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An Efficient Compact Difference Method for the Fourth-order Nonlocal
Subdiffusion Problem

Xuehua Yang, Wan Wang, Ziyi Zhou and Haixiang Zhang*

Abstract. In this paper, a compact finite difference scheme is constructed and studied
for the fourth-order subdiffusion equation with the Riemann-Liouville fractional inte-
gral. The Caputo time-fractional derivative term and the Riemann—Liouville fractional
integral term are discretized by L1-2 discrete formula and second order convolution
quadrature rule, respectively. By using the discrete energy method, the Cholesky de-
composition method and the reduced-order method, the stability and convergence are
attained. And the convergence orders are reached second-order in time and fourth-

order in space. Numerical examples verify the theoretical analysis.

1. Introduction

In the paper, we consider a compact finite difference scheme for the fourth-order subdif-

fusion equation with the Riemann-Liouville fractional integral
(1.1) Du(z,t) — Puge(z,t) + Lu(z,t) = f(x,t), (z,t) € Q,
with boundary and initial conditions

(1.2) w(0,t) = u(L,t) = uz2(0,t) = uga (L, t) =0, 0<t<T,

(1.3) u(z,0) =ul(z), 0<z<IL,

where Lu = —Uzy + Upgae +pu, p > 0, 2 = (0,L) x (0,7), 0 < o, 8 < 1, f(x,t) is the
source term and u’(x) is given smooth function. In (T.1)), D denotes Caputo fractional

derivative (cf. [17]) as follows:

L Jo el s 0<a<1
D?U(JI? t) = gil(;;‘)) fo 0s (t—s)®? s
ot o= 1’
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and I” denotes the R-L operator (cf. [17]) for 0 < 8 < 1 as

1Pty (2, t) = F(lﬁ) /Ot(t —5) Yy (2, 8)ds, t>0.

Fractional partial differential equations (FPDEs) are increasingly used in science and
physical, and the fields of application are covered viscoelastic materials |1/11},20], control
theory [2,/8], electroanalytical chemistry, medicine and so forth. Many numerical methods
are used to solve some FPDEs, such as, finite element methods [10413}27], finite difference
methods [12}/19,23}35], quasi-wavelet methods [28}29], finite volume method [31-33],
discontinuous Galerkin methods [15},24,26].

During the last decade, the fourth-order integro-differential equations have received
great attention and are studied by many scholars. For , when p = 0, Xu et al. [25]
conducted a compact finite difference scheme, which can reach order 4 in space and order
min{2—«, 14} in time. For without the R-L fractional integral term, Liu et al. [13]
proposed a mixed finite element method, the stability and convergence were confirmed.
Yang et al. [28]29] proposed Quasi-wavelet based numerical method for fourth-order partial
integro-differential equations with a weakly singular kernel, the stability and convergence
are derived. Wei et al. |24] presented and analyzed a finite difference/local discontinuous
Galerkin method for the fractional diffusion-wave equation. Qiu et al. [18] considered and
studied a Sinc—Galerkin method for solving the fourth-order partial integro-differential
equation with a weakly singular kernel. Ji et al. [9] conducted a compact algorithm with
first Dirichlet boundary conditions. Chen et al. [3,)5] concerned with a compact difference
scheme and a second-order accurate numerical method with graded meshes for solving an
evolution equation with a weakly singular kernel, and on this basis, chen et al. [4] used
a backward Euler alternating direction implicit difference scheme to analyze the three-
dimensional fractional evolution equation. Guo et al. [7] proposed a finite difference scheme
for solving the nonlinear time-fractional integro-differential equation. Yang and Zhang [34]
studied the orthogonal Gauss collocation method (OGCM) with an arbitrary polynomial
degree for the numerical solution of a two-dimensional (2D) fourth-order subdiffusion
model. Yang and Zhang [30] prove the theory that the L1 scheme for solving time fractional
partial differential equations with nonsmooth data has the uniform 1(1) optimal order error
estimate.

In this paper, we construct a compact finite difference scheme for the fourth-order
subdiffusion equation with the Riemann—Liouville fractional integral. In time direction,
we use the L1-2 formula [14] to discretize the Caputo time-fractional derivative and second-
order finite difference method proposed by Diethelm et al. [6] to approximate the integral
term. In the spatial direction, we employ compact difference scheme to obtain a fully

discrete scheme. By using the reduced-order method, discrete energy method, we prove



Compact DM for Fourth-order Nonlocal Subdiffusion Problem 3

the stability and convergence. And the convergence are obtained order 2 in time and
order 4 in space. In addition, we improve and compare our scheme with the scheme
proposed in Xu [25], where the convergence were reached O(k™n{2-1+8} p4) "k and h
are temporal and spatial step, respectively.

The rest of this paper has the following organization. In Section[2] the preliminaries are
introduced. In Section[3] the construction of the compact difference scheme is presented for
the problems f. In Section {4} the stability and convergence analysis are derived.
In Section |5 some numerical examples and comparative results are given. Finally, in

Section [6] the main conclusions are presented.

2. Preliminaries

Take two positive integers J and N, and write h = %, k= %, xj = jh,t, =nk,0<75 < J,
0 <n < N. h and k are spatial step and time step, respectively.
Assume that W = {w} | 0 < j < J,0 <n < N} is a grid function. For 1 <n < N,

define the following notations:

dwj = %(w? — w?_l), dpwji = %(w? - w;‘_l), (5:%11);7” = %((Lcw?ﬂ —dwy), 1<j<J—1,
wy, J=0,
A} = Lwr + 10w+l ) = 1+ 562)wr, 1<j <,
w?, ] =
Let Wy, = {w | w = (wi,wa,...,ws_1)T,wo = wy = 0}. For any w,v € Wy, we

introduce the following discrete inner product and norms:

J-1
(w,0) = h Yy wivg, ol = v(ww), Jwle = max |ul,

= 1<5<J -1
J—1
[Gew]|* = 1Y " (Sewj1)?,  [|Grw]? = hz (62w,)>
7=0

First, using the L1-2 discrete formula [14], we can define the following discrete operator

