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On the Boundary Behaviour of the Squeezing Function near Weakly

Pseudoconvex Boundary Points

Van Thu Ninh*, Thi Lan Huong Nguyen and Quang Dieu Nguyen

Abstract. The purpose of this article is to investigate the boundary behaviour of the

squeezing function of a general ellipsoid.

1. Introduction

Let € be a bounded domain in C™ and p € Q. Let us denote by Aut(D) the automorphism
group of a domain D. For a holomorphic embedding f: Q — B" := B(0; 1) with f(p) =0,

we set
oq,f(p) =sup{r > 0: B(0;r) C f(Q)},

where B"(z;r) C C" denotes the Euclidean ball of radius r with center at z. Then the
squeezing function oq: 2 — R is defined as

oa(p) = Sup {oarp)}

(see Definition in [5]). Note that the squeezing function is invariant under biholomor-
phisms and 0 < oq(z) < 1 for any z € . Moreover, by definition one sees that €2 is
biholomorphically equivalent to the unit ball B" if og(z) = 1 for some z € Q.

It is well-known that limos._,co0 0a(2) = 1 if p is a strongly pseudoconvex boundary
point (cf. [6,7,/12]). Conversely, motivated by Problem 4.1 in [§], let us consider the

following problem.

Problem 1.1. If 2 is a bounded pseudoconvex domain with smooth boundary, and if
lim;_,o 0q(gj) = 1 for some sequence {¢;} C Q converging to p € 9€2, then is the boundary

of 2 strongly pseudoconvex at p?

In the case that 912 is pseudoconvex of D’Angelo finite type near &y, the answer to this

problem is affirmative for the following cases:
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e {g;} C Q converges to {y along the inner normal line to 0 at & (for details, see |11]
for n = 2 and [14] for general case).
e {g;} C Q converges nontangentially to & (see [15]).

e {¢;} C Q converges (%1""7mj,1

)—nontangentially to an h-extendible boundary
point &y (see |16, Definition 3.4]), where (1,my,...,my—_1) is the multitype of O
at & and the h-extendibility at & means that the Catlin multitype and D’Angelo
multitype of 9Q at &y coincide (see |20}, Definition 3.3]).

Now we consider the case that {g;} C € is a sequence converging (n%’ R mnl_l)—
nontangentially to . Then, the condition that lim; ,., 0q(g;) = 1 ensures that the unit

ball B™ is biholomorphically equivalent to some model Mp given by

Mp = {z € C": Re(z,) + P(') < 1},

1 1

mi’ " M1

where P is a ( )-homogeneous polynomial on C"~* (see [20, Definition 3.1]).
Therefore, m; = mg = -+ = mp_1 = 1, or & is strongly pseudoconvex (see [16]). Unfor-

tunately, the point £, may not be strongly pseudoconvex when {g;} C Q does not converge

(%1’ el ms-l )—nontangentially to &. For instance, the following example points out that
lim; o 0(gj) = 1 for some sequence {g;} C Q converging to a weakly pseudoconvex

boundary point (see also Example for general case).

Example 1.2. Let Eyo := {(21,22) € C? : |22]? + |21]* < 1}. Consider the sequence

an = ({*/% - n%, 1-— %) — (0,1) as n — o0o. Denote by p(z) := |22|? — 1+ |21|* a defining
function for By and denote by o(z1) = |z1|* a (3)-weighted homogeneous polynomial.

Then, a computation shows that

4
@)= 17 Lalgf2o2f 2,1 2 2 1
plin) = n n nZl n n? n n? n2 7
Therefore, dist(a,,0FE12) ~ |p(an)| = %, |Re(an2) — 1| = ’ - %} =1 and o(an) =

4
J( Y % — %) = (4 % - %) = % — n% A % Here and in what follows, < and 2 denote
inequality up to a positive constant. Moreover, we will use ~ for the combination of <
and 2.

This implies that {a,} does not converge (%)—nontangentially to the boundary point
p=(0,1).

