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Double Perturbations for Impulsive Differential Equations in Banach Spaces
Pengyu Chen*, Yongxiang Li and Xuping Zhang

Abstract. In this article, we are concerned with the existence of extremal solutions to
the initial value problem of impulsive differential equations in ordered Banach spaces.
The existence and uniqueness theorem for the solution of the associated linear impul-
sive differential equation is established. With the aid of this theorem, the existence
of minimal and maximal solutions for the initial value problem of nonlinear impul-
sive differential equations is obtained under the situation that the nonlinear term and
impulsive functions are not monotone increasing by using perturbation methods and
monotone iterative technique. The results obtained in this paper improve and extend
some related results in abstract differential equations. An example is also given to
illustrate the feasibility of our abstract results.

1. Introduction

The theory of impulsive differential equations describes processes which experience a sud-
den change in their states at certain moments. Processes with such a character arise
naturally and often, especially in phenomena studied in communications, control tech-
nology, impact mechanics, electrical engineering and medicine. Impulsive ordinary and
partial differential equations are used to describe various models of real processes and
phenomena studied in physics, chemistry, biology, population and dynamics, engineering
and economics. The theory of impulsive differential equations has been emerging as an
important area of investigation in the last few decades, see the monographs of Lakshmikan-
tham, Bainov and Simeonov [11, pp. 2-97], Benchohra, Henderson and Ntouyas |2, pp. 11—
36] and the papers of Chen and Li [3,/4], Guo and Liu [9], Li and Liu [12], Liu, Wu and
Guo [13] and Lu [14], where numerous properties of their solutions are studied and detailed
bibliographies are given.

The theory of differential equations in abstract spaces is a fascinating field with im-

portant applications to a number of areas in analysis and other branches of mathematics.
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For instance, numerous significant partial differential equations can be unified into ordi-
nary differential equations in infinite dimensional Banach spaces. Therefore, the theory
of differential equations in Banach spaces arouses wide interests of many researchers, and
has been emerging as an important area of investigation in recent years, see [15, pp. 6-21]
and [1,/5H8/16]. Many famous mathematicians, such as H. Amann, H. Brezis, K. Deim-
ling, Y. Du, D. Guo, V. Lakshmikantham, R. Martin, J. Sun et al. have made important
contribution in this field.

In this paper, by utilizing perturbation technique for the nonlinear term and impulsive
functions as well as the monotone iterative method based on the lower and upper solutions,
we investigate the existence of extremal solutions to the initial value problem (IVP) of

impulsive differential equations in an ordered Banach space F

u'(t) = f(t,u(t)), teJ, t#tg,
(1.1) Auli=y, = Ix(u(ty)), k=1,2,...,m,

u(0) = uo,
where f € C(J x E,E), J = [0,a], a > 0 is a constant, 0 < t; < tgo < -+ < t, < a,
I, € C(E, E) is an impulsive function, k = 1,2,...,m, up € E, Auls~, denotes the jump
of u(t) at t = ty, i.e., Auly=y, = u(t]) — u(t; ), where u(t;") and u(t; ) represent the right
and left limits of u(t) at ¢ = ty, respectively.

It is well-known that the main difference between the finite and the infinite dimen-
sional differential equations lies in the absence of compactness for the solution operator
in the later case. So, in order to overcome this difficulty, some additional assumptions are
usually needed, and also some new thoughts, skills and methods are employed to study
the differential equations in abstract spaces. One of the most important methods to in-
vestigate the differential equations in Banach spaces is monotone iterative technique in
the presence of lower and upper solutions. The monotone iterative method based on lower
and upper solutions is an effective and flexible mechanism to seek solutions of differential
equations in abstract spaces. It yields monotone sequences of lower and upper approx-
imate solutions that converge to the minimal and maximal solutions between the lower
and upper solutions. Early on, Du and Lakshmikantham [7] built a monotone iterative

method for the initial value problem of the ordinary differential equation in Banach space
E

u'(t) = f(t,u(t)), ted,
u(0) = xo,

(1.2)