2 to approximate the Caputo fractional derivative D (0 < o < 1)

ag u( - t) — u( -, to)], n=1,

(2.1) Du( -, ty) =
046150@('7%) >y dy_u(y b z)] 2<n<N,

where for n =1,

do=T2-ak*, a;'=
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for n = 2,3,
Oé:F(?)_a)k,oc a—lzﬁ 5:<1+9>21—a 0<056_1<&
0 ) 0 F(3—o¢>’ 0 9 s 00q 0,
b 2 1 b1+62_2, Z:17
_ 1—2, i=1, B
dgii:_ﬁolx dgfi:_ﬁolx a1+b2+%7 'L:27
a .
CL1—|—§, 222,
a27 Z: s
and, for n > 4
(
bi+c2—2, i=1,

a1+bQ+C3+%, 1=2,
dp_;=—By" xS ai 1 +bi+cip, 3<i<n—2

ap—2 + bp_1, t=n—1,

\anfla 1= n,

here, the coefficient a;, b;, c; are

3 . _ 1 1 . - 9 .
4= =52+ DT+ 52— G+ DT =T 20,

bj=202-a)(i+1)'" =20 +1)" "+ 2527, j>0,
1 e deay (g4 2o ea
¢ =—52=-a) G+ DTN+ GHD)T - G20

From [14], wheni=1,2,...,n,n =2,3,..., N, we have
n
(2.2) D ldp <2 and |dg| <1.
i=1
From [7], for any 0 < a < 1, n > 4, the coefficients satisfy
= 1
(2.3) odi =1 dp;>0,i=34,....n; dp_; >0 —5 <dia <z
i=1

From [14], we can get the following truncation error. Suppose that u(t) € C3[0,T], for
any a (0 < o < 1), it holds that

|Dfu( -, tn) — Zu( -, )|
(2.4)

D) g5 gu(-,t)| < @k, n=1,

|ray Jo" Gy ds — Zul- 1) < kP70, 2<n <N,

‘F(ll—oa)

where c1, ¢y are positive constants depending only on .
Next, to complete the construction and analysis of the scheme, we also give the fol-

lowing lemmas.
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Lemma 2.1. Set

B (n_l)BJrl_(n_l_ﬁ)n,B’ IL:Ov

k

n o= X —q B+1 _ _ \B+1 _ i 1)\8+1 <i< g

@i p BB+ 1) (n—i+1) 2(n— )Pt + (n—i—1)FP, 1<i<n-—1,
1, i =n.

From [7], for any B (0 <8 <1) andaf, (0<i<n,1<n<N), it holds that

kP TP
0<a87n<ﬁ<7, ].STLSN,
(2.5) at, >0, 0<i<n, 1<n<N\,
—1 T8
Yilaf,l <%y, 2<n <N

From [6], assume z(t) € C?[0,T], for any B (0 < B < 1), it holds that

n

/0 n(tn — s)ﬂ_lz(s) ds — Z az_mz(tn,i)

1=0

<ck?, 1<n<N,

where a positive constant csg is dependent only on .

Lemma 2.2. Suppose that u(z,t) € Cg:?([O,T] x (0,T7), then

n

I(/B)ﬂumr(x], tn) _ L Z 62Un i

<ek24+RY, 1<j<J-1,1<n<N
F(ﬁ) v QAp—inOx j C4( + ) =)= , LSS IV,

4 6
where ¢4 = max {63, ﬁ Yoo U’Z—i,n% maxj<;<n ‘%(fl’j, tn—i) € (zj_1,zj41).

Proof. Applying Lemma 2.1 and the Taylor expansion, it follows

ln
TP A v (2, 1) = F(lﬁ)/ (tn — 8)° "Lt upe (x5, 8) ds
0
1 2
F( Zan zn%umm(xjytn i) +csk

IN

h* 9%y
—_— noo 62 tnei) F ———— (&1 i tni) b + 3k
r(s) ;anz’n{ 2U(T5) ) 240 O (€15 )} s

1 2rTn—1 2 4
<
<1 @ ;_: n 02U 4 g (R + B,

The proof is finished. O

Lemma 2.3. [22] Suppose that y(z) € CS([0, L]). Then, it holds that

I @) 10y () 43 (g 1)) g l0g50) — 29(5) + ylg )]
ht

= 5109 yOG), & e (gjram), 1<j<J -1
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3. Construction of the compact difference scheme

In this section, the compact difference scheme will be formulated for the problem (1.1))—
3.
In fact, problem (|1.1)—(1.3]) is equivalent to

4
Dfu(z,t) — ugg(x,t) — Iﬂum(x, t)

+0z0 (2, t) + pu(z, t) = f(x,t), (x,t) € Q,
(3.1) v(x,t) = ugy(z,t), O<z<L, 0<t<T,
u(z,0) = u’(z), 0<z<L,

\u(O,t) =u(L,t) =v(0,t) =v(L,t) =0, 0<t<T.
Define the following grid functions

Considering (3.1]) at the point (z;,t,), we have for n =1,

D?U(%‘atl) - u:m:(xj>t1) — Iﬁum(a:j,tl)
(3.2) —|—vm(mj,t1) +pu($j,t1) = f(ﬂfj,tl), 1<j<J-1,
v(zj,t1) = uge(zj,t1), 1<j<J-1,

Dfu(xj, tn) — tge (), tn) — Iﬁum(xj,tn)
'U(xjatn):uzz(xj;tn)a 1§J§J_1a 2<n<N.

Applying the operator o7 to both sides of (3.2)) and (3.3]), then it holds that

A Dfu(xj, t1) — o uge(xj,t1) — Iﬁszfum(xj,tl)
(3.4) + A Ve (2, 11) + pAu()t1) = A fog,t1), 1<j<J—1,
dv(xj,t1) = L ug(xj,t1), 1<j<J-1,
o Diu(xj, tn) — A Upe (T, tn) — Iﬁﬂfum(:rj,tn)
(3.5) + A Vg (25, tn) + pu(xj, ty) = o fx),ty), 1<j<J-1,2<n<N,
Gv(xj,tn) = S ugy(xj,ty), 1<j<J-1,2<n<N.
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Define

1
(Rl)? = I(B)%uxx(:bj, tn) - m az—i,n(ngja
=0

(3.6) (R2)} = A uga(j, ) — 62U

gy I

(R3)% = vza(xj,tn) — 5%{/]"
Using Lemmas we have

(R < ca(k*+hY), 1<j<J, 1<n<N,
t

\
(3.7) (Ro) = &5 0% (ag,tn), 1<j<J 1<n<N,
(Rs)} = %g%(ﬁ&j,tn), £25,83,5 € (xj—1,0j41), 1 <j<J, 1<n <N,
Define
(3.8) (R4)} = o Diu(zj, ty) — S DU

Using (2.1)) and (2.4]), we obtain

[(Ra)}] < col| o [|ock® ™ < e2k®™®, 1<j<J—1,2<n<N,
(Ry)j| < a1| ||loch® * < ark®™®, 1<j<J-1

