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OPENNESS OF MULTIPLICATION IN SOME FUNCTION SPACES

Marek Balcerzak, Adam Majchrzycki and Artur Wachowicz

Abstract. We show that, for several function Banach spaces, multiplication
considered as a bilinear continuous surjection is an open mapping. In particular,
we prove that multiplication from L, x L, to Ly (for p,q € [1,00],1/p+1/q=1)
is open.

1. INTRODUCTION

Let X and Y be topological spaces. A mapping f: X — Y is called open if the
image f[U] is open for each open set U C X. We say that f is open at a point vg € X
(cf. [1]) whenever f(z¢) € int f[U] for every open neighbourhood U of x¢. It easily
follows that f is open if and only if f is open at every point of X.

The Banach open mapping principle, a classical result in functional analysis, states
that every continuous linear surjection between two Banach spaces is an open mapping.
This theorem has been generalized in several papers (see [9]). One can ask about an
extension of the Banach principle to the bilinear case. Such an extension is not valid
in general. See [11, Chapter 2, Exercise 11] where a simple counterexample is given,
compare also with [4, 6] and [5]. Thus it would be interesting to establish which
bilinear continuous surjections 7': X x Y — Z (for Banach spaces X, Y, Z) are open
mappings. In some function spaces, multiplication is a natural bilinear continuous
surjection, however it need not be an open mapping. Namely, if X = C[0, 1] denotes
the Banach space of all real-valued continuous functions on [0, 1], with the supremum
norm, then multiplication from X2 into X is not open at (f, f) where f(z) = z—(1/2),
x € [0, 1] (see [2]). For some further discussion on that topic, see [7, 13, 8, 3, 1].

The aim of this paper is to show several examples of function spaces in which
multiplication being a bilinear continuous surjection is an open mapping. In fact, we
also consider a strong version of openness.
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If X and Y are metric spaces, the openness of f: X — Y at g € X means that
Ve > 036 > 0 B(f(x0),9) C f[B(xo,¢)]

where B(z,n) denotes the ball with centre z and radius 7 in the respective space. We
say that f is uniformly open whenever

Ve > 035 >0Ve € X B(f(x),d) C f[B(z,¢)].

Note that arctan is a function from R into R which is open but not uniformly open.
Indeed, for every 6 > 0 we can find x € R such that (arctanz — 4, arctanz + ¢) is
not included in J, = (arctan(x — 1), arctan(z + 1)) since the length of J,, tends to 0
if = tends to oo.

It follows from [2, Prop. 1] that, for every normed space X, addition is a uniformly
open mapping from X? into X. Also by [2, Prop. 2], minimum and maximum are
uniformly open mappings from C10, 1] x C[0, 1] into C[0, 1] (the same holds when they
are considered as functions from R? into R). Note that, in the Banach open mapping
principle, we can state the uniform openness in its assertion since the global openness
of a linear operator is equivalent to the openness at zero.

2. RESULTS

First, we will show that multiplication as a function from R? into R is a uniformly
open mapping. The idea of this proof will be then repeated in a modified way. For
UV CR,write U -V = {xy: z € U, y € V}. The same notation will be used for
the respective Banach spaces.

Proposition 1. Multiplication as a function from R? into R is a uniformly open
mapping.

Proof. Fixe > 0, (z0,90) € R? and put U = (zg—e¢, z0+¢), V = (yo—¢, yo+€).
Define 6 = €2/4 and let z € (zoyo — 6, Toyo + ). Consider three cases:

19 |zo| > e/4. Put x = 29 and y = z/x¢. Then z =y and 2 € U. Alsoy € V

since
\Z — xoyo\ 0

y—yl =" < =e
v=wl="" <

20 |yo| > /4 — analogous to 1°.

