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MULTIPLICITY OF SOLUTIONS FOR PERIODIC AND NEUMANN
PROBLEMS INVOLVING THE DISCRETE p(-)-LAPLACIAN

Cilin Serban

Abstract. Using critical point theory, we study the multiplicity of solutions for
some periodic and Neumann boundary value problems involving the discrete p(-)-
Laplacian.

1. INTRODUCTION

Let T be a positive integer, [a,b] be the discrete interval {a,a + 1,...,b} for
a,b € N (a < b) and X be a positive parameter. For given s € (1,00), hs will
stand for the homeomorphism defined by hs(z) = |z|*~2x, for all z € R. Also, let
p:[0,7] — (1,00), q : [1,T] — (1,00), 7 : [1,T] — (0,00) and b : [1,T] — R be
given functions. We denote

Ap(x) = —Dyeenyz(k — 1) + r(k) by ((k), (k€ [1,T], « € R),

where Az (k) = z(k + 1) — 2(k) is the forward difference operator and A, is the
discrete p(-)-Laplacian operator, i.e.,

Ape—1yz(k = 1) := Alhyg—1) (Az(k = 1)) = hy) (Az(k)) = hpe—1)(Az(k — 1)).

In this paper we use the critical point theory [22], [19], to obtain the existence
of multiple nontrivial solutions for the one-parameter periodic, respectively, Neumann
problems:

(Pp) { Ag(z) = f(k,x(k)) + Ab(k)hgr)(z(k)), (V) k € [1,T],
g 2(0) — 2(T + 1) = 0 = Az(0) — Az(T)
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and
Px) Ag(x) = f(k, 2(k)) + Ab(k)hg) (z(k)), (V) k € [1,T],
N Az(0) = 0 = Ax(T),

with f: [1,7] x R — R a continuous function.

Also, we deal with the existence of at least two positive solutions for the problems:

(Ph) { Ai(z) = Af(k, z(k)), (V) k€ [1,T],
P 2(0) — 2(T + 1) = 0 = Az(0) — Az(T)

and

(PL) Ai(z) = Af(k, z(k)), (V) k€ [1,T],
Y Az(0) = 0 = Ax(T)

(1.1) p(0) =p(T)

whenever we refer to the periodic problems (Pp) and (Pp). From now on, we also
employ the notations:

~ = min p(k), p"= k) and p= min p(k), P= k
kg[lé,nﬂp( ), P krél[%p()an P kgﬁ,nﬂp( ), P ;ﬁ%p()

and we shall assume that
(1.2) q<p .

In recent years, equations involving the discrete p-Laplacian operator, subjected
to classical or less classical boundary conditions, have been widely studied by many
authors using various techniques. The variational method appears as being a very
fruitful one. In this direction we mention the papers [1, 2, 6, 10, 14, 15, 23, 25, 26].
In [18], using a variational approach, the author has obtained the existence of periodic
solutions for systems involving a general discrete ¢-Laplacian operator.

Also, boundary value problems with discrete p(-)-Laplacian were studied in recent
time; we refer the reader to [11, 13, 16, 17, 20, 21]. Existence results for discrete
p(+)-Laplacian equations subjected to a general potential type boundary condition were
obtained in [5], using Szulkin’s critical point theory [24]. By mountain pass type
arguments and the Karush-Kuhn-Tucker theorem, in [12], the existence of at least two
positive solutions is established, in the case of Dirichlet boundary conditions. In the
recent paper [4], the authors have obtained the existence of ground state and saddle
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point solutions for problems (P}) and (P);) with A = 1; also, they give an alternative
variational proof of the upper and lower solutions theorem for both of the problems.

Here, we obtain the existence of at least two nontrivial solutions for problems
(Pp), (Pn) (see Theorems 3.5 and 3.6) in the presence of an Ambrosetti-Rabinowitz
type condition. In this view, we employ some ideas from [3], combined with specific
technicalities due to the discrete and anisotropic character of the problems. Also,
for sufficiently large values of the parameter ), the existence of at least two positive
solutions for problems (Pp), (P} ) is established in Theorems 4.1 and 4.4.