Substituting (3.6 . into . and ., we have

A U} = 52U1+—Za1 102U = 82v]

(3.9) INE)
—pUj + o fj +(RBs);, 1<j<J-1,

(3.10) AV} =8U + (Ry)j, 1<j<J-1,

A YU} = ;U7 + Ty D - in0RU T =03V
(3.11) Z ’

—deﬁdfj +(Rs)j, 1<j<J-1,2<n<N,

(3.12) AV =6U"+ (Ry), 1<j<J-1,2<n<N,
where
(3.13) [(R5)] = |(R1)} + (R2)] — (R3)] — (R4)j|

<es(BP4+ K24+ hY) <es(B2+ht), 1<j<J-1,2<n<N,

|(Rs)j| = |(R1)j + (R2)j — (Rs)j — (Ra)j|
<R+ + Y <R +hY), 1<j<J -1,
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here,
1 9% 1 9%
c5 = max {cQ, c4, 210 max{ @(fg,j,tn) } ) 540 max{‘axﬁ(f&j, tn) }} ,
o 1 9% 1 9%
C5 = max {61,64, mmaX{ @(SQ,J‘,tn) } ' 540 maX{‘M(fs,j,tn) }} .

In addition, we give the initial and boundary value conditions as follows:

Up=Ur=0, V'=Vr=0, 1<n<N,

(3.14)
UJQ = u®(z;), 0<j<J

Omitting the small terms (R5)7 in (3.11)), (R5)J1~ in (3.9), (Rg)]l- in (3.10), and (R2)7
in (3.12) and replacing the function U 7 and V" with its numerical approximation u; and

vy, respectively, the compact finite difference scheme can be obtained as follows:

o Puj = Squ + plgy i Squy " — Suf —pluf + A f, 1<j< T -1,
(3.15) i = oquj, 1<j<J—1,
ué:u}]:(), vézv}]zo,
kug—uo(acj), 0<j<,
o Pu} = Suf + gy Y Opu Tt — a0
—p%u?—i—%f]n, 1<j<J-1,2<n<N,
(3.16) A} = duf, 1<j<J—-1,2<n<N,
uy =u7 =0, vy=07=0, 2<n<N,
ug = uo(a;j), 0<j<J

Remark 3.1. By the properties of the function v(z,t) defined in (3.1]), we see that v? =

2,,0 .
Vjo = dZT(fJ) is known and smooth, which will be used for the theoretical analysis in
Section [l

4. Analysis of the compact finite difference scheme

For the analysis of the stability and convergence, we give some notations and lemmas as

follows.

Lemma 4.1. [4] For any w,v € W}, we have

<
—

4
(82w, v) = =Y h(6pwji1)(0pvj41),  (02v,w) < —

pallvlllwl).

<.
Il
o
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Lemma 4.2. [5,25] For any w,v € W}, we have

(Aw,v) = (w, Av),  (Aw,53v) = (F7w, Av),

where
10 1 0 0
1 10 1
Al
=1 0 0 )
1 10 1
0 0 10

(J—1)x(J—1)

it is obvious that A is a real symmetric positive definite matriz. Moreover, we have
Ad%w = 62 Aw.

Lemma 4.3. [25| For w,v € W}, it holds that

V6

(Aw,v) = (Bw, Bv),  [Aw] < lwll, == lwll < [|Bwl| < [wl,

by the Cholesky decomposition (square root method), there exists a positive definite upper

triangular matriz B, which satisfies
A=B"B.
Lemma 4.4. [22| For any w € W}, then it holds that

VL

[l < VElwloo, Jwllee < =80l

from [16], we have

1
620 < — 167wl

Lemma 4.5 (Discrete Gronwall’s inequality). [21] w, is a nonnegative real numbers

sequence, which satisfies
n—1

wn <Y miw; + b, 1 >0,
1=0

where by, is a nondecreasing sequence of nonnegative numbers, and n > 0. Then

n—1
wy, < by exp (Z 771) , n=>0.

i=0
Based on Lemmas the stability and convergence can be constructed. First, we

shall discuss the stability of our scheme.
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4.1. Stability

Theorem 4.6. Suppose uy is the solution of the compact finite difference schemes (3.15))
and (3.16)), if k* < C1h?, it holds that

(1) ol < € (11 + uax 171) . 10 <.

where C is a positive constant and

_ 2 8I'(2-a)T”? N 4 8I'(2-a)T?
C—maX{3+ TC]_,F(2 O[)k; exp <3+3/801 .

Proof. The first and second equations in (3.15)) and (3.16]) can be written as the following

form, respectively

(42) ozalﬁo (;zfu" — Z dg_lﬁ%u”_i) 52u” + — Z 52 n—i 551};-1
. =0

(4.3) v} =0y, 1<j<J—-1,2<n<N,
1 1
—1 1 0 2.1 2. 1—1 2.1
ag (Fu —Jz%u)zéxuj—FiZ(qu — 0,0;
(4.4) Ig) = *"
fpxzfujl-Jrqufjl, 1<j<J-1,
dvj =douj, 1<j<J-1

(I) Taking the inner product of (4.2) with u", we obtain

aalﬁ()(Au", u™) + <5§v", u™) + p{Au", u™)

= ao_lﬂ() <Z dﬁ,iAun_i, Uy,

=1

~o_
_l’_
M s
o
S
3‘ 3
q:'
S0
<
3
d
<
3
~_

+ (82u™ u") + (Af"u™), 2<n<N.
Taking the inner product of with u", we get
(Av™, o™y = (2u™,0™) = (520", u™), 2<n<N.
Using the Cauchy—Schwarz inequality, Lemmas [£.2] and [£.3] it is easy to obtain that

ag ' Bol| Bu™|* + || Bv"* +p||l3un||2

Zd JBu"™ ¢

- H&cunll2 + 1B [IBu]], 2<n<N.

< Qg 160 HBU“H + n 1n HunH
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Using Lemma [4.3] we get

404060

2 n »

Sl P < 1B < S il ) +
i=1
+afmwwmw,2SngN

"l
7"L ’LTL ||u u

After elimination of one factor u”, we get

n re2—-aok™, ,
o < (G151 + S ) 1)

2 n 4F(2 - a)ka n—i al| fn
+3Z;Q%i+%52%1m0uu | 4T~ ), 2<n<N.
According to (2.3)) and ([2.5)), we obtain

n—1
2 n 4T(2 — )k, i 2 8T(2—a)kTP\ |
< Z ) = ) Z
HuH_3§:Q%zM% - mlmouu H+(3+ ) I

i=1

+I(2 - a)k* max [|f'], 2<n<N
1<i<N

for k¥ < C1h?,2 < n < N, using coefficients conditions (2.2)), (2.5]) and discrete Gronwall’s
inequality (see Lemma

2 8I'2-a)TPC1\ , o :
n < - _ a 2
ol < ( (5 + SFES5) 1ol + T2 - )k ma 11

\ o g+8r(2—a)Tﬁ01
exp 3 38 .

