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RANDOM ATTRACTOR FOR FRACTIONAL GINZBURG-LANDAU
EQUATION WITH MULTIPLICATIVE NOISE

Hong Lu and Shujuan Lu*

Abstract. In this paper, we consider the asymptotic behavior of solutions to the
stochastic fractional complex Ginzburg-Landau equation with multiplicative noise
in one spatial dimensions. We first transfer stochastic fractional Ginzburg-Landau
equation into random equation which solutions generate a random dynamical sys-
tem. Then, we consider the existence of a random attractor for the random dynam-
ical system. At last we estimate the Hausdorff dimension of the random attractor
by using linearization and Lyapunov exponents.

1. INTRODUCTION

The fractional differential equation is called an equation that contains fractional
derivatives or fractional integrals. The physical background of fractional differential
equations is profound. At present, the fractional derivative and fractional integral have
a wide range of applications in physics, biology, chemistry and other fields of sci-
ence, such as kinetic theories of systems with chaotic dynamics ([1, 2]); pseudochaotic
dynamics ([3]); dynamics in a complex or porous media ([4]); random walks with
a memory and flights ([5, 7]); and many other aspects. In recent years, fractional
partial differential equations have been proposed in many fields of fluid mechanics,
mechanics of materials, biology, plasma physics, finance, chemistry, etc., and are being
studied, including the fractional Schrodinger equation ([8, 9, 10]), fractional Landau-
Lifshitz equation ([11]), fractional Landau-Lifshitz-Maxwell equation ([12]) and frac-
tional Ginzburg-Landau equation ([13]).

The fractional Ginzburg-Landau equation can be used to describe the dynamical
processes in a medium with fractal dispersion. The fractional generalization of the
Ginzburg-Landau equation from the variational Euler-Lagrange equation for the fractal
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media is derived in [13]. However, some perturbations may neglect in the derivation
of this ideal model (such as molecular collisions in gases and liquids and electric
fluctuations in resistors [14]). When considering the perturbations of each microscopic
units to the models, which will lead to a very large complex system, people usually
represent the micro effects by random perturbations in the dynamics of the macro
observable. So stochastic partial differential equation and its application is becoming
more and more interesting and important in mathematical physics recently.

One of the most important problems of modern mathematical physics is the asymp-
totic behavior of random dynamical systems. One way to attack the problem for
dissipative random dynamical systems is to study its random attractor. The theory of
random attractors developed by Crauel, Flandoli ([15, 16]), which closely parallels
the deterministic case ([17]), is becoming very useful for the study of the asymptotic
behavior of dissipative random dynamical systems. The random attractor is a random
invariant compact set that attracts any orbit starting from —oco. Its geometry is very
complicated and it can reflect the complexity of the long-time behavior of the random
dynamical systems. However it seems that the asymptotic behavior of the random
dynamical systems is governed by a finite number of degrees of freedom. Debussche
([18]) proved that the Hausdorff dimension of the random attractor could be estimated
by using global Lyapunov exponents. In this paper, we obtain an upper bound on the
Hausdorff dimension by using linearization and Lyapunov exponents.

In this paper, we consider the following stochastic fractional Ginzburg-Landau
equation with multiplicative noise of Itd form in R:

(L.1) du+((1+iv)(=2)%u + (1 + ip)|ul®u) dt = pudt+BudW (t), z € R, >0
with the initial condition and the periodic boundary condition:

(1.2) u(z,0) =ug, z€R,

(1.3) w(z 4 2m,t) = u(z,t), x € R, >0,

u(z,t) is a complex-valued function on R x [0, +00). In (1.1), i is the imaginary unit,
v, u, p > 0,3 > 0 are real constants, and « € (1/2,1). The white noise described by
a two-sided Wiener process W (t) on a complete probability space results from the fact
that small irregularity has to be taken account in some circumstances.

