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COMPUTATION OF FREDHOLM DETERMINANTS
FOR QUADRATIC ORNSTEIN-UHLENBECK FUNCTIONALS

Nicolas Privault and Hailing Wu
Abstract. We derive closed form expressions for the Laplace transform of certain
quadratic Brownian functionals based on the Ornstein-Uhlenbeck process, using

both Fredholm determinants and PDE arguments. Classical and new bond pricing
formulas in quadratic Brownian models are obtained as particular cases.

1. INTRODUCTION

The Laplace transform of quadratic functional of Brownian motion (B;):cr, Of
the form

(1.1) F=1@)+ 12 /w dBt—ir// (s,t)dB,dB,,

¢ € L?([0,T]) and where » € L%([0,7]?) is symmetric in two variables, has been
computed on abstract Wiener spaces in [3] and [4], Theorem 2.1, as

12)  E[eF] = (deto(I + A%)) 2 exp (%/O P(s)(I 4 A?) " (s) ds) ,

cf. also Proposition 4.1 in [7], where deto (I + A¥) is the Carleman-Fredholm deter-
minant

(1.3) deto(I + A®) = 747 det (I + A%)

of the (symmetric Hilbert-Schmidt) Volterra operator A¥ defined by

(L.4) (A% f) (1) = /0 p(s.0)f(s)ds,  f e L2((0,T]),
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such that 7 + A% has positive spectrum, where

det(I + A¥) = H(l +Xi), traceA¥ = Z Ais
=0 i=0

and (\;);>o are the eigenvalues of A%, counted with their multiplicities.

The Laplace transform of quadratic Brownian random variable is relevant to the
computation of Feynman path integrals in quantum field theory, cf. e.g. [6] pages 211-
212, and it is also used for bond pricing. From a probabilistic point of view, quadratic
Brownian functionals are infinitely divisible random variables, and closed form expres-
sions for their Lévy measures have been given in [9], based on (1.2).

In this paper, we use PDE arguments and Fredholm expansions to provide closed
form expression for the determinant (1.3), with application to the Laplace transform of
functionals of the form (1.1). We show in particular in Corollary 2.2 that when

(1.5) o(s,t) = ae b5t 4 geb(T—s—1) s, t €[0,T],
a€R, > —a, b>min(0, —2a), the determinant of I + A¥ is given by

det(I + A®) = T (cosh (T b2 + 2ab>
- +(b+ a+ B)T sinhe (T b2 + 2ab>> ,

where sinhcz = (sinh )/, by comparison of the PDE solution (2.1) below with (1.2).
In general the spectrum of A% is unknown, nevertheless the determinant det(7+ A%)
can also be computed by the Fredholm expansion

o 1 .
(1.7) det(I + A%) =" s /(O . det(p(tp, tg) ) ooy dty - - din,
n=0 )

cf. Theorem 3.10 of [10], showing that

— (20bT2)" 1

det(I4+A%)=1+Te 2T ( a1F1(n+1;2n,20T)+ 5 1F1(n; 2n, 2bT)),
— (2n—1)!

cf. Proposition 4.1 below, where Fi(a;b, z) is the hypergeometric function

and (a), = a(a+1)---(a+ n — 1) is the rising factorial. In the limiting case b — 0
in (1.5) with o = —3 = /b, the eigenvalues of A% can be computed explicitly as

A =80°T?n 22k +1)72,  k>1,
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which yields det(I + A%) = cosh(cT/2), cf. (3.12) below, and recovers (1.6).
The above results apply in particular to the computation of the bond price

|

of a zero-coupon bond with maturity T, where the short term interest rate process r;
is given in the Cox-Ingersoll-Ross (CIR) model by

(1.8) dry = (v — 2bry) dt + 20+/r; d By,

with v = ¢2 and b,0 > 0, based on the Laplace transform of quadratic Brownian
functionals. The link between (1.8) and quadratic functionals of Brownian motion
(Bt)ter, has been pointed out in [7] using squared Gaussian processes, in the chaos
expansion framework of [8].