The rest of the paper is organized as follows. The functional framework and the
variational setting are presented in Section 2. In Section 3 we establish the existence
of at least two nontrivial solutions for problems (Pp) and (Py), if A is small enough.
Sections 4 is devoted to problems (P}) and (P}); we obtain the existence of at least
two positive solutions, for A sufficiently large.

2. THE FunctioNAL FRAMEWORK

To establish the main results we shall use a variational approach. With this aim,
to treat the periodic problems (Pp) and (P}), we introduce the space

Xp:i={x:[0,T+1] >R | z(0)=2(T +1)},
while in the case of Neumann problems (Py) and (P)), we shall use

Xy :={z:[0,T+1] — R}.

Further, for the convenience in notations we generically denote by X one of the
spaces Xp or X. The space X will be endowed with the Luxemburg norm

p(k)
<1l,,

[P T

T+1
) . 1 Ax(k—1)
l’n,p(.):mf{u>0. 321 Y ‘ +n E

14

)

1

p(k )

for some 1 > 0. Also, we shall make use of the usual sup-norm

o = k X).
el =, max (k)] (€ X)

It is easy to check that for all z € X and any 5 > 0, one has
T+1 T
Hpr+ Z ‘Aa: —-1) ‘p (h—1) nz ‘x(kﬂp(k)
(2.1) P - 1) —  p(k)

< qufm(.)v lf Hmep(') <l
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and
= \Aa: — 1)) \x \p“ﬁ
0 el < = Z
<l i uxun,p<~> > 1.
Now, let px x : X — R be defined by
T+1 T T
pxa(x Z —1) ‘];(k 2 ; ;Ei; (k) P®) — A}; %\x(k)‘q(k)’

for all € X. Standard arguments show that px ) € C*(X,R) and

(Pxa(@), )

T+1
(2.3) = Z hp(k—l)(Ax(k - 1))Ay(k - 1)
k=1
+ 57 r (k) g (2 (k))y(k) = A S b(R) gy (2(k))y(k), (V) @ € X.
k=1 k=1

Next, denoting by F': [1,7] x R — R the primitive of f, i.e.,
t
F(kt)= [ fleridr, (9 kelLT), (9 teR
0

we define

z) =Y F(k,z(k), (V)zeX.

It is a simple matter to see that Fx € C'(X,R) and

(2.4) (Fx(@),y) = flk,x(k)y(k), (V) z,y € X,
k=1

The energy functional corresponding to problem (Pp) (resp. (Pn)) is
Px(z) = px () — Fx(z), (V)z€X,

with X = Xp (resp. X = Xy). Therefore, ®x € C*(X,R) and by (2.3) and (2.4),
one has
T+1 T

(@ (2),y) = D hy(e—1y(Da(k = 1) Ay(k = 1) + D r(k)hyer (@(k))y (k)

k=1 k=1
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T

(2.5) A bR gy (@ (R)y (k) = Y f(k,x(k))y(k), (V) o,y € X.
k=1

k=1

In the case of the problem (Pp) (resp. (Py)), instead of ¢x , one works with
px : X — R given by

T+1 T

o) — 1 2k — 1) [P=D) TR) oy k)
(2.6) px(z) Zp(k_1>\A (k—1)| +)° >\ (%)

k=1

and the corresponding Euler-Lagrange functional will be now
Ux(7) =px(z) = A\Fx(z), (V)z€X,

with X = Xp (resp. X = Xy). Also, ¥x € C'(X,R) and

T+1
(U (),9) = > hpe-1y(Az(k — 1)) Ay(k — 1)
k=1
+ > (W) ((R))y(k) = XD fk,x(R))y(k), (V) 2,y € X.
k=1 k=1

The search of solutions of problem (Pp) (resp. (Pp)) reduces to finding critical
points of the energy functional ® x,, (resp. ¥ ,) by the following

Proposition 2.1. (see [4, Proposition 2.1]). Assume that hypothesis (1.1) holds
true. A function x € Xp is solution of problem (Pp) (resp. (Pp)) if and only if it is
a critical point of ®x, (resp. Yx,).