For the deterministic fractional complex Ginzburg-Landau equation, in [19], the
authors obtained the well-posedness with the semigroup method under the condition

1
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The existence of global attractor in L? is obtained also under the condition o = 1.

(1.4) <o <

DN | —
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In this paper, we arrange as follows. In section 2, some preliminaries and nota-
tions are shown and the random attractors theory for the random dynamical system
are recalled. In section 3, we define a continuous random dynamical system for the
stochastic fractional complex Ginzburg-Landau equation. In section 4, the existence of
the random attractor for the stochastic Ginzburg-Landau equation is proved. In section
5, we prove that the random attractor has a finite Hausdorff dimension.

2. PRELIMINARIES AND NOTATIONS

In this section, we first review some basic concepts related to random attractors for
stochastic dynamical systems. The reader may refer to [15, 16] for more details.

Let (X, || - ||x) be a separable Hilbert space with Borel o-algebra 5(z), and {6 :
Q — Q,t € R} be a family of measure preserving transformations of a probability
space (€2, F,P) such that (¢,w) — 6w is measurable, 6y = I, 6,5 = 6, o 6, for all
t,s € R. Thus (0;)cr is a flow, and (Q, F, P, (6;):er) is @ (measurable) dynamical
system. We also denote the mappings S(¢,s;w) : X — X, —oo < s <t < oo, With
explicit dependence on w € Q.

Definition 2.1. For any invariant set A, if P(A) = 0 or P(A) = 1, we call
measure preserving transformation 6; : Q@ — Q,¢t € R or metric dynamical system
(Q, F,P, (0;)ier) is ergodic.

Definition 2.2. Given ¢t € R, and w € 2, K(t,w) C X is called an attracting set,
if for all bounded sets B C X,

d(S(t,s;w)B, K(t,w)) — 0 as s — —oo,
where d(Y, Z) = sup,cy inf.ez ||y — 2||x, forany Y, Z C X.

Definition 2.3. A set valued map A(w) : @ — 2% taking valued in the closed
subsets of X is called to be measurable, if for all x € X, the mapping w — d(A(w), x)
is measurable.

Definition 2.4. The random omega limit set of a bounded set B C X at time t by
A(B,t,w) = ﬂ U S(t,s;w)B.
T<ts<T

Definition 2.5. Let S(¢, s;w)¢>swen be a stochastic dynamical system, A random
set A(w) is called a random attractor if the following conditions are satisfied, for P-a.e.
w € Q,

e It is the minimal closed set such that, for t € R, B C X,

d(S(t,s;w)B, A(w)) —» 0 as s — —oo,
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A(w) attracts B (B is a deterministic set);
e A(w) is the largest compact measurable set, which is invariant in the sense that

S(t,s;w)A(fw) = A(Orw), s <t.

According to [15], we have the following theorem about existence of random at-
tractors.

Theorem 2.1. Let S(t, s;w)i>swen be a stochastic dynamical system satisfying
the following conditions:
e S(t,r;w)S(r,s;w) = S(t,s;w)z, forall s <r <tandzx € X,
e S(t, s;w) is continuous in X, for all s <¢;
e forall s <t and x € X, the mapping w — S(t, s;w)x from (2, F) to (X, B(z))
is measurable;
e for all ¢,z € X and P-a.e. w, the mapping s — S(t, s;w)z is right continuous at
any point.

Assume that there exists a group 6;,t € R, of measure preserving mapping, such
that
S(t,s;w)r=S(t—s,0;0w)x, P —a.e.

holds, and for P-a.e. w, there exists a compact attracting set K (w) at time 0, for

P-ae. we Q, weset Aw) = |J A(B,w), where the union is taken over all the
BCX
bounded subsets of X, and A(B,w) is given by

A(B,t,w) = ﬂ U S(t,s;w)B.

T<0s<T
Then, A(w) is the random attractor.

