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On the Boundary Behaviour of the Squeezing Function near Weakly

Pseudoconvex Boundary Points

Van Thu Ninh*, Thi Lan Huong Nguyen and Quang Dieu Nguyen

Abstract. The purpose of this article is to investigate the boundary behaviour of the

squeezing function of a general ellipsoid.

1. Introduction

Let Ω be a bounded domain in Cn and p ∈ Ω. Let us denote by Aut(D) the automorphism

group of a domain D. For a holomorphic embedding f : Ω → Bn := B(0; 1) with f(p) = 0,

we set

σΩ,f (p) := sup{r > 0 : B(0; r) ⊂ f(Ω)},

where Bn(z; r) ⊂ Cn denotes the Euclidean ball of radius r with center at z. Then the

squeezing function σΩ : Ω → R is defined as

σΩ(p) := sup
f

{
σΩ,f (p)

}
(see Definition in [5]). Note that the squeezing function is invariant under biholomor-

phisms and 0 < σΩ(z) ≤ 1 for any z ∈ Ω. Moreover, by definition one sees that Ω is

biholomorphically equivalent to the unit ball Bn if σΩ(z) = 1 for some z ∈ Ω.

It is well-known that limΩ∋z→p∈∂Ω σΩ(z) = 1 if p is a strongly pseudoconvex boundary

point (cf. [6, 7, 12]). Conversely, motivated by Problem 4.1 in [8], let us consider the

following problem.

Problem 1.1. If Ω is a bounded pseudoconvex domain with smooth boundary, and if

limj→∞ σΩ(qj) = 1 for some sequence {qj} ⊂ Ω converging to p ∈ ∂Ω, then is the boundary

of Ω strongly pseudoconvex at p?

In the case that ∂Ω is pseudoconvex of D’Angelo finite type near ξ0, the answer to this

problem is affirmative for the following cases:
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� {qj} ⊂ Ω converges to ξ0 along the inner normal line to ∂Ω at ξ0 (for details, see [11]

for n = 2 and [14] for general case).

� {qj} ⊂ Ω converges nontangentially to ξ0 (see [15]).

� {qj} ⊂ Ω converges
(

1
m1
, . . . , 1

mn−1

)
-nontangentially to an h-extendible boundary

point ξ0 (see [16, Definition 3.4]), where (1,m1, . . . ,mn−1) is the multitype of ∂Ω

at ξ0 and the h-extendibility at ξ0 means that the Catlin multitype and D’Angelo

multitype of ∂Ω at ξ0 coincide (see [20, Definition 3.3]).

Now we consider the case that {qj} ⊂ Ω is a sequence converging
(

1
m1
, . . . , 1

mn−1

)
-

nontangentially to ξ0. Then, the condition that limj→∞ σΩ(qj) = 1 ensures that the unit

ball Bn is biholomorphically equivalent to some model MP given by

MP = {z ∈ Cn : Re(zn) + P (z′) < 1},

where P is a
(

1
m1
, . . . , 1

mn−1

)
-homogeneous polynomial on Cn−1 (see [20, Definition 3.1]).

Therefore, m1 = m2 = · · · = mn−1 = 1, or ξ0 is strongly pseudoconvex (see [16]). Unfor-

tunately, the point ξ0 may not be strongly pseudoconvex when {qj} ⊂ Ω does not converge(
1
m1
, . . . , 1

mn−1

)
-nontangentially to ξ0. For instance, the following example points out that

limj→∞ σΩ(qj) = 1 for some sequence {qj} ⊂ Ω converging to a weakly pseudoconvex

boundary point (see also Example 3.1 for general case).

Example 1.2. Let E1,2 := {(z1, z2) ∈ C2 : |z2|2 + |z1|4 < 1}. Consider the sequence

an =
(

4

√
2
n − 2

n2 , 1− 1
n

)
→ (0, 1) as n→ ∞. Denote by ρ(z) := |z2|2 − 1+ |z1|4 a defining

function for E1,2 and denote by σ(z1) = |z1|4 a
(
1
4

)
-weighted homogeneous polynomial.

Then, a computation shows that

ρ(an) =

∣∣∣∣1− 1

n

∣∣∣∣2 − 1 +

∣∣∣∣∣ 4

√
2

n
− 2

n2

∣∣∣∣∣
4

= − 2

n
+

1

n2
+

2

n
− 2

n2
= − 1

n2
< 0.

