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Increasing Stability in an Inverse Boundary Value Problem—Bayesian

Viewpoint
Pu-Zhao Kow and Jenn-Nan Wang*

Abstract. Motivated by the recent work of Abraham and Nickl on the statistical
Calderén problem [2], we revisit the increasing stability phenomenon in the inverse
boundary value problem for the stationary wave equation with a potential using the
Bayesian approach. In this paper, rather than the Dirichlet-to-Neumann map, we
consider another type of boundary measurements called the impedance-to-Neumann
map. Its graph forms a subset of Cauchy data. We show the consistency of the
posterior mean with a contraction rate demonstrating the phenomenon of increasing
stability.

1. Introduction

In this work, we study the inverse boundary value problem for the stationary wave equation
with frequency s in R? (d > 3), which is modeled by the Helmholtz equation with a
potential. Let D be a bounded Lipschitz domain in R? satisfying

(1.1) x-v>co>0 forall z€dD,

where v is the unit normal derivative on 0D. Furthermore, assume D C Bpg for some
R > 0. We consider the following impedance boundary-value problem for Helmholtz
equation with a potential

(1.2) (A+r*+q(z))u=0 inD,

ou—iku=g on 0D

with g € L?(0D) and k > 0 is the frequency (or wave number). Throughout the paper,

we consider k > 1. The potential function ¢ is real-valued and satisfies

. K2 K2
(1.3 ooy < min { M 7 1 |
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for some M > 0. It is easy to see that one can choose kg = ko(D, M) > 0 such that
(1.4) for each x > ko, (L.3)) can be guaranteed by ||g||zoc(py < M.

For the well-posedness of the boundary value problem (|1.2]), we show in Theorem [B.5
in Appendix [B| that there exists a unique solution v € H'(D) to (I.2)) satisfying

(L5) IVl + Fllulde o) + IVulZopy + <2 ul320p) < Cllal2on)

for some positive constant C' = C(D, ¢p), see also Remark for its optimality. We
remark that the main tool used in the proof is the Rellich identities (see Lemma [B.2]).

Accordingly, we can define the following bounded linear operator
(1.6) Mg 2t L(0D) — L*(0D), M, 2[g] := dyul,,,

which is called the impedance-to- Neumann map.

1.1. Deterministic inverse problem

We prove the following stability estimate in the determination of the potential by the

measurement M, > in the deterministic case.

Theorem 1.1. (see also Theorem ) Let m > 0 and s > m + %l be integers. Assume
that M > 0 and D is a bounded C™'-domain in R? satisfying . Let q1,q2 € H*(D)
be real-valued functions satisfying , supp(q1 — q2) € D and sup;_q 5 ||| gr2s(py < M.
Then there exists a constant C = C(D, s, m, M,supp(q1 — q2)) > 0 such that

d
1\ -9
(1.7) llor = a2l s = lIxp(nr = @)l -+ ey < Cr™3E +C </~e + logg)

for all k > 1 provided £ := || Mg, 2 — Mg, 2llpm@D)—12(8D) < 1/e-

Remark 1.2. The regularity assumption on 9D is to guarantee that the boundary Sobolev
space H™(9D) is well-defined. One also can refer e.g., the monographs [29,31] for more
details about the Sobolev space H%S. By slightly modifying the ideas, one can also obtain
an analogue result for the impedance-to-Dirichlet map g — u|gp, where w is the unique
solution of satisfying . The stability estimate in consists of two terms.
The logarithmic term reflects the ill-posedness of this inverse boundary value problem
and may be shown to be optimal by carrying out Mandache’s method [30]. However,
this logarithmic term decreases as the frequency k increases, and the estimate becomes a
Holder type. The transition from a logarithmic estimate to a Holder estimate as K — oo

justifies the phenomenon of increasing stability rigorously.



Increasing Stability—Bayesian Viewpoint 3

Before going further, we would like to discuss some related works in the deterministic
setting. Assuming that x2 is not a Dirichlet eigenvalue of —A — g(x) on D, the Dirichlet
boundary value problem of (A + k2 + g(z))u = 0 in D with any suitable Dirichlet data
u|lgp = f is well-posed. Consequently, the Dirichlet-to-Neumann (DN) map

Aq#z cfe 8yu\8D

is well-defined. The typical inverse problem is to determine g(x) from A, 2. For general

k2, one may replace the measurement A, w2 by the set of Cauchy data

Cyr2 = {(ulop, 8Vu|6D) : u € H'(D) satisfies (A +x* +¢q)u=0in D}
endowed with the Hausdorfl distance

dist(th,{z,qu’Rz) = max{ max  max I(4.9) (f’g)HHI/Q@H_l/Z,

s (£:9)€Ca; (F.3)€Ca, I D r2gmre
1(f,9) = (F, Dl grrreg -1/ }
max  max .
(f:9)€Cas (F.g)eCy, 1 Dl g mre
where

1/2
1D arrrzemre = (112200 + 19131200

The global injectivity of ¢ — A, .2 or ¢ — C, .2 has been established under different
smoothness assumptions on ¢, see [6H8}|11,{42,/49]. Logarithmic type stability estimates for
this inverse problem could be found in [3}6,40,41,43|. The optimality of the logarithmic
stability estimates (in terms of exponential instability) were proved in [20,21}30]. Taking
the frequency « into consideration, the increasing stability estimates at the high frequency
were derived in [22-25,/44,/45]. On the other hand, following Mandache’s approach [30],
one can show that the increasing stability estimates are optimal [21,27]. In this paper, we
prove the stability estimate of the inverse boundary value problem (see Theorem in
terms of an alternative measurement (the impedance-to-Neumann map ), which has

the following two advantages:

e can be easily quantified in terms of the operator norm (compare with the Cauchy
data set C, > with Hausdorff distance (1.8))); and

e there is no eigenvalue issue in this formulation (compare with the DN map A ,2).

1.2. Statistical models

From now on, we additionally assume that D has smooth boundary 0D. In a recent pa-
per [2], Abraham and Nickl study the Calderén problem on determination of the conduc-

tivity parameter by the corresponding DN map, based on statistical noise models. Their
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paper gives rigorous statistical guarantees for the performance of the Bayesian approach
to such statistical Calderén problem, a typical nonlinear inverse problem. Their results
also provide us some interpretations of Alessandrini’s stability estimate [3] and Manache’s
exponential instability [30] from the viewpoint of the Bayesian de-noise methodology. In
this work, we would like to extend Abraham and Nickl’s results to the stationary wave
equation with a potential , especially, to verify the increasing stability in the perspec-
tive of statistical Bayesian methodology in the non-linear settings. The study of inverse
problems in the Bayesian inversion framework has recently attracted much attention since
Stuart’s seminal article [48] (see also [10]). In addition, the monographs [17}:35] provide
mathematical foundations of statistical inverse problems in great detail. On the other
hand, some computational aspects of the inversion theory can be found in [26]. For fur-
ther results on the Bayesian inverse problems in the non-linear settings, we refer the reader
to other interesting papers [1},14,/18.|32H34L36-39,51].

Before stating the main results of this paper, we would like to briefly describe three

noise models mentioned in [2]. Let us define the map
qu,/# = Mq,n? - MO,K,27

where M, .2 is the impedance-to-Neumann map (1.6 corresponding to ¢ = 0. Let 1,
be the indicator of I,,, where {I,},<p is a collection of disjoint measurable subsets of dD.
Denote 1; = c;j1y;, where c¢; is the normalization constant so that [[¢;][z2@9p) = 1. We

modify the electrode model [2, (1.2)] by considering the following model:
> v ~ ~ iid .
(1.9) Yie = (Mg 2 [¥5],¥0) 1200y + €950, Gje ~ CN(0,1),  j, £ < P.

Hereafter, CA(0,1) denotes the complex normal defined by ¢ ~ CA(0,1) if and only if
¢ = RNC+i]¢, where R¢, ¢ are iid standard normals, denoted by N(0, 1). For simplicity,
we assume that the noise level € > 0 is uniform for all j,¢ < P.

We now introduce another measurement model based on the Laplace—Beltrami oper-
ator on 9D. Let {¢;} = {¢;}72, be the set of real-valued eigenfunctions of the Laplace-
Beltrami operator on dD, which forms an orthonormal basis of L?(dD). Scaling {¢;}
appropriately, {(;Sgp )} also forms an orthonormal basis of HP(0D) with p € R, where
HP(OD) is the L?(0D)-based Sobolev space defined on 9D, provided that 9D is suffi-
ciently smooth, with the convention H°(0D) = L?(0D). The data in the spectral noise

model is given by
e vl ~ ~ iid .
(110) Y= (My2[6], 6 120m) +€Gjes Gje = CN(0,1), j, L <P

with p € R. According to [2], the parameter p is chosen by the experimenter and it reflects
how the signal-to-error ratio varies with the frequency j of qbg-p ), as p increases, the signal

at high frequencies (p is large) decreases compared to the signal at low frequencies.
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We want to make further remarks about (1.10). Note that we can identify the Hilbert
space HP(OD) over the complex field with the Hilbert space HE (D) over the real field
R. Now the model ((1.10) can be written as

amF<“@w%¢> oD + eRGj0,
Y = (S M W’(p] <Z5g "1 2(0D) + €3Gje-

Note that M, q.x2 18 a complex linear map on H?(9D). It is not difficult to see that §R./\7q,,€2

is a real linear map on Hﬂg(&D) and
%-/’\;t/qm:g [iqggp)] _ ?R(i./i/lvqﬁz [¢§p)]) _ _%MVW# [¢§p)].