Although the random attractor is not uniformly bounded, it is expected that the
theory on the Hausdorff dimension of a global attractor of a deterministic dynamical
system can be generalized to the stochastic case under some assumption ([18]). Due
to [18], we have the following conclusion.

Theorem 2.2. Let A(w) be a compact measurable set which is invariant under a
random map S(w),w € €, for some ergodic metric dynamical system (2, F, P, (6;)¢cr)-
Assume the following conditions are satisfied.

(1) S(w) is almost surely uniformly differentiable on A(w), that is, for every u, u+
h € A(w) there exists DS(w,u) in £(X), the space of the bounded linear
operator from X to X, such that

1S () (u+ h) = S(w)u — DS (w, w)h]| < kw)|A]'*?,

where § > 0, k(w) is a random variable satisfying k(w) > 1, E(logk) < oo,
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(2) wa(DS(w,u)) < wg(w) for u € A(w) and some random variable wq(w) satis-
fying E(log(wq)) < 0, where

wi(DS(w,u)) = a1 (DS(w,u)) - ag(DS(w,u)),

ad<DS<w7u>> = Sup inf HDS(W,U)QOH,
GCX, »EG,
dimG<d ll¢lx=1
(3) a1(DS(w,u)) < ai(w), for u € A(w) and a random variable &; (w) > 1 with
E(logay) < 0.

Then the Hausdorff dimension dz (A(w)) of A(w) is less than d almost surely.

In what follows, we redefine some concepts and notations to the fractional derivative
and fractional Sobolev space.
Since u is a periodic function, it can be expressed by a Fourier series u =
S upe!®) . Then, we have u, = 3 ikuge'®?). So (—A)® is defined by
kEZ keZ
(—A)O‘u _ Z ‘k‘2aukei(k,x)’
kEZ

where A = 92/0x2. Let H* denote the complete Sobolev space of order o under the

norm: 1
Jeullze = (Z\kmuk\%Z\uk\?) .
keZ keZ

Let D = [0,27] C R. Throughout this paper, we denote by (-,-) the usual inner
product of L2(D), || - ||g= the norm of Sobolev spaces H™ (D), and || - [|m = || -
[Lm(py(m =1,2,---,00). Let L2(D) = {¢ € L*(D)|p(x + 27) = ¢(x)} with the
norm defined just as that of L*(D). Let H)"(D) = {¢ € H™(D)|p(x + 2r) = ¢(z)}
with the norm defined just as that of H™ (D). In the forthcoming discussions, we use
T to denote any arbitrary positive constant, and use ¢;(j = 1,2, ---) denote different
positive constants which depend only on the constants p, v, i, o, . In this paper, we
denote [, fdx by the notation [ f. In addition, the following Gagliardo-Nirenberg
inequality([20]) is frequently used.

Lemma 2.1. Let u belong to L7 and its derivatives of order m, D™u, belong to
L", 1 < q,r < co. For the derivatives D7u, 0 < j < m, the following inequalities
hold

(2.1) 1D7ullze < ellullfymr|lullz:’.

where
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for all @ in the interval _
L <<t
m

(the constant ¢ depending only on n, m, j, ¢, r, #), with the following exceptional case

1. If j =0,rm < n,q = oo then we make the additional assumption that either «
tends to zero at infinite or u € L? for some finite ¢ > 0.

2. If 1 <r < oo, and m — j — n/r is a nonnegative integer then (2.1) holds only
for 6 satisfying
j/m<6<1.

The following lemma ([21]) is also needed in this paper.

Lemma 2.2. Suppose that s > 0 and p € (1, +00). If f, g € 8, the Schwartz class,
then

1(=2)2(f9)llp < CUIF lpr lgllz=2 + [1f [l 222251l 9]1p,)

with py, p3 € (1, +00) such that
1 1 1 1 1
-—=— 4+ —=—4 —.
p b1 D2 b3 P4
3. StocHAsTIC FRACTIONAL CoMPLEX GINZBURG-LANDAU EQUATION

In this section, we discuss the existence of a continuous random dynamical system
for the stochastic fractional complex Ginzburg-Landau equation perturbed by a multi-
plicative white noise in the 1td sense. Thanks to the special linear multiplicative noise,
the stochastic fractional Ginzburg-Landau equation can be reduced to an equation with
random coefficients by a suitable change of variable. The process

satisfies the stochastic differential equation:

dz(t) = %52%& — BzdW (t).

