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QUARTIC RESIDUES AND SUMS INVOLVING (‘2“;)
Zhi-Hong Sun

Abstract. Let p be an odd prime and let m # 0 (mod p) be a rational p-adic
integer. In this paper we reveal the connection between quartic residues and the

sum P [p/4] (2k) —x, Where [x] is the greatest integer not exceeding x. Let ¢ be a
prime of the form 4k+1 and so ¢ = a®+b* with a, b € Z. When p t ab(a®—b?)q,
we show that for » = 0,1, 2, 3,

p% = (%)r (mod q)

Ip/4] . R
& ’;) (;Z) (%q)’f = (—1)5 et (g)(%) (mod p),

where () is the Legendre symbol. We also establish congruences for Z["/4] (2k) —
(mod p) in the cases m = 17,18, 20, 32,52, 80, 272.

Q

1. INTRODUCTION

Let Z be the set of integers, and for a prime p let Z,, denote the set of those rational
numbers whose denominator is not divisible by p. Let (%) be the Legendre symbol.
Suppose that p is an odd prime and a € Z,. In [7] the author investigated congru-

ences for Z[p/4] (;‘2) a® modulo p, where [z] is the greatest integer not exceeding .

For k € {0,1,...,p— 1} it is easily seen that p { (;‘2) if and only if 0 < k < & or
L<k< 3p In this paper we reveal the connection between quartic residues and the

sum Z[p/4] (5r)a. We also investigate congruences for ZLSZP{;LU/Q (51)a* modulo p.

Leti = +/—1. For an odd prime p let (%”i)4 be the quartic Jacobi symbol defined
in [1,2,3,4,6]. Following [4] we define

Qr(p) = {CGZp : (c;i>4 :z”“} for r=0,1,2,3.
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According to [4,6], Q.(p) (r € {0,1,2,3}) plays a central role in the theory of
quartic residues and nonresidues. In this paper, for an odd prime p and ¢ € Z, with
c(c®*+ 1) # 0 (mod p) we give simple criteria for ¢ € Q,-(p) by proving that

1 (mod p) if c € Qo(p),

Ip/4 1 ) =L (modp) ifcei(p),

(1.1) Z:: ( )m T ] —1(modp) ifce Qap),

1 (mod p) if c € Q3(p)

and

[3p/4] 0 (mod p) if (54) =1,

4k 1 L P
(1.2) %2 Z <2k) 6@+ DF = 1 (mod p) if c € Qi(p),
k=(p+1)/2 —1 (mod p) if c € Q3(p).

Let ¢ be a prime of the form 4m + 1 and so g = a® + b® with a,b € Z. Let p be
an odd prime with p { ab(a® — b?)q. In this paper, using (1.1) and the theory of quartic
residues we show that for r = 0,1, 2, 3,

p'T = (%)T (mod )

(1.3) [p/4] 2 P21 pt gt ,
oS e ()2 s

As consequences we establish congruences for Z[p/4] (%)Lk (mod p) in the cases
= 17,18, 20, 32, 52,80, 272.

In addition to the above notation, throughout this paper we use (m, n) to denote the
greatest common divisor of integers m and n. If a,b,c € Z and p = ax? + bxy + cy?
for some integers = and y, we briefly write that p = ax? + bxy + cy?. We also use
[a, b, c] to denote the equivalence class containing the form ax? + bxy + cy?, and use
H (d) to denote the form class group consisting of classes of primitive binary quadratic
forms of discriminant d.

[p/4] 4k
2. CONGRUENCES FOR % <2k)a (mod p)

For any numbers P and @, let {U,,(P, @)} and {V,,(P, Q)} be the Lucas sequences
given by

UO<P7 Q) = 0; U1<P7 Q) =4 Un+1<P7 Q)ZPUTL<P7 Q) - QUn—1<P7 Q)

1 (n>1),
Vo(P, Q) =2, i(P,Q) = P, Vi1 (P, Q) =PV, (P, Q) = QVn1(P, Q) (n>1).
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It is well known (see [8]) that

L (BP0 (PP ey 0,

@1 P2-4Q 2 2

n(g)n_l if P2—4Q=0
and
2.2) Vo(P,Q) = (P+ V§2_4Q>"+(P_ 1232_462)".