Also, we have

Proposition 2.2. (see [4, Proposition 2.3]). A function x € Xy is solution of
problem (Py) (resp. (Pl)) if and only if it is a critical point of ®x,, (resp. Vx ).

3. NONTRIVIAL SOLUTIONS FOR PROBLEMS (Pp) AND (Py)

Assuming an Ambrosetti-Rabinowitz type condition and controlling the asymptotic
behavior of the primitive F'(k, -) near 0, we obtain that problems (Pp) and (Py) have
at least two nontrivial solutions, for small enough values of the parameter A. To do
this we need an abstract result, which is proved in [3].

Let (Y, |- ||) be a real Banach space and I € C'(Y,R). For o > 0, we shall denote
B, ={y€Y: |yl <o} and by B, its closure.

Proposition 3.1. (see [3, Proposition 2]). Suppose that I satisfies the Palais-Smale
(in short, (PS)) condition, together with
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(i1) 1(0) = 0 and there exists p > 0 such that

—oo < infl <0 < inf I;
B, 0B,

(i2) I(e) <0 for some e €Y \ B,,.

Then I has at least two nontrivial critical points.

Toward the application of Proposition 3.1, we first have to know that the energy
functional ® x satisfies the (PS) condition.

Lemma 3.2. Assume that (1.2) holds true. If there are constants 0 > p™ and
p > 0 such that

(3.1) 0 < OF(k,t) <tf(k,t), (¥V)kell,T], (V)teR with|t|>p,
then ®x satisfies the (PS) condition and
Ox(c) > —oc0 as|cl — o0, c€R,
for any X\ > 0.
Proof. Let {x,} C X be a sequence for which {®x(x,)} is bounded and
(3.2) 'y (z,) — 0, asn — oo.

Since X is finite dimensional, it suffices to prove that {z,} is bounded. Without loss
of generality, we may assume that [z, ,.) > 1, for all n € N. Using (3.1), we
deduce that, for all n € N, it holds

OFx (2n) = (Fi(xn), 2n) = > _[0F(k, 2 (k)) = 2n(k) f(k, 2n(K))]
k=1
(3.3) < Y [OF (ks (k) — wa(k) f(k, 2n(k))]
|33n( )| P

maX\GF (k,z) —xf(k, )| =: Cy.
e a,’|<p

From (1.2), (2.2), (2.3), (2.5) and (3.3), for all n € N, we have

(5= 1) ol
<— - 1) [TZH | Az, (k —1)[PE=D 4 Zr(k)\xn(k)\p(k)]

0 TZH;\A;E (k—1>\p<k—1>+i@\x (k)[PR)
p(k—1)""" p(k)"™"

k=1 k=1

IN
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T+1 T
<Z | Ay (k = 1)PFD Zr(k)\xn(k)\p(k)>
= 0% (2n) — (x (@), 20) + Y _[OF (k, 2a(k)) — wn(k) f(k, 2a(k))]

+/\; [9%\%(1{)\%) _ b(k)‘xn(kﬂq(k)]

< 00x (zn) — (D (2n), n) + A <§ - 1) S 1b(E) |2 (k)| 1®) + Oy

T+1
bl (5 =1) 3 (a4 a1 + .

k=0
Then, the equivalence of the norms on X yields

0
(5= 1) lanlz

< O0Dx(zy) — <‘I)lx(xn>u Ty)

(3.4)
Gl (£ -1 (HwnHw( + llzalt )+Cl
q

with Cy > 0 and Cs := ACs bl (g - 1) > 0.
As {®x(x,)} is bounded and 01; account of (3.2), from (3.4), we get that {z,,} is
bounded and hence, ® x satisfies the (PS) condition.
It is easy to check that, by virtue of (3.1), there exist a;, ag > 0 such that
(3.5) F(k,t) > ai|t]’ —ag, (V) k€ [1,T], (V) teR.
From (3.5), we infer
T

