0 in E. Since the Sobolev embedding F < L") (RY)
is compact then uj, — 0 in L™®) (RY). Thus we obtain § = 0. O

The following lemma comes from Theorem 3.1 in [10].

Lemma 3.8. Under assumption (Ay), let I: X — R be an invariant locally Lipschitz
functional. If for every k € N, there exist pr, > 1, > 0 such that

(A2) ap = max,ey, |ju|=p, { (1) < 0;
(Ag) bk = infUEZk,HUH=Tk I(u) — 00, k — o0,
(A4) I satisfies the nonsmooth (PS). condition for every ¢ > 0,

then I has an unbounded sequence of critical values.
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Proof of Theorem [I.3] From the Claim in the proof of Theorem [I.2] we have known that
I is a locally Lipschitz function on E. Considering of (Fg), we can use the nonsmooth
fountain theorem with the antipodal action of Zs to prove Theorem Furthermore, by
Lemma we already known that I satisfies the nonsmooth (PS).. So we only need to
check the conditions of (Ag) and (Aj).

Verification of (A;). From Lemma 3.7, for u € Z;, with ||lul|; > 1, we have

(3.17) / | dz < By ||ul|% .
RN
Choose a constant ¢1; > 0 satisfying (3.13]). Then, we consider the real function H(r): R —
R,
H(r) = %Tp_ —cu Bt

By elementary calculus, it is easy to see that H attains its maximum value at

1
<2611P+q+5k) p=—at
Tk = | ————— .
mop
The maximum value

- +

P q
_ Mo (2011p+q+ﬂk)p—q+ 2p™ (261110+q+5k>p—q+

— — ——c118% —
mop mo mop

P q+

_ mg <2c11p+/3k>p”—q+ <q+>p-q+ <q+>p-q+
2pt \ mo P- P

) 2c11pT B pr—q+ g p*p—tﬁ 1 P
2t me P~ a)’

Since p~ < ¢™ and B — 0, we infer that

(3.18) H(rg) = +o00  as k — +oo.

We also have 1, — +o00. For u € Zy, ||u||p = rg, employing (3.12), (3.13) and (3.17)) we

have

I(u) = mo/ (|Vu\p(x) + V($)|u\p(m)> dz — mo‘i_ / |uP@) dz — 011/ |9 dg
RN RN RN

pt 2p

> m?r/ (\Vu|p(‘r) + V(:c)\u|p(x)> dz — 011/ u|9®) dz
2p RN RN
mo - +

2 Wt Julz — c11Be llullg

= H(rg).
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It follows from (3.18)) that

b = inf I(u) = +00

u€Z,|lull p=rk

as k — 4oo.
Verification of (A3). From (3.14)), we have

F(z,tu) > t'F(z,u)

for all ¢ > 1. Therefore for any v € Y}, with |[v||; =1 and 1 <t = py, from (3.16|) we have

I(tv) = M </RN p(lx) (|th|p(m) + V(fL’)’t’U|p($)) da:) - /RN F(z,tv)dx

1
<o (/ (!thlp(x)+V(x)|tv|p(x)) da:)l " [ F(zv)da
RN RN

(=)=
C12 fi ﬁ 0
e </ (|Vv|p(””) + V(x)\v|p(””)> dx> — pk/ F(z,v)dx + ¢13.
(p)TF RN RN
Since 6 > % and dimY), = k, setting u = tv, it is easy to see that I(u) — —oo as
||u|| = +o0 for u € Y). Then, the results of Theorem are obtained by the nonsmooth
fountain theorem. O

4. Corollaries for a special problem

In this section we will give some typical consequences of Theorems[1.2]and We discuss

the following special problem:

— <a +0 [, ﬁ (IVulP@) + V (z)[ulP@) dx)
(4.1) x div (|VuP®=2Vy — V(2)[u|P®~2) € OF (z,u) in RV,
u € WHPE)(RN),

where a > 0 and b > 0. Set M(t) =a+bt, t = [, ﬁ (IVul[P@) + V() |ulP®) dz. It is
obvious that
M(t) > a>0.

Taking pu = %, we have

5y t 1
M(t) = /0 M(s)ds = at + §bt2 > —(a+bt)t = (1 — p)M(t)t.

1
2
So the hypotheses (M;) and (Ms) are satisfied. Therefore, corresponding to Theorems
and we obtain the following corollaries.
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Corollary 4.1. If hypotheses (Hy), (Hz) and (F1)-(F5) hold, then problem (4.1) has at

least one nontrivial solution.

Corollary 4.2. If hypotheses (Hy), (Hz) and (F1)-(Fg) hold, then problem (4.1) has a
sequence of weak solutions {tuy}re, such that I(fuy) — 400 as k — +oo.
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