We translate the unknown v(t) = z(t)u(t) to obtain the following random differential
equation:

] 1 )
@1 v=—1+)(=A) "+ (p+ 560 — A +iw)z?ofv, t>s,
with the initial data at time s

(3.2) v(z, s) = vs, x € R,
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and the periodic boundary condition:
(3.3) v(x + 2w, t) = v(x, t), x €R,

In what follows, we construct a random dynamical system modeling the stochastic
fractional Ginzburg-Landau equation. First, we consider the set of continuous functions
with value 0 at 0,

Q={weCR,R):w(0) =0}

Let W(t,w) = w(t). A family of measure preserving and ergodic transformations of
(Q, F,P, (0;)er) can be defined by
Ow(s) =w(t+s) —w(t), s,teR.

The existence and uniqueness of the solution for the problem (3.1)-(3.3) can be obtained
(see Theorem 3.3 in [19], for example), which defines a stochastic dynamical system

(S(t, 55w))i>swen DY
S(t, s;w)us = u(t,w; s, us) = v(t, w; s, usz(s,w))z(t, w).
4. A Priori ESTIMATES AND THE EXISTENCE OF A RANDOM ATTRACTOR

In this section, we make some a priori estimates of the solution, which can prove
the existence of a compact absorbing set. Then applying the Theorem 2.1, the existence
of random attractor is obtained. First, we obtain the following lemmas to prove the
existence of a compact absorbing set.

Lemma 4.1. There exists a random radius r;(w), r2(w) > 0 such that, for any
given R > 0, there exists 5;(w) < —1 such that for all s < 5;(w), us € LX(D)
satisfying |lus|| < R, the following inequalities
(4.1) l@®* < rf(w), Vte[-1,0],
and

0 < 2 2 4 2
(4.2) / (=2 F0@)IP + 22 @) o)) dr < 7).
where

0
r2(w) = C / 2(r)dr + r2(w).

-1

Proof. Taking the inner product in L? of (1.1) with v and taking the real part, we
obtain
4.3)

1
2 2 —2 4 _ 12 2
3P + 2 E0 4272 [ oft = o+ 58 ol
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By Young’s inequality, we obtain

2\2
B+ el = @+ 87 [ o <272 [l e BEEL
Then (4.3) can be rewritten as
(30 + 5%)*

d o
@4 —lvl*+2[(=2) 20 + 2 ol + pllv]* < 72" - = 2" Gy,

2
which implies that, for any ¢ > s,

A

t
oI < e (ol + G [ ermsryar )
t
=e " <ep322(s)HusH2 —i—C’é/ epTZQ(T)dT) .

Thanks to W
lim ﬂ =0, P-—a.s.,

S§——00 S

it is easy to check it,
(4.5) e (s) = e VB 0, P—as. as s — —oo,

Then we infer that, for any u, € L2(D) with [|Ju,|| < R, there exists a time s; (w) < —1
such that
S22 (s)|lus||? < eP22(s)R% < 1

hold P-a.s. for any s < s;(w). We also obtain that

w
Ve>0,3 s(w) < -1, as s(w) < s)(w), we have ﬂ’ <,
S
then we have
6—2,8W(s) < €—2ﬁ88.
So we deduce that
t 0 0
C'(’)/ P22 (1)dr < C'(’)/ ePTe 2BW(s) 4r < C'(’)/ ePTe 2P 4
S —00 —00

Let = be small enough such that ¢ < 43, and 5;(w) = min{s;(w), sj(w)}, hence we
deduce that

ool < e (145 |

—00

t

ePTZQ(T)dT)