Z Sl = > (ko) Z el
k=1

k=
<

T A
’”—\c\p —arT|c’ + asT — ‘f‘ Z b(k)
b {ke[1,T]; b(k)>0}

—% >, k),

= {ke[1,T]; b(k)<0}
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for all ¢ € R, with |c| > 1. Then, since 6 > p* > G > g, the result follows. n

Lemma 3.3. Assume hypothesis (1.2) and that b > 0. If either
F(k,t)

(3.6) litgggf 7|7 >0, (V)ke[1,T]
or

.. F(kt)

>
(3.7) htgé_r&f o 2 0, (v)kell,T]
then
(3.8) inf dx < 0,
B¢

forall (, ) > 0.

Proof. First, note that b > 0 means b > 0 on [1,T]. Let us suppose that (3.6)
holds true. A similar argument works under assumption (3.7). Condition (3.6) means

that P
lim inf ( t>
e—01 t€(—¢,0) ‘t‘p

>0, (V)ke[l,T].
This yields the existence of some £; > 0 so that
(3.9) F(k,t) > —[tP® (V) ke [1,T], (V) t € (—e1,0],

and we may assume that ¢ < 1. For ¢ € (—(,0) C (—&1,0], using (3.9), (1.2) and
b > 0, we estimate ® x as follows

Bx(e) = Y- L ZF Z e

k=1

L | efp™ - N Y,
SQ%V+TW’—%ﬁw:mW{QT+QWV”—fJ<Q
p q p 7

provided that |¢| € (0, 1) is small enough, which imply (3.8) and the proof is com-
plete. ]

Lemma 3.4. If

p(k)F(k,t)

(3.10) lim sup @ r

[t|—0
then there exist p, \g > 0 such that

(3.11) inf &x >0,

By
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Sor all X € (0, \o).

Proof. By the equivalence of the norms on X, for each n > 0, there exists same
Cy > 0, such that

(3.12) lolloe < Cyllzllnpey (V) @ € X.

From (3.10), we can find constants o € (0,7), p € (0,1) and C, > 0 such that

=3

(3.13)  F(k,t) < = tP®,  (v) k€ [1,T), (V) t € R with |¢] < pC,.

p(k)

Let z € X, with ||z, ,.) = p, be arbitrarily chosen. By (3.12) and (3.13) one has

(k)P (V) ke [1,T],
which implyies that
T
1
Fx(x)<(r—o — (k)P

and hence, from (2.1) and the equivalence of the norms on X, we get

T+1 1 T

(I)X($> > Z W‘Ax(k — 1)‘p(k_1) —|—£Z N
k=1 p
T T

1 b(

+(o—1r — - A — |z
(o =03 et ;q Bl
T+1
+ Al|b]] oo

> Il = 21g 3 (B + b)) >

b AC bl A
Il ” - lel 4 el ) = ot = XM (g
() q ,0(-) ,0() q

with C > 0. Setting

qp”"
Ag = = — > 0,
P bl (624 p7) C
one has . o
blloo (pL+ o7
Dx(z) > 12l (pq o) (Mo — A) = ¢y > 0,
for arbitrary A € (0, A\o) and (3.11) follows. [ ]

Theorem 3.5. Assume (1.1), (1.2), (3.10) and that b > 0. If there are constants
0 > pT and p > 0 such that (3.1) holds and either (3.6) or (3.7) is satisfied, then
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there exists Ao > 0 such that problem (Pp) has at least two nontrivial solutions for
any X\ € (0, \o).