Indeed, under the condition v = o2, the process r; solution of (1.8) can be written
as r; = X7 where X; is the Ornstein-Uhlenbeck process

P(t,T)=F(t,r) = E [e— Jifreds

t
(1.9) X, =ze 4 U/ e tt=9) 4B,
0

solution of the equation
(1.10) dX; = —bX;dt + o dB;, Xo =z,

where b, o > 0.
We also apply (1.5) and (1.7) to the computation of the joint moment generating
functions of quadratic functionals such as

T T T
/ X2ds, / X,dB;, / X, dXs,
0 0 0

using both the Fredholm determinant expansions and PDE expressions. This allows us
in particular to recover the Laplace transform of fOT r+dt where r; is the CIR process
solution of (1.8) under the condition v = o2.

We proceed as follows. Section 2 contains the main results of the paper, which are
based on the comparison of determinant expansions and PDE solutions. In Section (4)
we compute the determinant of Volterra operators of the form (1.5), using the Fredholm
expansion (1.7). Section 3 contains several lemmas, including the computation of
trace terms appearing in the exponential component of (1.2). The finite dimensional
determinants needed for Fredholm expansions are evaluated in Section 4.

2. MaIN REesuULTS

T T
We start by computing the bivariate Laplace transform of / X, dB;, / X2ds

0 0
using standard PDE arguments and stochastic calculus applied to the Ornstein-Uhlenbeck
process X, defined in (1.9).
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Proposition 2.1. For all p > 0 and 1 € R such that b2 4+ 2pbo + 2uc? > 0 we
have

E [e—p fOT XsdBs—p fOT X2ds

X():[E}

brop o NTVR(btop afup?)
—(cosh(hT h(hT T—
<COS (W)= sinh( >) P\ 72 Thrpothcoth(hT))

2.1)

where h = /b2 + 2pbo + 2uc2.

Proof. By standard stochastic calculus and martingale arguments it can be shown
that the function

T T
H(t,z) ::E[exp <—p/ Xsst—u/ des) ’Xt:x], t € [0,T],
t t
solves the PDE
o2 0’H OH OH
———(t,x)— byx——I(t —(t,x)—2*(u—p?/2)H (t, 2) =0
o | T3 6P TG G )~ a2 H () =0
H(T,z)=1,
whose solution H (¢, x) is given by (2.1), cf. Lemma 3.1 below. ]

In order to compare the result of Proposition 2.1 to the determinant identity (1.2)
we rewrite

T T
F:p/ Xsst—i—u/ X2ds
t t
in the form of (1.1) as
1
(2.3) F:E[F]+$I1(¢>+§I2(<P>7

where v and ¢ are given in (2.6) and (2.7), cf. Lemma 3.2. As a consequence of
Proposition 2.1, Lemma 3.4, and Relations (1.2) and (2.3) we obtain the following
proposition.

Corollary 2.2. Assume that o+ 3 > 0 and b > —2q, and let

(2.4) o(s,t) = ae b5t 4 geb(2T—s—1) s, t €[0,T].
Then I + A¥ has positive spectrum and we have

b
(2.5) det(I + A®) = T <cosh(hT) + brovh sinh(hT)) ,

where h = /b2 4 2ab.
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Proof. By Lemma 3.2 the functions in (2.3) are given by

— HON bt MO _p2r—t)
2.6) o) = (p+ ) e = e ,
M02 /MQ

2.7 ©(s,t) = <pg + T) e blt=sl _ Te—b(2T—s—t)’
and
29 BIF) = "1 - 7)1 Lrace(49) - Lpor

' - 9 e 5 trace 5poT,
where

po’ —2bT
trace(A¥) = poT + — (e +207T—1).
2b2

By applying (3.13) below with

y=—poe /b, z=p+po/b, a=po+o’u/b, and B = —po’/b,

cf. (2.6), (2.7) and (2.8) we have

p—p*/2

1545

T
(2.9) %/O () + A?) (1) dt = 2%(1 — e 2Ty

b+ po + hcoth(hT')’

and (2.5) is obtained by comparison of (2.1) in Proposition 2.1 and (2.9) with (1.2)
under the change of variable = —3b/0? and p = (a+ 3)/o. Here, (1.2) holds since

I + A% has positive spectrum by Lemma 3.3.

On the other hand, by the Fredholm expansion (1.7) and Proposition 4.1 below we
obtain the following alternative to Proposition 2.1, which provides a series expansion

ino.