Therefore, dist(an, ∂E1,2) ≈ |ρ(an)| = 1
n2 , |Re(an2) − 1| =

∣∣ − 1
n

∣∣ = 1
n , and σ(an1) =

σ
(

4

√
2
n − 2

n2

)
=
(

4

√
2
n − 2

n2

)4
= 2

n − 2
n2 ≈ 2

n . Here and in what follows, ≲ and ≳ denote

inequality up to a positive constant. Moreover, we will use ≈ for the combination of ≲

and ≳.

This implies that {an} does not converge
(
1
4

)
-nontangentially to the boundary point

p = (0, 1).

Let us consider the automorphism ψn ∈ Aut(E1,2), given by

ψn(z) =

(
(1− |an2|2)1/4

(1− an2z2)1/2
z1,

z2 − an2
1− an2z2

)
,
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and hence ψn(an) = (bn, 0), where bn = an1

(1−|an2|2)1/4
=

4
√

2
n
− 2

n2

4
√

2
n
− 1

n2

→ 1 as n → ∞. Since

ψn(an) converges to the strongly pseudoconvex boundary point (1, 0) of ∂E1,2, by [12,

Theorrem 3.1] it follows that σE1,2(an) = σE1,2(ψn(an)) → 1 as n → ∞. However, the

point (0, 1) is weakly pseudoconvex.

To give a statement of our result, let us fix positive integers m1, . . . ,mn−1 and let

P (z′) be a (1/m1, . . . , 1/mn−1)-homogeneous polynomial given by

P (z′) =
∑

wt(K)=wt(L)=1/2

aKLz
′Kz′L,

where aKL ∈ C with aKL = aLK , satisfying that P (z′) > 0 whenever z′ ̸= 0. Here and

in what follows, z′ := (z1, . . . , zn−1) and wt(K) :=
∑n−1

j=1
kj
2mj

denotes the weight of any

multi-index K = (k1, . . . , kn−1) ∈ Nn−1 with respect to Λ := (1/m1, . . . , 1/mn−1). Then

the general ellipsoid DP in Cn (n ≥ 1), defined in [18] by

DP := {(z′, zn) ∈ Cn : |zn|2 + P (z′) < 1}.

We note that

(1.1) P (a1/m1z1, a
1/m2z2, . . . , a

1/mn−1zn−1) = |a|2P (z′), ∀ z′ ∈ Cn−1, ∀ a ∈ C \ {0}.

Therefore, Aut(DP ) contains the automorphisms ϕa ∈ Aut(DP ), a ∈ ∆ := {z ∈ C : |z| <
1}, defined by

(z′, zn) 7→

(
(1− |a|2)1/2m1

(1 + azn)1/m1
z1, . . . ,

(1− |a|2)1/2mn−1

(1 + azn)1/mn−1
zn−1,

zn + a

1 + azn

)
,

These automorphisms play a crucial role in the proofs of Theorems 1.6 and 1.10 below.

It was shown in [3] (see also [18, Theorem 5]) that DP is biholomorphically equivalent

to the domain

QP := {(z′, zn) ∈ Cn : Re(zn) + P (z′) < 1}.

Furthermore, as in [9, 10], QP is called homogeneous finite diagonal type if there exists a

small positive number δ > 0 such that

(1.2) P (z′)− δ(|z1|2m1 + · · ·+ |zn−1|2mn−1) is plurisubharmonic in Cn−1,

i.e., P is strictly plurisubharmonic away from the union of all coordinates axes. In addition,

by following the proofs of [2, Theorem 4.1] and [1, Theorem 4.2], the condition (1.2) yields

the existence of a peak function at 0 = (0, 0, . . . , 0) for O(QP ). This condition means in

fact that QP (or DP ) is a WB-domain in the sense of [1].

In this paper, we need the following definition.
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Definition 1.3. The domain DP is called a W̃B-domain if DP is strongly pseudoconvex

at every boundary point outside the set {(0′, eiθ) : θ ∈ R}.

Remark 1.4. It is note that the Ellipsoid E1m := {(z1, z2) ∈ C2 : |z1|2m + |z2|2 < 1} with

m ∈ Z≥1 is a W̃B-domain. Although the domain Ω :=
{
z ∈ C3 : |z1|6 + |z2|4 + |z3|2 < 1

}
is a WB-domain, but it is not a W̃B-domain since the boundary point (1, 0, 0) ∈ ∂Ω \
{(0, 0, eiθ) : θ ∈ R} is not strongly pseudoconvex. Therefore, the notion of W̃B-domains is

more restrictive than the that ofWB-domains, in particular in higher dimension. However,

for a W̃B-domain Ω in Cn we may have limj→∞ σΩ(qj) = 1 for some sequence {qj} ⊂ Ω

converging to a weakly pseudoconvex boundary point (cf. Theorem 1.10 below).

