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Existence of Solutions for Fractional (p, ¢)-Laplacian Problems Involving

Critical Hardy—Sobolev Nonlinearities

Xuehui Cui and Yang Yang*

Abstract. This paper is devoted to studying a class of fractional (p,q)-Laplacian

problems with subcritical and critical Hardy potentials:

(b)—2

_ ph .
(fA)Zlu + I/(*A)?u = /\‘uma vy lul |la:|b L in Q,

uw=0 in RN\ Q,

where @ C R¥ is a smooth and bounded domain, and p} (b) = (Jf,\[:;gf denotes the

fractional critical Hardy—Sobolev exponent. More precisely, when v =1 and v > 0 is

sufficiently small, using some asymptotic estimates and the Mountain Pass Theorem,
we establish the existence results for the above fractional elliptic equation under some
suitable hypotheses, respectively, which are gained over a wider range of parameters.

1. Introduction and main results

Consider the following fractional p&g-Laplacian problems with two different Hardy po-

tentials

ul" 2y
(At +v(—=A)2u = Al \‘xl" +

P,(\
() u=0 in RV \ Q,

where  C RY is a smooth and bounded domain, N > 2, \,v > 0 are parameters. 0 <
sp<s1<1<qg<p<, 0<ab<psi<N,re(qp;®),p:d) = (N=bp/(N—ps)
denotes the fractional critical Hardy—Sobolev exponent. Up to normalization, the nonlocal
operator (—A)s (p > 1) is the fractional p-Laplacian defined by

Ju(z) — u(y)P~*(u(z) — u(y))
|z — y[NEp

(—=A)u(z) ;= lim dy, = eRY,

p
e0 JRN\B. (x)

along any function u(z) € C$°(RY), where B.(z) = {y € R : |z — y| < €}.
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As the basic theories of fractional Sobolev space gradually mature, a good deal of study
on nonlocal operators has achieved extensive popularity. Nonlocal operators are applied
in an extremely natural way in lots of different contexts such as water waves, nonlocal
phase transitions, finance, geophysics, and image recovery, see [3,/12,24}2533], one of these
operators is the fractional p-Laplacian.

Research on the fractional p-Laplacian has many interesting results; see for instance
[7,17,119,123,127,129,131] and references therein. Among them, we pay special attention
to [27] where Mosconi et al. studied the well-known Brézis—Niréberg problem (1983) for
the fractional p-Laplacian and obtained the nontrivial weak solution by working with
certain asymptotic estimates for minimizers and an abstract link theorem in [32].

More recently, due to the research done for problems driven by the local and nonlocal
operators —Ayu, —Agu, and (—A)Jju, the existence, multiplicity, regularity, and maximum
principles of solutions for fractional p&g-Laplacian problems have received plenty of atten-
tion, see [1}2,4-6L8-11}[14L[16,212830]. In |11] Bhakta and Mukherjee got the existence of
infinitely many nontrivial solutions of a class of fractional p&q elliptic equations involving
concave-critical nonlinearities in bounded domains in RY. When the nonlinearity was
of convex-critical type, they also established the multiplicity of nonnegative solutions by
variational methods. In [4] Ambrosio proved a strong maximum principle in an open set

Q c RY for weak supersolutions of
(=A)yu+ B(=A)u + c(r) (|u]p’2u + ]u\quu) =0.

In [10] Behboudi et al. studied a quasi-linear problem in a bounded Lipschitz domain
Q:
(=A)pu+y(—=A)ju = MulP~2u + f(z,u) in Q,
u=0 in RV \ Q.

They investigated the existence of a mountain pass solution via critical point theory and
variational methods. On the other hand, Goel et al. [21] studied the following nonlinear

doubly nonlocal equation

(=A)Stu+ B(—A)Pu = Aa(x)|ul*~2u + b(z)|u|""2u  on Q,

(1.1)
u=0 in RV \ Q.

By analyzing the fibering maps and the energy functional over suitable subsets of the

Nehari manifold, they got the multiplicity of weak solutions, and in the case of § = ¢, they

obtained the existence of solutions.