Let us consider the automorphism v, € Aut(E2), given by

wn(z) _ ((1 — ‘an2|2)1/4 22 — Qn2 ) :

— 21, —
(1 — an222)1/2 1—ap220
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4/2_3
and hence ¥, (a,) = (bn,0), where b, = (1—|aa7:;1|2)1/4 = ﬁ/z ? — 1 as n — oo. Since
n n2

¥n(an) converges to the strongly pseudoconvex boundary point (1,0) of OE, 2, by [12,
Theorrem 3.1] it follows that og, ,(an) = 0, ,(¥n(an)) — 1 as n — co. However, the

point (0, 1) is weakly pseudoconvex.

To give a statement of our result, let us fix positive integers my,...,m,—1 and let
P(Z') be a (1/mq,...,1/my_1)-homogeneous polynomial given by
P(Z) = Z aKLz'KE'L,

wt(K)=wt(L)=1/2
where agy € C with axy = apg, satisfying that P(z’) > 0 whenever 2’ # 0. Here and
n—1 k;

in what follows, 2" := (21,...,2,-1) and wt(K) := > 707, Iy denotes the weight of any

multi-index K = (ki,...,kn,—1) € N*~! with respect to A := (1/my,...,1/my,_1). Then
the general ellipsoid Dp in C" (n > 1), defined in [1§] by
Dp :={(,2z,) € C": |z,> + P(¢) < 1}.
We note that
(1.1)  P(a"™z,a ™22, ... at/™ 12, 1) = |a]?P(), VZ eC" ! VaeC)\{0}.

Therefore, Aut(Dp) contains the automorphisms ¢, € Aut(Dp), a € A :={2z€ C: |z] <
1}, defined by

_ 2\1/2my _ 2\1/2mp—1
(Z,,ZH)H<<1 af?) (1 |a) +>

WZl?-.-, (1—|—Ezn)1/mn—l n—1, 1_‘_6271

These automorphisms play a crucial role in the proofs of Theorems [I.6] and below.
It was shown in [3] (see also [18, Theorem 5]) that Dp is biholomorphically equivalent

to the domain
Qp = {(7,2,) € C": Re(z,) + P(¢') < 1}.
Furthermore, as in [9,/10], @p is called homogeneous finite diagonal type if there exists a

small positive number § > 0 such that
(1.2) P(2') = 6(|z1|*™ 4 -+ + |2p_1|*™1) is plurisubharmonic in C"™1,

i.e., P is strictly plurisubharmonic away from the union of all coordinates axes. In addition,
by following the proofs of |2, Theorem 4.1] and [1, Theorem 4.2], the condition yields
the existence of a peak function at 0 = (0,0,...,0) for O(Qp). This condition means in
fact that Qp (or Dp) is a W B-domain in the sense of [1].

In this paper, we need the following definition.
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Definition 1.3. The domain Dp is called a W B-domain if D p is strongly pseudoconvex
at every boundary point outside the set {(0/,¢%) : § € R}.

Remark 1.4. It is note that the Ellipsoid E1,, := {(21, 22) € C? : |2|*™ + |22|? < 1} with
m € Z> is a W B-domain. Although the domain € := {z€C3: |21]° + |22|* + |23]* < 1}
is a W B-domain, but it is not a W B-domain since the boundary point (1,0,0) € 90\
{(0,0,¢%) : § € R} is not strongly pseudoconvex. Therefore, the notion of W B-domains is
more restrictive than the that of W B-domains, in particular in higher dimension. However,
for a W B-domain  in C" we may have lim; o 0q(gj) = 1 for some sequence {g;} C Q

converging to a weakly pseudoconvex boundary point (cf. Theorem below).

To state our main results, let us introduce several classes of domains. Indeed, for any
s,m € (0,1] and a € [0,2), inspired by [13, Lemma 2.5] we define Dy, Dy, Dp, and
Di(a), respectively, by

D% :={z€C": |z, — b]? + sP() < s*},

D3, = {z eC": |z, —b* + fP(z’) < 82},
’ r

1
DP’»,« = DP/T = {Z eC": |Zn|2 + ;P(Z/) < 1},

sy " (1-s)a [ s(2—a) /
Dp(a)—{ze(c 'Zn+23(1—a)—|—a 23(1—04)+0¢P(z)
2s — (1-s)a |?
<2s(1—a)+a 25(1 —a) +« }’

where b =1 —s.