Lemma 2.1. ([7, Theorem 2.1]). Let p be an odd prime, P,Q € Z, and PQ #
0 (mod p). Then

[p/4]
> (o) (7) = (5)ves () (ot
k=0
and »
> <4k) (P—2>k = <_Q>_[51UL—TH(P, Q) (mod p).
k=0 2

Lemma 2.2. ([7, Theorem 2.2]). Let p be an odd prime and = € Z, with = #
0,1 (mod p). Then

> (W)

k=0
- [p/4] AE\ 7
x4 l; <2k) (E) (mod p) ifd|p—1,
= /4
1,238 4k 1 .
(1_5) % <2k) T2 (mod p) if4|p—3.

Lemma 2.3. ([4, Lemma 2.1]). Let p be an odd prime, m, n € Z, and m? +n? #

0 (mod p). Then (W)i = (@)

Theorem 2.1. Suppose that p is an odd prime, ¢ € Z, and ¢(c?+1) # 0 (mod p).
Then
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1 (mod p) if c€ Qolp),
[p/4 2 k| c(modp) if ceQi(p),
(2.3) ( ) kZ < )(M) ~ ] =1 (mod p) if ¢e Qap),
—c (mod p) if ce Qs(p)
and
» 1 (mod p) if c€ Qolp),
P/ 1 =L (modp) if ceQi(p),
(2.4) % <2k) (16(2+1)% ~ ) =1 (mod p) if c€ Qa(p),
L(modp) if c€Qs(p)

Proof. Clearly

(S5, = (),(59), = B (=),

Thus, if (%) =1, then —1 € Q,(p) if and only if ¢ € Q. (p); if (%) = —1,then -1
Q. (p) ifand only if ¢ € Q,(p), where v € {0,1,2,3} is given by ' = r+2 (mod 4).
Thus, replacing ¢ with —% in (2.3) we get (2.4). Hence (2.3) is equivalent to (2.4).

By [7, proof of Theorem 2.1], for P, Q) € Z, with PQ # 0 (mod p),

[p/4]
@5 veur -1 =2(2) Y (3)) (55) modn).
k=0

Taking P = 2c and Q = c® + 1 we see that

[p/4] 2
Z 4k + 1\k
V—p§1 (2, -1) = 2(]%> k=0 <2k) (01602 ) (mod p).

A 2
From Lemma 2.3 we have ( > ) = (" +1> for n2+1 # 0 (mod p). We first assume
p=1(mod 4). Taking a = —1 and b = 2c in [5, Corollary 3.1(i)] we get

2(4¢* +4) T (mod p) if ¢ € Qo(p),
Vi (36, 1) = 2c(4c2 +4)"7 (mod p) if ¢ € Qi(p),
—2(4¢® + 4)"T (mod p) if c € Qa(p),
—2¢(4¢ +4)"T (mod p) if ¢ € Qs(p).
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Combining the above with the fact A =oh = (%) (mod p) we obtain

(c2+1)"T (modp) if ce€ Qo(p),
[p/4] ) ) p—1 .
2¢ 4k\ 7+ 1\* c(c*+1) 7 (modp) if ce Qi(p),
2.6 — =
(26) ( ) Z <2k)( 16¢? ) —(c? +1>p4;1 (mod p) if ¢ € Qa(p),
—c(2+ 1) (mod p) if ce Qs(p).

Putting = = <41 in Lemma 2.2 we see that

[p/4] 2 “1/c lp/4] c?
> (o) () =+ () X (o) () (oo

k=0 k=0
This together with (2.6) yields (2.3). Hence (2.4) is also true.
Now we assume p = 3 (mod 4). Taking P = 2c and @) = —1 in Lemma 2.1 we

see that i

p/4

4k 1 2c
— = — 2¢c, -1 .
;; <2k) (—1662)F (p )U%< ¢, ~1) (mod p)

By [5, Theorem 3.1(ii)] and Lemma 2.3,
Thus,

By Lemma 2.2,

Ip/4] /4
2 () e = H) o () e e

k=0

Now combining the above we obtain (2.4). Since (2.3) is equivalent to (2.4), the proof
is complete.
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Remark 2.1. Let p be an odd prime, a € Z,, (%) = —1 and (“/*) = 1. Taking
P=2and Q@ =a+1in[7, Theorem 2.3(i)] we see that

[p/4] Ak 1
> <2k) (16(a+ 1)F " (mod p).

k=0
Replacing a with | we see that for a € Z, with (2) = (/1) = -1,
[p/4]
4k a K
;; <2k) (m> =0 (mod p).

