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SOLVING SYSTEMS OF MONOTONE INCLUSIONS VIA PRIMAL-DUAL
SPLITTING TECHNIQUES

Radu Ioan Bot!, Emo Robert Csetnek? and Erika Nagy®

Abstract. In this paper we propose an algorithm for solving systems of cou-
pled monotone inclusions in Hilbert spaces. The operators arising in each of the
inclusions of the system are processed in each iteration separately, namely, the
single-valued are evaluated explicitly (forward steps), while the set-valued ones
via their resolvents (backward steps). In addition, most of the steps in the iterative
scheme can be executed simultaneously, this making the method applicable to a
variety of convex minimization problems. The numerical performances of the
proposed splitting algorithm are emphasized through applications in average con-
sensus on colored networks and image classification via support vector machines.

1. INTRODUCTION AND PROBLEM FORMULATION

In recent years several splitting algorithms have emerged for solving monotone
inclusion problems involving parallel sums and compositions with linear continuous
operators, which eventually are reduced to finding the zeros of the sum of a maximally
monotone operator and a cocoercive or a monotone and Lipschitz continuous operator.
The later problems were solved by employing in an appropriate product space forward-
backward or forward-backward-forward algorithms, respectively, and gave rise to so-
called primal-dual splitting methods (see [11, 17, 14, 29] and the references therein).

Received March 25, 2013, accepted May 10, 2013.

Communicated by Jen-Chih Yao.

2010 Mathematics Subject Classification: 4TH05, 65K05, 90C25, 90C46.

Key words and phrases: Convex minimization, Coupled systems, Forward-backward-forward algorithm,
Monotone inclusion, Operator splitting.

1On leave to University of Vienna. Research partially supported by DFG (German Research Foundation),
Project BO 2516/4-1.

2Research supported by DFG (German Research Foundation), project BO 2516/4-1.

3Research made during the stay of the author in the academic year 2012/2013 at Chemnitz University of
Technology as a guest of the Chair of Applied Mathematics (Approximation Theory).

This work was supported by a grant of the Romanian National Authority for Scientific Research CNCS-
UEFISCDI, project number PN-II-ID-PCE-2011-3-0024, by POSDRU/107/1.5/S/76841 - “Modern Doc-
toral Studies: internationalization and inter-disciplinarity”, Romania and by Collegium Talentum, Hungary.

1983



1984 Radu Ioan Bot and Emo Robert Csetnek and Erika Nagy

Recently, one can remark the interest of researchers in solving systems of monotone
inclusion problems [1, 4, 16]. This is motivated by the fact that convex optimization
problems arising, for instance, in areas like image processing [9], multifacility location
problems [12, 21], average consensus in network coloring [22, 23] and support vector
machines classification [19] are to be solved with respect to multiple variables, very
often linked in different manners, for instance, by linear equations.

The present research is motivated by the investigations made in [1]. The authors
propose there an algorithm for solving coupled monotone inclusion problems, where the
variables are linked by some operators which satisfy jointly a cocoercivity property. The
iterative scheme in [1] relies on a forward-backward algorithm applied in an appropriate
product space and it is employed in the solving of a class of convex optimization
problems with multiple variables where some of the functions involved need to be
differentiable. Our aim is to overcome the necessity of having differentiability for
some of the functions occurring in the objective of the convex optimization problems
in [1]. To this end we consider first a more general system of monotone inclusions, for
which the coupling operator satisfies a Lipschitz continuity property, along with its dual
system of monotone inclusions in an extended sense of the Attouch-Théra duality (see
[2] ). The simultaneous solving of the primal and dual system of monotone inclusions
is reduced to the problem of finding the zeros of the sum of a maximally monotone
operator and a monotone and Lipschitz continuous operator in an appropriate product
space. The latter problem is solved by a forward-backward-forward algorithm, fact that
allows us to provide for the resulting iterative scheme, which proves to have a high
parallelizable formulation, both weak and strong convergence assertions.

The problem under consideration is as follows.

Problem 1.1. Let m > 1 be a positive integer, (H;)1<i<m be real Hilbert spaces
and for ¢ = 1,....m let B; : H1 x ... X H,,, — H; be a p;-Lipschitz continuous
operator with p; € R, jointly satisfying the monotonicity property

(V(a:l,...,acm) e Hy X...me)(V(yl,...,ym) e Hy X...XHm>

(1.1) > @i =il Bilz1, . wm) = Bi(yt, - Ym))gy, = 0.
i—1

For every i = 1,...,m, let G; be a real Hilbert space, 4; : G; — 29 a maximally
monotone operator, C; : G; — 2% a monotone operator such that c; Uis v;-Lipschitz
continuous with v; € Ry and L; : H; — G; a linear continuous operator. The problem
is to solve the system of coupled inclusions (see (2.4) for the definition of the parallel
sum of two operators)
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find 71 € H4,...,Tm € H,, such that

(1‘2) 0eLT(AIDC&)(LlTl)+B1(T17~~~afm>

0€ L} (AnOCh) (LimnTm) + B (T1, ..., Tm)
together with its dual system

0 ZLfﬁl —i—Bl(a:l,...,xm)

(13) find 71 € G1,...,Um € G, such that 0= LT + Bm(21, ..., 2m)
) (3331 e Hy,...,dx,y, € Hm> v € (All:lCl)(Lla}l)

| T € (A OC) Lnn)

We say that (T1,...,Tm, U1y .-, Um) € H1 X ... X Hypy X Gy ... X Gy 1s @ primal-
dual solution to Problem 1.1, if

(1.4) 0= L:ﬁz —|—Bi(fl, .. .,Tm> and v; € (A’LDC’L><L’LE’L>7 1=1,...,m.

If (T1,. ., Tmy U1y oy Um) € H1 X ..o X Hyy X Gy ... X Gy is a primal-dual solution
to Problem 1.1, then (Z1, ..., T;,) is a solution to (1.2) and (v, ..., Ty,) is a solution
to (1.3). Notice also that

(Z1,...,Tm) solves (1.2)<=>0€L:(AiDCZ‘><L1‘T1‘)+B¢(T1, ey Tm), =1, m &

_ _ OZLfﬁi—i-Bi(Tl,...,Tm),i=1,...,m
dv1 € G1,...,0 € G, such that { B € (A, 0C)(LiTs), i=1,...,m. .
Thus, if (Z1, ..., Ty,) is a solution to (1.2), then there exists (U1, ..., Up) € G1 X...Gn
such that (Z1,...,Zm, 01,...,0y) is a primal-dual solution to Problem 1.1 and, if
(T1,..-,Um) € G1 X ...Gyy, is a solution to (1.3), then there exists (T1,...,Tpm) €
Hi X ...xHy, such that (T1,...,Tm, U1, . .., Up,) is a primal-dual solution to Problem
1.1.