To state our main results, let us introduce several classes of domains. Indeed, for any

s, r ∈ (0, 1] and α ∈ [0, 2), inspired by [13, Lemma 2.5] we define Ds
P , D

s
P,r, DP,r and

Ds
P (α), respectively, by

Ds
P := {z ∈ Cn : |zn − b|2 + sP (z′) < s2},

Ds
P,r :=

{
z ∈ Cn : |zn − b|2 + s

r
P (z′) < s2

}
,

DP,r := DP/r =

{
z ∈ Cn : |zn|2 +

1

r
P (z′) < 1

}
,

Ds
P (α) =

{
z ∈ Cn :

∣∣∣∣zn + (1− s)α

2s(1− α) + α

∣∣∣∣2 + s(2− α)

2s(1− α) + α
P (z′)

<
2s− α

2s(1− α) + α
+

∣∣∣∣ (1− s)α

2s(1− α) + α

∣∣∣∣2},
where b = 1− s.

We note that Ds
P (0) = DP , and Ds

P,1 = Ds
P . Moreover, since P (z′) > 0 whenever

z′ ̸= 0, it is easy to see that Ds
P,r ⊂ Ds

P . Moreover, we also have Ds
P ⊂ DP . Indeed, let

z ∈ Ds
P be arbitrary. Then, we have

|zn − 1|2 + 2sRe(zn − 1) + sP (z′) < 0,

or equivalently
1

s
|zn − 1|2 + 2Re(zn − 1) + P (z′) < 0.

Since 0 < s < 1, it follows that

|zn − 1|2 + 2Re(zn − 1) + P (z′) ≤ 1

s
|zn − 1|2 + 2Re(zn − 1) + P (z′) < 0,

which implies that z ∈ DP .

In what follows, let us denote by ∆ the unit disc in C and for a sequence {aj} ⊂ ∆

converging to 1 ∈ ∂∆ we always denote by xj := 1 − Re(aj) and yj := Im(aj) for j ≥ 1.

Suppose that {qj = (q′j , aj)} ⊂ Ds
P for some 0 < s < 1. Then one sees that

|aj − 1|2 + 2sRe(aj − 1) + sP (q′j) < 0,
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which implies that

|aj − 1|2 < −2sRe(aj − 1) for j ≥ 1,

or equivalently x2j + y2j < 2sxj for j ≥ 1. Therefore, passing to a subsequence if necessary,

we can assume that there exists

0 ≤ α := lim
j→∞

y2j
xj

≤ 2s < 2.

In addition, to each sequence {aj} ⊂ ∆ we associate a sequence ϕj := ϕaj ∈ Aut(DP ),

i.e.,

(1.3) ϕj(z
′, zn) =

(
(1− |aj |2)1/2m1

(1 + ajzn)1/m1
z1, . . . ,

(1− |aj |2)1/2mn−1

(1 + ajzn)1/mn−1
zn−1,

zn + aj
1 + ajzn

)
, j ≥ 1.

We now recall that a sequence {qj} ⊂ DP converges Λ-nontangentically to p = (0′, 1) if

|qjk|mk ≲ dist(qj , ∂DP ), 1 ≤ k ≤ n− 1; | Im(qjn)| ≲ dist(qj , ∂DP ) (cf. [16, Definition 3.4]).

In particular, the sequence {qjn} ⊂ ∆ converges nontangentially to the point 1 ∈ ∂∆.

However, in this paper we shall focus attention on the behaviour of {qjn} ⊂ ∆ converging

to 1 ∈ ∂∆. Namely, we need the following definition.

Definition 1.5. We say that {qj} ⊂ DP ∩ U converges Λα-nontangentially to p = (0′, 1)

if there exists 0 < r < 1 such that qj ∈ DP,r for all j ≥ 1, limj→∞ qj = (0′, 1), and

limj→∞
y2j
xj

= α ∈ [0, 2), where qjn = 1− xj + iyj , j ≥ 1.

The first aim of this paper is to prove the following theorem.

Theorem 1.6. Let Ω be a subdomain of DP such that Ds
P ⊂ Ω ⊂ DP for some s ∈ (0, 1].

Let {qj} ⊂ Ds
P,r be a sequence that converges Λα-nontangentially to (0′, 1) in DP for some

0 < r < 1. Then, there exists γ1 > 0 depending on s, α, P , r such that

lim inf
j→∞

σΩ(qj) ≥ γ1.