they proved that if IVP ((1.2) has a lower solution vy and an upper solution wy with

vy < wg, and nonlinear term f satisfies the monotonicity condition

(1.3) ftug) — f(t,u) > —M(ug —w), VteJ, vo(t) <up <ug <wolt)
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with a positive constant M, and the noncompactness measure condition
(1.4) a(f(t,D)) < La(D), VteJ, bounded D C E,

where L > 0 is a constant, a(-) denotes the Kuratowski measure of noncompactness in
E, then IVP has minimal and maximal solutions between vy and wgy, which can be
obtained by a monotone iterative procedure starting from vg and wq, respectively.

Later, the monotone iterative method has also been generalized to impulsive differential
equations in Banach spaces, see [3,4,9,[12H14}/16] and the references therein. We mention
the results of Guo and Liu [9], in which the authors obtained the existence of extremal
solutions for IVP ((1.1)) under condition for the nonlinear term f and monotonicity

condition
(1.5) Ik(ul) §Ik(UQ), k::1,2,...,m, Vit e J, ’U()(t) <up < ug §w0(t)

for impulsive function Ix. They demand also that the nonlinear term f and impulsive

function [j, satisfy the noncompactness condition ((1.4)) the following condition

(1.6) a(I(U)) < Lpa(U), bounded U C E,
where Lj are positive constants, and satisfy
(1.7) 20(M + L)+ > Ly <1.

k=1

One can easily see that the inequality is a strongly restricted condition, and it is not
easy to satisfy the condition in applications. Recently, Li and Liu [12] deleted the
restriction condition by adopting a method of piecewise argument, and then largely
improved the results in [9].

We observed that in the previous papers, such as [3,|4,(9,/12-14,/16], in which the
monotone iterative method is used to study the impulsive differential equations in abstract
spaces, the authors all demand that the impulsive function I satisfies the monotonicity
condition , i.e., the impulsive function I is monotone increasing on order interval.
This condition is a strong assumption for the impulsive function [, and it is very difficult
to be satisfied in many applications. For this reason, in this paper, we will improve
and extend the above-mentioned results to the situation that the impulsive function I
is not monotone increasing by utilizing a perturbation technique for I. We construct
a monotone iterative method for the IVP , and obtain the existence of minimal
and maximal solutions between lower and upper solutions by applying the perturbation
technique for the nonlinear term f and impulsive function I; and monotone iterative
method. Compared with the earlier related existence results for impulsive differential
equations, the major difference is that the impulsive function is not monotone increasing

in ordered interval, which extended some related results to a large extent.
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2. Preliminaries

In this section, we recall some basic facts on cone, partial order and linear impulsive
differential equations, which are needed to prove our main results.

Let E be an ordered Banach space with the norm ||-|| and partial order “<”, whose
positive cone P = {z € E | x > 0} is normal with normal constant N. Set PC(J, FE) =
{u: J = E | u(t) is continuous at t # t, left continuous at ¢ = tx, and u(t}) exists,k =
1,2,...,m}, then PC(J,E) is a Banach space with the norm |jul|pe = supscy [|u(t)].
Evidently, PC(J, E) is also an ordered Banach space with the partial order “<” induced
by the positive cone Kpc = {u € PC(J,E) | u(t) > 0,t € J}. Kpc is also normal with
the same normal constant N. For v, w € PC(J, E) with v < w, we use [v,w] to denote
the order interval {u € PC(J,E) | v < u < w} in PC(J, E), and [v(t), w(t)] to denote the
order interval {u € E | v(t) < u(t) < w(t),t € J} in E. For more definitions and details of
the cone and partial order, we refer to the paper |1] and monograph [8, pp. 1-37].

Definition 2.1. An abstract function u € PC(J, E)NC(J', E) is called a solution of IVP
(1.1) if u(t) satisfies all the equalities of (1.1]), where J' = J\ {t1,t2,...,tm}

Definition 2.2. If a function v € PC(J, E) N C(.J’, E) satisfies that

vp(t) < f(tvo(t)), teJ,
(21) AU0|t=tk S Ik(vo(tk)), k= 1,2, cee M,
v0(0) < o,

we call it a lower solution of IVP ([1.1)); if all the inequalities of (2.1 are inverse, we call
it an upper solution of IVP ({1.1)).