The paper is organized as follows. In the next section we give some necessary
notations and preliminary results in order to facilitate the reading of the manuscript.
In Section 3 we formulate the primal-dual splitting algorithm for solving Problem 1.1
and investigate its convergence behaviour, while in Section 4 applications to solving
primal-dual pairs of convex optimization problems are presented. Finally, in Section 5,
we present two applications of the proposed algorithm addressing the average consen-
sus problem on colored networks and the classification of images via support vector
machines.
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2. NOTATIONS AND PRELIMINARIES

Let us recall some elements of convex analysis and monotone operator theory which
are needed in the sequel (see [3, 5, 6, 20, 30, 25]).

For every real Hilbert space occurring in the paper we generically denote its inner
product with (-|-) and the associated norm with ||-|| = /(:|-). In order to avoid
confusion, when needed, appropriate indices for the inner product and norm are used.
The symbols — and — denote weak and strong convergence, respectively. Further,
R, denotes the set of nonnegative real numbers, R, ; the set of strictly positive real
numbers and R = R U {400} the extended real-line.

Let H be a real Hilbert space. The indicator function ¢ : H — R of aset C C H
is defined by dc(z) = 0 for x € C and d¢(x) = 400, otherwise. If C' is convex, we
denote by sqriC := {x € C : UxsoA(C — ) is a closed linear subspace of H} its
strong quasi-relative interior. Notice that we always have int C' C sqriC' (in general
this inclusion may be strict). If A is finite-dimensional, then sqriC' coincides with
ri C, the relative interior of C, which is the interior of C' with respect to its affine
hull.

For a function f : H — R we denote by dom f := {x € H : f(z) < 400} its
effective domain and call f proper if dom f # & and f(x) > —oo for all z € H. We
denote by I'(H) the set of proper, convex and lower semicontinuous functions f : H —
R. The conjugate function of f is f* : H — R, f*(u) = sup {(u,z) — f(x): 2 € H}
for all uw € H and, if f € T'(H), then f* € I'(H), as well. The function f is said to be
~y-strongly convex with y > 0, if f —~/2||-||? is convex. The (convex) subdifferential of
the function f at x € Histheset Of(x) ={ue H | (Vy e H)(y —z | u) + f(x) <
f(y)}, if f(z) € R, and is taken to be the empty set, otherwise. The infimal con
volution of two proper functions f, g : H — R is defined by

fOg:H—R, fOg(x) =yig7§{f(y) +g(x—y)}.

When f € I'(H) and v > 0, for every z € H we denote by Prox ,¢(x) the
proximal point of parameter + of f at x, which is the unique optimal solution of the
optimization problem

. inf {f<y> n %uy—xw}.

yeH
We have Moreau’s decomposition formula
2.2) Prox - 4+ YProx (1/,)p 077 '1d =1d ,

where operator Id denotes the identity on the underlying Hilbert space.
Let 2% be the power set of H, M : H — 2" a set-valued operator and v >
0. We denote by zer M = {z € H : 0 € Mz} the set of zeros of M and by
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gra M = {(z,u) € Hx H : u € Mx} the graph of M. We say that the operator
M is monotone if (x — y|lu —v) > 0 for all (z,u), (y,v) € gra M and it is said to
be maximally monotone if there exists no monotone operator N : H — 2" such that
gra N properly contains gra M. The operator M is said to be uniformly monotone
with modulus ¢ps : Ry — Ry U {400}, if ¢y is increasing, vanishes only at 0,
and (x — ylu—v) > éu (|lx —yl|) for all (x,u), (y,v) € gra M. A prominent
representative of the class of uniformly monotone operators are the strongly monotone
operators. We say that M is y-strongly monotone, if (x — y,u —v) > 7|jx — y||* for
all (z,u), (y,v) € gra M.

The inverse of M is M~' : H — 2", w +— {x € H : w € Mx}. The resolvent
of an operator M : H — 2" is Jyy : H — 2", Jyy = (Id + M)™'. If M is
maximally monotone, then Jy, : H — H is single-valued and maximally monotone (cf.
[3, Proposition 23.7 and Corollary 23.10]). We have (see [3, Proposition 23.18])

(2.3) Tt + 4y -1ppr 0y 1d =1d .

A single-valued operator M : H — H is said to be y-cocoercive, if (x —y, Mx —
My) > v||Mxz—Myl? for all (z,y) € HxH, while M is vy-Lipschitz continuous (here
we allow also v = 0 in order to comprise also the zero operator), if [|[Mx — My|| <
7|z —y|| for all (z,y) € H x H. Obviously, every y-cocoercive operator is monotone
and ~~!-Lipschitz continuous.

The parallel sum of two set-valued operators M, N : H — 27t is defined as

2.4) MON:H—2" MON= (M +N"))7".
If f € T(H), then Of : H — 2™ is a maximally monotone operator and (9f)~! = df*.
Moreover, J.o¢ = (Id 7 +y9f) ™! = Prox .

Finally, we notice that for f = d¢, where C' C 'H is a nonempty convex and closed
set, it holds

2.5) Jase, = Prox 5. = Pe,

where Po : H — C denotes the projection operator on C (see [3, Example 23.3 and
Example 23.4]).

When G is a another real Hilbert space and L : H — G is a linear continuous
operator, then the norm of L is defined as || L|| = sup{||Lz| : x € H, ||z| < 1}, while
L*: G — H, defined by (Lz|y) = (z|L*y) for all (z,y) € H x G, denotes the adjoint
operator of L.

3. THE PRIMAL-DUAL SPLITTING ALGORITHM

The aim of this section is to provide an algorithm for solving Problem 1.1 and to
furnish weak and strong convergence results for the sequences generated by it. The
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proposed iterative scheme has the property that each single-valued operator is processed
explicitly, while each set-valued operator is evaluated via its resolvent. Absolutely
summable sequences make the algorithm error-tolerant.