Corollary 2.1. Suppose that p is an odd prime, ¢ € Z, and ¢(c*+1) # 0 (mod p).
Then

/4] ) p/4 2
(3 (o) Gorry) ) (2 (o) ciszragye) = (5 (moa ).

k=0 k=0

Proof. By Lemma 2.3, ¢ € Qo(p) U Q2(p) if and only if (CQT“) = 1. Thus the
result follows from Theorem 2.1.

Corollary 2.2. Suppose that p and ¢ are distinct primes, m,n € Z, (mn(m? +
n?)(m*—n?),pq) =1 and p = +¢ (mod 8(m? +n?)). Assume a € {1, -1, 2, —L},

Then »
p/4 )
4k n .
% <2k) (m> = a (mod p)

la/4] )
Ak n -
o ;; <2k) (m> = a (mod q).

Proof. By [4, Theorem 2.1], ™ € Q,(p) & = € Q,(¢q). Now taking ¢ = ™* in
(2.4) we obtain the result.

Corollary 2.3. Let p be an odd prime. Then
[”f] 4\ 1 [ 1(modp) if p==1,+3 (mod 16),
£~ \2k)32% = | ~1 (mod p) if p==+5,+7 (mod 16).

Proof. It is well known (see [1-3]) that

1 if p==+1 (mod 16),
. p=1 e
27) (1 _|_Z> _ e Te i if p=45 (mod 16),
p /4 -1 if p=47 (mod 16),
( )

—i if p=43 (mod 16).
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Now taking ¢ = 1 in (2.4) we deduce the result.

Corollary 2.4. Suppose that p is an odd prime, ¢ € Z,, ¢ # 0,%1 (mod p) and
c®+1# 0 (mod p). Then the congruence 2* — 2(c? + 1)z 4 c?(c2 +1) = 0 (mod p)
is solvable if and only if

[p/4] mn .
2 <2k) ECED (mod p).

k=1

Proof. By [6, Theorem 4.2], ¢ € Cy(p) if and only if z* — 2(c® + 1)2? +
(2 4+ 1) = 0 (mod p) is solvable. By Theorem 2.1, ¢ € Cy(p) if and only if

Ef’z/é] (gi)m =1 (mod p). Thus the result follows.

Corollary 2.5. Let p be an odd prime, d € Z, d # 0, £1 (mod p), <_7d> =1, and
1—d=(-1)"25W (W =1 (mod 4)). Let dy be the product of all distinct odd prime

divisors of 1 — d, and let m = 8dy or (2%;/—2) according as 21 s or 2 | s. Then p

is represented by some primitive form az? + 2bxy + cy? of discriminant —4m?d with
the condition that (a,2(1— d)) = 1 and (%=2¢), = 1 if and only if

a

[p/4] mn .
Z <2k) (16(1— d))* =0 (mod p).

k=1

Proof. This is immediate from [6, Theorem 4.2] and (2.4).
It is known that
H(—128) = {[1,0,32],[4,4,9],[3,2,11],[3, =2, 1]},
H(-768) = {[1,0,192],[12,12,19],[3,0, 64], [4, 4, 49],
(7,4, 28], (7, —4,28],[13,8,16], [13, —8, 16]},
H(—80) = {[1,0,20],[4,0,5],[3,2,7],[3, -2, 7]}.

Thus taking d = 2, 3, 5 in Corollary 2.5 and doing some calculations for certain quartic
Jacobi symbols we see that for any prime p > 3,

[p/4] i 1
28 22 1 39,2 _
(2.8) p=z"+32y° & ; <2k) 10y 0 (mod p),

[p/4]
4k\ 1
(29)  p=22+192y% or 1227 +122y+19y% < Y <2k) =0 (mod p),
k=1
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/A A 1
2.10 =22 2 = .
(2.10) p=2"+20y° & ; <2k) (o1 0 (mod p)

Lemma 2.4. ([4, Theorem 2.2]). Let ¢ be a prime of the form 4m + 1 and
q=a’+b*witha,bcZ 2|band a+b=1 (mod 4). Suppose that p is an odd
prime and p t bg. For r = 0,1, 2,3 we have

(~1)=p)F = (- %)T (mod ) <= % € Q,(p).

