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Chain Recurrence Rates and Topological Entropy of Free Semigroup Actions
Yanjie Tang, Xiaojiang Ye and Dongkui Ma*

Abstract. In this paper, we first introduce the pseudo-entropy of free semigroup ac-
tions and show that it is equal to the topological entropy of free semigroup actions
defined by Bufetov [9]. Second, for free semigroup actions, the concepts of chain recur-
rence and chain recurrence time, chain mixing and chain mixing time are introduced,
and upper bounds for these recurrence times are calculated. Furthermore, the lower
box dimension and the chain mixing time provide a lower bound on topological en-
tropy of free semigroup actions. Third, the structure of chain transitive systems of
free semigroup actions is discussed. Our analysis generalizes the results obtained by

Misiurewicz [21], Richeson and Wiseman [23], and Bufetov [9] etc.

1. Introduction

Topological entropy was first introduced by Adler et al. [1]. Bowen [8] and Dinaburg [13]
extended the topological entropy to a uniformly continuous map on metric space and
proved that it coincides with that defined by Adler et al. for a compact metric space. The
topological entropy turned out to be a surprisingly universal concept in dynamical systems
since it appears in the study of different subjects such as fractal, Poincaré recurrence, and
in the analysis of either local or global complexities. Pseudo-orbits, or chains, have always
been one of the significant tools for studying the topological entropy. In the past 40 years,
a large number of scholars have used pseudo-orbits or chains as tools to study topological
entropy, and have obtained some excellent results, for examples [4}/6(17,21}23,128]. In
particular, Misiurewicz [21] stated that the topological entropy can be estimated by the
exponential growth rate of the number of pseudo-orbits. Barge and Swanson [4] further
found that replacing pseudo-orbits with periodic pseudo-orbits, and the result proved by
Misiurewicz |21] was still valid. In [17], Hurley established relations between topological
entropy, preimage relation entropy, preimage branch entropy and point entropy. Taking
the topological entropy defined by Misiurewicz [21] as a bridge, Richeson and Wiseman [23]
related the chain mixing time and the lower box dimension to topological entropy and

obtained a lower bound of topological entropy.
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Akin [2, Exercises 8.22 and 9.18] initially discussed the structure of the chain transitive
maps, a map of chain transitive but not chain mixing factors a cyclic permutation on a
finite set with at least two elements. Richeson and Wiseman [23] enriched the result
of Akin [2] and filled in the gaps in the proofs sketched. They obtained the structural
theorem of chain transitive dynamical systems, that is, if f is a chain transitive map on a
compact metric space either then there is a period k > 1 such that f cyclically permutes
k closed and open equivalence classes and f* restricted to each equivalence class is chain
mixing; or f factors onto an adding machine map.

People have become increasingly concerned with the research of free semigroup actions
in recent years. On the one hand, it is required by some other disciplines, such as physics,
that the system that describes what really happened be given time to readjust in order
to take into account the inescapable experimental errors in [19]. Some dynamic system
theories, on the other hand, are closely related to it, such as the case of a foliation on
a manifold and a pseudo-group of holonomy maps. The geometric entropy of finitely
generated pseudogroup has been introduced [15] and shown to be a useful tool for studying
the topology and dynamics of foliated manifolds. Bufetov [9] introduced the topological
entropy of free semigroup actions and a topological analog of the classical Abramov—
Rokhlin formula for the entropy of a skew-product transformation was obtained. Many
remarkable results have been obtained [10-12,15,(18.|20].

Naturally, we wonder if the results of Misiurewicz [21] and Richeson and Wiseman
[23] remain valid in the case of free semigroup actions. Notice that some concepts such
as pseudo-entropy, chain recurrence rates etc. are vacant in dynamical systems of free
semigroup actions. First of all, we need to introduce the pseudo-entropy of free semigroup
actions and further consider whether it is equal to the topological entropy defined by
Bufetov [9]. Secondly, we intend to introduce the chain recurrence time and chain mixing
time of free semigroup actions, and then consider their basic properties and compute the
lower bound of the topological entropy. Finally, we focus on whether the chain transitive
theorem holds in dynamical systems of free semigroup actions. If the theorem holds,
we gain a deeper understanding of chain transitive dynamical systems of free semigroup
actions.