By writing gj¢ = Rgje, 9;12 = —Qg e and Yj, = (?)‘Ef/jg, —%%Z)T, we see that the model (1.10)

is equivalent to

vi 0
v (RM,, 2 [¢§p)] ¢§ )>L2 D) t+ €9,
je = —~
(RM g2 (18], 68”) 12(0m) + €0
for g;o, gje S N(0,1). In other words, ./’\/quﬁz acting on H"(9D) is completely determined
by RM,, .2 acting on HE(OD) and vice versa.
The third model studied here is a continuous model, which can be formally considered
as the limit model of the discrete one (1.2]) as j,¢ — oo. To be precise, we consider a
Gaussian white noise model on a space of Hilbert—Schmidt operators (a separable Hilbert

space). Each real linear operator T: HE(9D) — L?(0D) can be represented as follows:
for any real f € HP(0D),

th€f¢ HP(9D)P thb

(1.11) =t =t
Z tie(f, ¢> )EP(0D)P Z t eb(p)
Jit=1 Jl=1
where

bD(f) = 6P @ 6 (f) = (£, om0
070 =16 @ 6" (f) = —(£. 6 ) wromysf” and 3 (8, + (#)?) < .

jl=1

Denote H,, the space of all real-valued Hilbert-Schmidt operators H(9D) — L?(9D) and
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IH, itself a Hilbert space with the inner product

(o]
(S, Tym, = > (sjetje + sete)
=1

= 3 (656900 12000y (T, 67) L2
jA=1
+ (866, 0 200m) (T(0), 61) p2(01) ).

where sy, 5;1’ tie, t;'z are defined as in ((1.11]).
The continuous model with the Gaussian white noise defined on the space of Hilbert—

Schmidt operators H, is given by

(1.12a) Y = RM, 2 +eW

which is realized as a Gaussian process indexed by H,,, namely,

(1.12b) (Y, D), = (RM 2, Thm, + (W, Ty, for all T € H,

where

T, = Y gje<T¢§p), ¢§0)>L2(8D) +> gﬁe(T( 7y, ¢ >L2 D)

]7821 ],Zzl

for gjvg,g;-l i N(0,1). In other words, the process W is an isonormal Gaussian process

indexed by the Hilbert space H,, see e.g., the monographs [17,35]. Note that
EW(T)W(S)] = (T, S)m, forall T,S € H,.

Let PZ’”Q (also depends on p) denote the probability law of Y in and EZ’“2 be the
corresponding expectation. One sees that Pg’“2 is the probability law of eW. We mainly
focus on the model , see Theorems and below. By following the ideas
in [2, Appendix D], one can also obtain similar results for the model and .
The work [2] establishes the “equivalence” of three models described above for Calderén’s

problem. Likewise, the same proofs work for the measurement M, .- here.

1.3. Statistical inverse problem
Let Dy € D be an open domain} o > 0 and M > 0. We define
:mecVERw<m:omD\E&
Vi, (M) = {q € Vp, : llall gap) < M}.

We will prove a contraction result for the continuous model (|1.12a]) in the next theorem.

' This means that Do C D.
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Theorem 1.3. Let M > 0 and 0 < ¢y < 1 be real parameters. Let D be a bounded
smooth domain in R? satisfying and Do @ D. Let p > 2d—1 and let o, 5 be integers
satisfying > 8 > 7d/2. Then there exist positive constants C = C(D, cq, p, 3, M, Do) and
ko = ko(a, D, M), and for each k > kg there exists a measurable function q. .2 = q. 2(Y)
of the observations Y ~ IP?“Q such that

2
sup P& (|lge 2 — qlloc > C&x(€)) = 0 ase — 0,
K2k, 4EVE, (M)

where the factor &, (e) is explicitly defined by

_a 1 —d/2
(1.13) Ex(e) = KV e2eraG-aD 4 </<c + log 8)

for all sufficiently small € > 0.

It is important to point out that the contraction rate £ (g) consists of two parts: a
logarithmic rate and a Holder rate. The logarithmic rate decreases as k increases. In
other words, the rate becomes Holder-type dominated at high frequencies. Theorem [I.3]
reflects the phenomenon of increasing stability in the determination of the potential by
the impedance-to-Neumann map as explained in Theorem

In accordance with , even though the statistical rate is dominated by the term
R/ 2H T DD at large x, the constant k%2%1 there suggests the decline in experi-
mental quality if x is “too large”. Since the limit in Theorem is uniform with respect

to k, we could choose k as a function of the noise level € of the statistical model described

in (1.12a]) and (|1.12b)), for example, we can take

(1.14) h(e) = —  with (g + 1) 0 ss o

(p—d+1)

which gives
—d/2
o _(dyq)g 1 1
£(€) = &u(e) (€) = e2FDP=aTD (1) <€9 + log 5>
< gm—(%“)@ +&%0/2 < 9t

where 6y := min {m — (% +1)6, %}. Note that 6y € (0,1). We now obtain a

corollary from Theorem |1.3

Corollary 1.4. Assume that the assumptions of Theorem hold. Let k be chosen
as in (1.14), and write PZ = IP’g"’€2 and q- = q. 2. Then there exist positive constants
C =C(D,cy,p,B,M,Dy) such that

(1.15) sup PY([lge — qlloo > Ce®) =0 ase—0,
q€Vp, (M)

where 6y = min{m —(4+1)9, 2},
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A Holder contraction rate in indicates that this inverse boundary value prob-
lem is “mildly” ill-posed by aligning the wave number s wisely with the noise level ¢.
The Holder contraction rate corresponds to the Holder stability estimate in the inverse
boundary problem for the wave equation [4].

The construction of the estimator ¢, ,» in Theorem @ follows from the Bayesian
approach to inverse problems explained in great details in [10,17,35,48]. Roughly speaking,
this estimator is constructed by the posterior mean arising from some given Gaussian
process prior. To this end, we would like to discuss the existence of a posterior distribution
in the Gaussian white noise model. As above, W is a centered Gaussian white noise indexed
by T € H,, which we also denote as (W(T') : T € H,,), with covariance E(W(T)W(S)) =
(T, S)m,. Since the covariance operator of W is not of trace class, W cannot be realized as
a random element in Hj,. To overcome this inconvenience, we can expand the space of H,,
to a weighed Hilbert space as described in [34, Section 7.4, (110)]. Similar to [2, (13)], by
the Cameron—Martin theorem, one can show that the law ]P’g"’€2 is dominated by the law
P2+’ (i.e., the law eW) with the log-likehood function

2 aper’ 1~ 1~
(1’16) K(Q) = log p? (Y) =lo (Y) = 72<§RMC],H27Y>HP - TEQHERMq,nQH]%Ip

for ¢ € Vpr with D" € D, see also |34, Section 7.4, (110)]. The derivation of requires
the Borel measurability of the mapping ¢ — %/Wq,nz from the (Polish) space Vp, equipped
with the |- ||co-topology into the Hilbert space H),, which can be guaranteed by Lemma
below.

Assume that II is a prior probability distribution on (Vpr,By,,), where By, is the
Borel o-field of the (Polish) space Vp/. The Bayes theorem implies

I p2™ (V) dII(q)
Jy,, P& (¥) dII(g)

(1.17) I(B|Y) = for all B € By,,,

see e.g., [34, Section 7.4, (111)]. In what follows, we denote E(-) the expectation oper-
ator with respect to the prior and E(-|Y) the expectation operator with respect to the
posterior.

Inspire by the prior construction introduced in [2], here we consider the priors that
are given by appropriate scalings of a Gaussian process prior. For this end, a base prior
IT satisfying the following assumption is chosen (we consider priors which are slightly
smooter than [2, Assumption 1] in view of the stability estimate proved in Theorem
below, see also [35, Condition 2.2.1]):

Assumption 1.5. Let II' be a centered Gaussian Borel probability measure on the Ba-
nach space C°(D), and let o, B be integers satisfying o > B > Td/2. Assume that
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I'(H?(D)) = 1 and the reproducing kernel Hilbert space (RKHS) (H,|| - ||l3) of I is
continuously embedded into the Sobolev space H*(D).

Example 1.6. As explained in [2], the restrictions of Gaussian processes with covariance
given by Whittle-Matérn kernels satisfy Assumption for any «, ( satisfying 2 + % <
,8<a7% and H = H(D).

Now let ¢: D — [0,1] be a smooth cutoff function satisfying that ( = 1 on Dy and
supp(¢) C D; where Dy € D; @ D. The induced prior on g is given by

(1.18) q= aa%dw’ where 0" ~ IT'.

The key parameter ¢ can be interpreted as a penalized parameter. The law on ¢ is denoted
by II.. We also assume that the “true” potential gy lies inside the induced priors on g,
ie.,

qgo = 50%%90 for some 6y € H*(D) with supp(6p) C Dy.

We now state a key contraction result for the posterior distribution. Theorem |1.3|then fol-
lows from this contraction result. Let II( - |Y') be the posterior distribution of ¢ conditioned
on the observations Y in the model (1.12a)).