Remark 1.7. Let {qj = (q′j , qnj)} ⊂ Ds
P,r be as in the statement of Theorem 1.6. Then

Lemma 2.1 ensures that limj→∞ ψ−1
j (Ds

P,r) = Ds
P,r(α) and limj→∞ ψ−1

j (Ds
P ) = Ds

P (α).

Therefore, the proof of Theorem 1.6 follows from the invariance of the squeezing function

under biholomorphisms.

Now let us denote the cone with vertex at p = (0′, 1) by

Γc :=
{
(z′, zn) ∈ Cn : | Im(zn)| ≤ c|1− Re(zn)|

}
for some c > 0. Then for any sequence {qj} ⊂ Ds

P,r ∩ Γc converging to (0′, 1), we always

have α = limj→∞
y2j
xj

= 0. Therefore, again by Lemma 2.1, limj→∞ ψ−1
j (Ds

P,r) = DP,r for

any 0 < r ≤ 1. Moreover, we obtain the following corollary, which is a generalization

of [17, Theorem 1.3].
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Corollary 1.8. Let Ω be a subdomain of DP such that Ds
P ⊂ Ω ⊂ DP for some s ∈ (0, 1].

Then, for any r ∈ (0, 1), c > 0 there exist ϵ0, γ2 > 0 depending on r and c such that

σΩ(q) ≥ γ2, ∀ q ∈ Ds
P,r ∩ Γc ∩B(p, ϵ0).

In contrast to the Λα-nontangential convergence (0 ≤ α < 2), we have the following

definition.

Definition 1.9. We say that {qj} ⊂ DP ∩ U converges Λ-tangentially to p = (0′, 1) if

limj→∞ qj = (0′, 1) and for any 0 < r < 1 there exists jr ∈ N such that qj /∈ DP,r for all

j ≥ jr.

With the notion of Λ-tangential convergence, the second aim of this paper is to prove

the following theorem.

Theorem 1.10. Let {Ωj} be a sequence of subdomains of DP such that Ωj ∩U = DP ∩U ,

j ≥ 1, for a fixed neighborhood U of (0′, 1) in Cn. Let {qj} ⊂ DP ∩ U be a sequence that

converges Λ-tangentially to (0′, 1) in DP . If DP is a W̃B-domain, then limj→∞ σΩj (qj)

= 1.

We note that DP is holomorphically homogeneous regular (cf. [17, Theorem 1.1]).

Furthermore, we prove the following proposition, which provides a uniform lower bound

for the squeezing function near (0′, 1) ∈ ∂DP .

Proposition 1.11. Let Ω be a subdomain of DP and Ω∩U = DP ∩U for a fixed neighbor-

hood U of p = (0′, 1) in Cn. If DP is a W̃B-domain, then there exist ϵ0, γ0 > 0 depending

only on DP such that

σΩ(z) > γ0, ∀ z ∈ DP ∩B(p; ϵ0).

The organization of this paper is as follows. In Section 2, we introduce several technical

lemmas needed later. Then, the proofs of Theorems 1.6 and 1.10 are given in Section 3.

2. Several technical lemmas

In this section, we first prove the following lemma.

Lemma 2.1. Let {aj = 1−xj+iyj} ⊂ ∆ be a given sequence satisfying that limj→∞ aj = 1

and limj→∞
y2j
xj

= α ∈ [0, 2). Then, for any s ∈ (0, 1) we have that ψ−1
j (Ds

P ) converges to

Ds
P (α), where the sequence {ψj} is given in (1.3).

Remark 2.2. In the case that α = 0, one sees that Ds
P (0) = DP and therefore ψ−1

j (Ds
P )

converges to DP . In addition, Liu [13, Lemma 2.5] restricted himself to the case that
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Im(aj) = 0 and P (z′) = |z′|2, i.e., DP is the unit ball Bn. Instead of Ds
P , he considered

the ball Bs center at (0′, b) with radius s = 1− b. However, the limit of ψ−1
j (Bs) is exactly

the ellipsoid
{
|zn|2 + 1

1−b |z
′|2 < 1

}
, which is contained in the unit ball Bn. Of course,

according to Lemma 2.1 the limit of ψ−1
j (Ds

P ) is Bn.

To give a proof of Lemma 2.1, we need the following lemma.

Lemma 2.3. Let {aj} be a sequence in ∆ such that limj→∞

(
Im(aj)

)2
1−Re(aj)

= α ∈ [0, 2) and

limj→∞ aj = 1. Then we have

(i) lim
j→∞

1− Re(aj)

1− |aj |2
=

1

2− α
; (ii) lim

j→∞

(1− aj)
2

1− |aj |2
=

−α
2− α

; (iii) lim
j→∞

|1− aj |2

1− |aj |2
=

α

2− α
.