Now we start to state our main results. Let (X, G) be a dynamical system where X is
a compact metric space and G is the free semigroup acting on the space X generated by
{fo,---, fm—1}, where f; is a continuous self-map on X for all i = 0,...,m — 1. Firstly,
we show that the topological entropy h(G) is equal to the pseudo-entropy h*(G) of free

semigroup actions.

Theorem 1.1. Let (X, G) be a dynamical system. Then

h(G) = h*(G).
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Secondly, we show that under special conditions, there is a quantitative relationship
between the upper box dimension of the space and the chain recurrence (mixing) time.
Let r.(G) and m.(d, G) be the chain recurrence time and the chain mixing time of the free

semigroup action G, more precisely in Section [

Theorem 1.2. Let dimpX be the upper box dimension of X. There exists a constant
C > 0 such that for small enough € > 0:

(1) if G is chain transitive, then ro(G) < C/edmsX+1.
(2) if G is chain mizing, then m(5,G) < C/e2(dmpX+1),

In addition, we obtain a lower bound on the topological entropy of free semigroup
actions using Theorem

Theorem 1.3. Let (X, G) be chain mizing. Then the topological entropy h(G) satisfies
. . log(1/9) }
h(G) > max 40, dimgX - limsup ———————— —logm ¢,
@)= { B0 o me(6) °

where dimp X is the lower box dimension of X.
Finally, we describe the structure of chain transitive dynamical systems.
Theorem 1.4. Let (X, G) be chain transitive. Then either

(1) There is a period k > 1, such that G cyclically permutes k closed and open equivalence

classes of X, and G* restricted to each equivalence classes is chain mizing; or
(2) G factors onto an adding machine map.

This paper is organized as follows. In Section we give some preliminaries. In
Section [3] we define the pseudo-entropy of free semigroup actions and prove Theorem
In Section 4] we introduce these concepts of the chain recurrence, the chain mixing, the
chain recurrence time, and the chain mixing time of free semigroup actions, and prove
Theorem Furthermore, Theorem is obtained by means of the definition of the
pseudo-entropy of free semigroup actions. In Section [5], we discuss the structure of chain
transitive systems and prove Theorem Our analysis generalizes the results obtained
by Misiurewicz [21], Bufetov [9] and Richeson et al. [23].

2. Preliminaries

Let (X, d) be a compact metric space and f be a continuous map on X. A d-pseudo-orbit
is an infinite sequence {z;}°, such that d(f(z;),zi;1) < 6 for i > 0. We say that f has
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the pseudo-orbit tracing property if for € > 0 there is d. > 0 such that each J.-pseudo-orbit
can be e-shadowed, that is, if {z;}3°, is a d-pseudo-orbit, then there exists z € X such
that d(f(2),z;) < e for all i > 0.

We recall the definition of pseudo-entropy of f. The first one is due to Misiurewicz [21].
Say a collection E of é-pseudo-orbits of f is (n, e, §)-separated if, for each {z;}:2, {vi}2, €
E, {x:}2 # {vi}2, there is a k, 0 < k < n — 1, for which d(zj,yr) > €. Denote by
s(n,e,9) the maximal cardinality of an (n, e, §)-separated set of f.

A collection K of §-pseudo-orbits of f is (n,e,d)-spanning if for each d-pseudo-orbit
{zi}52,, there is {y;}5°, € K such that d(z;,y;) < € for all 0 < i < n — 1. The minimum
cardinality of an (n, e, §)-spanning set of f is denoted by r(n,¢,0).

Let

W (f,e,8) = limsup ~ log s(n,,8), h*(f,e) = tim 1 (£,2,0),

n—oo M

and
W(f) = i (. 2).
The number h*(f) is called the pseudo-entropy of f. Obviously,
r(n,2/2,8) > s(n,,8) > r(n,<,0)

Thus,
1
h*(f) = lim lim lim sup — log r(n, €, d).

e=00—-0 nosoco N

Theorem 2.1. [21] Let (X, f) be a dynamical system. Then

h(f) = h*(f)-

Let F} be the set of all finite words of symbols 0,1,...,m — 1. For any w € F},
|w| stands for the length of w, that is, the digits of symbols in w. Obviously, F.t with
respect to the law of composition is a free semigroup with m generators. We write w’ < w
if there exists a word w” € F} such that w = w”w’. For w = igiy ... € F}, denote
W =1 ...11%0-

Denote by Yt the set of all one-side infinite sequences of symbols 0, 1,...,m — 1, that
is,

SH={w="(ioi1...) | ixr=0,1,...,m—1,k € No}.