Proof. The conclusion follows from Proposition 3.1, Lemmas 3.2 - 3.4 with X =
Xp, and Proposition 2.1. ]

In the same way, but with X = X and Proposition 2.2 instead of Proposition 2.1,
we obtain the following

Theorem 3.6. Assume hypotheses (1.2), (3.10) and that b > 0. If there are
constants 0 > p* and p > 0 such that (3.1) is satisfied and either (3.6) or (3.7) holds
true, then there exists Ao > 0 such that problem (Py) has at least two nontrivial
solutions for any X € (0, \g).

Remark 3.7. (i) On account of [3, Remark 1(i)] it is easy to see that under the
hypotheses of Theorem 3.5 (resp. Theorem 3.6), if, in addition, f(k,-) is odd for
all k € [1,T], then (Pp) (resp. (Pn)) has at least four nontrivial solutions for any
A€ (0, /\0).

(i1) It is worth to point out that if ¢ =constant, then Theorems 3.5 and 3.6 remain
valid with the weaker hypothesis > 7_, b(k) > 0 instead of b > 0.

Example 3.8. If > p™ and b > 0, then there exists Ag > 0 such that the Neumann
problem

A() = Ko (a(R)) + No(B) hggiy(2(R)), (V) k€ [1,T],
Az(0) = 0 = Az(T)

has at least four nontrivial solutions for any A € (0, \o).
4. Two POSITIVE SOLUTIONS FOR PROBLEMS (P}) AND (Pl)

In this Section we deal with the existence of positive solutions for problems (P})
and (P} ), for sufficiently large values of the parameter A. The main tool in obtaining
such a result will be the classical Mountain Pass Theorem [22].

Theorem 4.1. Assume (1.1) and that there is some & > 0 such that f(k,-) > 0 on
(0,€) and f(k,&) =0, forall k € [1,T]. If

k
(4.1) lim ‘tf‘é(lﬁl —0, (V) ke[LT).

then there exists \* > 0 such that for all X\ > X*, problem (Pp) has at least two
positive solutions.
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Proof. We set f(k,t) = f(k,t) for 0 <t < & and f(k,t) = 0 otherwise (k €
[1,77), and let us consider the problem

{ Ai(z) = Mk, 2(k), (V) k € [1,T],

(Pp)
z(0) —z(T+1) =0=Az(0) — Ax(T).

Its energy functional is

T
\T/Xp( ) =oxp(x Zﬁ’kx (V) z € Xp,

where ¢ x,, is defined in (2.6) and F is the primitive of f .
For x € Xp, setting 2 := max{x,0} and z_ := min{x, 0}, it is straightforward
to check that

|Az(k)|| Azt (k)| = Az(k)Azs(k) and |Az(k)| > [Azi(k)],
which imply
| Az (k) PO

(4.2) = [Azs ()PP AzL (k)] < |[Az(k) PP Az (K))

= Az (k) PO 2| Ax(k)||Azs(k)| = |Az(k) PP 2Az (k) Az (k),

for all k& € [0, 7). )
Now, assume that x is a nontrivial solution of problem (P}). Then, using (1.1),
(4.2), the summation by parts formula and the fact that » > 0 on [1, 7], we obtain

0 :<@3<,,<x> (z~€)+)
—ZAk +—A2ka (k) =€)+

= Z hp(k A[B + + Z p(k (x(k> - §>+

’ﬂ

=Y 1A®z(k) = PP A (k) — A (z(k) — £)4

k=0

I
M~

(k) ey (2 (k) (2 (k) — €) +

|A(w(k) = )+ W)+ D v (k) (k) PO 2 [(2(k) — €)4]%,
k=1

S

>

[~

il
o
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which implies that z < £. In a similar way, with z_ instead of (z — &), we obtain
that z > 0. Moreover, if there exists kg € [0, T + 1] such that z(kg) = 0, then using
that « solves problem (P}), by a simple computation we get that z(k) = 0, for all
k € [0, T+1], a contradiction because x is assumed to be nontrivial. Hence, 0 < z < &.
By virtue of these remarks and Proposition 2.1, to find positive solutions of problem
(Pp), it suffices to produce nontrivial critical points of the functional o Xp-