0
<e <1 —i—C’é/ epTZQ(T)dT) <ri(w), te[-1,0]

—00
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and
0 0
| (Iet@i+ 2@l ar < ¢ [ 2+ oDl

0
< C’(’)/_IZZ(T)dT—l—rf(w) —2w). =

Lemma 4.2. There exists a random radius r3(w) > 0 such that, for any given
R > 0, there exists 5(w) < —1 such that for all s < 51(w), us € L3(D) satisfying
|lus|| < R, the following inequalities
(4.6) I(=2)Ze(@)|* < riw), Vite[-1,0],

where
r2(w) = eV 1P TR 2p 0 ke T2 [0 27 (T3 )

Proof. Taking the inner product in L? of (1.1) with (—A)%v and taking the real
part, we obtain

1d

(4.7) 2 dt )

=(p+ 562>H(—A)%UH2 —27?Re(1+ip)(Jo]*v, (—=2)%).

I(=2)2 0] + [[(=2) ]

Integrating by parts, using Holder inequality and Young inequality, we infer that
|2+ 272Re(1 +ip)(jv27v, (~A)0)|

=92.272

Re(L-+ip) [ (=) (=) (ulv)
< 227214 22| (=8) T ol (—2) T (Jo20)
< 2 2V1402 (I=0)F 0+ 1(=2) 7 (vl

where any ¢ satisfies 0 < ¢ < «, and p < oo which satisfies 1/p + 1/g = 1 is
sufficiently large. Let ¢ = 1/p, applying Gagliardo-Nirenberg inequality and Young
inequality, we deduce that

(4.8)

I(=2) "5l < e(ll(=2) ][« | (=2) 0|27 + [|(=2) 5v]|?)
E(=2)%0l* + (e + (O (=2) 2]

Applying Lemma 2.2 twice, we deduce that

<
<

x—€

1(=2)"7" ([P)llg < e(ll(=2)7 [0 sllolla + 1(=2) "7 vl [l |o[*])
el (=2)= vl [lvll3

[e3

el (=2)=vll|lv]l3,

IN N
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for1/g=1/s+1/4=1/r+1/2. Let{ = 22/y/1 + p2. Then (4.7) can be rewritten
as

(4.9) (=) 20]? + I(=2)0|* < M(=2)z ],

2|
dt
where A = 2p + 32 + 272\/1 4+ p2(c + c(€) + ||v]|3). Integrating (4.9) from ¢ to s,
—1 < s <t <0, we deduce that

(410) (=A)Fu@)? < el (=) Fu(s)|2 < A (—0) Fu(s)|
After integration with respect to s on [—1, 0], we obtain that

I(=2)Z ()]

0
@y < [t
R AT O e VAR R O L T N T =

Py 2
By the Lemma 4.2, we deduce that, for given R > 0, there exists an 5;(w) < —1
such that for any s < §;(w),
1(=2)Z0(0)]| = [[(=2)Zu(0)] < r3(w)
holds P-a.e.. Let K(w) be the ball in Hy (D) of radius r3(w). It is shown that, for
any B bounded in L2(D), there exist an 5 (w) such that, for any s < 5 (w),
S(0,s;w)B C K(w) holds P — a.e..

This clearly implies that K (w) ia an attracting set at time O since it is compact in
LZ(D), and applying Theorem 2.1 we obtain the following results.

Theorem 4.1. The stochastic dynamical system associated with the fractional
Ginzburg-Landau equation with multiplicative noise has a compact stochastic attractor
in L(D).

p

5. HAusSDORFF DIMENSION OF THE RANDOM ATTRACTOR A(w)

In this section, we show that the Hausdorff dimension of the maximal attractor A
is finite. Let
S(w) =S(1,0w), T(w)=T(1,0;w)
and
u(t) = S(t, 0;w)ug = 6’6W(t)T(t, 0; w)wp.