The metric on ¥} is given by
d'(w,w') =

— here k = inf in # 1}
—%»  Where inf{n | i, #1i,}

Obviously, X is compact with respect to this metric. The shift o: XF — 3t is given by

the formula, for each w = (igiy...) € ;|

O'(w) = (iliQ .. )
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Suppose that w € ¥, and a,b € N with a < b. We write w|j,p) = w if w = iqiay1 ... 0.

Let G be a free semigroup generated by m generators fo, f1,..., fm—1 which are
continuous self-maps on X, denoted as G := {fo, f1,..., fm-1}. To each w € F,
w = dgly...0k—1, let fu, = figo fiyo---o fi,_, if k>0, and f, = Id if £ = 0, where
Id is the identity map. Obviously, fuyw = fwfuw and f@o = fi,_, o---0 fi; o fi,. We assign
a metric d,, on X by setting

du (1, 29) := max {d(fi;_,..io (@), fi;_1.i0(y)) : 5 =0,1,..., k}
= i}r}g%d(fw/($1),fw/(x2))'

A subset B of X is called a (w, e, G)-spanning subset if, for any € X, there exists
y € B with dy(x,y) < e. The minimum cardinality of a (w, e, G)-spanning subset of X is
denoted by B(w,¢, Q).

A subset K of X is called a (w,e,G)-separated subset if, for any x;,x2 € K with
x1 # w2, one has dy,(r1,22) > . The maximum cardinality of a (w, €, G)-separated subset
of X is denoted by N(w,e,G). Let

1 1
B(n,e,G) = poar Z B(w,e,G), N(n,e,G)= poar Z N(w,e, Q).
lw|=n lw|=n
In [9], the author introduced the topological entropy of free semigroup actions. The
topological entropy of free semigroup actions is defined by the formula

1
h(G) := lim limsup — log B(n, ¢, G)
n

e=0 pooo

1
= lim limsup — log N(n, ¢, G).
n

e—=0 nooco
Remark 2.2. If m = 1, this definition coincides with the topological entropy of a single
map defined by [8]. For more information, see Chapter 7 of [25].
The dynamical systems of free semigroup actions have a strong connection with skew-
products which has been analyzed to obtain properties of free semigroup actions through
fiber associated with the skew-product (see for instance [29]). Recall that the skew-product

transformation is given as follows:
F:3 x X =38 x X, (w,2) = (0(w), fiy(®)),

where w = (igi1 ...) and o is the shift map of 37,. The metric dy - on X, x X is given
by the formula
dEﬁlxX((w’ x), (W, 2") = max{d (w,w’),d(z,2')}.

Theorem 2.3. [9] Topological entropy of the skew-product transformation F satisfies

h(F) =logm + h(QG).
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We recall the definitions of box dimension more precisely in |14]. Let E be a non-empty
subset of X. Let Ns(E) be the smallest number of sets of diameter at most § which can

cover E/. The lower and upper box dimensions of E respectively are defined as

log Nj(E - log Nj(E
@BE := lim inf Ld() and dlmBE = lim sup L(M
5—0 —logd 50 —logd

3. The pseudo-entropy of free semigroup actions

In this section, we will introduce the concept of pseudo-entropy of free semigroup actions
and prove Theorem

According to Bahabadi [3], recall that for w = ig...i,—1 € F', a (w,d)-chain (or
(w, 6)-pseudo-orbit) of G from x to y is a sequence (xg = z,x1,...,2, = y) such that

n

d(fi;(zj),xj41) < 0 for j =0,...,n—1. To simplify notation, we sometimes write (xj)FO.

For w € F} with |w| = n, denote by E(w, ) the set of all (w,d)-chain of G.

Similar to Misiurewicz [21], we mimic this definition of Bufetov [9] by pseudo-orbits to
introduce the following definitions of free semigroup actions. A collection K of (w, §)-chain
of G is called a (w, ¢, §, G)-pseudo-separated set of X if, for any (xo,...,zn), (Yo,.--,Yn) €
K, (zo,...,xn) # (Y0, ---,Yn), there exists 0 < i < n, such that d(z;,y;) > . The maxi-
mum cardinality of a (w, ¢, d, G)-pseudo-separated set of X is denoted by N*(w, ¢, 6, G).