Next, we show that Uy, satisfies the (PS) condition. With this aim, let {z,,} C Xp
be a sequence with \TIXP (xn) < M, for all n € N. Since Xp is finite dimensional, it
suffices to prove that {z,,} is bounded. The boundedness of f implies that there exists
C1 > 0 such that

[E(k, ) < Cult], (V) ke [L,T], (V) teR
and using the equivalence of the norms on Xp and (2.2), if ||z, ) > 1, one has

T+1 _1‘pk‘1

-1)
|z (k) _ r
+£;7p(l€) /\Cll;\ (k)

2> HanHE)(.) = ACI T ||z oo > HanHE)(.) - /\CICZTHanLp(J’

(4.3)

with Cy a positive constant. Thus, we get that {x,,} is bounded in Xp.
Also, note that (see (4.3))

Uxp (@) > 2]V = ACICoT |3l ppiy (V) @ € Xp, [2llppy > 1,

which implies that NG xp 1s bounded from below. Hence, by [22, Theorem 2.7],

= inf U
X = a:len XP( )

1s a critical value of \T/XP, for all A > 0.
Let y € Xp \ {0} such that y(k) € (0,¢), for all k € [1,T]. As

F(k,y(k)) > 0,
k=1

we can find \* > 0 sufficiently large, such that Uy, (y) < 0, for all A > \*. For
such ), the functional ¥ xp has a critical value ¢y < 0 and a corresponding nontrivial
critical point 21, which is a positive solution of problem (Pp).

Next, we shall prove that ¥ Xxp has a “mountain pass” geometry, namely:

(a) there exist o, p > 0 such that \T/XP lop,> a;
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(b) Ux,(e) <0 for some e € Xp\ B,

where B, denote the open ball in Xp of radius p centered at 0 and Fp its closure.
As in the proof of Lemma 3.4, by the equivalence of the norms on Xp, for any
n > 0, there is some C,, > 0 such that (3.12) holds true. From (4.1), we can find
constants o € (0,7), p € (0, min{1, ||z1]|5,()/2}) and Cy > 0 such that
r—o
~ Ap(k)
For x € Xp with ||z[[,,) < p, from (3.12) and (4.4), one has

(4.4)  F(kt) < PR, (¥) ke [1,T], (V) t € R with [t| < pC,.

F(k, (k) < m\w(k)\p(k), (V) k € [1,77,

which, together with (2.1), imply

T
I 1
\I/XP( ) (‘DXP AZF]{ [E >(pX O'_r Z—k
k=1
T+1 .
2 Zp( >\Aa:( — P 4o Z k)P > HxHip(.)
k=1

and condition (a) is fulfilled with @ = p?". Since Ha:l\]mp(.) > pand Ux,(z1) <0,
condition (b) is also satisfied. Consequently, the Mountain Pass Theorem yields a
second nontrivial critical point 2o of \TIXP such that \TIXP (x9) > 0 > \T/XP (x1).
Clearly xo is distinct from x;. Hence, x2 is a second positive solution of problem
(Pp) and the proof is complete. u

Remark 4.2. It is worth to point out that Theorem 3.1 proved in [6] for p =constant
is an immediate consequence of Theorem 4.1.

Example 4.3. If (1.1) holds, then there exists A* > 0 such that, for every A > \*,
the problem

Ap(z) = M (2% (k) — 29F1(K)), (V) k € [1,T],
{ z(0) —2z(T+1) =0 = Az(0) — Az(T)

has at least two positive solutions for any § > p* — 1.

For the Neumann problem (P};), as in Theorem 4.1 by no longer than “mutatis
mutandis” arguments, we have the following

Theorem 4.4. If there is some & > 0 such that f(k,-) > 0on (0,€) and f(k,§) =
0, for all k € [1,T] and (4.2) holds true, then there exists \* > 0 such that for all
A > X%, problem (P}) has at least two positive solutions in X .
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