Let a(-) denote the Kuratowski measure of noncompactness of the bounded set. For
any D C PC(J,E) andt € J,set D(t) = {u(t) |ue D} C E. If D C PC(J, E) is bounded,
then D(t) is bounded in F, and a(D(t)) < a(D). For the details of the definition and
properties of the measure of noncompactness, see [5, pp. 19-21].

The following lemma will be used in the proof of our main results.

Lemma 2.3. [10, Corollary 3.1] Let E be a Banach space and let D = {u,} C PC(J, E)
be a bounded and countable set. Then a(D(t)) is Lebesgue integral on J, and

(2.2) o ({/Jun(t) dt | ne N}) < Q/Ja(D(t))dt.

In order to study the nonlinear IVP (1.1]), we consider the initial value problem (IVP)
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of linear impulsive differential equation in £

u'(t) + Mu(t) = h(t), teJ, t#t,
(2.3) AU’t:tk + Cru(ty) =yk, k=1,2,...,m,
u(0) = uy,
where M is a positive constant, h € PC(J,E), Cy, e R, yp € E, k=1,2,...,m, ug € E.

Lemma 2.4. Let E be a Banach space. For any h € PC(J,E), Cy € R, yx, € E and
up € E, IVP [2.3)) has a unique solution u € PC(J, E) N CY(J', E) given by

u(t)= [ 1= CrleMug

0<tp<t
123 t
(2.4) + Z H (1Ci)/ 6_M(t_s)h(s) ds+/ e_M(t—s)h(s) ds
0<tp<ttp<t;<t tk—1 tp

+ Z H (1—Cpe Mty 4 e~ MUto)y =t e,

0<tp<tp tp<t; <t
where ty := 0, Cy:=0, t, <t (p=0,1,...,m) is the nearest impulsive point of t.

Proof. Let Jy = [to,t1], Jx = (tg,trs1], K = 1,2,...,m, where to = 0, t;,+1 = a. Let
yo = 0. If u € PC(J, E)NCY(J', E) is a solution of IVP (2.3, then the restriction of u on

Ji, satisfies the linear differential equation without impulse

W () + Mu(t) = h(t), th <t < tpins

(2.5)
u(t;:) =(1—-Cpulty) +yx, k=0,1,...,m.

Hence, on Ji, u(t) can be expressed by

t
(2.6) u(t) = e M (1 = C)u(ty) + ye] + / e MU= (s) ds.
tg
Iterating successively in the above equality with u(t;), j = k,k —1,...,0, we see that u
satisfies ([2.4)).
Inversely, we can verify directly that the function v € PC(J, E) N C*(J', E) defined by
(2.4) is a solution of IVP ([2.3)). O

3. Main results

Theorem 3.1. Let E be an ordered Banach space, whose positive cone P is reqular,
feC(xEE),I,ecCEE), k=1,2,...,m. Assume that the IVP (l.1) has a lower
solution vo € PC(J, E)NCY(J', E) and an upper solution wy € PC(J, E)NCY(J', E) with

vg < wyg. Suppose that the following conditions are satisfied:



1070 Pengyu Chen, Yongxiang Li and Xuping Zhang

(F1) There exists a constant M > 0 such that
[t uz) — f(t,u1) > —M(uz — 1),
forvte J, and vo(t) < uy < uy < wp(t).
(I1) There exist constants 0 < Cy, < 1 such that
I(u2) — Iy(u1) > —Cr(ug —u1), k=1,2,...,m,
for any t € J, and vo(t) < uy < ug < wp(t).

Then the IVP (L.1)) has minimal and mazimal solutions u and @ between vy and wy, which

can be obtained by a monotone iterative procedure starting from vy and wq, respectively.