Proof. We have xj → 0+, yj → 0, and y2j /xj → α as j → ∞, where xj := 1 − Re(aj),

yj := Im(aj). Moreover, a direct calculation yields that

1− Re(aj)

1− |aj |2
=

xj
1− (1− xj)2 − y2j

=
xj

2xj − x2j − y2j
=

1

2− xj − y2j /xj
,

(1− aj)
2

1− |aj |2
=

(xj + iyj)
2

1− (1− xj)2 − y2j
=
x2j − y2j + 2ixjyj

2xj − x2j − y2j
=
xj − y2j /xj + 2iyj

2− xj − y2j /xj
,

|1− aj |2

1− |aj |2
=

x2j + y2j
1− (1− xj)2 − y2j

=
x2j + y2j

2xj − x2j − y2j
=

xj + y2j /xj

2− xj − y2j /xj
, ∀ j ≥ 1.

Therefore, the assertions follow since xj → 0+ and y2j /xj → α as j → ∞.

Proof of Lemma 2.1. The proof of this lemma is given in [19]. However, for the conve-

nience of the reader we give a detailed proof. Indeed, recall that b = 1− s or s = 1− b ∈
(0, 1). Then, by the property (1.1) a straightforward calculation shows that∣∣∣∣ zn + aj

1 + ajzn
− b

∣∣∣∣2 + sP

(
(1− |aj |2)1/2m1

(1 + ajzn)1/m1
z1, . . . ,

(1− |aj |2)1/2mn−1

(1 + ajzn)1/mn−1
zn−1

)
< s2

⇐⇒
∣∣∣∣ zn + aj
1 + ajzn

− b

∣∣∣∣2 + s
1− |aj |2

|1 + ajzn|2
P (z′) < s2

⇐⇒
∣∣∣∣zn + aj − b(1 + ajzn)

1 + ajzn

∣∣∣∣2 + s
1− |aj |2

|1 + ajzn|2
P (z′) < s2

⇐⇒ |zn + aj − b(1 + ajzn)|2 + s(1− |aj |2)P (z′) < s2|1 + ajzn|2

⇐⇒ |zn(1− ajb) + aj − b|2 + s(1− |aj |2)P (z′) < s2|1 + ajzn|2

⇐⇒ |zn|2|1− ajb|2 + 2Re
[
(aj − b)(1− ajb)zn

]
+ |aj − b|2 + (1− b)(1− |aj |2)P (z′)

< s2
(
|aj |2|zn|2 + 2Re[ajzn] + 1

)
⇐⇒ |zn|2

(
|1− ajb|2 − (1− b)2|aj |2

)
+ 2Re

[(
(aj − b)(1− ajb)− (1− b)2aj

)
zn
]

+ (1− b)(1− |aj |2)P (z′) < (1− b)2 − |aj − b|2
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⇐⇒ |zn|2 + 2Re

[
(aj − b)(1− ajb)− (1− b)2aj

|1− ajb|2 − (1− b)2|aj |2
zn

]
+

(1− b)(1− |aj |2)
|1− ajb|2 − (1− b)2|aj |2

P (z′) <
(1− b)2 − |aj − b|2

|1− ajb|2 − (1− b)2|aj |2

⇐⇒
∣∣∣∣zn + (aj − b)(1− ajb)− (1− b)2aj

|1− ajb|2 − (1− b)2|aj |2

∣∣∣∣2 + (1− b)(1− |aj |2)
|1− ajb|2 − (1− b)2|aj |2

P (z′)

<
(1− b)2 − |aj − b|2

|1− ajb|2 − (1− b)2|aj |2
+

∣∣∣∣(aj − b)(1− ajb)− (1− b)2aj
|1− ajb|2 − (1− b)2|aj |2

∣∣∣∣2 .
Moreover, by a computation one obtains

(aj − b)(1− ajb)− (1− b)2aj = aj − b− a2jb+ ajb
2 − aj + 2ajb− ajb

2 = −b(1− aj)
2,

(1− b)2 − |aj − b|2 = 1− 2b+ b2 − |aj |2 + 2bRe(aj)− b2

= 1− |aj |2 − 2b(1− Re(aj)),

|1− ajb|2 − (1− b)2|aj |2 = 1− 2Re(ajb) + |aj |2b2 − |aj |2 + 2b|aj |2 − b2|aj |2

= 1− |aj |2 − 2b
(
Re(aj)− |aj |2

)
= 1− |aj |2 − 2b

(
Re(aj)− 1 + 1− |aj |2

)
= (1− |aj |2)

[
1− 2b

(
1− 1− Re(aj)

1− |aj |2

)]
.