Corollary 2.3. For all p > 0 and i € R such that b? +2pbo + 2u0? > 0 we have

T T
E [@_pfo X¢dBr—p [, X?dt’Xo = x}

(2n)!
~1/2

T
n=1

(2.10)
Vuo 1P (n 4+ 1520 + 1, 267) )

cexp (2T 2 (u— p*/2)
2 b+ po + hcoth(hT) )

o
b n—1
14 o 20T Z(?UT%"M (@ 1Fy (n + 1;2n, 2bT>
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Proof. By Proposition 4.1 we have

>~ (2abT?)" 1

det(I+A?)=1+Te 2T Z ( T (o 1 F1y (n+1;2n, 20T )+ 1 Fi(n; 2n, 2bT)),
n=1 '

where ¢ is given by (2.4) with o = po + po?/b and 3 = —uo?/b by Lemma 3.2,
hence (2.10) follows from (1.2) by the relation

1F1<TL + 1;2n, 2bT> — 1F1(n; 2n, 2bT) = 2bT 1F1<TL +1;2n41, 2bT> |
Examples

Next we consider some particular cases of quadratic Brownian functionals built
from the Ornstein-Uhlenbeck process.

T
Laplace transform of / X2ds
0

By taking =1 and p = 0 in (2.1) we recover the Laplace transform

E [6_ fOT X?ds

X():[B}

b 12 bT a?
= h(hT) 4+ —sinh(hT —_——
(2.11) <cos (hT) + 7, Sin (h )) exp( Y T hcoth(hT))

he(b—l—h)T 1/2 $2(62hT _ 1)
“\nrermE@T-npz) P (‘2h+ (b+ 1) (2T = 1>) ’
where h = /b2 + 202, cf. [5] and [2]. In addition it follows from (2.10) that
B [6_ fOT X2ds

X():[B}

-1/2
e 20_2T2>n $2(€2hT—1>
=(14e72T <7F 1;2n+1, 26T — .
<+€ ; nyr L2 L20T) | exp\ = sy

In this case we have

p(s,8) = afe ot — ET=50) 5t (0,7
and ,
det(I + A®) = T <cosh(hT) + 7 sinh(hT)) ,

or

> (2abT?)"
det(I + A®) =14 2T Z %T) 1Fi(n+1;2n+1,2b6T),
n=1

)!
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where h = /b2 + 2ab.
T
Laplace transform of / X, dBy
0
By taking x =0 and p =1 in (2.1) we find

B |e o Xed

X():[B}

b+o 1z (b+0)T z?/2
= h(hT inh(hT
<cos (hT) + P ( )) exp < 2 * b+ o+ hcoth(hT))

n—1

S —-1/2
20012
= <1 + oTe 2T E :((gni_)l 1F1(n+1;2n, 2bT)>
n=1

1)!
" oT n x2/2
exp | —
P\ b+ o+ hcoth(hT) )’

where h = v/b? + 20b. In this case we have
o(s,t) = ge bl s, t €[0,T],

and
b+o

det(I 4+ A%) = e *T <cosh(hT) + sinh(hT)) ,

and

QUI)TQ)"_1

det(I + A¥) =14 oTe 2T § ((2 i 1 F1(n 4 1;2n, 26T).
n — !
=1

T
Laplace transform of / X, dX;
0
Similarly by taking p = o and p = —b, i.e. h = b, we can show that

E [e_ ST X dx,

X():[B}

—1/2 2 2( 2

(b+0?) | ! b+o xz*(o” +2b)/2
= h(bT h(bT T

<COS (b7) + b o0 (b7) P 2 * b+ o2+ bcoth(bT)

o? —1/2 o? 22(2b+ 0?)/2
=14+ —=(1—e 2T —T
< * 2b( ¢ >) P < 2" +02+bcoth(dT) )’

by (1.4). In addition we have

P(s,t) = BePCT=s=D 5 te0,T),
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and
det(I + A%) =1+ %(1 —e Ty =1 4 %e_bT sinh(bT).
3. MaIN LEMMAS
PDE solution

First we derive the PDE solution which has been used in the proof of Proposi-
tion (2.1).