Proof. Tt is easy to see that the solution of the IVP ([1.1)) is equivalent to the solution of

the following initial value problem

u(t) + Mu(t) = f(t,u(t)) + Mu(t), teJ, t#t,
(3.1) Auli—, + Cpulty) = Ip(u(te)) + Crulty), k=1,2,....m,
u(0) = uo.

Therefore, we define an operator ¥: PC(J, E) — PC(J, E) by

@u)t) = T (1= CueMug

0<tr<t
ti
+ > ]I a-0oy / e ME=5) [£(s,u(s)) + Mu(s)] ds
0<tp<ttp<t;<t tp—1

(3.2) 4 /t e M=) [£(s, u(s)) + Mu(s)] ds

+ 3 [T = C)e ™ Iy (u(ti) + Cru(ty)]

0<tp<tp tp<t;<t

+ e M(t=ty) [Lp(u(ty)) + Cpu(ty)], te€J.

It is clear that Q: PC(J, E) — PC(J, E) is continuous. By Lemma[2.4] we know that the
solution of the IVP ([1.1)) is equivalent to the fixed point of operator ¥ defined by .
From the definition of operator ¥ and the assumptions (F;) and (I;), it is easy to prove
that ¥ is an increasing operator in [vg, wp].

Next, we show that vy < Wvg, Pwy < wp. Let h(t) = v{(t) + Mwvo(t), by Deﬁnition
we know that h € PC(J, E) and h(t) < f(t,vo(t)) + Muo(t) for t € J'. By Lemma[2.4]and
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Definition 2.2 we have

w(t)= [ (- Cr)e Muo(0)

0<tp<t
[2° t
+ > Il (1—02‘)/ e_M(t_S)h(S)der/ e MU= n(s) ds
0<ty <t t),<t;<t tp—1 tp

+ Z H (1 — Cy)e™™ME) [Awg|i—y, + Crvo(t)]

O0<tp<tp tp<t;i<t
+ e M) [Avg|i=g, + Cro(ty)]
< H (1 —Ck)e_MtuO

(3.3) 0<t) <t
tr
+ >, I a-a / M=) [£(s, up(s)) + Muo(s)] ds
0<tp<tt<t;<t te—1

+ Z H (1= Ci)e M=) (1. (wo(t)) + Crvo(te)]

0<ty<tp tp<t;<t
i o~ M(t—tp) [Ip(vo(tp)) + vao(tp)]
= (\I/UO)(t)v ted,

namely, vg < Wyg. Similarly, it can be show that Ywy < wg. Therefore, ¥: [vg, wo] —
[vo, wo] is a continuously increasing operator.

Now, we define two sequences {v,} and {w,} in [vg, wo] by the iterative scheme
(3.4) vp =VYu,_1, wp=VYw,_1, n=12,....

Then from the monotonicity of ¥, it follows that

(35) <<l <, < <Lw, << wg <wyp < wp.

From we can easily see that {v,(t)} is an increasing sequence with upper bounded in
E and {wy,(t)} is an decreasing sequence with lower bounded in E, combining this with
the fact that the positive cone P of E is regular, we know that the sequences {v,} and
{wy,} are convergent in J. Let

(3.6) lim v,(t) =u(t), lm wy(t)=7u(t), teJ

n—oo n—oo

Evidently, {v,(t)} € PC(J, E), so u(t) is bounded integrable in every Ji, 0 < k < m.
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Since for any t € J,

vn(t) = (Toa1)(t) = [ (1= Cr)eMug

+> I o-o / C MO (5, 1) + M ()] ds

O<tp<ttn<t;<t tk—1

+ >[I = Coe ™™ (L (vp-1(t)) + Cron-1(ts)]

0<tp<tp tp<t; <t

+ e~ M(t—tp) [Ip(vn—l(tp)) + vanfl(tp)] )

letting n — oo, by the Lebesgue dominated convergence theorem, we know that wu(t) =
Yu(t) and u(t) € PC(J, E). Similarly, u(t) = Yu(t) and u(t) € PC(J, E). Combining this
with monotonicity (3.5), we see that vo(t) < u(t) < u(t) < wo(t), t € J.