We note that D3(0) = Dp, and Dy = Dp. Moreover, since P(z') > 0 whenever
2 # 0, it is easy to see that Dy, C Djp. Moreover, we also have D}, C Dp. Indeed, let
z € D} be arbitrary. Then, we have

|20 — 112 + 25 Re(z, — 1) + sP(2') < 0,
or equivalently
%\zn — 14+ 2Re(z, — 1) + P(¥) < 0.
Since 0 < s < 1, it follows that
|zn — 112 + 2Re(2, — 1) + P(¢) < §|zn — 112+ 2Re(z, — 1)+ P(¢') <0,

which implies that z € Dp.

In what follows, let us denote by A the unit disc in C and for a sequence {a;} C A
converging to 1 € A we always denote by x; := 1 — Re(a;) and y; := Im(a;) for j > 1.
Suppose that {g; = (¢j,a;)} C Dp for some 0 < s < 1. Then one sees that

laj — 112+ 2sRe(a; — 1) + sP(q;) <0,
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which implies that
la;j — 1|* < —2sRe(a; — 1) for j > 1,

or equivalently 1‘3 + yJQ < 2sxj for j > 1. Therefore, passing to a subsequence if necessary,

we can assume that there exists
y?
0<a:=lim 2 <2s<2.
J—00 iL'j
In addition, to each sequence {a;j} C A we associate a sequence ¢; := ba; € Aut(Dp),

ie.,

(1— |fj|2)1/2m1 _ (1— |ilj|2)1/2mn71 - Zn _taj isL
(14 ajz,)t/m (14 ajz,)t/mn— 14+ajzy

(13) ¢5(=',2n) = (

We now recall that a sequence {g;} C Dp converges A-nontangentically to p = (0, 1) if
lgjr|™ < dist(q;,0Dp), 1 <k <n—1; | Im(gn)| S dist(g;,0Dp) (cf. [16, Definition 3.4]).
In particular, the sequence {g;n} C A converges nontangentially to the point 1 € JA.
However, in this paper we shall focus attention on the behaviour of {g;,} C A converging

to 1 € 0A. Namely, we need the following definition.

Definition 1.5. We say that {¢;} C Dp N U converges A®-nontangentially to p = (0',1)

if there exists 0 < r < 1 such that ¢; € Dp, for all j > 1, limj_,cq; = (0’,1), and
. y? . .
lim; o0 é =a € [0,2), where ¢jp, =1 —x; +iy;, 7 > 1.

The first aim of this paper is to prove the following theorem.

Theorem 1.6. Let Q be a subdomain of Dp such that D}, C Q C Dp for some s € (0, 1].
Let {q;} C Djp,. be a sequence that converges A*-nontangentially to (0/,1) in Dp for some
0 <r < 1. Then, there exists v1 > 0 depending on s, a, P, r such that

liminf oq(g;) > 7.

J—00

Remark 1.7. Let {q; = (¢}, qnj)} C D%, be as in the statement of Theorem Then
Lemma ensures that lim;_, ¢]71(Df377,) = Dp,(a) and lim;j,oo @Z);l(DfD) = D}(a).
Therefore, the proof of Theorem follows from the invariance of the squeezing function

under biholomorphisms.

Now let us denote the cone with vertex at p = (0, 1) by
Ie:={(2,2,) € C": [Im(2,)| < ¢[1 — Re(zy)|}

for some ¢ > 0. Then for any sequence {g;} C Dp, NI converging to (0',1), we always

2
have o = lim;_,00 % = 0. Therefore, again by Lemma lim; o0 qu_l( 7’,7") = Dp, for
any 0 < r < 1. Moreover, we obtain the following corollary, which is a generalization
of |17, Theorem 1.3].
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Corollary 1.8. Let ) be a subdomain of Dp such that D}, C Q@ C Dp for some s € (0,1].
Then, for any r € (0,1), ¢ > 0 there exist €y, v2 > 0 depending on r and ¢ such that

oa(q) =272, VYqe Dp, NI B(p, ).

In contrast to the A%nontangential convergence (0 < « < 2), we have the following

definition.

Definition 1.9. We say that {¢;} C Dp NU converges A-tangentially to p = (0',1) if
lim; o g; = (0,1) and for any 0 < r < 1 there exists j, € N such that g; ¢ Dp, for all
J 2 Jr

With the notion of A-tangential convergence, the second aim of this paper is to prove

the following theorem.