30 |z < e/4 and |yo| < e/4. Put z = \/|z|, y = \/|z|sgn 2. Then z = xy and

€ € ¢
st-+-=c¢

& &
|z —z0| < |2|+]20| < Y/ \ZHZ <Vl —xoyOH\/\xoyOHZ <gtiti=

Hence x € U and similarly, y € V.
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So, we have (zgyo — 0, zoyo + d) C U - V which ends the proof. ]

Now, we will show that multiplication is an open mapping in several Banach spaces
of real-valued bounded functions equipped with the norm || f|| = sup,cx |f(2)].

Theorem 2. Multiplication is a uniformly open mapping as a function from Y2 into
Y where Y denotes the Banach space of all real-valued bounded functions measurable
with respect to a given o-algebra S of subsets of a nonempty set X. In particular, Y
can be considered as:

o the space of all real-valued bounded functions on a nonempty set X,

o the space of all bounded Borel measurable functions on a metrizable space X.

Proof. Fix ¢ > 0 and fo,90 € Y. Put U = B(fo,e), V = B(go,e) and
ho = fogo. Define § = £2/5. We will show that B(hg,8) C U - V. So, let h €
B(hp,0). Define F' = {x € X: |fo(x)| > e/4}, G ={z € X\ F: |go(x)| > ¢/4},
H = X\ (FUQG). These sets are in S and they form a partition of X. Then define
functions f and g on X as follows:

e for each z € F put f(x) = fy(x) and g(z) = /fo(z);

h(z
e for each z € G put f(x) = h(z)/go(x) and g(z) = go(x);
e for each z € H put f(z) = /|h(z)| and g(z) = \/|h(z)| - sgn(h(zx)).

We have h = fg. We infer that ||f — fo|| < € and ||g — go|| < € which shows
that h € U - V. Indeed, if z € F then |f(z) — fo(x)] = 0 and |g(z) — go(z)| =
|h(z) —ho(x)|/|fo(z)| < (€2/5)/(/4) = 4e/5. If x € G, we proceed similarly. Now,
let x € H. We have

[f(2) = fo(@)| <[f(@)]+ [fo(z)] < V/In(z)[ +e/4
< Vb= holl + VIho(z)| +e/4 < e/V5+e/d +e/4.
Similarly, for |g(x) — go()|. ]

Of course, multiplication considered in Theorem 2 is a continuous surjection. Now,
let X be a fixed metrizable space. By X0, o < wy, we denote the respective countably
additive classes of Borel subsets of X. So, Z(l) = open sets, Zg = F,, Zg = Gy, etc.
(see [12]). We say that a function f: X — R is Borel measurable of class o whenever
the preimage f~![U] is in Zl—i—a for every open set U C R (cf. [12]). For an ordinal
a, 1 < a < wi, consider the Banach space bBor,, of all bounded functions on X that
are Borel measurable of class a. It is known that fg € bBor, for all f, g € bBor,,
and multiplication is a continuous surjection from bBor, X bBor, into bBor,,.

In the proof of the following theorem, we mimic some trick of Komisarski [7,
p. 150]. In fact, from the proof of his result it follows that multiplication from
C(K) x C(K) into C(K) is a uniformly open mapping, provided that K is a zero-
dimensional compact space.
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Theorem 3. For an arbitrary o, 1 < a < wy, let Y = bBor,. Then multiplication
as a function from Y? into Y is a uniformly open mapping.

Proof.  We start with the same notation that was used in the previous proof. Let
e > 0. Againput § = £2/5. We will show that B(hg, ) C U-V. So, let h € B(hy, d).
Define

Fo={zx € X:|fo(x)| >e/4}, Go ={z € X: |go(x)| > /4},

Hy={z e X: |fo(x)| <e/3 and |go(x)| < ¢/3}.