Hence, it is easy to check that, if 7'(w) ia almost surely uniformly differentiable with
the Fréchet derivative DT'(w), then S(w) is also almost surely uniformly differentiable
with the Fréchet derivative D.S(w) = ¢V () DT (w)
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Lemma 5.1. The mapping T is almost surely uniformly differentiable on A(w) and
there exist a linear operator DT'(w,v) in £(L2(D)), the space of continuous linear
operator from LZ(D) to LZ(D), such that if v and v + h are in A(w):

(5.1) IT(w)(v+ h) = T(w)(v) = DT (w, v)h]| < K(w)[|A]",
where K(w) is random variable such that
K(w)>1, E(InK) < 00, w € Q

and x > 0 is a number such that x > 0. For any vy € A(w), DT (w,v9)h = V(1)
where V' is the solution of

dVv
5.2 — = F'(t,v)V,
( ) dt ( ”U) b
(5.3) V(0) = h,
where

o(t) = e PV S(t,0; w)u,
F'(t,0)V = (p+ %BQ)V — (14iv)(=L)V = (1+ip)z"2f'(v)V,
F )V = ([o]*0); = 20]?V + V.
Proof.  Let e(t) = v (t) — vy(t) — V(£), where v;(£)(j = 1,2) be two solutions

J 2
of (3.1) with v;(0) = v and V' (t) satisfies (5.2)-(5.3) with F'(,vz) and h = vf — 0.
Then e(t) satisfies the equation

6o = gPem(+in-a)e
—(1+1ip)z 2 (f(01) = f(v2) = f'(v2) (01 — 02 — €)).
where
O = —(1+ip)z"? (Jor]*01 — [vavg = 2lul*(v1 = vg) — V3 (01 — T2)) ,
and

U= —(1+ip)z? (2va]?e +v3e) .

Applying Taylor’s formula for function G (vq,91) = |v1|?v1 at the point (vq, 7o), We
deduce that
|®| < clvg — vof?
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Taking the inner product in L2 of (5.4) with e(¢) and taking the real part, we obtain

d .
65 llel +2(~)Fell> — (2 + 5 el = —2Re/<I> - 2Re/\I/ .

For the first term on the right-side of (5.5), using Holder inequality and Young inequal-
ity, we estimate that

66 —Re [@e< Pl 455 VIER T =l

For the second term on the right-hand side of (5.5), applying Gagliardo-Nirenberg
inequality and Lemma 4.1 and 4.2, we deduce that

—2Re/\I/ e < 6y/14+p2 272 |Jual|% lle]|?

6ey/1T+ p2 - 272 ((=2) 2 va|* + [|oal*) le]®
C(w)llell.
Put (5.6) and (5.7) into (5.5), we obtain that

C
LB NARNTIER R

By Gronwall’s inequality, we infer that

69 DI < CW) 5 VI / ?log — vt

vj(t)(j = 1,2) be two solutions of (3.1) with v;(0) = v?, S0 we have

<
(5.7) <

d 2 2
. — <
68 Ll <@l

(5.10) (01 —v2)e = —(L+W)(=L)%(v1 —v2) + (p + %ﬁ%(m )
—(1+ i)z (v [Pv1 — |val?v2).

Taking the inner product in L? of (5.10) with v; — v, and taking the real part, we
obtain

d

Sl = wal? < 20+ 82) o1 — vl
(5.11)

_oRe(1 + i) 2 /(\vl\%l ~ o [209) (51 — B).
From Taylor’s formula, we deduce that
\v1\2v1 — \v2\2v2 = 2‘1)2 + 9(1)1 — ’U2>‘2<v1 — ’U2> + (’UQ + 9(1)1 — ’U2>)2<1_)1 — 172)

< 3"[)24—9(1)1 —vg)\2\v1—v2\ 0 e (0,1).
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Then the second term on the right-hand side of (5.11) is bounded by
(5.12) —2Re(1 +ip)z 2 /(\vl\Qvl — |va|?v0) (71 — B2) < C(w)|lv1 — 2%
Combining (5.11) and (5.12), we obtain that
d 2 2
(5.13) gl —v2ll” = Clw)ljor = ve|”.
Applying Gronwall’s inequality, we infer that
(5.14) lor = val? < C(w)l|v — v3|*.