Theorem 1.10. Let {€2;} be a sequence of subdomains of Dp such that Q;NU = DpNU,
Jj > 1, for a fized neighborhood U of (0/,1) in C". Let {q;} C DpNU be a sequence that
converges A-tangentially to (0/,1) in Dp. If Dp is a W B-domain, then lim; o0 00, (q5)
=1.

We note that Dp is holomorphically homogeneous regular (cf. |17, Theorem 1.1]).
Furthermore, we prove the following proposition, which provides a uniform lower bound

for the squeezing function near (0',1) € dDp.

Proposition 1.11. Let Q be a subdomain of Dp and QNU = DpNU for a fized neighbor-
hood U of p=(0',1) in C"™. If Dp is a V[A/_B—domain, then there exist €y, yo > 0 depending
only on Dp such that

oa(z) >, Yze DpnB(p;ep).

The organization of this paper is as follows. In Section [2] we introduce several technical

lemmas needed later. Then, the proofs of Theorems and are given in Section

2. Several technical lemmas

In this section, we first prove the following lemma.

Lemma 2.1. Let {a; = 1—z;+iy;} C A be a given sequence satisfying that lim;_,oc a; = 1
2

and lim;_, % =a €10,2). Then, for any s € (0,1) we have that ¢j_1(ng) converges to

D (), where the sequence {1;} is given in (1.3).

Remark 2.2. In the case that o = 0, one sees that D%(0) = Dp and therefore w;l(DfD)
converges to Dp. In addition, Liu |13 Lemma 2.5] restricted himself to the case that
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Im(a;) = 0 and P(2') = |2/|?, i.e., Dp is the unit ball B". Instead of D%, he considered
the ball B, center at (0',b) with radius s = 1 —b. However, the limit of wj_l(BS) is exactly
the ellipsoid {|z,|? + 25|2/|* < 1}, which is contained in the unit ball B". Of course,
according to Lemma [2.1] the limit of w;l(ng) is B".

To give a proof of Lemma [2.1] we need the following lemma.

2
Lemma 2.3. Let {a;} be a sequence in A such that lim;_, % =a €[0,2) and

lim; o aj = 1. Then we have

1 — Re(a; 1 1—a;)? - 1—a;f?
() tim SR Ly g U 0 g Ll
oo 1= Jag]? 2 _ o j—oo 1—lai?  2—-« jooo 1l —lai? 2—-a

Proof. We have x; — 0%, y; — 0, and y]?/a:j — « as j — oo, where z; := 1 — Re(a;),

yj := Im(a;). Moreover, a direct calculation yields that

1 —Re(a;) T B x B 1
1— a2 1—(1—xj)2—yj2- N 2xj—:v?—yj2. N 2—a:j—yj2./xj’
(1-a)?  (m+iy)? @ -y 2y 3 —yi /v + 20y
L=l 1= (=2 —yf 2w —af—y}  2-z—yi/e;
I T S L SR e
L=l 1= -2 —y] 2w —af—y} 2-w;—yj/z;’ 7
Therefore, the assertions follow since x; — 0" and yj2- Jx; — o as j — oo. ]

Proof of Lemma [2.1] The proof of this lemma is given in [19]. However, for the conve-
nience of the reader we give a detailed proof. Indeed, recall that b=1—sors=1—1b €
(0,1). Then, by the property (1.1)) a straightforward calculation shows that

, 2 1o 12Y1/2ma 1 12Y1/2mn
1 1
antay L p ( !ita!) 21,...,( Ifgl) o) <
1+ajz, (14 ajz,)t/m (14 ajzp,)t/mn—
2 2
— |74 taj —b| +s laj‘ P(?) < §*
1+ a2, 114 a2y
_ 2
e |mta- Ii(l +ajzn) 1 —laj|2 P < 82
1+ajz, |1+ @;zy|
= |z t+a; —b(1+a;2,))? +s(1—|a;H)P(Z) < s*1 + a2,
= |21 —a5b) + aj — b + s(1 — |a;[*) P(2') < 8°|1 + @z |
|z l*[1 —@;b)* + 2Re [(@; — b)(1 — @;b)zn] + |aj — b> + (1 = b)(1 — |a;|*) P(2))
< s*(|aj|?|zn|* + 2 Re[a;z,] + 1)
= |z* (|11 —@;b|* = (1 —b)%a;*) + 2Re [((@ — b)(1 — @;b) — (1 — b)*a;) 2]