Algorithm 3.1. Foreveryi = 1,...,m let <a17i7n>n20, (bLi,n)nZO: (0171‘7”)”20
be absolutely summable sequences in H; and (a2;n)n>0, (02,in)n>0, (€2,in)n>0 ab-
solutely summable sequences in G;. Furthermore, set

3.1 [ = max

i=1,....m

m
Zu?,yl,...,ym + max |[|Li,
i=1

lete €]0,1/(8+1)[and (v,)n>0 be a sequencein [e, (1—¢)/fF]. Foreveryi =1,...,m
let the initial points x; o € H; and v; o € G; be chosen arbitrary and set

Fori=1,...,m
Yin = Tin — ’Yn(L:‘(vi,n + Bi(xl,nu ceey xm,n) + al,i,n)
Wi g = Vi — Y(C;  0in — Liin + agin)
Din = Yin +b1,in
(Vn > 0) Tim = J%LA;lwi,n + bZ,i,n
Qin = Pin — ’Yn(L:‘(ri,n + Bz (pl,na R pm,n> + cl,i,n)
Sin = Tim — Yn(C; Tin — LiDin + c2,i.0)
Tin+1l = Tin — Yin + Qin
Vin+l = Vin — Win + Sin.

The following theorem establishes the convergence of Algorithm 3.1 by showing
that its iterative scheme can be reduced to the error-tolerant version of the forward-
backward-forward algorithm of Tseng (see [28]) recently provided in [11].

Theorem 3.1. Suppose that Problem 1.1 has a primal-dual solution. For the
sequences generated by Algorithm 3.1 the following statements are true:

(i) (Vie{l,...,m}) 3 |@in — pinllzy, <+o0 and 3 |[vin — rinllg, <+oo.

(ii) There exists aprima?—za(’)ualsolution (T1y. vy T, 51,7.2(.), Up,) to Problem 1.1 such
that:
(a) (Vi e{l,....,m}) Zin — T4, Din — Ti, Vin — U; and 1, — U; as
n — +00.

(b) ifC'i_l,i =1, ..., m, is uniformly monotone and there exists an increasing
unction ¢p : R — Ry U {+oo} vanishing only at 0 and fulfilling
- -

(V(a:l,...,xm) € Hi x ...me)(V(yl,...,ym) e Hy X...XHm>

m

(3.2) D (wi =il Bi(@r, - ) = Biyn, - Ym)) g,
i=1

> 65 (@r,- o) = (v,
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then (Vi € {1,...,m}) Tin, — Ty, Din — Ti, Vin — U; and 1 — T; as
n — —+00.

Proof.  We introduce the real Hilbert space H = H; X . ..xH,, endowed with the

inner product and associated norm defined for € = (z1,...,2m), Y = (Y1,.-.,Ym) €
H as

m m
(33) (@y)p =D (@ilyi)y, and &z = | > llwillf,.

i=1 i=1
respectively. Furthermore, we consider the real Hilbert space G = Gy X ... X G,
endowed with inner product and associated norm defined for v = (v1,...,vy), W =
(w1,...,wy) € G as

m m

(34) (vlw)g = (vilwi)g, and [[vllg = | > llillg,,

i=1 i=1

respectively. Let us now consider the Hilbert space KX = H x G endowed with the
inner product and associated norm defined, for (z,v), (y,w) € K, as

3.5) ((@,0)|(y, w))c = (E|Y)s + (v|w)g and ||(z,v)]c = /I 2lF + ]G,

respectively. Consider the set-valued operator

A K —2€
T R N S (0,...,O,Al_lvl,...,A;llvm)

and the single-valued operator

B:K— K,
(T1y ey Ty U1y« ooy U) — (LT01 + Bi(z1, ..y Zm)y - ooy LU + B (21, .« ., T

C’l_lvl — lel, .. .,Cn_.blvm — mem>

We set
(3.6) T = (T1, s Ty Vly- -y Upp)e

Then
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0= LTEI +B1(T17 .- 7Tm>

0=L}Um+ Bn(T1,...,Tm)
0e Al_lﬁl + 01_151 — L7

T € zer(A+ B) &
L 0€ A 0 + Col 0 — Lin,

0 :LTEI +B1(T17"'7Tm>

0=0L}Um+ Bn(T1,...,Tm)

=4 _ _ _
7€ (A7 4+ oY) Y (IT)
- -1 “IN-1(T =
\ Um € (Am +Cm ) (mem>
0= LTEI +B1(T17 ‘e 7Tm>
- 0=L}Um+ Bn(T1,...,Tm)
V1 € (A1 U Cl><L1T1>
[ Tm € (An0Cy)(LimTm)
Consequently, © = (T1, ..., Tm, U1, - - -, Upy) is a zero of the sum A + B if and only if
(Z1,...,Tm, U1, ..., 0n) is a primal-dual solution to Problem 1.1. As already noticed,
in this case, (T1,...,Ty) solves the primal system (1.2) and (v1,...,7,,) solves its

dual system (1.3). Therefore, in order to determine a primal-dual solution to Problem
1.1, it is enough to find a zero of A + B.

Further, we will determine the nature of the operators A and B. Since the operators
A;,i = 1,...,m, are maximally monotone, A is maximally monotone, too (cf. [3,
Proposition 20.22 and Proposition 20.23]). Furthermore, by [3, Proposition 23.16], for

all vy € Ry and all (x1,...,Zm,v1,...,0y) € IC we have

(3.7) JVA(azl, ey Ly ULy e v ey ’Um> = (a:l, ce ey Ty, J,yAl—l’Ul, Ceey JVA;lem)
Coming now to B, let us prove first that this operator is monotone. Let (x1, . .., Ty,

Vi, ..., V) and (Y1,. .., Ym, W1, ..., Wy) be two points in IC. Using (1.1) and the

monotonicity of C;” 1 i=1,...,m, we obtain
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((1y ey Ty V15 e ooy Um) — (YL - v oy YUy W1y« -« -y W) |
B(zi,...,Zm, V1, .., 0m) — By1, ..., Ym, W1, - -, W) ) sc
=((T1 = Y1y -y T — Ymy V1 — W1, .oy Uy — Wiy)|
(Bi(z1, -+ Tm) — Bi(y1, - - - ym) + Li(v1 —w1), . . .,
B (21, 2m) — B (Y1, - - -, Ym) + Loy (U — Wi,
1