Hence, Lemma 2.3 yields that

lim
j→∞

(aj − b)(1− ajb)− (1− b)2aj
|1− ajb|2 − (1− b)2|aj |2

=
bα

(1− b)(2− α) + bα
=

(1− s)α

2s(1− α) + α
,

lim
j→∞

(1− b)(1− |aj |2)
|1− ajb|2 − (1− b)2|aj |2

=
(1− b)(2− α)

(1− b)(2− α) + bα
=

s(2− α)

2s(1− α) + α
,

lim
j→∞

(1− b)2 − |aj − b|2

|1− ajb|2 − (1− b)2|aj |2
=

2− α− 2b

(1− b)(2− α) + bα
=

2s− α

2s(1− α) + α
.

Therefore, this implies that ψ−1
j (Ds

P ) → Ds
P (α) as j → ∞, as desired.

We close this section with a technical lemma. Indeed, Lemma 2.1 in [17] easily yields

the following lemma.

Lemma 2.4. Let Ω be a bounded domain in Cn and K be a relative compact subset of Ω.

Then, we have

inf
z∈K

σΩ(z) ≥
dist(K, ∂Ω)

d(Ω)
,

where dist( · , · ) and d(Ω) denote respectively the Euclidean distance in Cn and the diameter

of Ω.
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3. Proofs of Theorems 1.6 and 1.10

This section is devoted to proofs of Theorems 1.6, 1.10 and Proposition 1.11.

Proof of Theorem 1.6. Let {qj} ⊂ Ds
P,r be a sequence converging to (0′, 1) for some fixed

r ∈ (0, 1). For simplicity, let us denote by aj = qjn for j ≥ 1. Let us denote by xj :=

1−Re(aj), yj := Im(aj) for convenience. Then we have xj → 0+, yj → 0, and y2j /xj → α

as j → ∞.

We now consider the sequence of automorphisms {ψj} ⊂ Aut(DP ) given in (1.3).

Then, Lemma 2.1 yields

(3.1) lim
j→∞

ψ−1
j (Ds

P,r) = Ds
P,r(α), lim

j→∞
ψ−1
j (Ds

P ) = Ds
P (α).

Moreover, we have that ψ−1
j (qj) =

( qj1

λ
1/2m1
j

, . . . ,
qjn−1

λ
1/2mn−1
j

, 0
)
∈ Ds

P,r(α) ∩ {zn = 0}, where

λj = 1 − |aj |2 and Ds
P,r(α) ∩ {zn = 0} ⋐ Ds

P (α). Therefore, by (3.1) and by Lemma 2.4

there exists j0 ∈ N∗ such that

σΩ(qj) = σψ−1
j (Ω)(ψ

−1
j (qj)) > δ/d > 0, ∀ j ≥ j0,

where d denotes the diameter of DP and δ := dist(Zr,α(P ), Z1,α(P ))/2 with Zρ,α(P ) ={
z′ ∈ Cn−1 : P (z′) = ρ 2s−α

s(2−α)
}
for 0 < ρ ≤ 1. This finishes the proof with γ1 = δ/d.

Proof of Corollary 1.8. We first consider an arbitrary sequence {qj} ⊂ Ds
P,r ∩Γc converg-

ing to p = (0′, 1). Let us write aj = qjn = 1 − xj + iyj . Since {aj} ⊂ ∆, one has xj > 0

for all j ≥ 1. Therefore, we have

y2j
xj

=
|yj |
|xj |

· |yj | ≤ c · |yj |, j ≥ 1.

This implies that α := limj→∞
y2j
xj

= 0, and hence we obtain limj→∞ ψ−1
j (Ds

P,r) = DP,r

and limj→∞ ψ−1
j (Ds

P ) = DP by Remark 2.2, where ψj ∈ Aut(DP ) given in (1.3).