When 3 = a(z) = b(z) = 1 in (L.1), Chen and Yang [14] studied the related Brézis—
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Niréberg problem for the fractional p&gq-Laplacian

(—A)5iu+ (=A)2u = plul?u + AulP~2u + [uf" 2u in Q,
u=0 in RV \ Q,

where u, A > 0,0 < s9 <51 <1 <qg<p< % By the mountain pass theorem and
certain asymptotic estimates for minimizers, the existence of a nonnegative nontrivial
weak solution was obtained, which extended the results of p&g-Laplacian in [13] to the
fractional p&q-Laplacian.

Moreover, we note that the elliptic equations with Hardy term have been studied
recently in many papers such as [8/18-20,31]. In [8], Ambrosio and Isernia studied the
following problem with critical Sobolev—Hardy exponents in an open bounded domain

with smooth boundary Q ¢ RV:

B |u|p§(a)—2u

(=A)u+ (=A)u + Af(z,u) in Q,

(1.2) a ]
u=0 in RV \ Q,
where A > 0 is a parameter, pf(a) = & 5\],\1;(‘:) is the so-called Hardy—Sobolev critical

exponent. Using concentration-compactness principle and the mountain pass lemma, they
showed that there exists \* > 0 such that for any A € (0, \*), problem has infinitely
many nontrivial solutions.

In addition, Fan [18] studied the related problems

—A)Stu+ (=A)%2u = f(x)|u]™2u + T Q,
(=4); q

[ul
w=0 in RV \ Q.
1f2<q+1<p<m<r=p?;=%
solution was obtained when N < p?s; and m > Np/(N —ps1) —p/(p — 1).

, via variational methods, at least one nontrivial

Motivated by the results mentioned above, in the present paper, we consider the frac-
tional p&g-Laplacian problem with a subcritical and a critical Hardy term, which
generalize the results of [22] to the fractional p&g-Laplacian problem with critical Hardy
nonlinearity. The purpose of this paper is using Lemmas[2.1]and 2.7]to study the nontrivial
weak solutions of under the cases ¥ = 1 and v > 0 sufficiently small, respectively.
To the best of our knowledge, our result is new.

Here are the results:

Theorem 1.1. When v = 1, problem (Py()\)) has a nontrivial weak solution for all X > 0

in each to following cases when N < p®s;:

. N— N— N—
(i)l<g<p- pgv(pff;), ’}\(,7])51) - ]% < r < pi(b), and max {0,b — pflfl} <a<
p’si—N |
p—1 7
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.. N— Ng— 2 -N
(ii) p—%§q<p, Nq_p‘;f<r<p§1(b), and0<b§a§%.

Remark 1.2. When a = b = 0, the result of Theorem [I.1] also holds.

We find that when 1 < p < %, case (i) in Theorem cannot hold and

the first inequality in case (ii) holds for ¢ > 1, so we have the following corollary.

2_
coumaqu3.wmmzNu<p%q,ﬁ1<:q<zagzw*§;ﬁﬁf“2 N < <l (b),

0<b<a< p2;11N, then the problem (P1()\)) has a nontrivial weak solution for all A > 0.

Theorem 1.4. When v > 0, there ezists vg > 0 such that problem (P, (\)) has a nontrivial

weak solution for all v € (0,19) and X\ > 0 in each of the following cases:

(i) a € [max{(], pQZL_lN},psl) \ {0} and r € (q,p%, (b));

‘ 2 _ _

(i) p?s1 > N, either 0 < a < p;lﬁN, and ¢ < r < p or max{0,b — %
pisi—N p(N—a)
p—1 N—ps1

Remark 1.5. When a = b = 0, the result of Theorem also holds.

}<a<

, and —p%l<r<p§1(b).

When ¢ < r < p, we have the following corollary.

Corollary 1.6. When 0 < a < (p?s; — N)/(p— 1), if ¢ <r < p, then there exists vy > 0
such that problem (P,(\)) has a nontrivial weak solution for all v € (0,1v9) and X > 0.

The main novelty of this paper is that the form of is new and the existence of
solutions is gained over a wider range of parameter A and r, compared with the relevant
study. Precisely, in contrast to [§], Theorem gives a nontrivial solution of for all
A > 0. On the other hand, we obtain a nontrivial solution, not only allows p < r < pj, (b),
but also allows ¢ < r < p, which is different from [18], where p < r < p (b).