Cy vl—Cflwl—Ll(a:l—yl), .. .,C’;llvm—C’;llwm—Lm(a:m—ym))hc
m
= Z (@i—yil Bi(@1, - - o Tm) = Bi(Y1, - -+ Ym)) 3y,
(3.8) =1
—i—Z <vi—wi\C’i_1vi - C’i_lwi>gi
z
3 (G = il L (01— w0) = (v = wil (@i = 1))y, )
=l
= (@i—yi|Bi(w1, -, 2m) 1= Biy, - - Ym) ),
=
—i—Z <vi—wi\C’i_1vi—C'i_1wi>gi
>0

Further, we show that B is a Lipschitz continuous operator and consider to this
end (Z1, .., Ty V1, v oy Um)y (Yly « oy Yy W1, - -+, W) € IC. Tt holds

HB(azl, ey Ty ULy ey Um) — B(Y1, - ooy Y, w1, .,wm)H’C
= (B, ) = Biyrs sy B, @) = By ),
Crloy — Oy, L, O oy, — C’;llwm>
(3:9) +(Li(or = w1), o, Li(om = wi), ~Lalwr = y1), o~ Lonlom = ym) )|
<[ (Br@r o wm) = Biws o sym)s o B, wm) = By ),

-1 -1 -1 -1
Ci v —C wy,...,.CL v, —C, wm>

.

[z w0, Lo wm). ~Lier =9~ Lo = )|

m m
= B, wm) = Bilyn, w3+ Y 1O = O |,
=1 =1



1992 Radu Ioan Bot and Emo Robert Csetnek and Erika Nagy

1L (v = wi)l3,, +ZHL —ui)llg,

+
_
g

m m

2 2

(12> s = w3, ) + D w2 llos = will,
=1

1 7=1

Ms

i

_l’_

-

m
2 2 2 2
Ll o —willg, + Y ILall* e — will3,,
=1 i=1

NE

-
I

Ms

u)(Zsz willy, ) + max VZZuvz will,

1

m m
2 2
e L (3 llos = willg, + 3 Nz — will, )
=1 =1

<B(x1, s Zms V15 Um) = (Y15 Yy W1, - -+, W) [l s

i

hence, B is (-Lipschitz continuous, where 3 is the constant defined in (3.1).
Setting

Tn = (Tim - Tmm Vins - - o> Umon)
(¥n > 0) Yn = Y- Ymons Wins - - - Wi p)
Dn = Pin - PmnsTlns - - > Tmn)
an = Qs Gmmn> Sims-- - Smn)
and
an=(a11n -, 0lmns 21m5 - - -, 02,m.n)
(Vn>0)< by = (b1,1m -, 01mms 02105 -, b02.mn)
cn = (Clin - Clumms C21ms -+ - C2mn)

the summability hypotheses imply that
(3.10) Z HanHIC < +09, Z anHIC <400 and Z HCnHIC < F00.

n>0 n>0 n>0
Furthermore, it follows that the iterative scheme in Algorithm 3.1 can be written as
Yn = Tn — Yn(Bxy + ay)
Pn = Jy,AYn + by
qn = Pn — Yn(BpPn + ¢n)
Tn+1l = Ty — Yn 1 Gn.

(3.11) (Vn > 0)
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thus, it has the structure of the error-tolerant forward-backward-forward algorithm given
in [11].
(1) It follows from [11, Theorem 2.5(i)] that

(3.12) Z |20 — Pallz < +oo.
n>0

This means that

m
2 2 2
Z |z — Pnllc = Z Z(sz,n - pz‘,nHHi + [[vin — ri,n”g)
n>0 n>0 i=1
m m
(3.13) =3 Mz = pinll, + DY lvim — rinllg, < +oo.
i=1 n>0 i=1 n>0
Hence
(Vie{l,....m}) Y |lwin — pinllay, < +oo and
n>0
(3.14) > vim — rimld, < +oo.

n>0

(ii) It follows from [11, Theorem 2.5(ii)] that there exists an element T = (71,
ey Ty U1, - - -, Upy) 1n the set zer (A + B), thus a primal-dual solution to Problem
1.1, such that

(3.15) r, —~x and p, —T.

(ii)(a) It is a direct consequence of (3.15).

(ii)(b) Let be i € {1,...,m}. Since C; " is uniformly monotone, there exists an
increasing function ¢ -1 : Ry — R, U {400}, vanishing only at 0, such that

(3.16) (. —y,v—w)g > o (lz —yllg,) Y(z,v), (y,w) € gra ot
Taking into consideration (3.2), we define the function ¢ : Ry — Ry U {+o0},
m

(17 ole) = inf {op(a) + > 6 (b):

=1

which is increasing, it vanishes only at 0 and it fulfills due to (3.8) the following
inequality
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((1y ey iy V15« ooy Um) = (YL - v oy YUy W1y« e oy Wiy )|
B(zi,...,Zm 01, Um) — BY1s - o Yms Wi -+ o Win) ) e
m
=1

m

(3.18) + Y (v —wil G oy — O twi) g,
i=1

265 (@1, s mm) = W15 )l ) + i%;l (lloe = will, )
=1

>6n( [~ ylx ). Ve = (21, 21, Un) Y
=(Y1, -y Ym, W1, - . ., W) € K.

Consequently, B is uniformly monotone and, according to [11, Theorem 2.5(iii)(b)], it
follows that x,, — @ and p,, —® as n— +oo. This leads to the desired conclusion. m

4. APPLICATIONS TO CONVEX MINIMIZATION PROBLEMS

In this section we turn our attention to the solving of convex minimization problems
with multiple variables via the primal-dual algorithm presented and investigated in this
paper.

/

Problem 4.1. Let m > 1 and p > 1 be positive integers, (H;)1<i<m, (H;)1<i<m
and (G;)1<j<p be real Hilbert spaces, fi, h; € T'(H,) such that h; is v; ' -strongly
convex with v; € Ry4,i = 1,...,m, and g; € I'(G;) for i = 1,...,m,j = 1,...,p.
Further, let be K; : H; — H; and Lj; : H; — Gj,i = 1,...,m,j = 1,...,p linear
continuous operators. Consider the convex optimization problem

m

P m
4.1) inf Z(fith‘)(Kia?i) + Zgj <Z Ljixi)
j=1

(150 0Tm) EH1 X oo X Him, i— i—

In what follows we show that under an appropriate qualification condition solving
the convex optimization problem (4.1) can be reduced to the solving of a system of
monotone inclusions of type (1.2).