Next, the above argument shows that

(3.2) lim
Ds

P∩Γc∋q→(0′,1)
ψ−1
a (Ds

P ) = DP , lim
Ds

P∩Γc∋q→(0′,1)
ψ−1
a (Ds

P,r) = DP,r,

where ψa ∈ Aut(DP ) given by

ψa(z) =

(
(1− |a|2)1/2m1

(1 + azn)1/m1
z1, . . . ,

(1− |a|2)1/2mn−1

(1 + azn)1/mn−1
zn−1,

zn + a

1 + azn

)
, j ≥ 1,

where a := qn. In addition, for q ∈ Ds
P,r ∩ Γc one has

ψ−1
a (q) =

( q1

λ1/2m1
, . . . ,

qn−1

λ1/2mn−1
, 0
)
∈ DP,r ∩ {zn = 0} ⋐ DP ∩ {zn = 0},
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where λ = 1− |a|2. Therefore, by (3.2) and by Lemma 2.4 we finally conclude that there

exists ϵ0 > 0 such that

σΩ(q) = σψ−1
a (Ω)(ψ

−1
a (q)) > δr/d > 0, ∀ q ∈ DP,r0 ∩ Γc ∩B(p, ϵ0),

where d denotes the diameter of DP and δr := dist(Zr(P ), Z1(P ))/2 with Zr(P ) =
{
z′ ∈

Cn−1 : P (z′) = r
}
. Hence, the proof is complete with γ2 = δr/d.

Proof of Theorem 1.10. Suppose that {qj} converges Λ-tangentially to (0′, 1) in DP . For

simplicity, let us denote by aj = ηjn. Then we consider the sequence of automorphisms

{ψj} ⊂ Aut(DP ) given in (1.3).

Let us set bj = (b′j , 0) := ψ−1
j (qj) for all j ≥ 1. Then, a straightforward computation

shows that

bj = ψ−1
j (qj) =

(
ηj1

λ
1/2m1

j

, . . . ,
ηj(n−1)

λ
1/2mn−1

j

, 0

)
∈ DP ∩ {zn = 0},

where λj = 1− |aj |2 for all j ≥ 1.

Since {qj} converges Λ-tangentially to (0′, 1) in DP , it follows that there exists a

sequence {rj} ⊂ (0, 1) with rj → 1 as j → ∞ such that

|aj |2 +
1

rj
P (q′j) = |ηjn|2 +

1

rj
P (q′j) ≥ 1, ∀ j ≥ 1,

which implies that

1 > P (b′j) =
1

λj
P (q′j) =

1

1− |aj |2
P (q′j) ≥ rj

for all j ≥ 1. Therefore, we obtain that P (b′j) → 1 as j → ∞. Since DP is a W̃B-domain,

by passing to a subsequence if necessary we may assume that ψ−1
j (qj) converges to some

strongly pseudoconvex boundary point p ∈ ∂DP ∩ {zn = 0}.
Since ψj(0

′, 0) = (0′, aj) → (0′, 1) as j → ∞ and the boundary point (0′, 1) is of

D’Angelo finite type, by [4, Proposition 2.1] it follows that

lim
j→∞

ψ−1
j (Ωj) = lim

j→∞
ψ−1
j (Ωj ∩ U) = lim

j→∞
ψ−1
j (DP ∩ U) = DP .

In addition, for any ϵ > 0 sufficiently small there exists j0 ≥ 1 such that

ψ−1
j (Ωj) \B((0′,−1), ϵ) = DP \B((0′,−1), ϵ)

for any j ≥ j0. Hence, since σDP
(bj) → 1 as j → ∞ and by Theorem 3.1 in [12], one

concludes that σΩj (qj) = σψ−1
j (Ωj)

(bj) → 1 as j → ∞.
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Proof of Proposition 1.11. Since DP is a W̃B-domain, it follows that any boundary point

p ∈ {(z′, 0) ∈ DP : P (z′) = 1} is strongly pseudoconvex. Therefore, by Theorem 3.1

in [12], for any p ∈ {(z′, 0) ∈ DP : P (z′) = 1} we have limz→p σDP
(z) = 1. Then, there

exists r0 ∈ (0, 1) such that

(3.3) σDP
(z′, 0) > 3/4, ∀ z′ ∈ Cn−1 with P (z′) ≥ r0.

For q ∈ DP , we consider the automorphism ψa ∈ Aut(DP ), given by

ψa(z) =

(
(1− |a|2)1/2m1

(1 + azn)1/m1
z1, . . . ,

(1− |a|2)1/2mn−1

(1 + azn)1/mn−1
zn−1,

zn + a

1 + azn

)
,

where a := qn. In addition, let us set b := ψ−1
a (q). Then, a straightforward computation

shows that

b = (b′, 0) = ψ−1
a (q) =

( q1

λ1/2m1
, . . . ,

qn−1

λ1/2mn−1
, 0
)
∈ DP ∩ {zn = 0},

where λ = 1− |a|2.
Now we consider the following two cases:

Case 1: q ∈ DP,r0. In this case,we have

|a|2 + 1

r0
P (q′) = |qn|2 +

1

r0
P (q′) < 1,

which implies that

P (b′) =
1

λ
P (q′) =

1

1− |a|2
P (q′) < r0.