(4.5)

(IT) Taking the inner product of (4.4) with u!, we obtain
&yt Bo(Aut, ut) + (6201 ut) + p(Aut, ut)

= g fo(Au’, ! <Za1 i10ou' u> 4+ (02ul uly + (AfL ).

Similar to the derivative process of (4.5]), and when k® < C1h?, we get

2 8T(2—a)keTh N
uwns( Chall) )nwu+N2—wknﬂu

(4.6) Z (9 35h2TB
< (5+ 50575 ) et e s

Using (4.5) and (4.6) get (4.1]). Therefore, the proof of the theorem is finished. O
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4.2. Convergence

Next, we conduct the convergence of the compact finite difference scheme (3.15)) and (3.16]).
Let

ef =U—uj, nf=V"-vi 0<j5<J 0<n<N.

Subtracting (3.16|) from (3.11)—(3.12)) and (3.14)), and subtracting (3.15)) from (3.9)—(3.10)
and (3.14)), then we get the following error equations

A D = Gl + F(,@)Z?Oan 02y
5$nJ_pdej+(R5)ja 1<j<J-1,2<n<N,
@7 A = 55ef + (Ra)Y, 1<j<J-1,2<n<N,
e =ej=0, 2<n<N,
m=m=0 2<n<N,
() =0, 0<j<

A Dej = 0z¢j + 13 )Zzl 0ai_i105e; "

5:1:773 pﬂej—i_(RS)jv 1§J§J_17
(4.8) ;= 0ze; + (Ry)j, 1<j<J—1,
6626(1]:0’ ’[”]1:’)7{1]:07
0 _ .
(9 =0. 0<j<J.

Theorem 4.7. Assume that the problem (1.1)~(1.3)) has the smooth solution U™ = (U},
ug,..., U ) u= (u’f, u, ... ,u )T is the solution of the compact difference scheme
-, - and v" = (] ,v2,...,vg_1)T, 1 <n < N. Then it holds that

max [|[U" — u"||oe = O(k* +h'), 1<n <N,
1<n<N

and

 ax, U™ —u"|| = O(k* +h'), 1<n<N.

Proof. Applying the operator & to the both sides of the second equality of (3.16]), we have
d@v”:@52 Poo1<j<J-1,2<n<N,

(4.9) =t
A Duj = Doou;, 1<j<J-1

x J )
Using (2.4) and Lemma we obtain

ADV]' = D50 + Ok~ +ht), 1<j<J—-1,2<n<N,

(4.10)
APV} = DU+ O(k*>* +ht), 1<j<J-1
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Subtracting (4.9) from (4.10), we have

A D} = Dozel + (Re)}, 1<j<J—1,2<n<N,

(4.11)
A I = D0ej + (Re)j, 1<j<J—1,
where
(4.12) (Re)F| < es(k*~* +h%), [(Re)j| < T5(k*~* + hY).

First, thinking about 2 < n < N situation. Taking the inner product of the first
equality of (4.7) with A&2n™ and taking the inner product of (4.11]) with A%y", we obtain

1 " ,
(ADe™, AS2n™y = (62e", AS%n™) + ) <Z ap_i 03¢, Aéﬁn”>
=0

4.13
( ) — (6§n”, .A53m”> — p(Ae", A(Sin”}
+ ((R5)™, A8%n™), 2<n <N,
(4.14) (A", A" = (256%™, A%n™) + ((Re)™, A1), 2<n<N.

Employing Lemma 4.2 we have

(ADe™, AS%n™) = (ADe", 2 AN = (25%e™, A%n"), 2<n <N,
then, adding and together, we obtain

(3", ASzn") + (AZm", A%n")

= (d2e", AdT"™) + P(15) <§: ap_; ,05¢" ", A5§77”> — plAe”, AS2n")
+((Rs)", ASZn") + ((Re)", A%n"), 2<n < N.
Using Lemma it holds that
1BOZn"|* + (2B An", BAn")

(4.15) = (02e", ASIn"™) + F(lﬁ) <Z:; an_;noae"", Aagn“>

— p(Ae™, Ad2n™) + (B(Rs)", BS2n™) + (B(Re)"™, B*n™),
(PBAn", BAn"™) = aalﬂoHBAn"H2

4.16 n )
(4.16) —a5'Bo <Z dﬁ_iB.An”_Z,BAn"> , 2<n<N.
i=1
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Substituting (4.16]) into (4.15]), we have
1BoZn" 1 + g Boll BAD" |

. 1 n
= <5§en7“45§77n> + O‘(;IBO <Zdz—i8“477n_z78~’477n> + m <Z Qp— znég e "46 >
i=1 i=
— plAe”, AS2n™) + (B(Rs)", BS:n") + (B(Re)", B1").
Multiplying both sides of the above equation by /3 ! then

oy H|Bazn"|* + | BAy"|*
= oy H(0ze", ASin") 050 <Zan in0ne" ' A >
— paofy (A", AT >+aoﬂo (B(Rs)", Bozn™)

+ aoBy H(B(Re)", B*™) + <Zd BAn”—i,BAn”>.

(4.17)

Each term in will be estimated. First, for the first term of the right-hand side
of (4.17] -, we take the inner product of the second equation of with 4520,

(An", AdTn"™) = (07", ASZn™) + ((R2)”,A5§n">, 2<n<N.
Using Lemmas and Young inequality ab < ea® + ﬁbQ, a,beR, >0, we have
aofy (05", AGin™) = aofy ' ((An n") = ((R2)", A >)
= ozoﬁo H((An n") — (B(R2)", Boyn"))

o (
(
(4.18) = 0By (-1, et ||2 Bl B)
< apfBy <B( 2)", Bozn™)

< 4aoﬁalus<R2>nu2 Oﬂo

1B82™|%, 2 <n<N.