Define the following proper convex and lower semicontinuous function (see [3,
Corollary 11.16 and Proposition 12.14])

m

FrHyx o ox My =R, (y1,e oy ym) = D (FiOh) (i),
=1

and the linear continuous operator
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K:Hi X oo X Hyy = Hy X oo X Hoyy (@1, am) — (K121, - Ky,
having as adjoint
K*:Hyx . X H, —Hi X oo X Hany (W15 s Um) = Kyt K Ym)-

Further, consider the linear continuous operators
m
Lj cHi X ... X Hy — gj, (a:l,...,xm) — ZLjixiuj =1,..,p,
i=1

having as adjoints
LG —Hi xoo. X Hny, y—= (Liy, - Liny), i =1,..,p,

respectively. We have

(Z1,...,Tpy) is an optimal solution to (4.1)
P
4.2) & (0,...,0)€0 [ foK+> gioL; | (F1,... Tm).
j=1

In order to split the above subdifferential in a sum of subdifferentials a so-called
qualification condition must be fulfilled. In this context, we consider the following
interiority-type qualification conditions:

there exists x, € H; such that
(QCy) Kla:; € (dom f; +dom h;) and f; O h; is continuous at Kza:;,z =1,..,m,
/ . . [
and >, Ljz; € dom g; and g; is continuous at » ;" Ljx;,j=1,...,p

and
(0,...,0) € sqri (H;’ll(dom fi +dom h;) x [];_; dom g,

(QC2> —{(lel, ey Kmfljm, ZZZI Llia:i, ey ZZZI Lma}l) .
(@1, .., 2m) € Hy X ...me}).

We notice that (QC4) = (QC%), these implications being in general strict, and refer
the reader to [3, 5, 6, 20, 27, 30] and the references therein for other qualification
conditions in convex optimization.

Remark 4.1. As already pointed out, due to [3, Corollary 11.16 and Proposition
12.14], for i = 1,...,m, f;Oh; € F(H;), hence, it is continuous on int (dom f; +
dom h;), providing this set is nonempty (see [20, 30]). For other results regarding
the continuity of the infimal convolution of convex functions we invite the reader to
consult [26].
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Remark 4.2. In finite-dimensional spaces the qualification condition (QC2) is
equivalent to

there exists z; € H; such that K;z! € ri dom f; +1i dom h;,i =1, ..., m,

(QC,) and > ", Ljz; €ridom gj,j=1,...,p

Assuming that one of the qualification conditions above is fulfilled, we have that

(Z1,...,Tm) is an optimal solution to %4.1)
& (0,...,0) € K*0f (K(T1,...Tm)) + >_ L30g;(Li (T, .. . Tm))
j=1
@D e 0,0 € (K[ D) (K1), s Ky (fon D) (KoiTin) )

ZL 8g] 1131,. ))

The strong convexity of the functions h; imply that dom h] = H; (see [3, Corol-
lary 11.16, Proposition 14.15]) and so O(f;0h;) = 0f;00h;,i = 1,...,m, (see [3,
Proposition 24.27]). Thus, (4.3) is further equivalent to

p
(0,,0) €(KH@ADOM)(KiT1), -, K3 (0 O0hn) (KonTom) ) + Y Ly,

j=1
where
m m
v, e@gj(Lj(El, .. Tm>) < Uj € 8gj( ZLjiEi) & ZL]‘Z‘TZ‘ S 8g;(5j>,j=1, vy D
i=1 i=1
Then (Z1, . .., Ty, ) is an optimal solution to (4.1) if and only if (Z1, . . ., T, U1, . . ., Tp)

1s a solution to

p
0e Kf(@fl D@hl)(Kﬁl) + Z L;lﬁj
j=1

0 € K, (0 frn00hym) (KmTm) + ZL
4.4)
0 € 9g7 (1) ZLMIBZ

0e 89p Tp) ZL iTi-

\

One can see now that (4.4) is a system of coupled inclusions of type (1.2), by
taking
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A= 0f;, Co=0hy, Li=Kii=1,..m,
* g‘u z=0
At = 055, Coeg(a) = {

0 otherwise ' Lmti =1d g0 =1.p,
and, for (z1, ..., Tm, v1, ..., Up) € H1 X ... Hp x G1 X ... X Gp, as coupling operators

P
.
Bi(x1,...,xm,01,...,0p) = E Livj,i=1,...,m,
j=1

and
m
Bm‘f'j(xlu'"7x77’wv17"~7vp> :—ZL]‘ixi,jzl,...,p.
i=1

Define

4.5) B(x1,...,&Zm,v1,...,0p) = (B1,..., Biip) (@1, .. ., Ty V1, .. ., Up)

p p m m
(46) = ZL;I’U]‘,...,ZL;m’l}j,—ZLM[IZZ‘,...,—ZLPZ‘[I}Z‘
j=1 j=1 i=1 i=1

According to [3, Proposition 17.26(i), Corollary 16.24 and Theorem 18.15)] it follows
that C’i_1 = (0Oh;)~' = Oh} = {Vh}} is v;-Lipschitz continuous for i = 1,...,m. On
the other hand, C’;liL j is the zero operator for j = 1, ..., p, thus 0-Lipschitz continuous.

Furthermore, the operators B;,7 = 1, ..., m+p are linear and Lipschitz continuous,

having as Lipschitz constants

m
2 .
i=1

p
S OILjill? i =1,...,m, and piy; =
7=1

respectively. For every (1, ..., Zm, V1,...,Up), (Y1, -, Ym, W1, . .., Wp) € H1X...X
Hym x G1 X ... x G, it holds

m

Z (T = yil Bi(T1, - o Ty V1, -5 0p) = Bi(Y1, - o Ymy W1, -+, W) ) gy
i=1

i

P
+ Z (vj = Wj|Bm4j (T1, -« oy T, V1, -, Up) = Brgi (Y15 -+ o Yo w1, - .,wp)>gj
j=1
m p P
=> <$z — il > L — ZL;iwj>
i=1 j=1 j=1 H,
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p m m
_Z<Uj_wj‘ZLjixi_ZLjiyi> =0,
j=1 i=1 i=1 g

J

thus (1.1) is fulfilled. This proves also that the linear continuous operator B is skew
(ie. B* = —-DB).