Our main difficulty in this paper is the lack of explicit formulas for minimizers, we
will overcome this by working with certain estimates for minimizers recently obtained
in [26,31]. At the same time, the nodus of lacking compactness is also overcome. The
outline of this paper is as follows. In Section [2] we analyze the behavior of the Palais—
Smale sequence, the mountain pass geometry, and some useful asymptotic estimates that

can be applied to prove our theorems. In Section [3] and Section [ we give the proofs of
Theorems [I.1] and respectively.

2. Preliminaries

In order to precisely state our main theorems, we first introduce some notations. We

denote the fractional Sobolev space by W*P(§2) endowed with the norm

_ p 1/p
oy = (||u||z+ / ’““)W’)’dxdy) |
Qx0

|z — y|NEop
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where ||ulls = ( [ [u|* dz) ! denotes the norm of the space L'(Q) (1 <t < pi (b)).
For p > 1 and s € (0,1), we set Q := RV \ (Q° x Q°), where Q¢ = RV \ Q and
t € {p,q}, we define

_ t
Xyt = {u: RY — R is measurable, u|q € L!(Q), and M dzdy < +oo} .
’ o |z—yN*s

We work in the closed linear subspace
Xos1p={u€ X5 p:u=0ae. in RV \ Q},

which is a uniformly convex Banach space endowed with the norm as

([ (@) —u(y)P Vp
lull X0, = ( o dedy :

Since u = 0 a.e. in RV \ €, the above integral can be extended to all of the RV,

From [11, Lemma 2.2], we know if 0 < s3 < s1 < 1l and 1 < g < p, Q is a smooth
bounded in RY, when N > ps;, then X0,51,p C X0,50,9, and there exists a constant C =
C(1Q, N, p,q,s1,52) > 0 such that for all u € X, p,

(21) ||u||X0,32,q S CHUHXO,sl,p'
We define
[l §
(2.2) Si=  inf 01w

* 4 .
WOV} ([ RO )

T

Let L7(,|z|~®dx) be the weighted L’ space with the norm

NV
|u)’
i - = —d .
1wl 2 (e~ da) (me$

Then from [15], we know that the embedding Xo s, , < L/(Q, |z|~*dz) is continuous for
J € [1,p3,(b)] and compact for j € [1,p},(b)). So we have the inequality as follows:

W
o ’CL’|0’ T > Hu||)('0751’p

for all 0 < r < pj, (b), where C' is a suitable constant.
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2.1. A compactness result

For v > 0, a function u € X4, ;, is a weak solution of (P, ()\)]) for all h € Xq,  if

[ lne) = )P ule) w0 0) =)
R2N

|x _ y|N+ps1

b [l = o) ale) Zu)O) =)
R2N

’x _ y’N‘f‘qSQ

Juf"2uh w2
=A —duz.
z|® Q x v
/ b

Weak solutions of (P,(\)]) coincide with critical points of C!-functional

1 v S 52 ®
E,(u) = = |ull% “ulls,.,, == [ e
L (w) pHUon,sl,p + qH“HXo,sZ,q r o ya:|a opr, (b / ||?

Our main results will be based on the following lemma which extends Ho et al. |22,

Proposition 3.1] to the fractional p&g-Laplacian.

Lemma 2.1. Let 1 < g <p < ; N ,0<s2<s1<1,0<ab<psy <N,rc(qp; ().

If0<c<c = (% 7 ())Spﬂ b, then every (PS). sequence has a subsequence that
S1

converges weakly to a nontrivial critical point of E,(u).

Proof. Recall that a sequence (uj) C X, p such that E,(uj) — ¢ and E} (uj) — 0 is

called a (PS). sequence, i.e.,

T TP W A o7
g B =l il s [
=c+o(1),
and
wi(z) — ui(y) P72 (uj(x) — u; ) —
B = [ 1) P 00 =D o,
, [ () = uy ()"~ (w5 () —u; (W) (M) = h(y))

(2.4) " /R?N |z — |N+qs2 drdy

_)\/ ‘uj|r “u / |u]|pg1 dx
|l’|“ s
( Hh’HXO,sl,p'
Taking h = u; in (2.4) gives

/ p q |uj’r |uj|p61(b)
(EL ) ) = s, + ol = [ P de = [ 90—

= O(l)HujHXO,sl,p’

(2.5)
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Fix m € (p,pg, (b)), dividing (2.5) by m and subtracting from (2.3)) gives