Second, for the second term on the right-hand side of -, ), taking the inner product
of the second equality of ( with A45%n", we have

(A, AS) = <5§e”’i,A5§n”> +((Re)" AT, 2<n <N,

Then we get
OéOBO_1 - n 2 n—i 2, n
ay_; . 00e" " AdIn
F(ﬁ) < n—i,n"xc ) T
=0
_ 20k Zn: Jal_ o (A, ASZ) — 20 o Zn: lap_ ol ((R2)" ", AdZ0"™)

= ®; + Po.
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Using Young inequality and Lemma ([2.5) and noting n° = 0 (see Remark [3.1)), and
0< aoﬂo_l < @, it holds that

aoﬁo
(s

_ aO/B[)_l = n 2. n—i n 2. n
= Z|an7i,n’<659cn ,BA™) + n (B2, BAn™)

L

(1.9 i(‘“gﬁf) 18520717 + H1BA
i( Q—ﬁaJr’“laT) HB(Sznn_ﬂ!Q—i—%HBAnnHz
o 3 (P T e L

Taking the suitable m so that
IB(Ro)™ | = v |B(Ro)").

Equation (2.5) indicates a, > 0, 0 < agfBy 1 < &. using (2.5), the Cauchy-Schwarz

inequality and Young inequality, we obtain

aOBO_I S n n—i 2, n
By = — S al o (B(Re)" ", BS?
2 T(3) 2 , (B(R2) n")

040/60 a
o(5) Z‘

IN

(R2)" " |Il1BaZn" |

< i ZO il IBCR)™ 182"
(4:20) - iy (; ]+l o> BR824
< S (T T T ) ey e
< BTl S
< EETC = gy 4 ST C = s

Then for the third term on the right-hand side of (4.17)), we first take the inner product
of the second equality of (4.7) with k.A%7", then using Lemma Young inequality and
0< aoﬁal < ag, we get

(4.21) (A", A%n") = (57€", A%") + ((Ra)", A%") = (Ae”, A0Zn") + ((Re)", A*"),
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(4.22) (Ae™, A52n™) = (An", A*n™) — ((R2)"™, A*n™),
—paoBy H(Ae™, A52n™) = —pag By H(BAN™, BAN™) + panBy t{(Re)™, A*n™)
= —paofBy [|BAN"|* + paoBy H{(R2)"™, A%n™)
< paofBy H{B(R2)™, BAD™)
1 5
< 5||BA17”||2 + Z(pl“@ — a)k®)?||B(R2)"|?.

(4.23)

Next, for the fourth term on the right-hand side of (4.17)), using the Cauchy—Schwarz
inequality, Young inequality and Lemma [£.3] we obtain

aofy H((Rs)", Adzn™) < a0y 1B(Rs)"[1B8Z0" |

(4.24) a0 ﬂo

< daoBy H|B(Rs)"|)* + |BS2n™||>, 2<n<N.

Next, for the fifth term on the right-hand side of (4.17)), using Young inequality and
0< aoﬂo_l < Qg, then

aofly ' (B(Re)", BA") < HBAn I”+ (aoﬁo D2 IB(Re)" |1

(4.25) .
< BHBAUnHQ + Z(F(Q — a)k*)?|B(Re)"||?, 2<n<N.

Finally, let’s analyze the last term on the right-hand side of (4.17)), using (2.3)),
Lemma [1.3] Cauchy—Schwarz inequality and Young inequality, we obtain

<Z dﬁ_iBAn"‘i,BAn”> <Y ldn_ il IBAg | BAR™|| < 2|l A" ||| BAp"|
(426) n—i n L 2. n—i n
< 2" IIBAn™ = —{lazn™ 1 BA7"|

D L n—iu||2 1 n|2
< - .
HE ) 020"~ 12 +  |1BAx" |

Substituting the inequalities (4.18)—(4.26)) into (4.17)), using (2.4)), we have

14 ., 5 (T2-ak*T?\° 3 T(2-a)kT’ .
(waoﬁo —4< — o | 183" |
5
4

rB+1) 16 T(B+1)

() (1)

(40“050 *( (2- a)k“p)2) IB(R2)"|I* + 4aofy ' | B(Rs)" |
L5
"1

12I'(2 — a)koT?

G B

(D(2 = a)k*)?|| B(Re)"||* +
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From Lemma utilizing (3.13)) and (4.12), for k sufficiently small, there exists a
14 P(3—a)k>22 5(I‘(2—a)kaT/3)2 ir(z—a)kaTﬁ]—l such that

positive constant cg = [

16 2+a 4 T(B+1) T 16 T(BF1)
182071 < Segerl 2P
+ gCS ,max, (ICR2)™ 1P+ [[(Rs)™I” + [[(Re)™ I” + [|(R2)™[1%)
< gcﬁc7||5i17"_i||2 + 308(k‘2 + ht)2,

Then we obtain

2, n 3 1/2 2, n—i 3 1/2 2 4
den H < 50607 den H + 568 (k +h ), 2<n<N,

T(2—a)k*TF\2 2 I'(3—a)k>2% o 12I(2—a)keTh
where 7 = %((%) +(£)?), o5 = max {4TES0E2% 1519 _q)kep)?, % :
Utilizing Lemma [£.5] we have

1/2

2, n 3 12 2 4 (§c~c)
< | 568 , .
1z < { 5e (k2 + ht)el2cer 2<n<N

Further, using Lemma [£.4] we get

_ VL ﬁ<3

1/2 (3 )1/2
Il < Y020 < 57 (o) el T nt, 2<n <.

2
Using (3.13]) and the second equality of (4.7, we have

182€" [loo < [AN" loo + [[(R2)™ oo < 117" [loo + [[(R2)"[|oo
< \2/7? <;’c8) v e(%w)m(k? +hY 4+ esht < co(k2 +hY), 2<n <N,
1/2
where cg = max {27\/5(%%) 1/26(%%07) ,2¢5}. From Lemma it holds that
\f

L L L
(4.27) [[€loo < X2 (162" < —2]|62¢™ oo < 2 (k% + h*) = O(K2 + k%), 2<n<N.
2T 2w 2

Moreover, utilizing Lemma [£.4] we obtain

1,2/3
(4.28) le™]| < VI|le]|so < T@’(k? +hY =0k + 1Y), 2<n<AN.
T
For the case of n = 1, our approach is similar to when 2 < n < N, so we can obtain
(02", Adgn') + (AZn', A%n')
1
1 .
(4.29) = (67e', A0in") + (8 <Z a%i,15§€11,«45§771> — p(Ae!, A62n')
i=0
+{(Rs)", AdZn") + ((Re)", A%n').
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Afterwards, analyzing each term of (4.29) according to the practice of 2 <n < N, we can

get
3 kﬁ 2 2. 112
[4‘(%%)) 852 |

BB 2
< (4+ BRI+ 4B+ B P +4 (1 ) a2
BB 2
< 4+ PR+ 4 Ra) 1P+ R P+ 4 (S ) ey

< c10(k? + hh?,
kBTﬁ(,6’+1))2}

T'(8+2)
Using Lemma |4.3] we obtain

82" < 4/ 2R (k2 4 p,

where cl11 = [% _ (1"(57?;_2))2] -1 and

where ¢19 = max {4 +p2,4(

3Lcyocnr ) 2
Hnlums(w ) (K1 ).