Theorem 1.7. Let M > 0, 0 < ¢y < 1 and p > 2d — 2 be given parameters. Assume
that D is a bounded smooth domain in R? satisfying and Dy € D1 € D. Let o, 8
be integers satisfying o > 8 > Td/2. The base prior II' satisfies Assumption and the
rescaled prior Il; is given in . Assume that the “ground truth” qg belongs to the set

Q:=Vp,N{geH:|qlln <M},

where H is the RKHS given in Assumption (1.5l Then there exists a positive constant
C =C(D,co,p,, 8, M, Dy, Dy) such that

2
K
po

(1.19) I (llg — qoll oo (py > C&e(e)[Y) —— 0 ase — 0,

where £x(¢) is given in (1.13). In addition, there exists a constant ko = ko(a, D, M) such
that for each K > C, it holds that

(1.20) sup ]P’go’”2 (IIE™=(q|Y) — @l (py > Kéu(e)) =0 ase— 0.
K>Ko, 0EQ
By setting ¢, 2 = Ee (qlY), it is clear that Theorem is an easy consequence of
(1.20). Indeed, since o > 7d/2, we can choose an integer 8 > 7d/2, and, therefore,
Assumption [T.5] holds.
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1.4. Organization of the paper

We postpone the proof of Theorem to Appendix [A] In order to explain the ideas
clearly, we split the proof of Theorem in Sections In order to make the paper self-

contained, we also provide a proof of the well-posedness for the impedance boundary-value

problem (|1.2)) in Appendix

2. Stability estimate in terms of Hilbert—Schmidt norm

In order to prove Theorem we need to measure RM,, 2 —RM,, . (as well as M
M,

norm used in Theorem [I.1] In order to do so, we will consider the low rank approzimation

q1,62

2, See Lemma below) in terms of Hilbert—Schmidt norm rather than the operator

by projecting %/Wqﬁz onto a finite-dimensional subspace by employing the idea in [2].
Our focus here is to keep track of the dependence of the key parameter «. Recall that the

collection {(bE; ,Nﬂ

operators mapping from H%(9D) into L?(0D), where
b () =00 @6l (f) = (. ¢<"’>Hr(aD o,
b if) =6 @ 0" (i) = ~ (1.6 e omy 8F
for all real-valued f € H"(OD). For separable Hilbert spaces A and B, let L(A, B) be

the space of bounded linear operators mapping from A into B endowed with the operator

)}jeen forms an orthonormal basis of the space of Hilbert-Schmidt

norm || - [|z4,p), and let L2(A, B) be the space of Hilbert-Schmidt operators mapping
from A into B equipped with the inner product (+,+)za(4,B)- Moreover, similar as above,
define the orthonormal basis {(bﬁ ), bl )}] ten of Lo(HE,H") = Lo(HE(OD), H"(8D))
by

857 (f) = 6% @ 6" (f) = (£, 6 e oy 8

880 (if) =6 @ 6 (if) = (£, 6% i (o) 8y

for all real-valued f € H"(9D). Using this convention, one sees that H, = Lo(Hg, HY).
We first recall two lemmas controlling Hilbert—Schmidt norms for different domains and

codomains in terms of each other, and in terms of operator norms.

Lemma 2.1. [2, Lemma 17| For p,r,s,t € R, let
TEspan{ b(p’ vbge )) 1<]<J1<€<K}
Then there is a constant C, depending on D and the differences r —p and s —t, such that
1 — 1 —t
Tl eagriz.ey < €14 T70) T (U KT5) T 1y,

where 4 = max{x,0} for x € R.
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Lemma 2.2. |2, Lemma 18] For p,r,s,t € R with p <r and s <t, let T € E(Hfé*(d*l),
HY). Then T € Lo(HE, H®) and there exists a constant C, depending on D and r — p,
s —t, such that

(2.1) T 2o g,y < CIT oo gy
and the following low-rank approximation holds:

1, A s—
(2.2) ||IT - 7TJKTH£2(HD£’H5) < C”T||£(H§7(d71>,Ht) max {(1 + JTTPT (1 4+ Ka1)* t}7

where the projection map wyK 1S given by

mT = > (Tb)a bl S (1)), b
J<IU<K JSJUSK

o (7 0 7(r
=1 > <T¢ 6 12oD) b( 7, > <T(1¢§ ), &} )>L2(8D)b§‘e)
JSIL<SK ]<J,€§K
We now show the following lemma.

Lemma 2.3. Assume that D is a bounded smooth domain in R?® satisfying . Let q1, qo
be real-valued functions satisfying (L3)). Suppose further that ||RM,, 2 —RM, 2 lm, <
1. Then for parameters satisfying d — 1 < m < p, there exists a positive constant Cy =
Co(D, co,p,m), which is independent of K, such that

—m

d—
(2.3) H%'A/lql,m2 - %ng,/# HL(HD’{P,LQ) < C()H%-/\/lql,m2 §R'A/lqz K2 Hﬁp
Note that it suffices to take Cy(D, co,p,m) > 1.

Remark 2.4. Note that by (2.1]), for each m 4+ d — 1 < p, we have
(2.4) ”?RM%,@ — %M@ﬁQHH? < CH?RM%@ — %Mq%,ﬁzHL(Hﬂgz’LQ)
for some C' = C(D,m,p).

Proof of Lemma 2.3 Tt is not difficult to check that the operator norm of a linear operator
between separable Hilbert spaces is bounded by its Hilbert norm: For each m € R, one

has

[RM gy w2 = RM g, 2| (re 12

< RMg, w2 — RM, 2|,

< RMgy w2 = T RM g, w2l + [[RMg, w2 — 71 RM, 2|,
+ | mgsRM, g2 — T1RM, w2 |lm,, -
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Using E|in Lemma together with the fact [|[RM; 2|l z(z2 2y < My, w2lle(rz,r2) <
C (D, cp) (which is a consequence of the energy estimate (1.5))), for each j = 1,2, we know
that there exists a positive constant C' = C(D, ¢g, m) such that

2.5 RM,. 2 — g RM, 2|lu §C’1—|—Jﬁ d=l=m  forallm >d— 1.
qj, qj, m

On the other hand, by Lemma [2.1P], we see that there exists a positive constant C' =
C(D,p,m) such that
H7TJJ§RM(11’R2 — 7TJJ§RM¢127,{2HH"L
IS
< O+ JET)P ™ g R My 2 = 717 R My o,
< C(+ JTTP M RM,, 2 — RM, 2, for all p > m.

From three estimates above, it follows easily that there exists a positive constant C' =
C (D, cy,p, m) such that

H%Mqhnz - gFEqu,HQ HE(HE,LQ)
< C((1 4 JTTYIm 4 (1 JTT )P RM,, 2 — RM,, 2]l

d—1—-m

<O(JTF f JETRM, 2 — RM g, |11,

forall d — 1 < m < p and integers J > 1. We now restrict the parameters d — 1 < m < p.
Since ||[RM,, .2 — RM,, r2|lm, <1, choosing
dd71
-
T = [IRMg, 2 = RMg, |7 |
in the estimate above, (2.3)) follows immediately. O

We next show that measurements M, 2 —RM,, 2 and My 2 —M

alent.

2,52 Ar€ equiv-

Lemma 2.5. Suppose that all assumptions in Lemma are satisfied. Then for each
d—1<m<p—d+1, we have

H-/\/lql,m2 - qu,cmHHp = Hg%-/\/lql,m2 - %MQQ,K2HH}0
and

H%/\/lthf2 - §RMQ17I€2H£(HD7{L,L2) < HMql,nz - Mqhmz”L(Hm,Lz)
S 2“%./\/1[11’,{2 - %Mq1,H2H£(HH§",L2)'

Here | M, 2 — My, 2|, is defined in terms of the basis {byé)}.

2VVechooses:t:O,r:mzd—l,p:d—l,K:JaundTz?)‘%./\/lqj,,@z (for 5 =0,1).
3We choose s =t =0,r=m, K =J and T = TggRMy 2 — T RM | 2.
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Proof. The first estimate is obvious since

(SMy, 2 — SMy, 2) () = (RM, 2 — RM, ,2)(i6F))  for all j.

J

The first inequality in the second estimate is clear. On the other hand, we can derive

H-/\/lql,n2 - qu,n2 ||£(Hm,L2)
H(Mq1,l<b2 - Mq2,l€2)(f)||L2(aD)

= sup

F#0 Il o)
< sup (||(§R-/\/lq1,n2 - §)fe-/\/lqz,;@?)(f)||L2(<5?D) i |’(§R-/\/lq1,.‘£2 - §}:E-/\/lqz,/#)(if)||L2(<9D))
T #£0 I f1l zrm o) [if | zzm (o)

< 2H§RMq1,/@2 - gl:E'A/tq17n2 HE(H{{L,LQ)u
which implies the second inequality of the second estimate. ]

We now prove the continuity of the mapping ¢ — M, > in terms of Hilbert—Schmidt

norm.

Lemma 2.6. For each p > 2d — 2, we have
HéRMql,nz - §RM¢]27H2”HP < C”ql - qQHL“(D)
for some positive constant C = C(D, ¢y, p), which is independent of k.