1) + o(1)||u; ~ (! |“ i
e olt) +olushsonss = (5 = o ) Wb, + (3 ) [0

b (2= = gl — o |u]|rdx.
g m) " X0 room) Jo |z|°

From this and Holder inequality, we conclude that

1 1 |uj|P:1(b) |uj|P§1(b) p3 ()
— = dz <c+o(1) + o(1)||u;| x,,, , + C ————dz ,
(m pzl<b>> [ W)+ oWl +C ( [

(2.6)

combining with (2.6), we conclude that (u;) is bounded. So there exists a subsequence
(still denoted by (u;)) and u € Xq s, , such that

uj —u  weakly in Xg 4, p,

uj —u a.e.on {2,

u; — u weakly in LPaO(Q, 2|70 da),

uj — u  strongly in L"(Q, |z|~"dx), r € [1,p%, (b))
Denoting by p’ = p%l the Holder conjugate of p, ¢ = q% the Holder conjugate of q.

Similar as in [14], let us observe that the sequence

{ Juj(x) — ui(y)[P % (uj(2) — uj(y)) } is bounded in L (R2V),
jeN

N+psq
[z -yl

and

(@) = us )P (05 (@) = w5() | Ju@) = w)PP(wl@) —uly) ey

Ntpsy Ntpsy
lv —y| » lz -y
and h) — h(y)
x)—n\y N
lz—y|

Hence, up to a subsequence, we have

[ lte) = ) 1)) = ) o,
R2N

’.’I; — y’N+p51

w(z) — u(y) P2 (u(z) —u h(x) —h
[ ) )P ) ) =) o,

Similarly for g,

[ ble) = " ) @) ) = D) o
R2N

|x _ y|N+QS2

u(e) — u(y) () —u@) () ~hw) |

%
R2N |z — y|NHas2
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On the other hand, for any h € Xo s, p, we have

,T*lh rflh D5 D b) 1h
[l g, [ h, /'“”'11, by [l
o |lz| o |zl o |z ||

Passing to the limit in (2.4) shows that u € X, , is a weak solution of (P, (\)), that is,
El(u) =0.
Suppose u = 0, then ([2.3) and ({2.5)) reduce to

1 |u ’psl
) — = P _ J _
1) B = il + gl g / o= o)
and
) , . |uj|p§1(b)
28 (Ew)w) = Il + vl — [ e = oDl
Equation (2.8 together with (2.2) gives
‘U |ps Ps (b P (b)
RO i, < [ Lo o) < 5 gl 4 o)

If [|lujllxo,., , — O for a renamed subsequence, then (2.7)) gives ¢ = 0, contrary to our
assumption that ¢ > 0. So |lujl|x,,, , is bounded away from 0, and hence (2.9) implies
that

sy (b)

- N—-b
151, = ST 4 0(1) = S71F 4 o(1)

Now, multiplying (2.8 by z%(b) and subtracting from (2.7 gives
s1

1 1 1 .
- — = | +o(1
(p psl( )) H JHXO sup <q p;‘l (b)) H jHXOvSwz ( )

> <1 ! )sNbb (1)
2 pa1=? +o(l),
p i (b)

which is contrary to our assumption. ]

2.2. Mountain pass geometry

Weak solutions of (P;()\)) coincide with the critical points of the C!-functional

A [ ful 1 JufPor )
- - - = - dz.
Erfw) = ” . q”u”XO’SM rJo |z pe®) Jo Jeb
Let
(2.10) m = 7" 0,010

WXy O} [ 1 gy

|z[*
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be the first eigenvalue of the eigenvalue problem

(—A)u ="t inq,

u=0 in RN\ Q.
Let

lll, .

WX,y \(0) [ ot da

(2.11)

be the first eigenvalue of the eigenvalue problem

(~A)pu=pl 2t inq,
in RV \ Q.

Il
o

u

We note that when r € (g, p, (b)), for some 1 € (0,71) and some constant by > 0, we have

A r p q s

~ — 1
rlzle T plzle g |z ||

holds for a.e. z € Q and all u € R, where s € (p,p%, (b)).