Using (3.13]) and the second equality of (4.8, we have

167 oo < A7 loo + [[(R2) loo < 10" o + [1(R2)"[loc

3Lcioc1t 1/2 2 A 2 4
< W (k +h)+C5h SCIQ(]C +h),

where ¢12 = max {2(%)1/2, 20?}.

From Lemma [£.4] it holds that

L L L
(4.30) le*floo < £H<3§el\| < )62 oo < B2 (K + hY) = O(K + hY),
2 2 2

and

L2/3
(4.31) le'll < VEle'lloo < =52 (8 + %) = O + 1.

s

Using (4.27)), (4.28), (4.30) and (4.31)), the proof is finished. O]

5. Numerical results

In this section, we consider the problem (|1.1))—(1.3)) with the parameters L =T =1, p =0,
p=1, p=10"2 and use the compact difference scheme ([3.15) and (3.16) to simulate this

problem.
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Define the maximum-norm errors, Lo-norm errors, and corresponding space-time con-

vergence orders as follows
Er(h k) = masx [[u(ih,nk) = loe,  Ealh,k) = (i, NK) = u o,

and
E;(h,2k) E;(2h, k)

Rate! =1 _— Ratel =1 —_— =1, 2.
a eZ 0g2 ( E/L(h, k:) ) ) a el Og2 ( E@(h, k) > ) 1 Y
Example 5.1. In the example, p = 0, the initial condition is u°(x) = 0, and the source

term is
_(TB4+a+p), ., mTB+a+p)
f(:v,t)—< r3+8 | T TBtrat29)

The corresponding exact solution is

8+ 7% + 7T4> 2o tB gin .

u(z,t) = > P sinra.

Table 5.1: Comparisons the errors and convergence orders in time with different «, 3 for

Example
o, B h k Ei(h,k) Ratei FEi(h,k)in [25] Rate! in [25]

1/512 1/16 1.0228e-4 1.6524e-4
a = 0.65 1/32  2.7928e-5 1.8727 9.2712e-5 0.8338
8 =0.35 1/64  7.4168e-6  1.9129 4.3507e-5 1.0915
1/128 1.7466e-6  2.0862 1.9377e-5 1.1669

1/512  1/16  1.1178¢-4 6.5244e-5
a = 0.50 1/32  2.8967e-5 1.9482 9.4609e-6 2.7858
B =0.50 1/64  7.9579e-6  1.8340 7.4779e-6 0.3393
1/128 2.1334e-6  1.8989 4.2173e-6 0.8263

1/512 1/16 1.0672e-4 2.2130e-4
a=0.35 1/32  2.6497e-5 2.0099 5.1109e-5 2.1144
B8 =0.75 1/64  7.0107e-6  1.9182 1.0570e-5 2.2736
1/128 1.6989%e-6  2.0450 2.2973e-6 2.2019

1/512  1/16  5.6730e-5 1.6659e-3
a = 0.95 1/32  1.3984e-5 2.0203 8.9836e-4 0.8909
8 =0.65 1/64  3.3878e-6  2.0454 4.5874e-5 0.9696

1/128 8.9711e-7  2.0595 2.2772e-7 1.0104
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In Tables we compare the numerical results with Xu [25]. In Table fixed
h =1/512, we give the maximum-norm errors and the corresponding temporal convergence

orders of different o and 3, and compare these with Xu [25].

Table 5.2: Comparisons the errors, convergence orders in time with fixed a for Exam-

ple
o B h k Ei(h,k) Ratef Ei(h,k)in [25] Ratef in [25]
0.25 0.45 1/512 1/16  9.6764e-5 1.5214e-4
1/32  2.4329e-5 1.9923 3.7364e-5 1.9968
1/64  6.1829e-6  1.9757 8.6612e-6 2.0313
1/128 1.3609e-6  2.1837 2.1984e-6 2.0354
0.65 1/512 1/16 1.0437e-4 2.2246e-4
1/32  2.6122e-5 1.9984 5.6287e-5 1.9880
1/64  6.4564e-6  2.0165 1.3770e-6 2.0554
1/128 1.1369e-6  2.5057 3.3587e-7 2.1685
0.85 1/512 1/16  1.0008e-4 2.7235e-4
1/32  2.4479e-5 2.0315 6.8670e-5 1.9870
1/64  6.1170e-6  2.0007 1.6509e-6 2.0571
1/128 1.5770e-6  1.9556 3.6705e-7 2.1691
0.80 0.45 1/512 1/16  9.3867e-5 5.7890e-4
1/32  2.6315e-5 1.8347 3.0245e-4 0.9366
1/64  6.9488e-6 1.9211 1.4477e-4 1.0630
1/128 1.3802e-6  2.3319 6.6294e-5 1.1268
0.65 1/512 1/16  8.1720e-5 6.3253e-4
1/32  2.2615e-5 1.8534 3.4147e-4 0.8894
1/64  5.9166e-6 1.9345 1.6664e-4 1.0350
1/128 1.1576e-6  2.3536 7.6745e-5 7.6744
0.85 1/512 1/16  5.3638e-5 7.3218e-4
1/32  1.6239%e-5 1.7238 3.9462e-4 0.8917
1/64  3.5454e-6  2.1955 1.9201e-4 1.0392

1/128 5.8706e-7  2.5944 8.8980e-5 1.1097
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Fixed a = 0.25, 0.80 and h = 1/512, Table presents comparisons the maximum-
norm errors and the corresponding time convergence orders with Xu [25]. In Table
with different «, fixing g = 0.45, 0.75 and h = 1/512, comparisons the maximum-norm

errors, temporal convergence orders with Xu [25] are listed.