Hence, (5.9) can be written as

(5.15) le(D)|? < Cw) - s=5V/1+ 22+ sup 2 2(t) - h*.
20 0<t<1
Let c
sup 2 2(t) = M, Ki(w)=C(w) =1+ p2 M,
0<t<1 203
and chose K(w) = max{K;(w), 1}, which satisfies E(log(w)) < oo. Hence, we
complete the proof of Lemma 5.1. [ |

In what follows, we check the conditions (2), (3) of Theorem 2.2.
From (5.2), we obtain that

d a L
ZIVIE+20(=2)2VI* = 2p+ )|V - 2Re(1 + in)2 2/f’(v>\V\2~
The second term of the right-side is bounded by

—2Re(1+iu)z_2/f’(v)\V\2 <6 1+u2-M~/\v\2\V\2

<61+ p2- M- o2 V]
< 6-C(w)V1+p2-M-|V|>

Hence, we deduce that ||V (¢)|| < ||V (0)||-e2PA*+6-C@)/1+u2- M)t Since oy (DT (w, v)
is equal to the norm of DT'(w,v) € L(X), it is not difficult, choosing

a1 (w) = max{e,BW(l)+2p+,82+6~C(w)\/1+u2~M’ 1},

to get
a1(DS(w,v)) < a;(w),
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and E(logay) < oo.
Note that we can write

DT (w,v) = exp {/0 F'(s, v(s))ds}
and .
DS(w,u) = exp {BW(l) —i—/o F'(s, v(s))ds} :
By 2.3 of Chapter V [17], we obtain that
wi(DS(w,u)) = sup exp {BW(l) + /0 ReTr(F'(s,v(s))o Qd(s))ds} ,

n;,€L?,
]| <1,i=1,2,--,d

where Qq(s) is the orthogonal projector in L? onto the space spanned by Vi(s),
-+, Vi(s), and V;(s) is the solution of (5.2) with V;(0) = n;.

Let ;(s), i € N be an orthonormal basis of L2 such that Q4(s)L? = span{i (s),
-+, 1q4(s)}, then we obtain

ReTr(F'(s,v(s)) o Qa(s))

d
= > Re (F'(5,0()ils), vi(5))

1 d d o
< (o4 30° 4 3VIT Dol ) SO l? = (-3l
i=1 =1

Since {;}(i=1,2,---,d) ia an orthonormal basis in L?, we have

d
> lal® =d.
i=1

It follows from the Sobolev-Lieb-Thirring inequality([17]) that

d

S l(=2) 5y > r(2m)d e — d,
j=1

where constant « is independent of the family v;, d and the parameters of the equation.
So we infer that

ReTrF' (u(7)) 0 Qun(7)

1
< (1 +p+ 552 +314pu2- M- uvugo) d — Kk(2m)%d'™ = kyd — Kpd'T,
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where k1 =1+ p+ 362 +3/1+p2- M- |jv||%, k2= x(2m)*. Denoting
@q(w) = exp{BW (1) + k1d — rod' T}
and choosing

+1.

Then we have wy(DS(w,u)) < wg(w) and E(log(wg)) < 0.
Hence, by the Theorem 2.2, we obtain our main results as follows:

Theorem 5.1. Let A(w) be the random attractor of (1.1)-(1.3) which is invari-
ant under a random map S(w),w € , for some ergodic metric dynamical system
(Q, F,P,(0:)ter). Then the Hausdorff dimension dy (A(w)) of A(w) is less than d
almost surely.
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