Lemma 2.2. (i) There exist constants p > 0 and o > 0 such that E1(u) > « for all
u 6 X07517p wlth HUHXO,sl,p = p

(ii) There exists uy € Xos,p with ||luillx,,, , > p such that Er(u1) < o

Proof. (i) By @ m, , and Sobolev inequality, we have
n [ |luP

p !1’\“

q S ps (b
M |U!a dx_bl/ IU\a /\UI 4
q Jo |zl o |z psl ||
1 |u|l7s1 b)
S SR T / / dz
p( ) Xoa1p | I“ psl(b) o |z

1 Ul s 1 psl(b) s, (b)
> » <1 — 771) HUHXOS » b2||UHX0,31,p - m [ullx s1p

for some constant by > 0. Since p < s < pg, (b), it follows that the origin is a strict local

minimizer of £ (u). Thus we can choose ||ul|x, ,, , = p sufficiently small and Lemma i)
holds.

(ii) Let h € Xg 5, p with A > 0, then we get for ¢ — +o0,

Bi(w) > S, , + 2l

h h h L I
By (th) = *n o, + *ll IIXOSH—A o T2l T <b> o lap "
S1

— —00.

By taking u; = th, we can conclude the proof of Lemma (ii). O
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Let I't = {y € C([0,1], Xo,6,p) : 7(0) = 0,E1(y(1)) < 0} be the class of paths in
Xo,s,,p joining the origin to the set {u € Xo 4, , : E1(u) < 0} and set

(2.13) c:= inf max Fp(u).
vel'1 uey([0,1])

Since the origin is a strict local minimizer of F1(u), ¢ > 0.

2.3. Some estimates

In the following, we shall fix a radially symmetric nonnegative decreasing minimizer U =
U(r) for the Sobolev constant S. If necessary multiplying U by a positive constant, we

may assume that

Ps, (0)—1

(2.14) (—A)y =

» , z e RV,

ke
Testing this equation with U and using (2.2]) shows that

s, (b)

N-—-b
= Spa-b,
3, (b)

(2.15) WUl =

For any € > 0, the function

(2.16) Ule) = U ('”‘)

9

is also a minimizer for S satisfying (2.14) and (2.15)), so after a rescaling we may assume

that U(0) = 1. Henceforth U will denote such a normalized (with respect to constant
multiples and rescaling) minimizer and U, will denote the associated family of minimizer
given by ([2.16]). In the absence of an explicit formula for U, we will use the following

estimates.

Lemma 2.3. [26] There exist constants c1,c2 > 0 and 6 > 1 such that for all r > 1,

Cc1 Cc2 U(HT) 1
—— < U(r) < —— and < —.
Pt P U(r) — 2

We construct some auxiliary functional and estimate their norms. In what follows @ is
a universal constant in Lemma [2.3] that depends only on N, p, and s;. We may assume
without loss of generality that 0 € 2, for £,0 > 0, let

Ue(9)

"8 = U(6) — U-(05)
and let
0, 0<t<U.(65),
9es(t) = qml 5(t — U.(69)), U.(80) < t < U.(6),

t+ U(0)(mP ! = 1), t>UL(6),
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and let
. 0, 0<t<UL0)),
Ga,é(t) = / 9276(7_)1/]) dr = ma,d(t - UE(G(S)), UE(G(S) <t< Uf(é)a
0
t, t > U(5).

The functions g. 5(t) and G, ;(t) are absolutely continuous and nondecreasing. By defini-

tion, we obtain

0, 0 <t <U(69),
1
Lo() = (gLs)' " =S mes, U(00) <t < UL(6),
17 tZ UE((s)?

therefore,
(2.17) /575(75) < maX{m&g, 1} <Mes + L.

Next we estimate m. s as follows. Choosing € > 0 small enough such that 6/ > 1 and
thus U(00/2)/U(d/e) < 1/2, we get

U.(d) U(5/e) ez, ¥ores
U-(5) — U.(89) _ U(3/e) - U(63)2) = e

(2.18) mes =

Consider the radially symmetric nonincreasing function u. 5 = G¢ 5(U-(r)), which sat-
isfies

Us(r) ifr <9,
Uss(r) =
0 if r > 694.

Recall that h(z) = ©(g(x)) as  — 0 if there exist constants ¢, C' > 0 such that
c-lg(@)| < [h(x)] < C - [g(x)]
for all sufficiently small ¢ > 0. We have the following estimates.

Lemma 2.4. [31, Lemma 2.7] For any 0 < 2e < § < 6~ 'dist(0,09), we have the

following estimates

(2.19) = 50 1+ 0((e/5) ),
and
(2.20) \uﬂ;li”gb) = S - @((5/5)%).
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Lemma 2.5. Let u. 5 be defined as above, inspired by [11], we have

N(p—t)
lueslli,.,, = 7).