Remark 4.3. Due to the fact that the operator B is skew, it is not cocoercive,
hence, the approach presented in [1] cannot be applied in this context. On the other
hand, in the light of the characterization given in (4.2), in order to determine an optimal
solution of the optimization problem (4.1) (and an optimal solution of its Fenchel-type
dual as well) one can use the primal-dual proximal splitting algorithms which have been
recently introduced in [17, 29]. These approaches have the particularity to deal in an
efficient way with sums of compositions of proper, convex and lower semicontinuous
function with linear continuous operators, by evaluating separately each function via
a backward step and each linear continuous operator (and its adjoint) via a forward
step. However, the iterative scheme we propose in this section for solving (4.1) has
the advantage of exploiting the separable structure of the problem.

Let us also mention that the dual inclusion problem of (4.4) reads (see (1.3))

p
0= KTEI + ZL;lv]‘
j=1

p
0 =KW+ Y Liv;

j=1
m
find W, € Hy,...,Wm € H,,, 0= Wms1 ;L“x’
4.7) Wit1 € G1, ..., Wn4p € Gp such that
’ (3331 € Hi,...,3xy, € Hm, m
Jv € Gi,...,3vp € Gp) 0:@m+p_ZLpixi

=1
wi € (8f1|:|8h1><K1331>

Wiy € (O f, O0h) (Kpmxm)
Wnt1 € Og7 (v1)

\ Wm+p € 89;(Up>~



Solving Systems of Monotone Inclusions via Primal-Dual Splitting Techniques 1999

Then (Z1, ..., T, U1, -, Up, W1, --.; Wn, Wynt15 -+, Wmp) 1S a primal-dual solution to
(4.4) - (4.7), if

w; € (0f;00h;)(KiTi), W) € 095 (V;),

P m
0= K w; + ZL;iﬁj and 0 = Wy,45 — ZLjiEiui =1,....m,73=1,....p.
j=1 i=1

Provided that (Z1, ..., T, U1, .o, Upy Wi, vey Wiy Wrnt 15 -, Wintp) 1S @ primal-dual so-
lution to (4.4) - (4.7), it follows that (71, ...T,,) is an optimal solution to (4.1) and
(W1, ..., W, 1, ..., Up) is an optimal solution to its Fenchel-type dual problem

(4.8)

m p
sup —Z(f (w;) + hi( Z (Wm+j)
xH, xG1X...xGp

!
(w17~~~7wm7wm+17 7wWL+p)EH1 X.n i=1 Jj=1

K*w7+zj 1 J7wm+j:07i:17~~~7"n

Algorithm 3.1 gives rise to the following iterative scheme for solving (4.4) - (4.7).

Algorithm 4.2.
For every 7= 1, e, M and everyj = 1, RN o let <a17i7n>n20, (bLi,n)nZU: (0171‘7”)”20,
be absolutely summable sequences in H;, (a2,i,m)n>0 (b2,i.)n>0
(€2,i.n)n>0 be absolutely summable sequences in H; and (a1, m+j.n)n>05 (@2,m+j.n)n>0s
(bl,m—l—j,n)nZO: (b2,m+j,n>n205 (Cl,m—l—j,n)nZO and (62,m+j,n>n20 be absolutely summable
sequences in G;. Furthermore, set

m—+p

(4.9) = max S v, vm g+ max {||Ki, . | Kl 1Y

where

(4.10) p; = o, and fig g =

p m
2 2 .

D ILgl?, i = SOILll? j=1,...,p

7=1 i=1

let ¢ €]0,1/(6 + 1)[ and (yn)n>0 be a sequence in [, (1 — €)/f3]. Let the initial
points (a:LLO, R $17m70> € Hi X ... X Hm, (3327170, RN x27m70) € Hl X ... X Hm
and (v1,1,0,---,V1,p,0)> (V2,1,0,---,V2p0) € G1 X ... x G, be arbitrary chosen and
set
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Fori=1,...,m
Yiin = Tlin — Tn (fozi,n + Z§:1 Liv1n + au,n)
Y2,in = 22in — (VR x2in — Kix1in+a2,in)
Plin = Ylin +014in
| P2,in = Prox o, pry2in + b2in
Forj=1,...,p
W1 jn = V10— Yn (V250 — 2 ie1 Lji1in + a1,mtjn)
W2 jn = V2,jm — Yn(—V1jn + a2,m4jn)
T1,jn = Wijn + b1 mijn
(Vn Z 0) L 7’2.7]‘7” = Prox ng; w27j7n + b2,m+j,n
Fori=1,...,m
Ql,in = DPlin — Tn (KZ‘*pZi,n + L + C1,i,n>
@2,in = D2in — (VR D250 — KiD1in + c2:in)
Tlin+l = Tlin — Ylin T q1in
L Z2in+l = T2in —Y2,in T Q2in
Forj=1,...,p
814 = Tjn — Yn (T2gn — 2ieq LjiP1in + Climtjn)
525n = T24n — Yn(—T14n + C2mtjn)
V1jn+l = V1 jn — Wijn+ Sl jn
V2 in+l = V25n — W2 jn T 82 jn-

The following convergence result for Algorithm 4.2 is a consequence of Theorem
3.1.

Theorem 4.1. Suppose that the optimization problem (4.1) has an optimal solution
and that one of the qualification conditions (QC;), i = 1,2, is fulfilled. For the
sequences generated by Algorithm 4.2 the following statements are true:

(i) Vi € {1,...;m}) 2 llzvim —pPrimlly, < 400, X @2 —p2inli, <

n>0 n>0

+o0 and

. 2 2

(Vi e {L,....p}) X2 lvign —rigmllg, < 400 X0 [[v24n —r2mllg, <
n>0 n>0

+-00.

(ii) There exists an optimal solution (T1, ..., Ty,) to (4.1) and an optimal solution
(Wi -+, Winy Wing 15 - - - Winyp) 10 (4.8), such that (Vi € {1,...,m}) x1;, —
Ti, Plin — Tj T2in — Wi and D2,in — W; and (V] S {1, .. .,p}) V1jn —

Wintj and 11 jpn — Wipqj as N — +00.

Remark 4.4. Recently, in [16], another iterative scheme for solving systems of
monotone inclusions, that is also able to handle with the solving of optimization prob-
lems of type (4.1), in case when the functions g;,j = 1,...,p, are not necessarily
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differentiable, was proposed. Different to our approach, which assumes that the vari-
ables are coupled by the single-valued operator B, in [16] the coupling is made by some
compositions of parallel sums of maximally monotone operators with linear continuous
ones.