Proof. For p > 2d—2, we can choose m satisfying d—1 < m < p—d+1. Foreach j = 1,2,
let u; be the solution of (1.2) with ¢ = ¢;, then

(A+ K2+ q)(ug —u2) = (g2 — q1)uz  in D,
Oy(up — ug) —ik(up —uz) =0 on dD.
By Theorem [B:3] we can obtain
IV (u1 — u2)ll2ap) < Cli(ar — g2)uzllz2(py < Clluzllz2pyllar — @2~ ()
< Ok Mgllz2omlar — @ll=py < C&™ gl am@pyllar — a2l ()
which implies
Mg, w2 = Mg, w2z 12y < Cllar — @2l ()

for some positive constant C' = C(D,cp). Our lemma then follows from (2.4) and
Lemma 2.5 O

We end this section by proving a result analogue to Theorem but in terms of
Hilbert—Schmidt norms.
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Theorem 2.7. Let D be a bounded smooth domain in R? satisfying (1.1)). Assume that qy,

g2 are real-valued functions satisfying (1.3)), supp(q1 — ¢2) C D and sup;—y 2 |95l ns(py <
M for some integer > 7d/2, and fix p > 2d — 1. Then there exist a positive constant
C =C(D,co,p, 8, M,supp(q1 — q2)), independent of k, such that

qu - q2||L°°(D) < Cfgm(Hé}%-/\/lql,ﬁ2 - §RMQ2,K/2||HI))7

where E,{ s given by

0 if (=0,
~ 1 —d/2 .
(2:6)  &(Q) = | VT 4 (54 oy log )i 0 < ¢ < e
1 otherwise.

Here Cy is the constant obtained in Lemma [2.3]

3 and so [lgj| ges(py <

195l 8y < M. By the Sobolev embedding and Theorem |L.1] (with m = d), one sees that
there exists a positive constant C' = C(D, 8, M, supp(¢q1 — g2)) such that

Proof. We write 8 = 3s — d and s is an integer satisfying s >

llar — CI2HL<>0(D)

o =@ = @xoln—ims < Clltar = @)xol gola = el

1 ~1(s-1) 1\ —4/2
< ORI 4 ¢ <H + log g> < OriPH312e12 4 ¢ <m + log 5)

provided & = [[My, w2 — Mg, w2llz(ga 2y < 1/e. Combining Lemmas and (with
m = d) yields that

1
&< ”§RM(117I€2 - %M%,/#HE(HD%,L% < QCOH%MQLI&? - %MQQ,HQHHZ—)H;dH

with Cy = Cy(D, cg, p) given in Lemma provided ||[RM,, 2 —RM, .2|lm, < 1. There-

fore the condition £ < 1/e can be guaranteed as long as

1
(28) C = H%M(]hl‘iQ — §RM(]2,K2HHp < W

Hence, whenever (2.8)) holds, we obtain from (2.7)) there exists a positive constant C =
C(D,co, p, B, M,supp(q1 — g2)) such that

) 1\ /2
— ol gy < CRYPHLTTED 4 O [kt —— log - .
lar — @2llppy < Ck g2 + "H'p_d+10gc

On the other hand, if ¢ > 1/(2Cpe)P~%+!, we simply consider the trivial bound |q; —
2|/ (p) < 2M and the proof is completed. O
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3. Tests and priors’ properties

To prove Theorem motivated by [15], we would like to prove the existence of certain
test functions, i.e., {0, 1}-valued measurable functions, by showing the existence of appro-
priate estimators having good concentration properties. Recall that }P’g"{Q is the probability
law of Y arising from and EZ* is the corresponding expectation. Using (2.5)), we

can prove the following lemma by following the argument in |2, Lemma 8§].

Lemma 3.1. Assume that D satisfies (L.1)). Let qo € L°°(D) be the “ground truth” with
gl Lo (py < Mo for some My > 0. Let My > 0 and denote ko = ko(D, max{ My, M })
the positive constant given in . Fiz any wave number £ > kg and real parameters
0<d<1laswellasp>(d—1)/0. Let n. > 0 satisfy

7]557(1*5) — 00 ase—0.

For any 7 > 0, we write Cr = \/2(1 + 27 + 272). Then there ezist a test 1 = (Y with
Y ~ PO such that for all sufficiently small € > 0, one has

(3.1a) B2 < 2exp (- 7(n:/e)?)

and for each q € L*(D) with ||q| p(py < M1 and H?RMQ W2 — ﬂ%ﬂqo’ﬁzHHp > 2C:n., we
have

(3.1b) E&%[1 — o] < 2exp (— (1. /¢)?).

Proof. For any measurable set A, we denote 1.4 the characteristic function of A. We

define the random element M by

M= Z Mﬂbﬂ’ Z MJ Jé

]ZSJE 7 ESJE

where J. = |n:/¢] and

L= (Y, (0,0%))m, = (RM qo,nzocb;’)), ¢’ >L2@D> +egly

- d
where from (T12B) we see that gje = (W, (63, 0))z, " A/(0, 1) and g/, = (W, (0,0%)))m, ~
N(0,1).

We want to show that M is a legitimate estimator of M, 2. Let C' > 0 be a positive

constant to be chosen later. It is easy to see that

o . _ 1
]:P)g,RQ(HM _ qu,N2HHp > 0775) < 1 {HéRMq,IiQ — WJSJS%M%KQHHp > 2C7]£}
(3.2) o _ |
+ P2~ (HM — 5.0 RM g2 |lm, > 2077€> )
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which is known as a bias-variance trade-off inequality.
We first estimate the bias term. Similar to (2.5) (with m = p), we obtain that

d—1—p

||§R./\/lq7,{2 — WJEJE%Mq’HzﬂHp < CyJ:

for some positive constant Cy = C1(D, co,p). Hence we can estimate the bias term as

"

— — 1
|%Mq’n2 — WJEJE%M%,@HHp > 20775}

Since pd > d — 1 and 7756*(1*5) — 0o, we conclude that
— — 1 —r ]
1 H?R./\/lqﬁz — WJEJE%M%NQHHP > 507]5 <1<Chide > 56'778 =0

for all sufficiently small € > 0.
Next, we estimate the variance term. Applying Parseval’s identity yields

IM — 70 RM 22, = Y Mo — (RM 2 (6), 68 1200

3 < e
+ ) IMYy — (M2 (i67)), 87 1200y 2
JA< e
=¢? Z (lgjel® + |g50l?).-
JA< e

Using the tail inequality in [2, (36)] or [17, Theorem 3.1.9], we have

Pr( > (lgiel® + gjel?) > 2(J2 + 2Jv/w + 22)
Jt<Je

<Pr| > gl = 42dva+2z | +Pr| > [ghl? = 2 +2)vr+ 2
JAS e J<Je

< 2e7 ",

We now choose = = 7(1-/£)? in the above inequality and see that

2
26_7—(775/8)2 > pr Z (‘gﬂ‘Q + |g}e|2) > 2(1 + 27 + 27‘2) (&)

3
JA<Je

=Pr (Hﬂ— 7TJEJ€§R/,\;t/q7H2HHp > \/2(1 + 27 + 27’2)775).
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Tt follows from above that M is indeed a valid estimator. This can be seen by choosing

C =Cr=+/2(1+27 +272) in (3.2) we reach

(3.3) Pgﬂ#(nﬁ/l\* %MV%KQHHP > C‘r775) < 26—7(775/6)2
which is valid for all K > kg and for all ¢ € L*°(D) with ||q||cc < max{My, M1}.

Finally, we want to verify that ¢.(Y) := 1{ Hﬂ— %Mqo,# 1, > Crne } satisfies (3.1al)
and (3.1b). One can choose ¢ = qo in (3.3)) and see that

B4 = PO (| M = RM gy e[, > Crrre) < 26770/,

which verifies (3.1a). On the other hand, for each ¢ € L°°(D) with |¢| ppy < M1 and
”gﬁ'/{/tvq,n2 - §RJ\—\/l/qo,,‘#”Hp > 2C57n., we have
K2 K2 (N AA Vi
]Eg’ [1 - 1” = ]P)g’ (HM - éRMqO,K/QHHp < 07775)
< PO ([RM 2 — RM 2 li, — [|M — RM g 2 [, < Crne)
= P2 (|[RM 2 — RMy, 2llir, — Crne < [|M — RM, 21,

< PO (Crpe < | M — RM 2l ) -

Finally, combining the above inequality with ([3.3]) yields (3.1b)). O

Let K(p,q) = Ep logg = Ex.plog g(X ) be the Kullback-Leibler divergence between
distributions with densities p and q. Let pg”Q be the probability density given in (1.16]).
We also denote Var, the variance operator associated to the probability measure Pg’HQ.

Following the same argument as in |2, Lemma 9], one can easily derive

2 2 1
(34&) K(ng,H 7pgl’H ) = 56 2||§RMqo,m2 - %Mql,nznl%lp
and
qO’K‘2
p _
(3.4b) Vary, <log ‘; 52> = 2||§RMqo,ﬁ2 - ?)‘E./\/lql’nzﬂﬁlp
pe’

for all o, q1 € L*(D) with [|gollz(p) < Mo, [|q1]lpe(py < M1 and £ > ko(D, max{Mo,
M,}). We now define the Kullback-Leibler ball By, () with radius n centered at gy by

q,k?
€

qo,k?
Bi(n) = {q € L®(D) : K(pf**, p2*) < (n/e)?, Vary, (log P ) < (n/&?)?},
p

see also [18, (A4)]. From (3.44)), (3.4b|) and Lemma for each p > 2d — 2 there exists a
positive constant ¢ = ¢(D, ¢g, p) such that

{a€C°(D) : lg— qollr=p) < en} € {qg € L®(D) : |[RM, 2 — RM,, 2|lm, < n}
C Bgy,(n) forallp >0,
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hence

(3.5) {q€ C°(D) : llg — qoll L (py < en*} C Bip(n)

for all sufficiently small n > 0. With the preceding preparations, we now prove the
following support result for the prior IT. along the lines of |2, Lemma 11], roughly indicating

that the prior puts a sufficient amount of “mass” near the true parameter.