+(1=b)(1 ~ |a;)P(') < (1 =b)* — |aj — b]”
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— |Zn|2—|—2Re |:(a]'|—b)(1_ajb)_(1_b)2aj n:|

U= a0 — (1—0)[a,?
1—0b)(1—|a;|? 1—10)2—|a; — b?
e v I e o
@-H0-ah) - -vlg " A=Yl o
" =P — (1= b)) [T —a;b2 — (1= b)2a2
(1=b)2—a; = b2 |(@—b(1—ab) - (1-b)[*
11 —a;b]> = (1= b)?|ay|? |1 —a;b]* — (1 —b)?[a|?

<

Moreover, by a computation one obtains

(@; — b)(1 —a;b) — (1 —b)*a; =a; — b—a;b+a;b> — a; + 2a;b — a;b* = —b(1 — @;)>,
(1—b)%—la; —b*=1—2b+b* —|a;|* + 2bRe(a;) — b?
=1 |a;[* = 2b(1 — Re(ay)),
1= a;b]* — (1 = 0)*|a > = 1 — 2Re(a;0) + |a;[*b? — |a;[* + 2b]a;|* — 0°[ay[?
=1- \aj\2 — 2b(Re(aj) — ]aj]2)
=1 —[aj|* = 2b(Re(aj) — 1+ 1 — [a;])

= (1—|aj]?) {1 —2b <1 - Tmﬂ '

Hence, Lemma [2.3] yields that

lim (@; — b)(1 —a;b) — (1 — b)*a, _ b (=5
j—oo |1 —a;b]?2 — (1 —b)2|a;|? 1-b0)2—-a)+ba 2s5(1—a)+a’
L aen0 ) 1-he-a) _ s2-oa)
j—oo |1 —ajb]? — (1 =b)?|a;]? (1-b)(2—-a)+ba 2s(1—a)+a’
i (1—10)? —|a; —b|? _ 2—a—2b _ %o
j—oo [1 —=@;b]2 — (1 —=0)%|aj|? (1-0)2—a)+ba 2s(1—a)+a
Therefore, this implies that wj_l(ng) — D} (o) as j — o0, as desired. O

We close this section with a technical lemma. Indeed, Lemma 2.1 in [17] easily yields

the following lemma.

Lemma 2.4. Let Q) be a bounded domain in C"™ and K be a relative compact subset of §2.
Then, we have
) dist (K, 09)
>~ 7
foalz) 2 — gy
where dist( -, - ) and d(2) denote respectively the Euclidean distance in C" and the diameter
of Q2.
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3. Proofs of Theorems and [1.10

This section is devoted to proofs of Theorems and Proposition [1.11

Proof of Theorem [1.6] Let {q;} C D3, be a sequence converging to (0',1) for some fixed
€ (0,1). For simplicity, let us denote by a; = ¢j, for j > 1. Let us denote by z; :=
1 —Re(aj), y; := Im(a;) for convenience. Then we have z; — 07, y; — 0, and y; 2/xj — «
as j — oo.
We now consider the sequence of automorphisms {i;} C Aut(Dp) given in .
Then, Lemma yields

(3.1) lim 47 (D) = Dpy(a),  lim 07 (Dp) = Di(a).
j—o00 ’ ’ Jj—00
Moreover, we have that wj_l(qj) = (}\;%inl e, /\1%7:,;171 ,0) € Dp (o) N {2z, = 0}, where
J

j
Aj = 1—la;j|* and Dp,(a) N {z, = 0} € Dp(a). Therefore, by (3.1) and by Lemma
there exists jo € N* such that

oa(gj) = 010y (V5 (g)) > 8/d >0, V3> jo,

where d denotes the diameter of Dp and ¢ := dist(Z, o(P), Z1,o(P))/2 with Z, (P) =
{z’ ceCv1.PZ)= P35 25 a } for 0 < p < 1. This finishes the proof with v; = §/d. O

Proof of Corollary [L.8 We first consider an arbitrary sequence {¢;} C Dy, NI converg-
ing to p = (0',1). Let us write a; = ¢j, = 1 — x; + iy;. Since {a;} C A, one has z; > 0
for all j > 1. Therefore, we have
2
Y5 _ lyjl ,
2= i < ey > 1.