The sets Fy, Go, Hp are in Z?+a and Fy U Gy U Hy = X. By the reduction theorem
(see [12, Thm 3.6.10]) pick pairwise disjoint sets F', G, H in Z?+a such that ' C Iy,
G C Gy, HC Hyand FUGU H = X. Define functions f and g on the sets F, G
and H as in the previous proof. We have h = fg. The argument for ||f — fo|| < e
and ||g — go|| < € is similar to that in the previous proof but if € H, the calculation

1s a bit subtler:

[f(@) = fo(@)| < [f(2)[+ [fo(z)| < VI[h(x)[+¢/3
< ||k = hol| + [ho(z)| +¢/3 < ey/14/45 + £/3.

It remains to show that f and g are in bBor,. It suffices to prove that their restrictions
to the sets F, G, H are Borel measurable of class «. In fact, we should check what
happens with f|z and g|z. Recall that the composition ) o ¢ of a function ¢ being
Borel measurable of class a with a continuous function ) is Borel measurable of class
«. Thus we need only to check g|g. For ¢ € R define A. = (g|g) " *[(—o0, c)] and
A¢ = (gu) (e, 00)]. Then A, equals to {x € H: h(x) < ¢} if ¢ > 0, and it equals
to {z € H: h(z) < 0and — /|h(z)| < ¢} if ¢ < 0. Hence A, is in XY, . The
argument for A€ is similar. |

From now on, fix a measure space (X, S, ) where 1 is a measure on the o-algebra
S of subsets of X. Let p,q € (1,00), 1/p+ 1/q = 1. By Hdlder’s inequality

[isa= ([ \f\p)w (f \g\q)l/q

for f € Ly, g € Ly, it follows that multiplication ®: L, x Ly — L1, ®(f, g) = fg, is
a bilinear continuous mapping. Also ® is a surjection since for every h € L we pick
f=1|h"?, g = || 9sgn(h), and then f € L,, g € L,, fg = h. Similarly, one can
show that multiplication ®: L1 x Lo, — L; is a continuous bilinear surjection.

If Z € S, we will denote by L,(Z) the respective Banach space of functions
defined on Z.
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Theorem 4. For any p,q € [1,00] with 1/p + 1/q = 1, multiplication ®: L, x
Ly — Ly, ®(f,g9) = fg, is an open mapping.

Proof.  For p € [1,00], denote by B,(f,r) a ball in L,,. Let p,q € [1, co] with
1/p+1/q = 1. Fix (fo,90) € Ly x Ly and ¢ > 0. We will find § > 0 such that
Bi(fog0,6) € By(fo,€) - Bg(go,€) which shows that ® is open at (fo, go).

Case 1. Assume that 0 < p(X) < oco. For simplicity, let 4(X) =1, e € (0,1).
First assume that p, g € (1, 00). We will find 6 > 0 such that for each h € L; with
Jo |h—fogo| < 6 wehave h = fg forsome f € L,, g € L, with ([ |f—fo|P)'/? <,

(Jx 19 — 90l 9)1/4 < ¢, By the absolute continuity of 1ntegrals pick dp € (0,1) such
that for each H € S with u(H) < §p we have

(L) <55 (L) " <5
[ o< {(5)" ()7}

. e\ P N
5_50mm{(ﬁ) (3) }
Let h € Ly, [y |h— fogo| < 6. Consider the following sets in S which form a partition
of X:

A={eex: @) <(5)" adlg@)]<(5)}.
—{rex:1f@)I> () and 1) — ogo) @I > 1fo(@)|7}
= {zeX: |fo(a)| > (g)p and () ~ (fogo) (@)|" < |fox)|}
-1 )" and 1h(z) = (ago) @) > lao()}
= {re X\ (BLO): @) > (53)" and h(a (fogo)(ﬂ?)\p_lﬁ\go(x)\p}~

For each z € AU B U D define f(x) = |h(z)|"/? and g(z) = |h(x)|"/9sgn(h(z)).
Then h(z) = f(z)g(x). Since € € (0,1), for each z € A we have

|(fogo)(z)] < min{(f—g)p, (1%)(,}
Hence

1/p 1/p 1/p 1/p

(Lir=ar) "< (fae) "+ (Lrar) "< (fm) "+ 5
1/p 1/p

< (fmsol) o ([innl) e g <oma sk

(1

Define

z€ X\ (BUC): o) > (5
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Similarly,