Proof. By ([2.1)) we have

e s, . <
|G 5(Us(2)) = Ges(Ue(y))|'

= dzd

(2.21) ¢ RN |z — y|N st ray
o 16LU@) + rUly) — V@) [1Ue(@) ~ Vel
= Jra v —yH v

In the last line, we have used the mean value theorem for some 7 € (0,1). Thus from

(2.17) and (2.18) we get

(2.22) Ls(Un(a) + 7(U) ~ Uew)) <1+ 20755 .
Putting (2.22)) into (2.21)) yields

C/ Ue(y)I" dedy

\:n— ’N+t51
Nty Wmpet U(z) - U(y)|*
=¢ P ow o — g dzdy
In particular,
N(p—q)
(2.23) e ol%,,,, = O 7 ) O
Lemma 2.6. Let u. 5 be defined as above, we have
@(E(N—psﬂ(pil—p)&N a—i“v,,”i“r) ifr < W&%ﬁf”v
Ue 5|" —a
| |;’6a| dz = @(aNP |In(é/¢)]) if r = %,
_q—TWN=ps1) —a)(p—
@({:‘N @ . ) z’f’r>%.

Proof.

LE{J dz > / ’Ue(iﬂ dz
o |7l B;(0) |z

r(N—psq) Zy|T
B;(0) ||

r(N—psq) r
Lo [ WG,
Bs,:(0)

kg

_ d/e _
_,_r(N—psy) _r(N—psj) o
ZCEN a B / p =1 +N—a ldp.
1
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. (N—a)(p—1)
(i) If r < =575 then

6/e  r(N-psy) N(p—sy)r
/ P Tt TNes 1dP=C(5/€)7?+N7G,
1

O
|ue 5] Qe — e(g(prsl)(le ;)51\/7@7%%1%)'
o |zl
(ii) If r = (N;,‘i)g U then
6/8 r(N—psq) 5/5
/ N g / Lap = cm(s/e)
1 1
S0
r N—a
|“€75a| de=0©(e 7 |In(s/e)]).
(iii) If r > % then there exists C' such that
6/8 T S
[ <
1
S0 o
r(N—ps
‘usﬁa’ d —@(6N_a m 1) 0
o lz|

Lemma 2.7. If (¢;), (§;) are sequences such that e; — 0, 0 <6; <1, ¢;/6; =0,

_psl

q N
V”usjé-”XOSQq 0 (ej/6;)

(2.24) A i i
| s 6 | ‘ 5 5 ‘
Ja e AT Ja el

%0,

then

t .S, * = e ps1—
I{lzagiEu< Uej,8; (33)) <c < p;fl(b)> 1

for all sufficiently large j.

Proof. Write uj = uc, s, (r). We know that

~ t? t" ‘{[‘T tpsl ‘u ‘p31
Ey(tuj):—\l .., T+ EHUJ‘Hg(O,SQ’q—)\f A j - / o
4 (
=: p(t).

Suppose that the conclusion of the Lemma [2.7) is false. Then there are renamed subse-
quences (g5), (6;) and ¢; > 0 such that

p q ~|r t?zl ®) | ’pil(b)
£) = 4 e G gl _ j d
(2.25) o( J) D Hu]HXO 5141 +v q HUJHXO,SQ,q rJq |z]® X p;(b) 0 \x|b x

>c"

)
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and

. . ,J'|T' P (b) ’E,’psl
' (t5) = 8|l 4] || —)\t’T/|] dz — ¢, L
(2.26) 3P ( ]) JHU’JHXO,sl,p Tv JHU]HXo,sQ,q J Q ‘ﬂj‘|a . J ‘I|b .

=0.

Noting that by (2.23), Lemmas and we have

~ D5 (b) —b
[ g L g

N-—b
1551%,.,,, = 57 g%, , =0 o 2] 0 |zlP

So ([2.25) implies that the sequence (t;) is bounded and hence converges to some ¢y > 0
for a subsequence. Passing to the limit in (2.26)) gives

N—b

(2.27) s — g =,
so tg = 1. Subtracting from and using and gives
£ (sN + e((aj/aj)Np”fl)> +vtdlil, ., — At;/ ’ﬁ’; dz
i (s o((5/6)5)) - (BT — g Vsm) =0,

Simplifying this gives

S (7 — ) — g (0 _ O

_Atr/ 5" Cdr— vl +O((e/8) ) +0((ei/5) 7).