Theorem 2.2. Let ¢ be a prime of the form 4m + 1 and ¢ = a® + b*> with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and p 1 bg. Then

( 1)”28—‘%%*’% [pf <4k)( a> )’“ _ [+1 (mod p) if p*T =1 (mod g),
- ) = S, gt a
=0 2k ) \16q F4¢ (mod p) if p ==+¢ (mod q).
Proof.  Clearly the result does not depend on the sign of a. We may assume
a+b=1(mod 4). Taking c = ¢ in (2.3) we see that

1 (mod p) if 2 € Qop),

9 P/ 2\k ] % (modp) if &€ Qi(p),
(5)%( )(16q> - —Zi (mod p) if %€Q2(p),
—4 (mod p) if § € Qa(p)-

SN

This is also true when p | a since ( = (5
the result.

). Now applying Lemma 2.4 we deduce

Corollary 2.6. Let p # 5 be an odd prime. Then

[p/4] +1 (mod p) if p==+1 (mod 5)
[12( )1 { P ’

80% © | £3 (mod p) if p=+2(mod 5).

Proof. Taking ¢ =5, a =1 and b = 2 in Theorem 2.2 we deduce the result.

Corollary 2.7. Let p # 13 be an odd prime. Then

o4 9 \k +1 (mod p) if p==+1,43,+£9 (mod 13),
[ ] E < —) =
208 qc% (mod p) if p=42,+5,46 (mod 13).
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Proof. Taking ¢ =13, a = —3 and b = 2 in Theorem 2.2 we deduce the result.

Corollary 2.8. Let p # 17 be an odd prime. Then

1 (mod p) if p=41,+4 (mod 17),

(2) [”Z/‘f] (4’“)L _ ) -1 (modp) if p=:£2 48 (mod 17),
p/ = \2k 2728 7 ) 1 (modp) if p=+6,£7 (mod 17),
—1 (mod p) if p=+3,+5 (mod 17).

Proof. Taking ¢ =17, a =1 and b = 4 in Theorem 2.2 we deduce the result.

Theorem 2.3. Let ¢ be a prime of the form 4m + 1 and ¢ = a® + b*> with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and p { ag. Then

) [p/4]

p=1 g1 4k\ [ b? \k +1 (mod p) if p 7 =+1 (mod q)
—1)7=2 "1 — ) = q-1 ’
=) % <2k) (16q> {qtg (mod p) if p +b .

Proof. Clearly the result does not depend on the sign of a. We may assume a+b =

—1 ~1
1 (mod 4). When p | b, by [4, Theorem 2.2] we have ((—=1)*z p)*T =1 (mod ¢).
Thus the result is true in this case. Now we assume p { b. Taking ¢ = ¢ in (2.4) and

then applying Lemma 2.4 we obtain the result.
Combining Theorem 2.2 with Theorem 2.3 we obtain (1.3).
Corollary 2.9. Let p > 3 be a prime. Then

(1) [”f <4k) 1 {il (mod p) if p=+1 (mod5),

22 \2k)20F = \£2 (mod p) if p==3 (mod 5),

[p/4] . .
p—1 4k\ 1 +1 (mod p) if p=+1,43,4+9 (mod 13),
0% S ()=
3

— \2k) 528 ~ | £2 (mod p) if p=+2,+5 +6 (mod 13)
and
1 (mod p) if p=41,+4 (mod 17),
/Al g 1 | —1 (modp) if p=+2 48 (mod 17),
Z:: <2k) 178 =] 4 (modp) if p= 43,45 (mod 17),
—4 (mod p) if p=4+6,£7 (mod 17).

Proof. Taking ¢ = 5,13,17 in Theorem 2.3 we deduce the result.
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Theorem 2.4. Let p be an odd prime, a,b € Z, and ab(a® — b?) # 0 (mod p).
Then

[p/4] 2 _p2
S (1) (52) = 52 a0 - a0 (252)} oo

k=0

and

S () (o)

1 —b a+b 9 gy =1 .
) 2b{(a+b)( 5 ) = (a—0b)( 5 )}(* —a®) T (modp) if 4|p-—1,
%b{(a;b)—(a;b)}@Q—aQ)pTﬂ (mod p) if 4]p-3.

Proof. By (2.1) we have

a2—b2
Unpt (a” 1 )

HED T (597
- SO () -0 (550 o

Now taking P = a and Q = ©Z% in Lemma 2.1 and then applying the above we
obtain the first part.