Lemma 3.2. Let M > 0, 0 < ¢g < 1 and p > 2d — 2 be real parameters. Let D be
a bounded smooth domain in RY satisfying and let Dy € D. Assume that o, 3
are integers satisfying o > B > Td/2, the base prior II' satisfies Assumption and
II. is the prior arising from . Suppose that qo € Q, where Q is the set given in
Theorem |1.7| Let n. = 51_%%, then there exist positive constants ko = rko(a, D, M) and

v = (e, D, co,p, M), which is independent of Dy, qo, such that
1. (B, (1:)) > e~ (ne/e)?
for all kK > ko and for all sufficiently small € > 0.
Proof. Note that II.’s RKHS is H. = {(¢' : 0’ € H} with norm || - |3, satisfying the bound
168/ I < 5%/ lae = =16l

Since gy = (qo (recall that supp(qo) C Dy and ¢ =1 on Dy), qo € H and ||qo|lx < M, by

choosing 6’ = ¢y in the above equation, we see that

n Mn
o/l < fHCJoHH < 5 =

Hence from [17, Corollary 2.6.18], one has

1
e (g = qoll o< (py < en?) > exp <_2HQOH%‘E> Hellon = o)
(3.6) S 3
> e~ s M (1e/e) 11/ <\9’\L°°(D) < Cn;) '

where the last inequality follows from (1.18)).
We denote N(By;, || - ||z (p),d) the smallest number of || - ||z (p)-balls of radius §
needed to cover the unit ball By in H. Since H embeds continuously into H(1;) for

some sufficiently large cube I, then
log N (B, | - | (). ) < Ko~/

for some positive constant K = K (a, D), see |17}, after Corollary 4.3.38]. It then follows
from [28, Theorem 1.2] that

3
(3.7) 1T <H‘9']L°°(D) < c%) > e ¢ 2/e)™®
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for some constant ¢ = (¢, K), where s is such that 4 = 2275’ ie., s =24 .
« +s 2a—d

By Assumption and Sobolev embedding, one has # C H%(D) C C°(D), and hence
there exists a positive constant My = My(«, D, M) such that

g0l oo (py < Mo,

therefore (3.5)) is valid for all k > ko(D, My). We now combine (3.5), (3.6) and (3.7) to
obtain that

—2d/(20—d)

I (B%L(na)) > @7%M2(775/€)2670’(n§/5)

for all sufficiently small € > 0, and together with the fact (n2/)=2¢/(a=d) = (y_/e)?, the

lemma, is proved. ]

4. Posterior contraction

This section is devoted to the proof of Theorem [L.7] Following the ideas in [2], we first
establish two results about posterior asymptotic. Recall that Dy satisfies Dy € D1 € D.

Choosing IT =II; in (1.17)) yields
K)2 KZ2
_ Jppe (V)/p" (V) dIL(g)
- 2 o2
Sy P70 /o2 () dILL(g)

We first estimate the size of the denominator in (4.1)), which is similar to |2, Lemma 14].
The proof modifies the ideas in [17, Lemma 7.3.4].

(4.1) IL(B|Y)

for all B € By, .

Lemma 4.1. Suppose all assumptions in Lemma [3.2] hold. Then

sup ]P’go’“2 (Lgo) =0 ase—0,
K>Ko, Q0EQ

where Lgo is the complement of the event

Ly, = { / (P2 /p2) dTI. (q) > e—W“)("s/E)Q}.
Vb,

Proof. We follow the argument used in the proof of |1, Lemma 21]. From Jensen’s in-

equality, we have

[E(L (776)

/V (p2*" /p2") TN (¢) > TI. (B, (1)) exp ( /B 1og<pz:~2/pg°v“2>dﬁe<q>>,
Dy

where II, = I1. /1, (B%L (775)). Combining the above equation with Lemma implies

PO (Lg,) = P ( | e ey d(y) < e<v+2><ne/e>2)
Vb,

< PO (I (B (1)) ¥ < e 020/
< PUR* (¢7701/2) X < o= (r2)(1:/2)) — pao® (X < —2(n, Je)?),

(4.2)
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where

X = log(p®™* /p*”) dIl.(g) = _/ log(p2*" /p2*") dIL(q).
quL(ﬁE)

Bgy, (ne)

Thus, applying Fubini’s theorem and the definition of By (1) gives

2 2 2 2
EX"X >~ sup  EP log(p™ /pd™) > —(ne/e)”.
q€Bgy (ne)

From (4.2)) and Chebyshev’s inequality, we now have

P (L ) < PR (X — BN X < —(n./e)?) < PO (|X — B0 X| > (1. /e)?)

(4.3)
< (ne/e) "4 Var®o” X

Finally, by Jensen’s inequality, Fubini’s theorem and the definition of Bgy (1:) again, we

can estimate

2
Var®" X = B </B ( log(p2"" /p®**) dIL. (q) —EZO’”2X>
kL(n

< B~ / (log(p2™” /p2~") — L log(p™" /p2"))* dIL. ()

Bf(L (e

= [ Ve hog(r ) () < (/P
KL(T]E)
and then combine this with (4.3)) to obtain

(4.4) PO (L2 ) < (ne/2) 2

Observe that the right-hand side of (4.4) is independent of both x and ¢qg. Thus, our

lemma follows. O

We now prove the following two results (see Lemmas and below) using the
method in [2, Lemmas 12 and 13] whose the ideas are taken from Bayesian nonparametric
statistics |16,/50].

Lemma 4.2. Suppose all assumptions in Lemma [3.2] hold. Then there exists a positive
constant M' > 0, independent of k, such that

sup P’ (M=(lgllgrapy > M'|Y) > e —(r+)(ne/2)? ) =0 ase—0.
K2£K0, Q0EQ

Remark 4.3. By Sobolev embedding theorem and adjusting the constant M’, Lemma
remains valid if ||g[| gs(py is replaced by [[q[| Lo (D)
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Proof of Lemma [£.2 Let Lg, be the event as in Lemma .1} In view of the posterior
distribution (4.1]), by Fubini’s theorem and the identity EgO’RQ (pg’”2/ ngv’iQ)(Y) =1, we

have

B fBPs’“ (V)/p2" () dI1(g)
qofVD ( )/pqo’i( ) dI:(q)

(45) < et/ ([ g ) e ) ()

< 2 me/e)? /B B0 (pe" /p® ") (Y) dI1L (g)

= M/ (B)

EL™ (1, T(B|Y)) = B2

for all B € val' Let M’ be a positive parameter to be chosen later. By Markov’s
inequality (see e.g., [12]) and choosing B = {HqHHﬁ(D) > M'} in the above inequality, we
see that

PO (T1 o > M) > e (/)

<P (L) + PP (L1, Tellalgs ) > MIY) > e+ 000/)
< PO (LG,) + e OO EON (1, T (gl ) > MY)

< PO(LE) 4+ OO0V ([l o) > M),

(4.6) E
o
C
a

0

In conjunction with the facts that e=%(®+4) = p_/e and that 1€0" N eze (py < ClICH sy X
10| zr8(py for some positive constant C'= C(D, 8), one can deduce that

T (llgll 25 (py > M') = T ([ FDC | o (py > M)
<TI0 o) > (/) ) O M)
We now want to apply Fernique’s theorem following the ideas in [35, Step 1 in The-

orem 2.2.2]. In view of the separability H?(D), the Hahn Banach theorem, and the
hypothesis II'(H?(D)) = 1, we obtain that

(4.7)

Pr <sup T = HH'HHg(D) < oo> =1,
TeT

where T is a countable family of (H®(D)). Fernique’s theorem [17, Theorem 2.1.20]
implies initially that E'[|¢/|| zsp) < C” for some positive constant C" depending only on
the base prior IT', and similar to |35, (2.21)] one has

(10 50y > (1) s ) O M)
< T (10 s 0y — B0 sy > (0/2NIClI b 1) (20) 4 00)
< exp (= ¢ (0:/) <l by M).
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Hence, given any ¢ > 0, one can choose M’ > 0 such that
_ _ —e(n. Je)?
(4.8) (16 250y > (=/2) 1€l b 1y O~ M) < e/,
We combine (4.6)), (4.7) and (4.8]) to obtain
Pgo,nz (HE(HQ||H5(D) > M[Y) > e*(v+4)(na/6)2) < PZO’NQ(LEO) 4 e(2yH+6=c)(nc/e)?
Finally, choosing ¢ > 2y + 6, our lemma immediately follows from Lemma [4.1 O

Lemma 4.4. Under the assumptions of Lemma there exists a positive constant C >
0, which is independent of Kk, such that

sup P (I (| RMy 2 — RMyg e llr, > Cune]Y) > 26~ CH00/7) g

K>k, Q0EQ

as e — 0.
Proof. Let M’ > 0 be the positive constant obtained in Lemma and C > 0 be a
positive constant to be determined later. Define the set
S ={q€ By, 1 [[RM 2 — RM, w2llm, > Cne, [|allzoo(py < M'},
then it is readily seen that
IL ([ RM g 2 — RM g 211, > Cn:[Y)