2
v

By the mean value theorem, we can get

N=b _ * ¥ (b)-1
Pt (poy ! = (07 ) (8 — o)
(2.28) | ]|r N Nope
_)\tr/ dx—ytq||uj||XOS +0((e5/6;) 71 ),

where o; and 7; are between ¢y and t;. Since t; — to, 0, 7; — to, hence
-1 p3, (b)—1
pat " —p, (0T = —(p5, (b) — p).

Thus (2.28)) together with (2.24) gives

~ N-p 1
O fo e = v, O((/0) )
t] —ty = N—bb p—1 . psl(b) 1 )
Spsi— (paj —pSI(b)Tj )
that is,
)\tr |,L’LV ’7"
tj =to — +o(1 / I dx < tg
J N—-b ( Q |.’L'|a
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for all sufficiently large j.
Dividing (2.26]) by p, (b) and subtracting from ({2.25) gives

(1 ! )tpu T (1 ! )tqu e
LN (1
p i (b) T Xo.1.p g pr (b)) 11K

1 1 luj|”
— t’"/ dz >
<7“ p;(b)) [

then using (2.19)) gives
1 1 N—b_ 1 1 - 1 1 luj|”
- — tPSpserru( >tq-u~ e —/\<— >t’? I dx
G @) ¢ rn®) e G T )5 el
1 1 N-— psy
>(=- Sois 4 0((e;/6;) 7
<p p;(@) ((e5/07)777%).

This together with ¢; < ¢y = 1 and ([2.24) gives

1 1
MZ— <0,
(T pzl(b)> B

a contradiction since 7 € (g, pg, (b)) and A > 0. O

3. Proof of Theorem

As mentioned above, it suffices to show that the mountain pass level ¢ defined in is
below the threshold level ¢* defined in Lemma 2.1]

For any u € Xos,p \ {0}, Ei(tu) — —oo as t — 400 and hence 3¢y > 0 such that
Eq(tou) < 0, then the line segment {tu : 0 <t < ¢y} belongs to I'y and hence

(3.1) ¢ < max Ej(tu) < max Ei(tu).
0<t<to >0

Ifr>(N—-a)(p—1)/(N — ps1), we will construct sequences (¢;), (§;) such that e; — 0,
0<d; <1, Ej/5A—>0andWith1/:1

(i) When N < p?s1, we take a sequence ¢; — 0 and set §; = e, where r € [0,1) is to
be determined. Let

p(N — ps1) p(N —a) p { N—p31} p’s1 — N
<p—— > — , maxq0,b— ——/r <a<——m—.
ISPT NG N-—psi p-—1 p—1

Since a < (p?s1 — N)/(p — 1),

pN-a)  p  (N-ap-1)

N — psq p—17— N — psq
By (2.23) and Lemma[2.6] we have
4 —ps
||usj,a.||x0 i _ @(5—“;-@_%%*«%13 vy
Vi )

Ius 105 I
fQ |x\a
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where the exponent of ; is positive obviously, after that the first limit in (2.24) holds.
For the second limit in (2.24)), we have

N— p 1
N—psy T(N psy) _ N-ps
(63/6 ) @( p—1 —N+tat ! 5 pfll )
f |u5 6| J J
Q \$|“
N— psl N+a+T(N;psl) N—psy

(5

S)
(F—r)(N —ps1)
S)

(& 70 )

pl)

where (N pspt(a— N)(p—Dp+ (N —ps))(p—1)

K =
(N —ps1)p
We want to choose k € [0,1) such that & > &, this is possible if and only if & > 0.