Lemma 3.1. Letb,o > 0 and x € R such that b? + 2pbo + 2uc? > 0. The PDE
(2.2) has solution

b+op

—1/2
H(t,z) = <cosh(h(T —t)+ sinh(h(T — T)))

(3.1)

2? (= p*/2) ) ’

b+op
T _¢) —
X exp < 3 =) = o T heoth(W(T D))

where h = /b2 + 2pbo + 2uc?.
Proof. In order to solve (2.2), we search for a solution of the form
H(t,x) = exp (C(T —t) + B(T — t)z?),
with C'(0) = E(0) = 0, which implies

22 2 2 p*
S (0 =) = =200+ 0p) E(T ~ 1) + 20°E*(T — 1) — i+
(3.22) 9C 1 _ 4y = 2E(T 1),
ot
C(0) = E(0) = 0.
The Riccati equation (3.2a) is solved as
2 _ _2h(t-T)
E(T—1t) = — (L—p7/2)Q—e )
(33) b+op+h—(b+op— h)e2ht=T)
_ p—p*/2
b+ po + hcoth(h(T —t))’
where h = /b2 + 2pbo + 2uc?, which also yields
T
(T — 1) :02/ BT~ s)ds = "0 )
(3.4) : ¢ )
-5 In <cosh(h(T —1)+ top sinh(h(T — t))) . n
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Quadratic Ornstein-Uhlenbeck functionals

In the next lemma we derive the representation of quadratic functionals of the
Ornstein-Uhlenbeck process (1.9) solution of (1.10) with b, > 0.

T
Lemma 3.2. (i) The integral / X dB; has the representation
0

T
1
/ X dB, = XoL(¥) + 51’2((,0),
0

where
P(t) = et and o(s,t) = Ue_blt_8|, s,t €[0,7].

T
(ii) The integral / X2dt has the representation
0

(35) /TX2dt_ X_g(l —2bT>+U_2( —2bT+2bT_1>+X 7 (z/z)+1[ ()
Pl T w2 \° 0 i) +3512(0),
where
" —b(2T—1) o —b|s—t| —b(2T —s—1)
lﬂ(t):E(e —e ) and (p(s,t):?(@ —e ),
s, t€10,T].

Proof. (i) We have

T T T t
/ X, dB; = X, / e " dB, + o / / e =3l 4B, dB;.
0 0 0 0

(if) We have

T T t 2
/ XZdt = / <Xge_bt+ae_bt / ebsst) dt
0 0 0
T t 2 T ,t
— o2 / e 20t ( / ebs st) dt + 20X, / / e 2t ebs q Bodt
0 0 0 0

T
+ / XZe 2 s,
0

By the Itd formula we have

t 2 t s e20t 1
/ ”dB, ) =2 / e / " dB,dB; + ,
0 0 0 20
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hence

T t s
/ e—2bt/ ebs/ €bu dBustdt / / —b|s ul _ —=b(2T—s~— u))dBudB57
0 0 0

T t e—bT T
/ / e—2bteb8 stdt — / <€b(T_8) _ €_b(T_S)> dBS
o Jo 20 Jo

Spectrum of Volterra operators

Next we compute the spectrum of the Volterra operator A¥ with ¢ given in (3.6)
below.

Lemma 3.3. Assume that « + 3 > 0 and b > —2«, and let ¢ be given by (4.1),
i.e.

(3.6) o(s,t) = ae b5t 4 gemb2T—s=1) s, t €[0,T].

Then I + A¥ has positive spectrum and if & is an eigenvector of A¥ with nonzero
eigenvalue A > —1 then

(i) If b > 2a/ A, the eigenvector A is given by

(t) = (V37 = 20873+ b) VIR0 4 (/57— 20b/x — b) e VP20

and the corresponding eigenvalue X satisfies the equation

( b2—2ab/x\+b—(a+ﬂ>//\> 2TV b2 —20b/A
+/b% =2ab/A—b+ (a+B)/A=0

(i) If b < 2/ A, the eigenvector h is given by

h(t) = /2ab] A — B2 cos (t 2ab/ X — b2> + bsin (t 20b/ X — b2> ,

while the corresponding eigenvalue \ satisfies

(o + B — Ab) sin (T 2ab/\ — b2> — A/2ab/ A — B2 cos (T 2ab/\ — b2> —0.