Taking P = 2a and Q = a® — b? in Lemma 2.1 and then applying (2.1) we see
that

Loy ( a? )’f
2\ 2k ) \16(a% — 1?)
=0 -a®)" WU, , =1 (2a,0% - b?)
(5 2;1 pH(ZH PH(Z0)
=@ —a) T H{a+h) T —a-b) |

2 2 p— 1 b —b .
_JES) @ - @) — @ -n)(=2)) (modp) i 41p -1,
)} (mod p) if 4|p—3.
This yields the remaining part.
Corollary 2.10. Let p be an odd prime, m € Z, and m # 0, %1 (mod p). Then

[p/4] 4 m . 1 I . i
> (50) ) =t (M5 () + () oo

k=0
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and

1

[p/4]

> (o) (- gty = e )

T (modp) if4|p—1,
k=0 () + )m'E

m
m™4 (modp) if4|p—3.

Proof. Taking a = -1 and b = :EL in Theorem 2.4 we deduce the result.

Corollary 2.11. Let p > 3 be a prime. Then
[p/4]
4k\ 1 6 3
—=2(-)— (= .
;; <2k) 18F (p> (p> (mod p)

Proof. Taking a = 3 and b = 1 in Theorem 2.4 we obtain the result.

[3p/4]

4K\
3. CONGRUENCES FOR Z <2k)a (mod p)
k=(p+1)/2
Lemma 3.1. Let p be an odd prime and k € {1,2,..., 5~ } Then

(o 1) =2(aa ) st

Proof. Clearly

)) _ (p+2k)(p+2k+1)---2p—1)-2p(2p+1)---(2p+ 4k — 2)

(p—1)!- (p+1) (p+2k—1)
2k(2k+1)---(p—1)-2-1-2---(4k — 2)
(p—1!-1-2---(2k—1)

2. (4k—2)l _(4k—2
T T2k—1)e :2<2k—1) (mod p).

Lemma 3.2. Let p be an odd prime, P,Q € Z, and PQ # 0 (mod p). Then

[(p+1)/4]
veatr = ()5 (72 (%) o

k=1
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Proof. By (2.1) and the fact (?)
(0,1,..., 251,

Il
|
k‘wh—‘
S—
|
T
N
=
o
5
S—
—
3
o
o
3
SN—
—
o
=
Pl
m

Ve (P.(P2—4Q) 1) = - { (FER/Q)T _ (22205

a2 2
- ﬁ > (?)P%-T«a@ NENC
z r=0
[ml] p—1
S Yy
[221)
= (;) Z < : ) 4p 2h—1 )'2<4Q>k_1
(2]
) () e

By [5, Lemma 3.1(i)], Up—i (P, Q) = —(2)Upos (P, £519) (mod p). Thus the result
2 2
follows.

Theorem 3.1. Let p be an odd prime, ¢ € Z, and ¢(c* + 1) # 0 (mod p). Then

e/ . (/4]
2 ), <2k)(16(02+1))k5_4c Z <2k )16 (@ +1)F
)
)
)

(mod D
1 (mod p
1 (mod p

k=(p+1)/2
Zf (c +1> 1,

if c€Qi(p),
if ceQs3(p).

Proof. By Lemmas 3.1 and 3.2,

[3”2/:4] <4k) 1 - [(”i/ 4 <4(1’2;1 + k)) 1
k=12 N2 (16(c? + 1))* = 205 4R (16(c2 + 1)tk
p+1
:2(02—1-1)[4] 4k — 2 1
N P = \2k—1/(16(c? )k
= Upa (4(c? +1),4(c* + 1)) (mod p)
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From (2.1) we see that

Ups (4(c® +1),4(c* +1))
! 2 b c? o) — v/ 2 _o5

1 _
5o (4 +4) T Ups (2, 1) if 4]p—1,
C 2

1 _
S (4c? +4) T Vit (2¢,—1) if 4]p—3.
C 2

If p=1 (mod 4), by [5, Theorem 3.1(i)] we have

0 (mod if (St) =1,
Vgt (2, —1) = (2 pL cti) 1 <C2Ijr1>
2 (4c* +4)" 7 (<51) i (mod p) if (5H) = —1.
Thus,
[3p/4]
4k 1 L - )
P> <2k)m = (4" +4) T Upa(2¢, 1)
k=(p+1)/2
0 (mod p) if <c2;—1> —1,
= _(%)42' (mod p) if <C2}_),_1>:_1.

If p =3 (mod 4), from [5, Corollary 3.1(ii)] we have

0 (mod if (L) =1,
Vet (26, 1) = (2 pli cHi\ . 1 <C2I—)|—1>
2 (40 +4> 4 (7)42 (mOd p) if ( - >:_1
Thus,
[3p/4]
4k 1 L - )
P> <2k)m = (4" +4)7 T Vi1 (26, -1)
k=(p+1)/2 2
~]0 (mod p) if <C1—)H>:17
= (5,0 (modp) i (<)~ -1

Note that (<) = (€L by Lemma 2.3. Combining all the above we deduce the
It P !
result.