1/q 3
® (flo-ar) "<

Note that ¢/(¢ — 1) = p. Hence for each = € B we have

2 2

1) = (ogo)(@)| > ()7 @0 > ()7 and ()]

B)< h — d.
° 5) B [ h= ol <

Thus ;(B) < (13/£)P°6 < 8. Then by (1) we have

1/p 1/p 1/p 1/p
(Lir=nr) "< (L) " (Luar) "< (L) g
@ /B l/p/B l/p/B 5 253 3e v
S(/B‘h—fogo‘) +</B\fogo\) +1—3<51/p+ﬁgﬁ.

Analogously,

1/q 3
© (Lla-mr) <3

On the set D we proceed similarly and we obtain

1/p 3
© ([u=nr) <%

1/q
Q ([lo-alr) <3

For z € C define f(z) = fo(x) and g(z) = h(z)/fo(z). Then h(z) = f(z)g(x) and
obviously,

1/p
®) (/C\f—fo\p> 0.

Also

& |h—fogol*) '/ Vo e

For x € F define g(x) = go(x) and f(z) = h(z)/go(z). Then h(z) = f(z)g(x) and
analogously as above,

1/p
(10) (Llr-nP) " <5
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1/q
(11) </E\9—90\q) = 0.

Clearly, h = fg on X. Finally, from (2), (4), (6), (8), (10) it follows that ( [ |f —
folP)!/P < & and by (3), (5), (7). (9), (11) we have ([ |g — gol)"/? <.
Now, let p = 1, ¢ = oco. We will find 6 > 0 such that for each h € L; with
Jx |h = fogo| < 6 we have h = fg for some f € L1, g € Lo with [, |f — fo| <e
and ess sup |g(x) — go(z)| < e. By the absolute continuity of integrals, pick dy > 0
zeX

such that for each H € S with p(H) < dy we have

(12) / | fol < / | fogol <

Define § = min{e?/64, (60c2)/32}. Let h € Ly, fX |h — fogo| < 6. Consider the
following sets in S which form a partition of X:

A={rex:|g@)]><}

B ={zeX:|go(a)| < < and |fo()| < £

¢ ={zeX:|go@)| < < and |fo(@)| > < and [A(x) = (fogo) (@)| < < fo(a)]}.
D ={weX:|g@)| < < and |fofw)] > < and [A(x) — (fogo)(@)] > <Ifo(x)]}-

For x € A define g(x) = go(z), f(x) = h(z)/go(x). Then h(z) = f(x)g(x) and
ess sup |g(x) — go(z)| = 0. Also we have

T€A
o [ |h=fogol 8 £
(13) Jur—ni= [ B Sl
For x € B define g(z) = ¢/8, f(x) = h(x)/(¢/8). Then h(z) = f(z)g(z) and
(14) ess sup\g( )—go(z)] < % + 3= Z,
[h—=(e/8)fol _ [ 2= fogol | fogo — (¢/8) fo
[ [ P eE ’ BE
(15) 8 ¢ ¢ 3
<?+gesssup’go /\fg\_8 13T &

For x € C define f(z) = fo(z), g(z) = h(z)/fo(x). Then h(z) = f(x)g(x) and
Jo |f = fol = 0. Also
() = (fog0)(2)]

(16) ess sup |g(x) — go(x)| = ess sup
e 190) = g0 = e e T )

IN
1o



1122 Marek Balcerzak, Adam Majchrzycki and Artur Wachowicz

For x € D define g(x) = ¢/4, f(z) = h(z)/(e/4). Then h(z) = f(x)g(x) and

e

3
(17) ess sup|g(x) — go(a)| < < + = = Ze.

xeD 8
We have

€ g2 320
— > - > —u(D h D — <.
[ 1= fogol = 5 [ 180 = S5u(D) and thos (D) < 57 <o

Consequently, by (12) we obtain

(18)
+—/\fg\+§<—+—~—+— <4+ <8
e Jp 0% = ":16 8716 ' 8 2

By (13)-(18) the proof is finished.