< T (SY) + T (lgll oo () > M'[Y)

=IL(SIY)Lpg +(S[Y)¥1,, +I(S[Y)(1 — )1z, + I (|lgl| oo () > M'[Y')

<Lpg + 9 FI(SY)A = 9)r,, +e(llgl o) > MY)
where 1) is the test given in Lemma and Ly, is the event defined in Lemma

Accordingly, we can upper bound the probability of the event

B = {TL(|RM, 2 — RM, 2|l > Ce|V) > 2~ (H00/2)%

q0,
by
(49)  BOS(LY) + EL 4 PO (IL(S|Y) (L - )1, > e (TF0/T),

Similar to (4.5), using the posterior distribution (4.1]), the definition of Lg,, Fubini’s

theorem and Lemma for each 7 > 0, one can estimate

B0 (IL(SY)(1 - ¥)1z,,)

52 (V) /p2 " (V) dTL (g)
" oy, PE (V) /2 (V) dIL (g)

< et gt [ (1)) o)) ML)

2
— Jg 40,k
= Es

(4.10)

< O +D)(0:/e)? /SE?HQ((l — ) (V) dIl.(q) < 2e01+2-7)(/2)*
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Hence, by Markov’s inequality and (4.10)), we have that

Pgo,ﬁ (HE(S|Y)(]. - w):H-LqO > 6_('Y+4)(776/€)2) < 6(7+4)(T75/€)2Ego,52 (HE(S|Y)(]_ - ¢)1Lq0)

< @1 H6-T)(ne/2)?

and thus from (4.9) we reach
P (B) < B (LL,) + B0y o200/

We choose 7 > 2y + 6 and the corresponding C; given in Lemma (and set C} := C),
this lemma is proved in view of Lemmas [3.1] and O

Now we are ready to prove the theorem of contraction result.

Proof of Theorem [1.7 Let M’ and Cj be positive constants defined in Lemmas and
respectively. By Theorem for each sufficiently small ¢ > 0, one observes the
implication
lasllogmy <M G=12, and [RMy, 2 — RM,, s, < Cire
together imply ||q1 — ga| oo (p) < C&(C1me),

where 5@ is given by ([2.6)). It is not difficult to compute that

- . 1\ —4/2
E(C1n.) < Catale)  with  &u(e) 1= w2 ¥l eTermir=ren 4 (” +log g>
for all sufficiently small € > 0. Therefore, we reach

I (lg — qoll oo (py > C2bi(€)]Y)
< HE(”QHHﬁ(D) > M,’Y) + 1_I£-?(||§R-/\/lq1,n2 - gte-A/lqz,/~tQ||Hp > Clﬁa|Y)-

Combining (4.11) with Lemmas and gives the contraction rate ([1.19)).

Next we would like to prove the consistency of the posterior mean E'(¢|Y"). To begin,
let v be the constant given in Lemma Recall the event Ly, defined in Lemma

Define the event

(4.11)

A= Loy N {TL(la = aoll o (p) > Cob(e)|Y) < Be F0/%,

and it is readily seen that, for each constant K > 0 (to be determined later) and for any

sufficiently small ¢,

PO (| E™ (g V) — qol| oo (py > KEn(e))

(4.12) o AL o -
< PO (A®) + PL(JEY (g — qolY ) || oo (pyLa > K&k (e)).
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In view of (4.11)), we can see that
.AC = Lgo U {HE(HQ - q0||Loo(D) > CQﬁn(EHY) > 36—(74.4)(775/6)2}
C Lgo U {HE(H%M(],,@ —RMyy x2llm, > ClT]g) > 26—(74.4)(776/5)2}
U {HE(HQHHB(D) > M”Y) > e_(7+4)(77€/a)2}’

and then from Lemmas and it follows that

(4.13) sup IP’gO’“2 (.AE) —0 ase—0.

K>K0, Q0EQ

On the other hand, by Jensen’s and Cauchy—Schwartz’s inequalities, one can estimate

IE™ (g — qo|Y) | oo () L.a
< Coéy(e) +EM= (|l — @l o0y 1{llgd — qoll () > Ca&(
12
< Co&le) + (EM(|lg — QO||Loo(D)\Y)) / I (llg = qoll oo (p) > Cabn()]Y)

e)}Y)1a
12y

Choosing K > C3 implies

{IIE™ (¢ = oY) | poo(pyla > Ké(e)}

C {(E™ (g — qol2o(py¥)) * T (g — qoll o) > Cobu()|Y)? 14 > (K — Ca)éx(e)}-

From Markov’s and Cauchy—Schwartz’s inequalities, it yields
P ([E™ (g — qol V)l Lt > K ()

1 O,Ii II. . 2 1/2
Smﬂ‘:g (B (lg — goll 7 (py|¥))

X I (|lg — qoll o< (p) > C26x()]Y)

(4.14) 1 2 il 2 1/2
< — 90k (e _ - Y1
= (K—CQ)f,{(E) e ( (Hq qOHL (D)| ) A)

x B0 (T (lq — a0l e () > Can(@)Y) 1)
\/36_%(74_4)(”5/6)2
<
- (K — 02)6{(6)

By Fubini’s theorem and the definition of A, one can compute that

1/2 )

2 1/2
E© (E™ (g — goll20 () |Y)La) 2.

B (B (|lg — ol 20 () [Y)1.4)
2 2 2 2 Pg’HQ
< (D1 /e) gao s /Hq _ QOHLOO(D)W(Y) dII.(q)
pe”’

2
< OO/ (g — o7 oo )
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Putting together the inequality above and (4.14)) yields

_ VBe e/

(4.15) PEO’RQ(HEHE(Q — qoY)||eo(pyLla > K&(e)) < mEHE(Hq - qoll%oo(m)-

Since

E" (llg = qoll7(py) < 2(ll90ll70(py + E™llall70c (1))
q = e¥/(etd g and IEH/HH/H%OO(D) is finite, by Sobolev embedding theorem, we see that
Rl (Hq — qOH%OO( D)) is uniformly bounded for k > kg and ¢ € Q. Finally, the limit
follows from (£.12), [&.13) and (&.15), as well as the fact e=("=/9)° /¢, (e) = 0 ase — 0. [

A. Stability estimate of the inverse problem

In this section, we are devoted to the proof of the stability estimate in Theorem We

first observe the symmetry property of the impedance-to-Dirichlet operator.

Lemma A.1. Let g € L*>®(D) be real-valued functions satisfying (1.3]). Then
/ (M%HQ [gl])gg ds = / GiM 2[g2] dS  for all g1, 92 € L*(0D).
oD oD

Proof. Let uy,us € HY(D) satisfy (1.2) and (1.5) with g = g1, g2, respectively. By direct
computations, we obtain

0= —ik </ (Oyur)ugdS — u10,u9 dS)
oD oD

= / Oyu1 (Opug — ikug) dS — (Opu1 — ikuy)Oyue dS
oD aD

:/ (My.r2l91]) 92 dS—/ 91 (M, x2[g2]) dS
oD oD

and hence the lemma. O

With the above symmetry property at hand, we are now able to prove the following

crucial integral identity.

Lemma A.2. Let m > 0 and q1,q2 € L*(D) be real-valued functions satisfying (1.3)).

Given any g1,g2 € L?(OD), let u1,us € HY(D) satisfy (1.2) and (1.5)) corresponding to
q=gq; and g =g;j, j =1,2. Then

’/ (@1 — @2)urug dx
D

< KMy, 2 — My, 2 llam o) 1200) (10w | m oy + Ellutll mon))

X (|0vuzll L2apy + ElluzllL2op)) -
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Proof. Straightforward computations show that

—iH/ (1 — @)ugug do = —ik </ (Opuy)uz dS — w10, Us dS)
D aD oD

= Oyu1 (Opug — ikug) dS — (Opu1 — ikuy)O uge dS
D aD

:/ (Mq1,n2[gl])92 dS—/ gquQ,n[g2] ds.
oD oD

Combining the above equation with Lemma we have
—im/ (1 — @2)ugug da = / ((./\/lqh,,vz — J\/lq?ﬁz)[gl])gg ds.
D oD
Application of Holder’s inequality gives

K <Ilg1llzm@p)llg2ll 20Dy Mgy w2 — Mgy w2l Hm(2D)—L2(8D)

/ (@1 — @2)urug dx
D

and notice
9jllzrm D) < 100l m oy + Kllwsll 5m 0Dy,

the lemma is obvious. O

In order to make the paper self-contained, we recall the complex geometric optics
(CGO) solutions described in |25, Lemma 2.1] or [24, Proposition 3.2], see also [19,49].

Lemma A.3. Let d > 3 and 0 > d/2 be integers. Assume that ¢ = n +if (n,& € R?)
satisfies
[ =&+ 1€ and n-£=0 (<= C=r).

Then there exist constants C, > 0 and C > 0, independent of k, such that if |§| >
Cillgll o (py then there exists a solution u to the equation (A + k% + q(x))u = 0 in D of
the form

. C
u(z) = T (L+9(@),  [IWllaen) < EHQIIHo(D).