Table 5.3: Comparisons the errors, convergence orders in time with fixed S for Exam-

ple
B a h k Ei(h,k)  Ratei Ei(h,k)in [25] Rate] in [25]
045 030 1/512 1/16  1.0035e-4 1.4375e-4
1/32  2.5823e-5 1.9583 3.3549e-5 2.0992
1/164 6.7356e-6  1.9388 7.3912¢-6 2.1824
1/128  1.1493e-6  2.5510 1.1845¢-6 2.6415
0.60 1/512 1/16  1.0982e-4 6.6652¢-4
1/32  2.9659e-5 1.8886 5.2688e-5 0.3392
1/64  7.8399e-6 1.9196 2.8073e-6 0.9083
1/128 1.5189e-6  2.3678 1.2756¢-6 1.1380
0.65 1/512 1/16  1.0987e-4 1.4660e-4
1/32  2.9939e-5 1.8757 9.1681e-5 0.6772
1/64  8.2991e-6 1.8510 4.5543e-5 1.0094
1/128  2.1280e-6  1.9635 2.0304e-5 1.1655
0.75 030 1/512 1/16 1.0578e-4 2.3919e-4
1/32  2.7314e-5 1.9534 5.7931e-5 2.0457
1/64  6.5497e-6  2.0601 1.3226e-5 2.1310
1/128  1.3319e-6  2.2980 2.7920e-6 2.2440
0.60 1/512 1/16  1.0378e-4 6.9751e-5
1/32  2.7712e-5  1.9050 5.4827e-5 0.3473
1/64  6.4674e-6  2.0992 3.2373e-5 0.7601
1/128  1.7872e-6  1.8555 1.4932e-5 1.1164
0.80 1/512 1/16 6.9381e-5 6.7649¢-4
1/32  1.9280e-5 1.8474 3.6665e-4 0.8837
1/64  4.9767e-6  1.9539 1.7879¢-4 1.0361

1/128 1.2748e-6  1.9649 8.3040e-5 1.1064
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In Tables fixing space step h = 1/512, it can be seen that temporal convergence
orders reaches order 2. Table[5.4]compares the maximum-norm errors and the convergence
orders in space with Xu [25] for different o and . Fixing the time step k£ = 1/2048
in Table it can be seen that space convergence orders reaches order 4. Thus, the
numerical results confirm the theorem results. From these numerical results, we can find
that our method can achieve second-order accuracy for different «, 3. But for the scheme

in Xu [25], the desired order min{2 — a, 1 + 8} can’t be achieved for certain values of «,

8.

Table 5.4: Comparisons the errors, convergence orders in space with different «, § for

Example
a, B k h Ei(h,k) Ratef Ei(h,k)in [25] Ratef in [25]

1/2048 1/4  3.0180e-3 3.0180e-3
a=0.25 1/8  1.8504e-4  4.0277 1.8503e-4 4.0277
B8 =0.75 1/16  1.1505e-5 4.0074 1.1503e-5 4.0077
1/32  7.1223e-7 4.0138 7.1039e-7 4.0173

1/2048 1/4  3.0016¢-3 3.0024e-3
a = 0.65 1/8  1.8404e-4  4.0277 1.8480e-4 4.0220
B =0.85 1/16  1.1443e-5 4.0075 1.2213e-5 3.9195
1/32  7.0790e-7  4.0147 1.4787e-6 3.0461

1/2048 1/4  2.9876e-3 2.9879%-3
a = 0.50 1/8  1.8318e-4  4.0277 1.8330e-4 4.0268
B = 0.50 1/16  1.1389%e-5 4.0075 1.1511e-5 3.9931
1/32  7.0385e-7 4.0162 8.2600e-7 3.8007

1/2048 1/4  3.0343e-3 3.0343e-3
a=0.15 1/8  1.8604e-4  4.0277 1.8602e-4 4.0277
8 =0.95 1/16  1.1568e-5 4.0074 1.1556e-5 4.0088
1/32 7.1683e-7 4.0124 7.0473e-7 4.0354

Figure shows the convergence orders in time of the maximum error with different
a and S. Taking o = 0.25, 0.80, h = 1/512, we present the maximum error in Figure
Taking f = 0.45, 0.75, h = 1/512, we present the maximum error in Figure In
Figures they show a second-order convergence in time. Figure shows the
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convergence orders in space of the maximum error with different o and § for k = 1/2048.

10°

10°
Order =2 Order =2
s O a=0.65p=035 . B a=025p=045
0 a=0.50, B=0.50 10+ a=0.25B=065
—~O- a=0.35(=0.75 —~0- a=0.253=0.85
a=0.95 B =0.65 a=0.80, B=0.45
a0t o 10tk «=0.80, B=0.65 o
2 - s A a=0.80,B=0.85 ~x
@ e & -
= 10° - z 00 ~TA
& -
- AN
6 o 6
10°F 10k
1071 - . 1070 . )
10 10 10 10 10 10

Figure 5.1: The temporal convergence

orders

ple

with

different «, B for Exam-

Max Error
=
S

Order =2
8 a=0.30,8=045
=060, B=0.45
—O— a=0.65p=0.45
=0.30,B=0.75
a=0.60,3=0.75
A a=0.80,p=0.75

Figure 5.3: The temporal convergence

Figure 5.2: The temporal convergence
orders with fixed o for Example

Maximum Error

Order =4
— % —0=0.25p=0.75

a=065p=085 | |

~+- a=050, B=050
a=0.15,=0.95

10

Figure 5.4: The spatial convergence or-

orders with fixed 3 for Example . ders with different «, 3 for Example

Example 5.2. In the example, when p = 1, we consider (|1.1)—(1.3]), and the nonhomo-

geneous term f:

[ TMA+p)
0= (e o

and the initial condition u°(x) = 0 are chosen such that the analytical solution is

o, PTA+S)

+ 47 + 7t + 1) 38 gin T,
I'(4+2p)

u(z,t) = 2P sinwa.

In Table fixing k = 1/2048, the Ls-norm errors and the corresponding space

convergence orders with o = 0.15, 0.75 are presented, respectively. It can be seen that
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the space convergence orders reach order 4. In Table lists the Lo-norm errors and the
time convergence orders with 8 = 0.35, 0.80, respectively. It can be seen that the time

convergence orders approximate order 2. These validate our theoretical analysis.