2
This implies that o := lim;_, z— = 0, and hence we obtain hm]_wow (Dj’;T) Dp,

and lim; o0 1) '(D%) = Dp by Remark [2.2] where ¢; € Aut(Dp) given in
Next, the above argument shows that

3.2 li ~1(D%) = Dp, li ~1(D% ) = Dp,.
(32 D%HFC;?H(O’J)% (D) F D;HFC;?%(O’,I)wa (D) Br

where ¢, € Aut(Dp) given by

1— 2\1/2my 1— 2\1/2mp—1
¢G(Z) - <(’a‘)zly oo ( ’a" ) Zn—1; n ) ] 2 17

(1+az,)l/m " (14 az,) /M 1 +az,

where a := ¢,. In addition, for ¢ € D}, NI'. one has

— q1 dn—1
@Z)al(Q) = ()\I/le"” ) )\1/2mn_1 70> S DP,T N {ZTL = 0} S -DPm {Zn = 0}7
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where A = 1 — |a|2. Therefore, by (3.2)) and by Lemma [2.4 we finally conclude that there
exists g > 0 such that

UQ(q) = Uwgl(ﬂ)(¢;1(Q)) > 67‘/d > 07 vq S -DP,'I’O N FC N B(pa 60)5

where d denotes the diameter of Dp and 6, := dist(Z,(P), Z1(P))/2 with Z,(P) = {#' €
C"': P(2') = r}. Hence, the proof is complete with v, = 4, /d. O

Proof of Theorem [1.10} Suppose that {g;} converges A-tangentially to (0',1) in Dp. For
simplicity, let us denote by a; = 7;,. Then we consider the sequence of automorphisms
{¢;} C Aut(Dp) given in (1.3).

Let us set b; = (b;, 0) := Q,b;l(qj) for all 7 > 1. Then, a straightforward computation
shows that

_ N1 Nj(n—1)
bj:d}]l(q]): ()\1/]27)’141”)\1‘]/2”1%170) GDPQ{ZTL:O}’
J J

where \j = 1 — |a;|? for all j > 1.
Since {g;} converges A-tangentially to (0’,1) in Dp, it follows that there exists a
sequence {r;} C (0,1) with r; — 1 as j — oo such that

1 1 .

which implies that

1

1
/ /

X P(q}) >

for all j > 1. Therefore, we obtain that P(b};) — 1 as j — oc. Since Dp is a W B-domain,
by passing to a subsequence if necessary we may assume that w;l(qj) converges to some
strongly pseudoconvex boundary point p € 9Dp N {z, = 0}.
Since 9;(0',0) = (0’,a;) — (0',1) as j — oo and the boundary point (0’,1) is of
D’Angelo finite type, by [4, Proposition 2.1] it follows that
lim ¢ (Q)) = lim ;1 (Q;NU) = lim ¢ (DpNU) = Dp.
j—o0

Jj—o0 Jj—o0

In addition, for any € > 0 sufficiently small there exists jo > 1 such that
wg_l(Qij) \ B((0/7 _1)7 6) = ﬁp\ B((0/7 _1)7 6)

for any j > jo. Hence, since op,(b;) — 1 as j — oo and by Theorem 3.1 in [12], one
concludes that oq;(q;) = ij_l(ﬂj)(bj) —1asj— co. 0
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Proof of Proposition [I.11]. Since Dp is a %—domain, it follows that any boundary point
p € {(2/,0) € Dp : P(2) = 1} is strongly pseudoconvex. Therefore, by Theorem 3.1
in [12], for any p € {(#/,0) € Dp : P(2) = 1} we have lim,_,,0p,(z) = 1. Then, there
exists rg € (0, 1) such that

(3.3) opp(2/,0) >3/4, Ve C™ ! with P(2) > .
For ¢ € Dp, we consider the automorphism v, € Aut(Dp), given by

Ya(2) = mz (1 — |a|?)L/2mn— i ta
a B (1 +azn)1/m1 gy (1 +azn)1/mn71 n—1, 1+azn s

where a := g,,. In addition, let us set b := 1, 1(¢q). Then, a straightforward computation
shows that