For our purpose, we will choose o = 2s for integer s > d/2. For later convenience, we
denote S 1 := {x € R?: |x| = 1}. By the trace theorem, e.g., [29, Theorem 9.4], we have

HUJ‘HHM(aD) < C(H“J‘HLZ’(D) + HV®(m+1)UjHL2(D))7

(A-1) ®(m+2)
10vuill2opy < C(llujll 2oy + IV uill L2 ()

for some constant C' = C(D,m) > 0, where (V®); ..;, = 0, -+ 9;,. Thus, we can sub-
stitute the CGO solutions into the identity in Lemma We now able to prove the

following lemma.
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Lemma A.4. Suppose that all assumptions in Theorem [I.1] hold. Let C, be the constant
given in Lemma . Then there exists a constant C = C(s,m, D, M,supp(q1 — ¢2)) > 0
such that

|((q1 — q2)xp) (rw)|
/ xp(q1 — g2)e " dx
Rd

< C"’{n—’—?’ecaH-/\/lql,/i2 - qu,n2 ||Hm(8D)%L2(8D)

PO ([ ooy o exoroofa) ay)

forallr >0, we S, a > C.M with k? + a® > % and Kk > 1, where (y) = (1+ |y|?)'/2.

Hereafter, x and y denote the phase variables in the Fourier transform.

Proof. Fix any w € 8?1, since d > 3, one can choose w', &+

w-wt =w! ot =0. Like in |25, Lemma 3.1], we set

€ 81 satistying w - wt =

1/2
r r ~
G =aw", m= 5wt (RQ +a® — 4> G, L=—&, m=—rw—mn,
and thus for each j = 1,2 we see that
&-ny=0, |nl*=r*+1&1% 1§ =a>CM > Cillgjllms(p)

For each j = 1,2, consider the CGO solutions with ¢ = ¢; described in Lemma

o C cM CM C
ui(@) = L@, Wl < e llmem) € - < Gar = 6
J * *

We now plug those u; into the inequality in Lemma [A.2) to obtain

/Rd XD(QI - (]2)(1 + Qpl)(l + w2)€—irw-x da

= ‘/ (1 — g2)urug dx
D

< KMy, w2 = My, 2l imopy—z200) (10vutlzrm oy + Elluall e o))
x ([10vuzll 20y + Klluall L290))
which implies

|ﬁ (fh—(p)]( )‘

(A2) <K lHMql,,# - ng,f#||Hm(8D)—>L2(8D)(”8Vu1||Hm(8D) + &llur || gm (o))

x ([0vu2ll 2(op) + &lluzll L20p))

+ / (g1 — q2)e "% (1 + 2 + Yr11o) da| .
D
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We pick Ry = Ro(D) > 0 such that D C Bg,(0). For each j = 1,2, since
[¥5llzeo(p) < Clljll2s(py < € (since s > d/2),
we have |uj(z)| < Cel&1fo = Cetfo for all x € D, which gives
lujll 2Dy < Cefo.
We can estimate

IVl 2y = lliws¢y + €9 Vsl 2oy < I¢1lwsll 2oy + €170V 12y
<Cla+ H)BGRO + Ceo < Cﬁeca,

and, inductively,
|V ugllL2(py < Cr'e®® forall £ € N.

Therefore, by , we have
(A.3) 10vuill eopy + Kllujll geapy < Crf2e%% for all £ € NU {0}.

We now choose x € C°(D) with 0 < x < 1 in R? satisfying x = 1 near supp(q1 — ¢2),

and aim to estimate

‘/D(‘h — q2)e T (hy + 1o + Yr¢bp) da

[ (@ = o) @) w@n(a) da
with ¥(z) = ¥1(x) + ¥a(z) + 1 ()2(x) by modifying some ideas in |24, Lemma 3.4]. It

is not difficult to see that

C
|| 25 (py < .

Since D is an extension domain, one can find an extension Wey € H?¥(R?) with Wey|p =
¥. Using the Parseval’s identity and the convolution identity for Fourier transform, one

has

[ (@ = o) @) by )x(o) da
=) [ (1= @xol e M) () dx
= (2m) ™ /Rd((ql —a2)xp) () (7N (Vo)) () dx.
By Fubini’s theorem and Holder’s inequality, we have

((‘h = a2)xp) () (7N # (Wer) ) () dx

/ |((q1 = q2)xp) ()||((e —i(rw,: |k (Wexe) ) (—x) | dx
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= [ = oy 0ol [ (0= ) ]
S

a (/ [((a1 = g2)xn) G (e ) (=x = y)| dx) |(Text) (y)] dy

R
9 1/2
< ( v / (= 2o Ol (=) x) dy) (L2
) 1/2
= (L0075 = o IR+ 7 =907 ) el
R 1/2

< ( < ]Rd< —x+ 71w —y)"**|((q1 — ¢2)XD) (X)\zdx> dy)

X HXHHS Rd)”\yextHH% (Rd)-

It is easy to see that || gsmay < C(s, D), and thus

\ [ @)+ 4 v da

<c ( [ ( [ =7 - q2>xD>A<x>|2dx> dy)w T2 m—

Note that the above inequality does not depend on which extension Weyt of ¥ is chosen.

In view of the equivalence (see e.g., [31, Chapter 3])

C
i f \IIGX s — q] s S -
o0t Wl = ¥l < C
q’ext'D:\I’
we obtain
‘/ (g1 — q2)e ™% (b1 + g + P11ho) da
(A.4) b

¢ ~ 1/2
< — </ <y>—4s </ (—x + rw —y>_28|((q1 — @)XD) (X)]de> dy) .
a Rd R4
The lemma is proved by combining (A.2), (A.3) and (A.4)). B

Similar to [25, Lemma 3.2] or [24, Lemma 3.5], we can easily prove the following

corollary by choosing a suitable parameter a.

Corollary A.5. Suppose that all assumptions in Theorem hold. Let C, be the constant
given in Lemma and R, > CyM. Denote & = ||Mg, 2 — Mg, 2|l rm(0aD)—12(5D)-
Then there exists a constant C = C(s,m, D, M,supp(q1 — q2)) > 0 such that the following
statement holds for all™ >0, w € St and k > 1: If 0 <r <K+ Ry then

(1 — g2)xp) (rw)|

< CrmeOheg 4 & < e ( [ e =07l = o) WP dx) dy) "
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otherwise if r > k + Ry then

(1 — @2)xp) (rw)]

C B - R 1/2
< oxm3eCre 4 C ( [ ( [ (=) (@ - ol WP dx) dy) |
T R4 Rd
Proof. If 0 <r <k + R,, we take a = R,; otherwise, we set a = r. O

We now estimate the H~*-norm of ¢; — g2 following the argument in |24, Lemma 3.6].

Lemma A.6. As in Corollary there exists a constant C', depending on s, m, D, M,
supp(q1 — q2), such that

(a1 — a2)xpll s (gay < OR™ (T 4+ x(T)e“T)E
C (s—d
+ (@1 — @2)xpllg-s@es) + CT (o=2)
R,
for all T > k + Ry, where 0 < x(T') <1 is a continuous function with x(k + R.) = 0.

Proof. Using the polar coordinates x = rw, we write

(g1 — QQ)XDH?_]—s(Rd) =1 + 12+ I3,

where
r+R« .
L= / / (@1 — g2)xp) (re) 2(1 + 12)~*r4 1 dudr,
0 Sdfl
T A~
I = / / (@1 — g2)xp) (re) 2(1 + %) ~*r4 1 dudr,
k+R, JSd-1

Iy = /TOO/SLH (g1 — @2)xp) (rew) (1 + 72 ~*rd= L dw dr.

It is not difficult to estimate I3. Indeed, since supp(q; — ¢2) C D, Hélder’s inequality
implies |((¢1 — g2)xp) (rw)| < Cllg1 — g2]|22(py < C, and

I3 < C'/ / (14 r2)~*r Y dwdr < T~ 2579,
T J&i-1
On the other hand, the following inequality can be proved as in [24] (3.18)]:

L@ [ [ oz =)l - o) 0P dxdy dz

<Cl(q1 - QQ)XDH%{*S(D)'

(A.5)

Recalling that
/ (1+ 7)) 7r 1 dr < oo,
0
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and using Corollary and (A.5)), we can derive

Il < C/{2(m+3)€CR* 52

C B B i
TR’ /I +R /]Rd /Rd<_x +2—y)"2((a1 — a2)xp) (x)|* dxdy dz
* z|<K *

< O eOR-g2 4 *||(Q1 42)xDl7-+(p)

and

.[2 < Cli2(m+3)€CT82

C A
i R2/ @~ / / —x+2z—y) (@1 — @2)xp) (¥)|* dxdy dz
* J R <|z|<T Rd

< OrAMH3)CTe2 4 szH(ql — @2)XllFr-+(p)-

By the definition of I, we can define Is = 0 if T' = k4 R,. Finally, the proof of the lemma

is completed by combining all the above inequalities. O

With Lemma [A4] at hand, we are now ready to prove Theorem using similar

arguments as in |24, Theorem 2.1].
Proof of Theorem [} One can fix a sufficiently large
Ry = R.(s,m, D, M,supp(q1 — q2))
in Lemma [A.6] to obtain
(A6) a1 — @)Xl —se) < K™ (CR 4 \(T)CT)E + CT— 5,

We now restrict £ < 1/e so that log% > 1. We consider the following two cases:

1 1
(i) kK + R. Splogg, (ii) Kk + R« > plog o

where p > 0 will be determined later.