5. NUMERICAL EXPERIMENTS

In this section we present two numerical experiments which emphasize the perfor-
mances of the primal-dual algorithm for systems of monotone inclusions.

5.1. Average consensus for colored networks

The first numerical experiment that we consider concerns the problem of average
consensus on colored networks.

Given a network, where each node posses a measurement in form of a real number,
the average consensus problem consists in calculating the average of these measure-
ments in a recursive and distributed way, allowing the nodes to communicate infor-
mation along only the available edges in the network. Consider a connected network
G = (V, &), where V represents the set of nodes and &£ represents the set of edges.
Each edge is uniquely represented as a pair of nodes (i, j), where ¢ < j. The nodes
¢ and j can exchange their values if they can communicate directly, in other words,
if (7,j) € £&. We assume that each node possesses a measurement in form of a real
number, also called color, and that no neighboring nodes have the same color. Let C'
denote the number of colors the network is colored with and C; the set of the nodes
that have the color i, ¢ = 1, ..., C. Without affecting the generality of the problem we
also assume that the first C; nodes are in the set Cp, the next Cy nodes are in the set
Cs, etc. Furthermore, we assume that a node coloring scheme is available. For more
details concerning the mathematical modelling of the average consensus problem on
colored networks we refer the reader to [22, 23].

Let P and E denote the number of nodes and edges in the network, respectively,
hence, 210:1 C; = P. Denoting by 0, the measurement assigned to node k, k =

1,..., P, the problem we want to solve is
F 1

(5.1) min Y = (z — 0)>.
zeR 1 2

The unique optimal solution to the problem (5.1) is §* = % Zle 0x, namely the
average of the measurements over the whole set of nodes in the network. The goal
is to make this value available in each node in a distributed and recursive way. To
this end, we replicate copies of x throughout the entire network, more precisely, for
k =1,..., P, node k will hold the k-th copy, denoted by xj, which will be updated
iteratively during the algorithm. At the end we have to guarantee that all the copies
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are equal and we express this constraint by requiring that «; = x; for each (i, j) € €.
This gives rise to the following optimization problem
P

: 1 2
2) f(a:l,r?,lagn)AERPl; 2(33k )"
xi=x;, V{i,j}€E
Let A € RP*E be the node-arc incidence matrix of the network, which is the
matrix having each column associated to an edge in the following manner: the column
associated to the edge (i,7) € £ has 1 at the i-th entry and —1 at the j-th entry, the
remaining entries being equal to zero. Consequently, constraints in (5.2) can be written
with the help of the transpose of the node-arc incidence matrix as A7z = 0. Taking
into consideration the ordering of the nodes and the coloring scheme, we can write
ATz = ATz + ...+ ALzc, where T; € RY, i = 1, ..., C, collects the copies of the
nodes in C;, i.e.
T = (T1y ey TOyy ooy TP—Cptls - s xp).

vV vV
) Zo

Hence, the optimization problem (5.2) becomes

T=(T1,...,Tc)  “—
ATZ 4. 4+ALT =0 "~
where for i = 1, ..., C, the function f; : R®" — R is defined as f;(7;) = Zleci %(a:l —
0,)2.
One can easily observe that problem (5.3) is a particular instance of the optimization
problem (4.1), when taking

m=C,p=1h; =6y, K;=1d ,Ly; = AT e RF*% i=1,..,C, and g1 = §{0).
Using that b} = 0,i = 1,...,C, and Prox ,4(z) = 0 for all ¥ > 0 and z € RE,

the iterative scheme in Algorithm 4.2 reads, after some algebraic manipulations, in the
error-free case:

C
(5.3) min > fil@),
1

Fori=1,...,C
Yiin = T1in — Yn(T2,in + Aiv11,0)
Y2,in = L2,in + InTlin
L p2,i;n = Prox o, p+y2in
c T
W1,1,n = V1,10 — Tn\V2,1,n — Zi:l A; Hflzn)
Fort:=1,...,C
(Yn > 0) Qi = Y1im — Yn(P2,in + Aiwi,1n)
Q2,in = D2i;n T Vn¥Yl,in
Tlin+l = Tlin —Ylin T Qin
T2in+l = T2in — Y2,in T Q2in

c T
V141 = Viin + Y 2ic1 A Ylin
_ A2 c T
v2717n+1 - 777/( Zz:l A’L xlvivn - ’U2717n).
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Let us notice that for i = 1, ..., C'and v > 0 it holds Prox (%) = (1+ 7)™ (Ti —
'y@), where 6; is the vector in R% whose components are 0; with [ € C;. In order to
compare the performances of our method with other existing algorithms in literature,
we used the networks generated in [23] with the number of nodes ranging between
10 and 1000. The measurement 6 associated to each node was generated randomly
and independently from a normal distribution with mean 10 and standard deviation
100. We worked with networks with 10, 50, 100, 200, 500, 700 and 1000 nodes
and measured the performance of our algorithm from the point of view of the number
of communication steps, which actually coincides with the number of iterations. As
stopping criterion we considered

[z — 1p07|
vV Po*

<1074

where 1 p denotes the vector in R” having all entries equal to 1.

(a) Watts-Strogatz network (b) Geometric network

Watts-Strogatz Network, (n,p)=(2, 0.8) Geometric Network, d=0.2

Communication steps

2 8 & 85 8 8 3
< T
‘s‘ )
Rox N
. .
H ] -
Ny P
. .
1
N/
. b
I’ Ny
B
vz
i6
3
H
H
Communication steps

% s 1o 20 50
Number of nodes

Fig. 5.1. Figure (a) shows the communication steps needed by the four algorithms for a
Watts-Strogatz network with different number of nodes. Figure (b) shows the
communication steps needed by the four algorithms for a Geometric network
with different number of nodes. In both figures ALG stands for the primal-dual
algorithm proposed in this paper.

We present in Figure 5.1 the communication steps needed when dealing with the
Watts-Strogatz network with parameters (2,0.8) and with the Geometric network with
a distance parameter 0.2. The Watts-Strogatz network is created from a lattice where
every node is connected to 2 nodes, then the links are rewired with a probability of
0.8, while the Geometric network works with nodes in a [0, 1]? square and connects
the nodes whose Euclidean distance is less than the given parameter 0.2. As shown in
Figure 5.1, our algorithm performed comparable to D-AMM, presented in [23], but it
performed better then the algorithms presented in [24] and [31].