Corollary 3.1. Let p be an odd prime, ¢ € Z, and c(c?+ 1) # 0 (mod p). Then
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[3p/4]

[
2/2 <4k) 2 k 4 2 <4k— )
-\ E 27 “\- _ Tal2 L1
c(p) bort)/2 2k (16(0 p Pt 2k (c +1

c
0 (mod p) if ( =1,
1 (mod p) if CEQ(p)

—1 (mod p) if ce€ Qs(p).

Proof. ~Clearly (<£%), = (%) ,( 1p“ 2= G)( _;L’ If (2) =1, then —¢ €

Q:(p) if and only if ¢ € Q.(p). If (3) = —1, then —% € Qq(p) if and only if

c € Qs(p), and —1 € Qs(p) if and only if c € Q1 (p). Thus, replacing c with —1/c in
Theorem 3.1 we deduce the result.

Corollary 3.2. Let p be an odd prime, ¢ € Z, and (‘32;1) = —1. Then

[(p+1)/4]

) Z Ak — 2 1 _ [3”2/:4] Ak 1
2 —-1) Q6@+ DF ~ A Aok 6@+ D)F
p
[p/4]

= Z( )ﬁ (mod p).

Proof. This is immediate from Theorem 3.1 and (2.4).

Corollary 3.3. Let p be an odd prime, ¢ € Z, and ¢(c¢® + 1) £ 0 (mod p). Then
[3p/4]

[3p/4]
4k) c? k 5 /2 <4k) 1
Z ) == Z —————7 (mod p)
o2 \2K (16(0 +1)> (p> T N2k (16(c2 + 1))
and

R T ( c? )k = _2 (2) KHZIEM] 4k—2 1 (mod p)
2k-1)\16(2+1)) " \p/ & \2k-1) T6(2+ 1)) b
Proof. This is immediate from Theorem 3.1 and Corollary 3.1.

Corollary 3.4. Let p be an odd prime. Then

, [SPZ/fl] a1 » [(Him Ak — 9\ 1
2k ) 32k 2k — 1) 32k
k=(p+1)/2 k=1

0 (mod p) if p==+1 (mod 8),
1 (mod p) if p==+5 (mod 16),
—1 (mod p) if p==+3 (mod 16).
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Proof. Taking ¢ = 1 in Theorem 3.1 and then applying (2.7) we obtain the result.

Corollary 3.5. Let ¢ be a prime of the form 4m +1 and g = a? 4 b? with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and (£) = —1. Then

[(p+1)/4] 2
p—1 g—1 4k — b o b qzl _ é
(—1) ( )(1—6(1) =% (Modp) <= p'T ==- (mod q).

Proof. As (%) = <§> = —1 we see that p { ab. Taking c = ¢ in Corollary 3.2 we
see that

Gy 4 pi/4] (;’;_f)(l—@)k—wf( )(”2) (mod p).

Now applying Theorem 2.3 we obtain the result.

Corollary 3.6. Let ¢ be a prime of the form 4m +1 and g = a? 4 b? with a,b € Z
and a =1 (mod 2). Suppose that p is an odd prime and (£) = —1. Then

[(p+1)/4] 2
2.1, p=1 g—1 4k —2 Qa k a 1 a
s Y 2 ) =5 — p'T =+ (modq).
(1) & Tz 2 <2k_1)(16q> F-— (mod p) pT ;, (mod g)

Proof. As (%) = <§> = —1 we see that p t ab. Taking ¢ = g in Corollary 3.2 we
see that

[(p+1)/4] [p/4]
NS (372) (o) = > () (1) (mod .

Now applying Theorem 2.2 we obtain the result.

Corollary 3.7. Let p be an odd prime with p # 5. Then

[(p+zl)/4] <4k— Q)L _ {0 (mod p) if p==+1(mod5),
£~ \2k—1)205 ~ | £(-1)"*7 22 (mod p) if p=+2 (mod 5).

Proof. When p = &1 (mod 5), taking ¢ = 3 in Theorem 3.1 we obtain the result.
When p = £2 (mod 5), taking ¢ = 5, a = 1 and b = 2 in Corollary 3.5 we obtain the
result.
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