Since ψa(0
′, 0) = (0′, a) → (0′, 1) as a → 1 and the boundary point (0′, 1) is of D’Angelo

finite type, again by [4, Proposition 2.1] it follows that

lim
a→1

ψ−1
a (Ω) = lim

a→1
ψ−1
a (Ω ∩ U) = lim

a→1
ψ−1
a (DP ∩ U) = DP .

Therefore, by Lemma 2.4 there exists ϵ0 > 0 such that

σΩ(q) = σψ−1
a (Ω)(ψ

−1
a (q)) >

δr0
d
> 0, ∀ q ∈ DP,r0 ∩B(p, ϵ0),

where d denotes the diameter of DP and δr0 := dist(Zr0(P ), Z1(P ))/2 with Zr0(P ) = {z′ ∈
Cn−1 : P (z′) = r0}.

Case 2: q ∈ DP \DP,r0. Then we have

|a|2 + 1

r0
P (q′) = |qn|2 +

1

r0
P (q′) ≥ 1,

which implies that

P (b′) =
1

λ
P (q′) =

1

1− |a|2
P (q′) ≥ r0.
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As in Case 1 and by (3.3), there exists ϵ0 > 0 such that

σΩ(q) = σψ−1
a (Ω)(ψ

−1
a (q)) >

1

2
, ∀ q ∈ (DP \DP,r0) ∩B(p, ϵ0).

Hence, altogether, the proof is complete with γ0 = min{ δr0d ,
1
2}.

We close this section with an example, which is a generalization of Example 1.2.

Example 3.1. Fix positive integersm1, . . . ,mn−1 and denote by Λ := (1/m1, . . . , 1/mn−1).

Let us consider a general ellipsoid DP in Cn (n ≥ 2) defined by

DP := {(z′, zn) ∈ Cn : |zn|2 + P (z′) < 1},

where P (z′) is a (1/m1, . . . , 1/mn−1)-homogeneous polynomial given by

P (z′) =
∑

wt(K)=wt(L)=1/2

aKLz
′Kz′

L
,

where aKL ∈ C with aKL = aLK , satisfying that P (z′) > 0 whenever z′ ̸= 0. Moreover,

suppose that the domain DP is a W̃B-domain.

Now let us denote by ρ(z) := |zn|2 − 1 + P (z′) a local defining function for DP and

consider a sequence {aj = (a′j , ajn)} ⊂ DP which converges Λ-tangentially to p := (0′, 1).

Since DP is invariant under the map z′ 7→ z′; zn 7→ eiθzn and σDP
is invariant under

biholomorphisms, we may assume that Im(ajn) = 0 for all j. Since ρ(z) is the defining

function for DP , it follows that dist(aj , ∂DP ) ≈ −ρ(aj) = 1 − |ajn|2 − P (a′j). Moreover,

since {aj} converges Λ-tangentially to p, we have that P (a′j) ≥ cj dist(aj , ∂DP ) for some

sequence {cj} ⊂ R with 0 < cj → +∞. This implies that P (a′j) ≥ c′j(1 − |ajn|2 − P (a′j))

for some sequence {c′j} ⊂ R with 0 < c′j → +∞ and hence

P (a′j) ≥
c′j

1 + c′j
(1− |ajn|2), ∀ j ≥ 1.

Let us denote by ψ̃j the automorphism of DP given by

ψ̃j(z) =

(
(1− |ajn|2)1/2m1

(1− ajnzn)1/m1
z1, . . . ,

(1− |ajn|2)1/2mn−1

(1− ajnzn)1/mn−1
zn−1,

zn − ajn
1− ajnzn

)
,

and hence ψ̃j(aj) = (b′j , 0), where

b′j =

(
aj1

(1− |ajn|2)1/2m1
, . . . ,

aj(n−1)

(1− |ajn|2)1/2mn−1

)
.

Thanks to the boundedness of {b′j}, without loss of generality we may assume that b′j →

b′ ∈ Cn−1 as j → ∞. In addition, we have that P (b′j) = 1
1−|ajn|2P (a

′
j) ≥ c′j

1+c′j
, ∀ j ≥ 1.
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Therefore, we arrive at the situation that b′j → b′ with P (b′) = 1 and since DP is a W̃B-

domain, it follows that ψ̃j(aj) converges to the strongly pseudoconvex boundary point

(b′, 0) of ∂DP , which implies by [12, Theorrem 3.1] that σDP
(aj) = σDP

(ψ̃j(aj)) → 1 as

j → ∞ even the boundary point p is weakly pseudoconvex.
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