Calculations show that inequality is equivalent to

(N—psi)p+(a—N)p—1)p _p(N—-a) p

r>— = :
(N —ps1)(p—1) N-—-ps; p-—1

under our assumptions on ¢, r, N, and a, this is clearly true, then the second limit ([2.24))
holds.
(ii) When N < p%s1, we take a sequence £; — 0 and set §; = 1. Let

p(N — ps1) Ng—ap
- <g<p, T>———, 0<b<a<
N(p—1)

p’si — N
N — psy ’

p—1
Since ¢ > p — p(N — ps1)/N(p — 1) and a < (p*s; — N)/(p — 1),

ps Na—ap p(N—-a) p _(N-ap-1)

N—-ps1 - N—psg p—17 N —ps;

In this case, we have the following estimates of quotient in ([2.24)):

||u8j,5' ||g(0 82,4 ©® N(Z;;q)_N—&-a-}—iT(N;psl)

i sV (¢ ’
Jo =~
and

N—psl N—ps r(N—psq)

5 - NPl Nta NP2

(/5" “ o LN 250
= j .

‘ E 5 ‘
fQ \x|a
Since r > (Nq — ap)/(N — psi), the first limit in (2.24]) holds, the second limit also holds
since
Ng—ap p(N—-a) p

N—-—psy — N—ps; p-—1
Whether in cases (i) or (ii), it follows from Lemma and (3.1) that ¢ < ¢*.
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4. Proof of Theorem

Weak solutions of (B,(\)]) coincide with critical points of C'-functional
v
E,(u) = Eo(u) + EHuH&O’SMv

where "
A [ Jul” 1 |ufP2 ®)

T —
rJa |zl p5, (0) Jo |zl
Let T') = {y € C([0,1], Xo,5, p) : 7(0) = 0, E,(y(1)) < 0}, set

W = lulf,,, d.

¢:= inf max FE,(u),
vel'v ue~([0,1])

and note that ¢ > 0 when v > 0. We will show that ¢ < ¢* for sufficiently small v.
Taking v = 0 and ¢; = 1 in Lemma[2.7], for all sufficiently small ¢ > 0, we can conclude
that max;>o Eo(tue,1(x)) < ¢* holds, provided
N—psq

g 1
(4.1) —0 ase—0.

Ja Jo leal” 4 dz

|z

As the proof of Theorem in each of the two cases of Theorem [I.4] we will show that
(4.1) holds for up = us1(x) with € > 0 sufficiently small.

(i) Let (p?s1 — N)/(p—1) < a < ps1, we note that if r < (N —a)(p —1)/(N — ps1),
then

N-—psy

; 5|T @(EN,;pfl *(N*PSI)(p%fg)) —0 ase—0;
Yedl dux
Q z|e

and if r = (N —a)(p—1)/(N — ps1), then

N-psy

p—1 N—ps; N—
fgu“V :@(5( T pa)/|1n5|) —0 ase— 0;
Q fale

and if r > (N —a)(p—1)/(N — ps1), then

S r(N—psy)

e p-1 N-ps1 N—psy

T Jueal” .. =0(e 7T ) 50 ase — 0.
f e,1 d.I
Q zle

Thus when 7 € (¢,p%, (b)) and a € [ max {0, P - N} ps1) \ {0}, the (4.1)) holds obviously.
(i) Let a < (p*s1 — N)/(p — 1), we have
(N—-a)p—-1) p(N—-a) p

< < — .
b N — psy N — ps; p—1
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If ¢ < r < p, then

W ap-1
N — ps;
On the other hand, when a > max {0,b — N psl} we have
p N —a p *
e )

N-—-psy p-—1
Then if p(N —a)/(N —ps1) —p/(p — 1) <r < p, (b), then

(N —a)p-1)

r>
N —psy

In this case, from Lemma we have the following estimates for the quotient in (4.1)):

LA Ofc - ro0)(21-5)) if < Woae-1)
‘UE | = N-— _N+a r(N— Psl) N—a
Jo 2] dr O(e 7 T Nat ) if r > (Ni)pgill)?

where the exponents of ¢ are both positive.
Whether in cases (i) or (ii), it follows from (4.1]) that for some uy € Xo s, , \ {0},

max Fo(tug) < c*.
>0

Therefore, we have

*

co:= inf max FEplu) <c”.
0= inf gmex FEo(w)

Then there is a path vy € I'g such that

max FEp(u) < c*.
wemii Eolu)

For all sufficiently small v > 0,

B, (0(1)) = Eoro(1) + ¢ o1l , <0

and

v
max F,(u) < max FEo(u)+ — max  |lull? > < .
u€0([0,1]) ) u€0([0,1]) olw) q <UEWO([0JD H HXO’S?"’

So v € I'y, and

¢c< max FE,(u) <c".
u€vo([0,1])

This completes the proof of Theorem
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