Next, we show that w and u are the minimal and maximal fixed points of ¥ in [vg, wy),
respectively. In fact, for any u € [vg, wp], Yu = u, we have vg < u < wp, and v; = Pyy <
Yy = u < Ywy = wi. Continuing such a progress, we get v, < u < wy,. Letting n — oo,
we get u < u < u. Therefore, u and w are minimal and maximal solutions of IVP (|1.1))
in [vg, wo], and u and @ can be obtained by the iterative scheme defined by starting

from vy and wq, respectively. O

Theorem 3.2. Let E be an ordered and weakly sequentially complete Banach space, whose
positive cone P is normal, f € C(J x E,E), I, € C(E,E), k=1,2,...,m. Assume that
the IVP has a lower solution vy € PC(J,E) N CY(J',E) and an upper solution
wo € PC(J, E) N CY(J', E) with vg < wo, and the conditions (F1) and (1) are satisfied.
Then the IVP has minimal and mazimal solutions u and uw between vy and wqy, which

can be obtained by a monotone iterative procedure starting from vy and wq, respectively.

Proof. From the proof of Theorem [3.1] we know that the operator ¥: [vg, wo] — [vg, wo] is
continuous. Furthermore, if the assumptions (F) and (I;) are satisfied, then the iterative
sequences {v,} and {w,} defined by satisfy the monotonicity (3.5). Therefore,
for any t € J, {v,(t)} and {w,(t)} are monotone and order-bounded sequences in E.
Noticing that F is a weakly sequentially complete Banach space, combining this fact with
[6, Theorem 2.2], we know that {v,(¢)} and {w,(¢)} are precompact in E. Combining this
with the monotonicity (3.5)), it follows that {v,(t)} and {w,(t)} are uniformly convergent
in E. Similar with the proof of Theorem m we know that IVP has minimal and
maximal solutions u and uw between vy and wg, which can be obtained by a monotone
iterative scheme defined by starting from vg and wy, respectively. O
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If E is a general ordered Banach space, whose positive cone P is normal, we have the

following result.

Theorem 3.3. Let E be an ordered Banach space, whose positive cone P is normal,
feC(JxEE), Iy C(E,E), k=1,2,...,m. Assume that the IVP has a lower
solution vy € PC(J,E) N CY(J', E) and an upper solution wy € PC(J, E) N CY(J', E)
with vg < wg. Suppose that the assumptions (F1), (I1) and the following conditions are
satisfied:

(F2) There exists a constant L > 0 such that
a({ft,uy) + Mu,}) < La({u,}), teJ,

for any equicontinuous and increasing or decreasing monotonic sequences {un}
C [UO(t)a wO(t)L

(Iz) There exist constants 0 < L, <1 (k=1,2,...,m) such that
a({Ix(up) + Crup}) < Lya({un}), te€J,

for any equicontinuous and increasing or decreasing monotonic sequences {un}
C [vo(t), wo(t)],

(8) |3 (S T (1= G + 1)+ SR T ey L1 = Ci) + L | < 1.

Then the IVP (L.1)) has minimal and mazimal solutions u and @ between vy and wy, which

can be obtained by a monotone iterative procedure starting from vy and wq, respectively.

Proof. From the proof of Theorem [3.1] we know that the operator ¥: [vg, wo] — [vg, wo] is
continuous. Furthermore, if the assumptions (F1) and (I;) are satisfied, then the iterative
sequences {v,} and {w,} defined by satisfy the monotonicity . Next, we prove
that {v,} and {w,} are convergent in J.

For convenience, let B = {v,, | n € N} and By = {v,—1 | n € N}. Since B = ¥(By),
by the definition of operator ¥ and the boundedness of By, we can easily prove that B is
equicontinuous in every interval Ji, k = 0,1,2,...,m. From By = BU{vg} it follows that
a(By(t)) = a(B(t)) for every t € J.