In order to observe the behavior of our algorithm on different networks, we tested it
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on the following 6 networks: 1. Erd8s-Rényi network with parameter 0.25, 2. Watts-
Strogatz network with parameters (2, 0.8) (network 2), 3. Watts-Strogatz network with
parameters (4, 0.6), 4. Barabdasi-Albert network, 5. Geometric network with parameter
0.2 and 6. Lattice network, with a different number of nodes. Observing the needed
communication steps, we can conclude that our algorithm is communication-efficient
and it performs better than or similarly to the algorithms in [23, 24] and [31] (as
exemplified in Figure 5.2).

Networks with 10 nodes
180 T T

—o0—ALG
.. @ D-ADMM -]
1608 = ¢ =1[30]

M =0= [24]

140

1201 \ P

Communication steps

3 4
Network number

Fig. 5.2. Comparison of the four algorithms over six networks with 10 nodes. Here,
ALG stands for the primal-dual algorithm proposed in this paper.

5.2. Support vector machines classification

The second numerical experiment we present in this section addresses the problem
of classifying images via support vector machines.

Having a set training data a; € R™, ¢ = 1,..., k, belonging to one of two given
classes, denoted by “-1” and “+1”, the aim is to construct by it a decision function
given in the form of a separating hyperplane which should assign every new data to one
of the two classes with a low misclassification rate. We construct the matrix A € RF*™
such that each row corresponds to a data point a;,7 = 1, ..., k and a vector d € R* such
that for ¢ = 1, ..., k its i-th entry is equal to —1, if a; belongs to the class “-1” and it
is equal to 41, otherwise. In order to cover the situation when the separation cannot
be done exactly, we consider non-negative slack variables §; > 0, ¢ = 1,..., k, thus
the goal will be to find (s, 7, &) € R" x R x R¥ as optimal solution of the following
optimization problem (also called soft-margin support vector machines problem)
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. 2 2
(5:4) min_— {|ls|*+C ]},
(5,7,€) ER"XRXRE
D(As+1,7)+E21,

where 1}, denotes the vector in R¥ having all entries equal to 1, the inequality z > 1,
for z € RF means z; > 1,7 = 1,...k, D = Diag(d) is the diagonal matrix having the
vector d as main diagonal and C' is a trade-off parameter. Each new data a € R"
will by assigned to one of the two classes by means of the resulting decision function
2(a) = sTa + r, namely, a will be assigned to the class “-1”, if z(a) < 0, and to
the class “+1”, otherwise. For more theoretical insights in support vector machines we
refer the reader to [19].

A sample of data for number 2 A sample of data for number 9

AZ2AaA2IQdR22AF
L LRAQIDIZ2AR
QA RE*22AA2 7R

X322 QA2Z2RA

Fig. 5.3. A sample of images belonging to the classes -1 and +1, respectively.

We made use of a data set of 11907 training images and 2041 test images of size 28 x
28 from the website http://www.cs.nyu.edu/ roweis/data.html. The
problem consisted in determining a decision function based on a pool of handwritten
digits showing either the number two or the number nine, labeled by —1 and +1,
respectively (see Figure 5.3). We evaluated the quality of the decision function on a
test data set by computing the percentage of misclassified images. Notice that we use
only a half of the available images from the training data set, in order to reduce the
computational effort.

The soft-margin support vector machines problem (5.4) can be written as a special
instance of the optimization problem (4.1), by taking

m=3,p="1A0) =" f2=0 f3() = C|I* + g (),

h; 2(5{0},Ki=Id 0 =1,2,3,
g1 = 5{Z€Rk1221k}’ LH = DA, L12 = le and L13 =1Id.

Thus, Algorithm 4.2 gives rise in the error-free case to the following iterative scheme:
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For:=1,2,3
Yiim = T1in — Yn(T2,in + LIv110)
Y2,in = L2in + InTlin
P2,in = ProxX o, pry2im
Wi = V110 — Yn(V2,1,0 — Z?Zl Liiz1,n)
W2 1n = V21n + YnV1,1n
21n = Prox Vg1 W2,1,n
For:=1,2,3
Qi = YLim — Yo (P2im + L
42,im = P2in + YnYlin

Tlin+l = Tlin — Ylin T q1in

{iwl,l,n)

T2in+l = T2in — Y2,in T 42,in
S100 = Wi1n — Yn(r2,1n — Z?:1 L1ipiin)
S$21m =T2,1n T TnWi1n
V,in+l = V1,10 — Wi in+ 81,10

V2 1n+l = V210 — W21 n+ 8210

We would also like to notice that for the proximal points needed in the algorithm one
has for v > 0 and (s,7,£, 2) € R® x R x R* x R¥ the following exact formulae:

Prox Wcl»«(s) = (2—}—7)_123, Prox Wc;(r) =0, Prox vf (&) = f—'yPR;i((QC'—i—’y)_lf)

and
Prox Y91 (Z> - P{mERk:lek}(’Z)'

With respect to the considered data set, we denote by D= {(X}, Y;),i =1, ...,6000} C
R74 x {41, —1} the set of available training data consisting of 3000 images in the
class —1 and 3000 images in the class +1. A sample from each class of images is
shown in Figure 5.3. The images have been vectorized and normalized by dividing each

1
of them by the quantity (Wloo 2?2?0 ]X,HQ> ?. We stopped the primal-dual algorithm

after different numbers of iterations and evaluated the performances of the resulting
decision functions. In Table 1 we present the misclassification rate in percentage for
the training and for the test data (the error for the training data is less than the one
for the test data) and observe that the quality of the classification increases with the
number of iterations. However, even for a low number of iterations the misclassification
rate outperforms the ones reported in the literature dealing with numerical methods for
support vector classification. Let us also mention that the numerical results are given
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for the case C' = 1. We tested also other choices for C, however we did not observe
great impact on the results.

Table 1. Misclassification rate in percentage for different numbers of iterations for
both the training data and the test data.

| Number of iterations || 100 | 1000 | 2000 | 3000 | 5000

Training error 2.95 2.6 2.3 1.95 1.55
Test error 2.95 2.55 2.45 2.15 2
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