Table 5.5: The Lo errors and convergence orders in space with fixed « for Example

! B k h Es(h,k)  Rate
0.15 0.35 1/2048 1/4 2.9863e-3
1/8 1.8310e-4 4.0277
1/16  1.1385e-5 4.0074
1/32  7.0538e-7 4.0126
0.55 1/2048 1/4 3.0053e-3
1/8 1.8426e-4 4.0277
1/16  1.1457e-5 4.0074
1/32  7.0939e-7 4.0135
0.75 1/2048 1/4 3.0214e-3
1/8 1.8525e-4 4.0277
1/16 1.1518e-5 4.0074
1/32  7.1329e-7 4.0133
0.75 0.25 1/2048 1/4 2.9496e-3
1/8 1.8085e-4 4.0276
1/16  1.1244e-5 4.0076
1/64 6.9466e-7 4.0167
0.55 1/2048 1/4  2.9754e-3
1/8  1.8243e-4 4.0277
1/16 1.1342e-5 4.0076
1/32  7.0052e-7 4.0171
0.85 1/2048 1/4  2.9929e-3
1/8  1.8350c-4  4.0277
1/16 1.1410e-5 4.0075
1/32  7.0622e-7 4.0140

Fixing a = 0.15, 0.75, the convergence orders in the space direction are shown intu-
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itively in Figure Fixing 8 = 0.35, 0.80, the convergence orders in the time direction

are given intuitively in Figure |5.6

Table 5.6: The Lo errors and convergence orders in time with fixed 5 for Example

I64 o h k Es(h,k)  Rate}
0.35 0.45 1/512 1/16 9.8782e-5
1/32  2.5656e-5 1.9450
1/64  6.2746e-6 2.0317
1/128 1.5275e-6 2.0384
0.65 1/512 1/16 1.0228e-4
1/32  2.7929e-5 1.8727
1/64 7.4168e-6 1.9129
1/128 1.7466e-6 2.0863
0.80 1/512 1/16 9.0762e-5
1/32  2.2562e-5 1.8451
1/64  6.6719¢-6 1.9208
1/128 1.6954e-6 1.9765
0.80 0.45 1/512 1/16 1.0640e-4
1/32  2.6859e-5 1.9859
1/64 6.7187e-6 1.9992
1/128 1.5458e-6 2.1198
0.65 1/512 1/16 9.5798e-5
1/32  2.5815e-5 1.8918
1/64 7.3175e-6 1.8188
1/128 1.8519e-6 1.9823
0.80 1/512 1/16 8.8315e-5
1/32  2.3794e-5 1.8921
1/64  6.5049¢-6 1.8710
1/128 1.4713e-6 2.1444
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Figure 5.6: The temporal convergence
orders for Example

Figure 5.5: The spatial convergence or-
ders for Example

Example 5.3. In the example, when p = 1072, we consider (L.1)-(L.3), and the nonho-

mogeneous term f:

_ I'4+p5)
o) = (I‘(4—a+5)t

and the initial condition u°(x) = 0 are chosen such that the analytical solution is

—« 7r2F(4 + ﬁ) tﬁ

+ 47 + 7t + 10_2> 318 gin T,
I'(4+208)

u(z,t) = 3P sin .
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a=055 B=0.70
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Figure 5.7: The spatial convergence or- Figure 5.8: The temporal convergence

ders for Example orders for Example [5.3

In Table the Lo-norm errors and the corresponding space convergence orders with
fixed a = 0.35, 0.85 are presented, respectively. It can be seen that the space convergence
orders reach order 4. In Table the Lo-norm errors and the corresponding time conver-
gence orders with fixed § = 0.45, 0.70 are presented, respectively. The convergence orders

in time approximate order 2. These are in accordance with the theoretical analysis.
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Table 5.7: The Lo errors and convergence orders in space with fixed
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« for Example |5.3

a f

k

h

Es(h, k)

Rates

0.35 0.35

0.55

0.75

1/2048

1/2048

1/2048

1/4
1/8
1/16
1/32
1/4
1/8
1/16
1/32
1/4
1/8
1/16
1/32

2.9802e-3
1.8273e-4
1.1361e-5
7.0302e-7
2.9987e-3
1.8386e-4
1.1431e-5
7.0705e-7
3.0140e-3
1.8479e-4
1.1490e-5
7.1096e-7

4.0277
4.0075
4.0144

4.0277
4.0075
4.0150

4.0277
4.0075
4.0144

0.85 0.35

0.55

0.75

1/2048

1/2048

1/2048

1/4
1/8
1/16
1/32
1/4
1/8
1/16
1/32
1/4
1/8
1/16
1/32

2.9512e-3
1.8095e-4
1.1250e-5
6.9496e-7
2.9666¢-3
1.8189%e-4
1.1309e-5
6.9928e-7
2.9781e-3
1.8260e-4
1.1354e-5
7.0348e-7

4.0276
4.0076
4.0168

4.0276
4.0075
4.0155

4.0276
4.0074
4.0126

Then we plot the figure of space convergence orders in Figure when fixed a = 0.35,
0.85 and k = 1/2048. In addition, Figure presents the fourth-order convergence in the
spatial direction. Also, we plot the figure of temporal convergence orders in Figure [5.8
when fixed f§ = 0.45, 0.70 and h = 1/512. We can see intuitively the second-order

convergence in the temporal direction.
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Table 5.8: The Lo errors and convergence orders in time with fixed 5 for Example

I6; a h k Es(h,k)  Rate}
045 0.45 1/512 1/16 1.0771le-4
1/32  2.7717e-5 1.9583
1/64 7.3274e-6 1.9194
1/128 2.2097e-6  1.7294
0.75 1/512 1/16 1.0232e-4
1/32  2.7945e-5 1.8724
1/64  7.6099¢-6 1.8766
1/128 2.1538e-6 1.8210
0.80 1/512 1/16  9.3799e-5
1/32  2.6287e-5 1.8352
1/64 6.9726e-6 1.9146
1/128 1.3899¢-6 2.3267
0.70 0.55 1/512 1/16 1.0948e-4
1/32  2.7947e-5 1.9700
1/64  7.2725e-6 1.9422
1/128 1.8453e-6 1.9788
0.65 1/512 1/16 1.0402e-4
1/32  2.7442e-5 1.9224
1/64  6.9482e-6 1.9817
1/128 1.9755e-6 1.8144
0.75 1/512 1/16 8.9152e-5
1/32  2.4529¢-5 1.8618
1/64  6.0514e-6 2.0191
1/128 1.4491e-6  2.0621

6. Conclusion

This paper proposes and analyzes a compact finite difference scheme for the fourth-order

subdiffusion equation with the Riemann—Liouville fractional integral. By using the discrete
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energy method, the Cholesky decomposition and the reduced-order method, the stability

and convergence are proved. Numerical results confirm the theoretical analysis. The

compact difference scheme is stable and convergent with the convergence order O(k?+h?).
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