3.7)

Proof. By twice differentiation of the relation A¥h(t) = Ah(¢), i.e.
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T

(3.8) / (ae_b|5_t| v ﬁe—b@T—s—t)) h(s)ds = AR(t),

0
we obtain

t

b —a/ (s ds—l—a/ e ds—i—ﬂ/ bRT=s=t) (s ds)
39) (oo e ome (@)
=\ (1)

and

(3.10) b2 <a / “blt=slp(s)ds+p / b(2T—s— t)h(s)ds)—2abh(t):/\h”(t).
0
Applying (3.8) in (3.10), we obtain
W'(t) = (b* — 2ba/\) h(t)

and A/(0) = bh(0) by taking ¢t = 0 in (3.8) and (3.9). If b > 2a/\, the eigenvector h
satisfies

h(t)= (MM) etVbQ‘Qa”/A+(\/W—@e—tvbz’—w’”, t [0, 7).
Taking t = 0 in (3.8) shows that the eigenvalue A satisfies
(b—l—\/Tab (a+f) /A) V022060 L b2 — 20b/ X—b+(a+B)/A = 0.
In case b < 2a/ A, the eigenvector is given by
h(t) = V/2ab/X = 12 cos (t/2ab/X = B2) + bsin (t/2ab/X — 12)
and taking ¢ = 0 in (3.8) shows that the eigenvalue )\ satisfies
(a+ B — Ab) sin (T 2ab/ ) — b2> — AV2ab/A — B2 cos (T 2ab/ ) — b2> —0.

Finally, if A < —1 is an eigenvalue of A% then under the condition b > —2« we get
b > 2a,/ )\ and we check that (3.7) has no solution since —(a+3)/A > 0, which shows

that 7 + A% has positive spectrum. [ |
When a = -3 = 02/b Lemma 3.3 shows that any eigenvalue \ of A¥ should
satisfy

(3.12) V202X — b2 cos (T 202\ — b2> —0.
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As b tends to 0 we get

(s, 1) = 20° <T - %‘3_“) — 20T — (sV 1)),

and in this case the spectrum

82772

A= ok 1)

and hi(t) = cos <%t> , k>1,

can be explicitly computed from (3.11).
As a consequence we have trace AY = o272, and by e.g. § 4.5.69 page 85 of [1]
we obtain

- 80272
(3.12) det(I + A¥) = kl_[O <1 + m) = cosh (UT\/§> ;

which recovers (2.5), i.e.
deto(f + A%) = e 7T’ cosh (UT\/§> ,

as b tends to 0.
Exponential term
T
We close this section with a computation of the term / Y(s)(I+ AP)"Lap(s) ds
0
appearing in (1.2).
Lemma 3.4. Lety,z,a,8€ R, b > —2a, and

Y(t) = ye + ze b, te 0,77,

and
o(s,t) = ae Utsl 4 geb(T—s=1) s, t €[0,T].
We have
T
| o+ an) o ar
0
313 _ﬁ(b—i-oz—l—ﬁ)ehT—(b—i—a—h—i—ﬂ)e‘hT—QhebT
(3.13) - 2a (b+ o + B) sinh(hT) + h cosh(hT)
22 (®+B(b+a—=h)e" —(a®+B(b+ath))e " +2nBe T
202 (b+a+ ) sinh(hT)+h cosh(hT) ’

with h = v/b2 + 2ab.
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Proof.  The function u(¢) solves the Fredholm equation of the second kind

APu(t) = ¥(t) — u(t),

i.e.
T
—b|s—t| —b(2T—s—t) _ o )
(3.14) /0 (ae + Be )u(s)ds Y(t) — u(t)

Differentiating (3.14) on both sides with respect to ¢ we get

t T T
b<—a/ eb(s_t)u(s)ds—i-a/ eb(t_s)u(s)ds—i-ﬁ/ e_b(QT_S_t)u(s)ds)
0 t 0

(3.15)
=¢(t) —u'(t),
and
T T
(3.16) b? <a/0 e =9/ (5) ds —i—ﬁ/o e PCT=s=t)y(5) ds) — 2abu(t)

= 0/(t) — " (0).
From (3.14) we can simplify (3.16) to
(3.17) V(Y —u) — 20bu =" — ", e u’ — (b? + 2ab)u =" — b*p.
By twice differentiation of v (¢) we find
(3.18) V" = b2,
Substituting the right hand side of (3.17) with (3.18) this yields
(3.19) u’ — (%4 2ab)u =0, hence wu(t) = cre + ce™,
where h = Vb2 + 2ab and ¢, ¢ are constants. Letting ¢ = 0 both in (3.14) and
(3.15), we get