Case 2. Assume that u(X) = oo and that measure p is o-finite. Fix a partition
{X,:n > 1} of X into pairwise disjoint sets in S of finite measure. For an integer
k > 1, denote X}~ =, <}, X»n and XF=U,p X

Let p, g € (1,00). Since fo € Ly, go € Ly, f()g() € Ly, the series ), an | fol?,
Son S x, l90l% 22, | x,, |fogo| are convergent. So, by the o-additivity of integral, we

can pick an index k such that
1/q -
q < =

1/p
(19) ( /. \fdp) <
* 1/p * 1/q
(20) </XJ \fo%\) < </XJ \fo%\) <

By Case 1 we can find dy > 0 such that for every ¢ € L(X, ) with fX lo—fogo| < do
we have ¢ = f.g, for some f. € L,(X, ), g« € Ly(X, ) with

1/p 1/q
@) (/){_m—mp) << </X_\9*—90\q> <

k k
Put § = min{dy, (¢/6)?, (¢/6)?}. Let h € Ly and [ |h — fogo| < 6. For ¢ = h\Xk—
find the respective functions f. and g. defined on X,  and fulfilling ¢ = f.g. and
(21). For z € X;" put f*(z) = |h(z)|'/?, g*(x) = |h(x)|*/9sgn(h(z)). Define f and
g on X as follows

Jfx) ifre X
@2) / (x>_{f*(a:) if v € X,

(=N NO]

M
™

N | ™
N | ™



Openness of Multiplication in Some Function Spaces 1123

~gu(x) ifxe X
23) g<x>_{g*(w) if z € X,

Then h = fg on X. Also, by (19), using the choice of 4 and the evaluations anologous
to (2) and (3) on X", we obtain

1/p - 1/q -
(24) </X}€+\f—fo\p> <3 </X+\9—90\q> <3

k

This together with (21) yields the assertion.
Now, let p = 1, ¢ = co. We proceed similarly as before. So, we pick an index k
such that

es) [ 1nl<5

where X ,j , X, are defined as before. By Case 1, find o9 > 0 such that for every
¢ € Li(X, ) with ka_ | — fogol < do we have ¢ = f.g. for some f, € Li(X,),
gx € Loo(X,,) with
€
26) J 1=l <5 s suplgnta) — el <
Xy zeX,

Put § = min{dy,e?/8}. Let h € Ly and [ |h — fogo| < 8. For ¢ = h\Xk_ find the

respective functions f. and g. defined on X~ and fulfilling ¢ = f.g. and (26). Let
M = ess sup | f(z)| and put w = min{n > k: en/2 > M}. Define g* on X, by the

a:EX}:'
formula
1
% if%”ggg(x)<wandm:O,...,w—l
*() — 1
27) g*(z) = _% if—% <go(z)<—Fandm=0,...,w—1
1 otherwise (this holds on a set of measure zero).

Also put f*(z) = h(z)/g*(z) for x € X,;'. Then define f and g on X by (22) and

(23). By (26) and (27), it is clear that ess sup |g(x) — go(z)| < . By (25), (27) and
reX
the choice of § we have

fup\r=dol = [ PRI 2 g

Xt gl £

9 9 L2 2%
<2 [ =gl +2 [ 1nl-leo—g <25+ Z [ i

€X2- ‘SX}: & & X}j_
L2 e e

e 8 4 2
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This together with (26) yields the assertion.