_ q Gn—
b= (b/,O) :7/1(11((1) = (Al/éml"'.7A1/2mif1’0) S DPﬁ{Zn :0}7

where A = 1 — |a|?.
Now we consider the following two cases:

Case 1: g € Dp,. In this case,we have
2 1 / 2 1 /
la|” + —P(q) = |gn|” + —P(¢') <1,
0 o

which implies that
1 1
PW)=<P(q)=——
)= 3P = 1=
Since 1,(0/,0) = (0/,a) — (0/,1) as a — 1 and the boundary point (0’,1) is of D’Angelo
finite type, again by [4, Proposition 2.1] it follows that

P(q) < rp.

lim 1, 1(Q) = lim ¢, 1 (QNU) = lim ¢, (Dp NU) = Dp.
a—1 a—1 a—1
Therefore, by Lemma [2.4] there exists ¢y > 0 such that

_ Oy
UQ(Q) = %,,;1(9)(7% 1(‘])) > FO > 07 Vq € DP,T() N B(p7 60)7

where d denotes the diameter of Dp and 6y, := dist(Z,,(P), Z1(P))/2 with Z,,(P) = {7’ €
Cr1: P(2) =ro}.
Case 2: g € Dp \ Dpy,. Then we have

1 1
a|* + —P(¢) = |gn|* + —P(¢) > 1,
ro ro

which implies that
1

= 1_7|a’2]3(q’) >7o.
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As in Case 1 and by (3.3)), there exists €y > 0 such that

oa(q) = 0410)(Wa ' (9)) > 5. Y € (Dp\ Dpyy) N B(p, co).

DN =

Hence, altogether, the proof is complete with vy = min{‘s%, % . O
We close this section with an example, which is a generalization of Example

Example 3.1. Fix positive integers my, ..., m,_1 and denote by A := (1/mq,...,1/my,_1).
Let us consider a general ellipsoid Dp in C™ (n > 2) defined by

Dp = {(.20) € C": |22 + P() < 1,

where P(z') is a (1/my,...,1/my,—_1)-homogeneous polynomial given by
P(Y) = Z aKLz'K?L,
Wt(K)=wt(L)=1/2
where ag € C with ax = apk, satisfying that P(2’) > 0 whenever 2z’ # 0. Moreover,
suppose that the domain Dp is a W B-domain.

Now let us denote by p(z) := |2, — 1 4+ P(2') a local defining function for Dp and
consider a sequence {a; = (a;, ajn)} C Dp which converges A-tangentially to p := (0/,1).
Since Dp is invariant under the map 2’ — 2/; z, — ez, and opp is invariant under
biholomorphisms, we may assume that Im(a;,) = 0 for all j. Since p(z) is the defining
function for Dp, it follows that dist(aj, dDp) ~ —p(a;) =1 — |ajn|* — P(a}). Moreover,
since {a;} converges A-tangentially to p, we have that P(a}) > ¢; dist(a;, 0Dp) for some
sequence {c;} C R with 0 < ¢; — +o00. This implies that P(a}) > ¢j(1 — lajn|® — P(d}))
for some sequence {c;} C R with 0 < ¢; — +oc and hence

C-
P(d)) = 12 (1= lagf). Vj=1L
J

Let us denote by {/;j the automorphism of Dp given by

Ui(z) = (<1 “lagn® (1) 2= a )
J - 9

Zn—
(1 —Ejnzn)l/ml b ’ (1 —ajnzn)l/mnfl n=b 1 — GjnZn

and hence {/;j(aj) = (b;,0), where

Y — a1 4j(n—-1)
P T JagaP)Pm (U= Jaga PP )
Thanks to the boundedness of {b;.}, without loss of generality we may assume that b;- —

ﬁp(a’.) > Vj> 1.

v € C* ! as j — oo. In addition, we have that P(V;) = - .

G
14c’>
+ J
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Therefore, we arrive at the situation that b; — " with P(}') = 1 and since Dp is a W B-
domain, it follows that Jj(aj) converges to the strongly pseudoconvex boundary point
(b',0) of 0Dp, which implies by [12, Theorrem 3.1] that op,(a;) = GDP(Jj(aj)) — 1 as

j — oo even the boundary point p is weakly pseudoconvex.
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