Case (i). For kK + R, < plog %, we choose T' = plog % Then it is easy to see that

1+p

1 1 1
/€+10gg§K+R*+logg§(1+p)log—: T,

&
and, since s > d/2, the following inequality

,(s,i)
7=(=%) <Cy </<c + log :/,) ’
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holds for all Cy > (Tp) . We want to choose C7 and p so that

(s—%)
xmt3gl=Cp _ , .;m+3, CT5<C'1 </{—|—log5> ,

equivalently,

1 1
(A7) (m+3)logk + (Cp—1)log c + <s - d> log <I€ + log 5) < log C1.

Note that kK < xk + R, < plog% and hence

(LHS of (A.7))
< (m+3)log (plog 1) + (Cp—1)log 1 + (s — d) log <(1 +p) log 1>
- & & 2 &
d 1 d 1
< <m—|—3+3— > log(1+p)+ (Cp — 1)1ogg+ <m+35— 2) loglogg.
We now set p = % to obtain

(LHS of (A.7)) < <m+3+s— ;l) log (202;_1> - %logé + <m+3s— d) loglogé

and (A.7)) holds if
2 1 1 1 1
logCi > sup <m+3+s— d> log< ¢+ ) — —log — + <m+3s— d) loglogf
O<e<l/e 2 2C 2 €

Finally, from (A.6) with 7' = plog% = % log %, it follows

d
s—3)

1\ ¢
H(QI - Q2)XDHH75(]Rd) <C </€ + log 5)

Case (ii). When k+ R, > plog% = % log %, choosing T' = k + R, and using the fact
X(k + Ry) = 0, we have

(@1 — @2)xD |l = way
d
3)

M

—(s—
< Cr™3eCRE 4 Ok + R,)" 078 < Cx™3€ 4+ C <ﬂ + ;R*>

< m — < m —

<Ck 5—1—0( +4010g5> < Ck 5+C(m+log5> ,

where we recall that R, = Ry (s, m, D, M,supp(q1 — ¢2))- O
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B. Well-posedness of the impedance-boundary value problem

Let Kk > 0, ¢ € L>(D), F € L*(D) and g € L?*(0D). A function u € H'(D) is called a

(weak) solution of

(A+ k% +q(z))u=—F in D,

(B.1)
du—iku=g on 0D
if
(B.2) a(u,v) = (F,v)r2(p) + (9,v)op for allv € H'(D),
where

a(w,v) := (Vw, Vv)r2(p) — (k% + qQ)w,v)2(py — ik(w, v)ap

and (-,-)gp is the duality pair on 9D.

We first prove the following lemma similar to [13, Lemma 2.2].

Lemma B.1. Let u € H'(D) be a solution of (B.1). For each 61,52 > 0, there hold
IVullZ2(py < (52 + llall ooy + S0l 22y
(B.3a) 51 1
2 2
+ (3 + 35 ) (P Iy + lglEom)
and

09 1 1
(B.3b) [ullZ2(om) < ;HUH%Q(D) + (527”FH%Q(D) + ?HQH%Q(aD)'

Proof. We choose v = u in (B.2]), and take the real and imaginary parts, we get

(B.4a) IVulltainy = [ (62 + ala)luta) do = R(F. ooy + (3 won).
(B-4b) —i"@HUH%%aD) = %((F7U)L2(D) + <9>u>aD)-
It is straightforward to derive (B.3b)) from (B.4b]). Similarly, from (B.4a]), we have

1) 1
IValZepy < (82 + gl oeqmy + 2 )l 22 + 1 F 1220
(B 5) 2 207

01y 12 L2
+ EHUHL?(aD) + 2751||9||L2(8D)-
Substituting do = k into (B.3b)) and combining the resulting equation with (B.5)) easily
imply (B.3a). O

We also need the following lemma, which can be proved using the same argument as

in [13, Lemma 2.3]. So we omit the details here.
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Lemma B.2 (Rellich). For each u € H%(D), the following identities hold

d 1
R(u,z - Vu)r2(p) = _§||UH%Q(D) + §<$ v, [ul*)ap,

2—d 1
R(Vu, V(@ - V) g2y =~ Vulda(p) + 5@ v, [Vulap

We now prove the following wave-number explicit estimate for the solution of the
boundary value problem (B.1)) similar to [13, Theorem 2.4].

Theorem B.3. Let D be a bounded Lipschitz domain in R%, which is star-shaped with
respect to a ball, that is,

(B.6) x-v>co>0 forallxedD.

Let M > 0 and the potential function q satisfies ||q|| o (py < min {M, 16MR2’ 0 6} where
R > 0 be any number such that D C Bgr. Then there exists a positive constant C' =
C (D, co) such that

IVul|Z2py + &2 ullZzpy + Vulliz@p) + £*llul 2D
<o+ n_2)(HFIIL2(D) +9l1Z20p))

which holds true for all k > 0 and for all solution u € H*(D) of (B.1)).

(B.7)

Remark B.4. The estimate (B.7)) is almost optimal for large x > 1 in the following per-

spectives.

e In [5, Lemma 5.5], the authors showed that, if D is a ball then there exist a g €
L%*(@D) and a solution v € HY(D) of (B.I) with ¢ = 0 and F = 0 such that

sllull 2oy 2 Ml9llz2@p)-

e In [47, Lemma 4.12], the author proved that given any bounded Lipschitz domain
D, there exist F' € L?(D) and a solution u € H'(D) of (B.I)) with ¢ =0 and g =0
such that «l|lullz2py 2 [[Fl|2(p)-

We also refer to, e.g., [9,46] and the references therein for related results about this topic.

Proof of Theorem [B.3] Using mollifiers, it suffices to show the theorem for u € H?(D)
(also see the proof of |13, Theorem 2.4]). Choosing v = x - Vu in the real part of (B.2)
and using Lemma we have
2—d 1 dk?
R((F,v)22(p) + (9:v)op) = =5~ Vulliz(p) + 5z - v [Vul)op + = Ilullizp

2
K
-5l ul*)op — R(qu, v)r2(p) + £S(u, VoD,
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and hence from
dr? d—2
ol oy = 5= IVl ) + Rlgu, )20y — 5, 0)ap

1 K2
- §<1’ v, [Vul?)op + 3@7 v, [u*)ap + R((F, v)r2(py + (9, v)ap)
d—2

1 o1
< 2Vl + Bl (%uuuim + 219l

Rc52 R53
+ EHFH%% — IVullZzp) + o5 2% gz o) + = IVullt2op)

kR K2
+ 7”“”%2(8D) + HR54HVUH%2(8D) -

Setting d3 = {5 and d4 = g2

s in the above equation yields

d,# d—2 Réy . Rllq|ze(p)on
A e

2 2 2
Rllallz~p), o 8k2R? K2R 2
c R 2R?
2 1Vulzzop) + 5 Flzam) + = =9l 720p)-

Combining (B.3al), (B.3b) and (B.§)), we obtain

co
dr?|[ul| 22y + §||VU”%2(6D)

Rliqllpp
< ((d — 2+ Ry + Rllqllo(pyd1) (52 + llall o= () + 05) + 5”) lull3
0 1
(B.9) + (d — 2+ R0z + R||q|| o (p)01) <5 55: ) (HFHL2 py T H9HL2 aD) )
5 <16R2
+ K +
Co

) 1
R (Zluliaioy + 7 W Vo + 910

2R?
7”FHL2 + 7”9”L2 D)

Since ||q||pe(py < M, we choose §; = 177> 02 = 7 and compute that

Rliqllzp
Cc1 = d/i2 — (d -2 + R(SQ + RHqHLoo(D)él) (HZ + ||qHLoo(D) -+ (55) — T()
1 2
— K < 0f +R> %
Co K
lallep)\ » (4d—=T7  llallz=(p)
— o (4 L) o (AT M) (g + 1)
16R? 1)
— 4MR2HQHL°°(D) — :‘Qz < —+ R> %
Co K
3, 2d-3
> —K° —
-2

2 16R2 1)
0o -|- ) 2 6
2 (H(IHL 5) AMR ||Q||L°°(D) k (Co +R> K

R
EHVUH%?@D) + ||UHL2 D)

35
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Next, from 4M R?||q|| po(py < +?/4 and wTiqu”Loo(D) < k2/4 (see (1.3))), it follows that

2d — 16R?
c1 > K2 — d 355—52 O +R 6—6.
2 co K

Now choosing 05 = ﬁiﬁ and dg = %(M + R)_l implies ¢; > %2 Thus, by , we

co
have

2
K 2 o 2 2 ¢ 2
< itz oy + S IIVula@p) < etllullzapy + S I1Vulz2@p)

1 (24— 3)? 16 R ? 2\ o2
§<8+2/<2+4( . +R) +16R° | ||F[l72p)

1 (2d-3)? 16R? R 2R? 9
Tt e T PR ) lleeny

Combining the above inequality with Lemma (with &; = k2 and §3 = k) immediately
yields (B.7)). O

By the Fredholm alternative principle as in [13, Theorem 2.5], we finally conclude that
Theorem B.5. Suppose that all assumptions in Theorem hold. Then there exists a

unique solution u € H (D) to (B.1)) and the estimate is satisfied.
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