Case 3. Assume that . is not o-finite. Let p, ¢ € (1, 00). Given fy € Ly, go € Lq
and ¢ > 0, denote K = {z € X: fo(x) # 0 or go(x) # 0} and observe that u
restricted to K is o-finite. So, by Case 2, pick dp > 0 such that each he L (K) with
= foggHLl y < do can be written as h=fgwith fe L »(K) and g € Ly(K) such

that || f — fOHLp y <¢e/2and [[g—gollL,x) < €/2 Letd—min{dg,(g/Q) (e/2)}
andassumethatheLl( ) = fallr.(x <5 Let i = h|x and pick f, § as above.

Next extend fto f and g to g, where f, g are defined in X, by letting f(x) = |h(z )\1/1’
and g(z) = |h(z)|"9sgnh(x) for x € X \ K. Then h = fg, f € L,(X), g € Ly(X)
and
= €
I1f = foll,cx) < I1f = follo, ) + HhHi/pX\K) <3 Lol <.

Similarly ||g — gol|z,(x) < &

Ifp=1,q=o00,an analogous argument works with K = {z € X: fo(z) = 0}, do
chosen as before and § = min{50L52 /4}. Taking h, h, f, g as before, we produce the
respective extensions f and g of f and g by letting f(z) = (2/¢)h(x) and g(z) = /2
forx € X \ K. |

Note that the Banach space ¢, for p € [1, 00], can be treated as a special case of
the space L, associated with the o-finite counting measure on the power set of positive
integers. So, from Theorem 4 we deduce the following corollary.

Corollary 5. For any p, q € [1,00] with 1/p+1/q = 1, multiplication ®: £y, xl,; —
{1 is an open mapping.

In the case if p = 1, we have /1 - /o = ¢1 and the above result shows that
multiplication is an open mapping. It turns out that we also have ¢ - ¢g = ¢1, in other
words, the multiplication ®: ¢; X ¢g — ¢ is a surjection. Indeed, let z = (z,) € ¢;.
We may suppose that there are infinitely many nonzero terms z,. Put r,, = > .o ||
for n > 1. Then (\/ry) € co and (2,,/+/Tn) € {1 since |z,|/\/Fn < 2(\/fn — /Tnt1)

for all n and ), 2(\/rr, — /Tnt1) = 2y/11 < oo (cf. [10, Exercise 12, Chapter 2]).
Clearly, ® is continuous. In this case, we have the following result which cannot be

deduced directly from Corollary 5.

Theorem 6. Multiplication ® from 1 X cq into {1 is an open mapping.

Proof. Fix a® = (a%) € £1, b° = (bY) € ¢y and € > 0. Pick an index k such that
Z\a \<— sup\b0\<— Z\a0\<—
n>k n>k

By Proposition 1, for /(4k) pick &y > 0 witnessing that multiplication from R? to R
is a uniformly open mapping. Define § = min{dg,?/64}. Let z = (2,) € ¢; and
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> |z —albl| < 6. Forn € {1,...,k}, from |z, —adbl| < § < §y it follows that we
can find a,, b,, € R such that z, = anb and |a, — al| < g/(4k), |b, — 0| < &/ (4k).
Now, let n > k. Define r, = > .o, |2]. If 7, = 0, put b, = b2 and a,, = 0 (this
case is easy and we will ignore it in further calculations). Otherwise, put b, = NG
n = Zn/+/Tn. Then z, = a,b, and we have

3
0 0 01,0 070 0 —
b 5) < b+ 1] < \/Z\zz—a z \+\/Da <S4St = 0

i>k i>k

Hence sup,,>; |b, — b < &. Also we have

ool = S )+ Xl + Sl < 5+ 3 L

n<k n>k n>k n>k

< +2) (Vin = VierD)
n>k

13 13
= _ . — _ 4040 040
= 2+2 /Z\zn\ < 2+2 Z\zn ad bl |+ Z\a b

n>k n>k n>k

<5+2(5+5> -

— —+ - ) ==

2 8 8

In the forthcoming paper we will study the (nontrivial) problem whether ¢ in
Theorems 4 and 6 is uniformly open.
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