$(0) — u(0) = /O ' (ae_bs + ﬁe—b@T—S)) u(s) ds

and

¥'(0) = u'(0) = b (:(0) — u(0)).
Next, substitute u(¢) with (3.19) and plug in ¢/(0), ¥/'(0) in the above relations, therefore
c1 and co are the solutions of following two equations

(h—0b)er — (h+b)cg = —2bz,
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and
c1 (e OT ((h +b) 4 B(h — b)) — (h — b)Be” 2T — a(h — b))
+ea(e”MIT (—a(h—b) = B(h+b))+ (h+b) Be” T +a(h+b)) =2ab(y+2)

hence

(320) ¢ = (T ((a+H)h+ (8 = a)b) = Blh +b)e™) + (h + b)ayebT’
a((b+ a+ B)sinh(hT) + hcosh(hT))

and

B21) cy—2 (e"((a+ B)h+ (=B + a)b) — B(h — b)e™T) + (h — b)ayeT

a((b+ a+ B)sinh(hT) + hcosh(hT)) ’

which shows that
h(a+ B) cosh(h(T —t)) + b(a — 3) sinh(h(T — t))
(b+ o + B) sinh(hT) + h cosh(hT')
1 (hcosh(ht) + bsinh(ht) (aye’T — Bze™T)
a (b4 a+ B)sinh(hT) + hcosh(hT)

(T +A9) () = =

te[0,T],

[ —

and (3.13) follows. [ ]

4, FREDHOLM EXPANSIONS

In this section we show that the determinant det(I + A¥) appearing in (1.4) can
be computed using Fredholm expansions and hypergeometric series.

Proposition 4.1. Given b > 0, o, 8 € R, and

4.1) p(s,t) = ae T 4 gm0 g e 0, 1],
we have
o o2 (2ab)™ 1
det(I + A%) Z n ) (a 1F1(n+ 1;2n, 2b) + 8 1Fy(n; 2n, 2b)).

Proof. The determinant det(/+ A¥) is computed by the Fredholm expansion (1.7),
where

det(p(tp, tq))

n—1
n —an <1 n ge—%(l—tn)) 11 (1 _ e—2b(ti+1—ti)> ’

=1
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0<ty <---<t, <1,cf. (4.6). By the change of variable

T; = Qb(ti_H — ti>, 1<i<n, =z, = 2b(1 — tn>,

we get
det(I 4+ A¥)
> a” B n—1
— PR = —Tn 1 _ —x; o
1 + Z (2b>n /{x1+"‘+3¢n<2b7} <1 + ae ) H( € ) d$1 dxn
n:1 7)1 44444 JV,‘7L>O ’L:l
+iiﬂ/ —éﬁ(l—e—mg
= @ sy U agy
B n—1
I+ 1—e ™) | dzy---dx,
s+ [To - >> S
- 2 [10—e™)de; -
1+ Z (2[))” < /ac1+ +xn<2b ( e ) dxl d[L’n
n=1 T ,eens xn >0 i=1
B n—1
+ (1 + 5) /{m..,w%} H(l — ey day - ~dxn>
LY yeens zn >0 i=1

S (AR (+2) £ )
szo‘ <m§::1 (n +m)! <m;1)
>

n=1
(2b) n m
- m—i—n'm—i—l—n(n))
00

e %Za 3 %<m;1)

B(anl_i_é
o

T (2n —1)!

m=n—1
—|—/8 _sz 2C¥b>n 1 X TL— 1) (n+m— 1)'
— ( 2n—1' m—|—2n—1) (n—1)m!
o0 o0 o0
(20)"1Hm mn (2ab) !
=1+e ) " TN Fi(n;2n, 2D
te Zo‘m O(2n 1+m)! < n )Jrﬁe ;(Qn—n! 1Fi(n; 2n, 26)

_ (2ab)™ 1 e (2ab
= 14ae %Z 2n>1 [ 1P (n+1;2n, 2b)+ e 2”27)' 1 Fi(n;2n,2b). m
n= 1

1)!

In the particular case where 5 = 0 and
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o = oge s, s, t€1[0,T],
Proposition 4.1 shows that

& 2 bTZ n—1
(4.2) det(I+ A%) =1+ 0Te > ( (" )
n=1

“an DT 1Fi(n+ 1;2n, 20T).