Now, we are in the position to prove a(B(t)) = 0 in J. By the assumptions (F3), (I2),
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and Lemma we know that for any ¢ € J,
a(B(t)) = a(¥(Bo(t)))
<ol 3 T[T a0 [ MO fsvnas) + Moaa(9)]ds

0<tr <t tp<t;<t tk—1

+ </t e M=) [£(s,00-1(5)) + Mvy_1(s)] ds>

P

tal > I @ -C)e™) [Ly(va_1(te)) + Crvn—1(t)]

0<tp<tp tp<t;<t

+a (MO (L (01 (t)) + Cpvn (8)])

<2 > ]I (1—Ci>/k e MEa({f (s, vn-1(5)) + Mua-1(s)}) ds

0<tp<ttn<t;<t te—1

(3.8) +2/ “MEa({f(s,0n-1(5)) + Mon_1(s)}) ds
+ 3 I - e MEWa({Lu(vai(t) + Crvni(te)})

0<tp<tp tp<t;<t

+ e M) 0 ({1, (vn—1(tp)) + Cpvn_1(ty)})
N Y .

0<tp<ttp<t;<t

t
+ 2L/ e M=% o (By(s)) ds

+ > ] a=cC)eM Lia(Bo(t))

0<tp<tp tp<t;<t

+ e MUt L a(By(ty))

2L (ZH 1_ +1> + Z H Lk 1— +L supa(B(t))'

k=1 i=k k=1 i=k-+1 teJ
From (3.8) and the assumption (S) we know that a(B(t)) = 0 for every t € J. This means

that the sequence {v,(t)} is uniformly convergent in .J. Similarly, we can prove that the

sequence {v,(t)} is uniformly convergent in J. By using a completely similar method
with the proof of Theorem we can prove that the IVP (L.1)) has minimal and maximal
solutions w and @ between vy and wg, which can be obtained by a monotone iterative

procedure defined by (3.4) starting from vy and wy, respectively.

4. An example

In this section, we give an example to illustrate the applicability of our abstract results.
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Example 4.1. Consider the following initial value problem of infinite system for nonlinear

impulsive differential equations

ul (t) = sin® u, (t), teJ, t#ty,
(4.1) Aup|i=t, = evn(th) —1n3u,(ty), k=1,2,...,m,
un(0) =0,
where n =1,2,..., J =[0,a], a > 0 is a constant.
Let
(4.2) E:€2:{u:(ul,...,un,...):ilun|2<oo}
n=1

with the norm

1
o 2
(4.3) Jul| = (Z\un\2> )
n=1
and let
(4.4) P={u=(ui,...,up,...) e |uy, >0,n=1,2,...}.

Then F is a weakly sequentially complete Banach space and P is a normal cone in
E. Denote u(t) = (u1(t),...,un(t),...), ft,u(t)) = (sin?uy(t),...,sin?u,(t),...) and
I (u(ty)) = () —In3uy(ty), ..., e ) —In3u,(tg),...), n=1,2,.., k=1,2,... ,m.
Then the infinite system can be transformed into the form of (L.1}) in F.

Theorem 4.2. Assume that there exist a series of positive functions wy(t) € PC(J) N
CY(J),n=1,2,..., such that

w!, (t) > sin® wy (1), teJ, t#t,

(4.5)
Awp|i=t, > ) —In3w,(ty), k=1,2,...,m.

Then the infinite system (4.1)) has minimal and maximal solutions between 0 = (0,0,...,0,
o) and w(t) = (wi(t),...,wp(t),...), which can be obtained by a monotone iterative

procedure starting from 6 and w(t), respectively.

Proof. By the inequality one can easily see that vg = 6 and wy = w(t) are lower
and upper solutions of the infinite system , respectively. From the definitions of the
nonlinear term f and impulsive function Iy, it is easy to verify that assumptions (F)
and (I;) are satisfied with the constants M = 1 and In3 — 1 < C}, < 1. Therefore, our

conclusion follows from Theorem [B.1l 0

Remark 4.3. The problem (4.1]) can not be solved by the results in [3])49|12-14,16] because

the impulsive function defined in (4.1)) is not monotone increasing on any ordered interval.
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