In the particular case where o = — we get the following corollary.
Corollary 4.2. Let b > 0, « € R and

o(s,t) = e st — o7b2T—s=1)y, s, t€10,T).
We have
_ —2bT — (2a0T°)" )
(43)  det(I+A?)=1+e nzl T \Fi(n+1;2n+1,207T).

Proof. By Proposition 4.1 we have

= (200721
det(I+AS@> — 1+aT€—2bTZW (1F1 (n—|—1; 2n, 2bT>— 1F1 (n; 2n, 2bT>)
n=1 '
—2bT = (2abT2)"
—1+e ZwlFl(n—i-l;Qn—i—l,QbT). n
n=1 ’
We also have
T «
trace(A¥) = / o(s,s)ds = % (6_2bT + 20T — 1)
0
2c T x?
== (F X2dt| — —(1—e 2Ty ).
i (B o] - e

Finite-dimensional determinants

Finally we compute the finite-dimensional determinants needed in the Fredholm
expansion (1.7).

Lemma 4.3. Let n > 2 and Cly...,Cp—1 € R. Let A = (ai7j)1§i7j§n be a
symmetric n x n matrix such that
(i Qi; = 1+ (ai+17,~+1 — 1)012, 1 <1 <n,
and
(II) Qi = CjQ; j+1, 1<j<i<n.
Then we have

n—1

(4.4) det(A) = ann [J(1-¢).

=1
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Proof. According to Condition (ii) we have as; = ciaz2, and since A is
symmetric we have a; 2 = ciag 2 as well. In addition the minors of A are given by

MLj =0, 3<j5<n, and M172 = 01M171.
We will prove (4.4) by induction on n > 1. For n = 1 we have

ay1 €022

)

det A = = |arllaz2] = le1*[az]? = az2(1 — |e1]?)

c1a22 G2

by Condition (i), hence (4.4) holds. Next, assuming that (4.4) holds at the rank n > 1,
we have

n—1

(4.5) Ml,l = ann H(l - ‘ci‘2>7
=2

and

n

det(A) = Z(_1>1+ja1,jM1,j
i=1

= a1, M1 —a12Mi
= (a11 — cra1,2)Mi 1
= (a1,1 — |e1]Paz,2) M1
= (1= [e1)Mia

n—1

(1 —ferf)ann [T (1 = leif?)

=2

n—1

= ang [J(1—eil?),

i=1
where we used (4.5), thereby showing that (4.4) holds for any n > 1. |
Proposition 4.4. Let o € R\ {0}, § € R, and
o(s,t) = ae tIt=sl 4 geb(T—s—1) s, t €[0,T].
We have

n—1
. wl B o e
(4.6) det(p(tp, tq)), 41 = @ <1 + o€ 2b(T—tn) H(1 — 7Bty

=1

where 0 <t <.--<t, <T.
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Proof.  For simplification we take o = 1 here and we prove (4.6) by applying
Lemma 4.3 with

o(s,t) = eblt=sl 4 gemb(@T—s—), s.te0.7).
Let A = (a;,)1<i,j<n, Where
a; 5 = gO(tl, t]> = e—b|ti—t]’| + ﬂ€_b(2T_ti_tj)’ 1<i,j<n,

so that ¢; = e ®(ti+174) 1 < j <, and a;; = 1 + Be~2(T=%), 1 < j < n, which
shows that

aj; = 1 —|-ﬂe_2b(T_t1) = (a,j+17j+1 — 1)0? +1, 1< <n.

Hence the assumptions of Lemma 4.3 are satisfied and we get

det(A) = (1 + Be 2T —tn)) ﬁu — 2=ty
i=1
with t,,.1 = T, which proves (4.6). ]
In particular when

o(s,t) = e Vsl _ 72T —s—1) s, t €1[0,T],

we get .
det(¢(tp, tq>>Z7q:1 = 2nehh=T) H sinh(b(ti+1 — t:)),
0<t) <---<t, <T,and if -
o(s,t) = e Vs, s, t €1[0,T],
we find .
det(¢(tp, tq>>Z7q:1 = 2" lehlhtn) H sinh(b(ti+1 — ti)),
0<t; < - <t,<T. -
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