A collection B of (w,d)-chain of G is called a (w, ¢, §, G)-pseudo-spanning set of X if,
for any (w, ¢)-chain (xo,...,zy), there is (yo, ..., yn) € B, such that d(z;,y;) < ¢ for every
0 <i < n. The minimum cardinality of a (w, €, d, G)-pseudo-spanning set of X is denoted
by B*(w,e,d,G).

Let
B*(n,e,0,G) = mn|z|: B*(w,e,6,G), N*(n,£,6,G) = — |z|: N*(w,e,6,Q).
Obviously,
B*(w’5/276> G) Z N*(w75757 G) 2 B*(w,e,é, G)a
whence
B*(n,e/2,8,G) > N*(n,e,6,G) > B*(n,¢,6,G).
Now let,
1*(2,8,@) = limsup ~ log N*(n,2,5,G), h*(, Q) = lim h*(c, 5, G),
and

B (G) = lim (2, ).
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Definition 3.1. The number h*(G) is called pseudo-entropy of the free semigroup action
G.

It easily follows that

h*(G) = lim lim lim sup 1 log B*(n,e,9,G).
e=06—0 nsoco N
Remark 3.2. (1) If G = {f}, it is clear that h*(G) = h*(f), where h*(f) is the pseudo-
entropy of f defined by Misiurewicz [21].

(2) Recall that the topological entropy of free semigroup actions introduced by Bis [5].
Two points x,y € X are called (n,e)-separated by G if there exists w € F)} with |w| <n
such that d(f,(z), fu(y)) > €. Denote by s(n,e, X) the maximum cardinality of (n,¢)-
separated set by G. Bi$ [5] called the quantity h”(G)

hB(G) := lim lim sup ! log s(n, €, X),
e=0 nsco N

the topological entropy of free semigroup action G. It is easy to check that h(G) < hP(G),
where h(G) is topological entropy of G introduced by Bufetov [9]. Example 5.7 of [26]
showed that the preceding inequality may be strictly true. In [6], the pseudo-entropy
was generalized to a case of finitely generated pseudo-group, and it corresponds to the
pseudo-entropy of the free semigroup action G generated by fo, ..., frn—1 described in [5],
as follows. A map z: G — X is called a §-pseudo-orbit of G if, for any h € {fo,..., fm—1}
and any g € G, d(h(z(g)),x(hog)) <. Two d-pseudo-orbits z and y are (n, €)-separated
if d(z(fw),y(fw)) > € for some w € F} with |w| < n. Denote by Ns(n,e) the maximal
cardinality of (n,e)-separated set of the set of all J-pseudo-orbit of G. Let

1
hps(G) := lim inf lim sup — log N5, (n, €),

e=0 0 poco N

where the infimum is taken over all sequences § = {d,} such that 0 < 0, \, 0. The
quantity hps(G) is called the pseudo-entropy of free semigroup actions in [5,6]. It follows
from [5,/6] that

WP (G) = hye(GD).

Hence, we get that the pseudo-entropy of free semigroup actions introduced in [5,6] differs
from Definition 3.1l Tt follows from Theorem [L1] that

h*(G) < hys(G).
Next, we will prove Theorem In fact, it is enough to show that

h*(F) = logm + h*(G)
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by Theorems and To this end, we adopt the method of Bufetov [9]. In fact, the
dynamical system of free semigroup actions is more complex than the classical dynamical
system of a single map. The obstacles in the proof of Theorem are mainly, when
proving that the set H we construct in Lemma is an (n,¢,d, F')-pseudo-spanning set
of Bt x X, we use the fact that (X}, o) has pseudo-orbit tracing property to constrain
the gap of pseudo-orbit, which give us the result we desired. We obtain the following two

lemmas.

Lemma 3.3. For any natural number n € N and 0 < e,0 < 1/2,

N*(n,e, 0, F) > Z N*(w,e,0,G).
|w|=n
Proof. Let N = m", there are N distinct words of length n in F,}. Denote these words
by w, ..., wN). Forany i=1,...,N, let w(i) € X be an arbitrary sequence such that

w(@)ljon-1) = w. Suppose that Bi is a (w?, ¢, 8, G)-pseudo-separated set of maximum
cardinality of X for all 1 <4 < N. For any (ac(()), .. (Z)) € B;, consider that

(@), 25, (o(w(@), 7)., (@ N w (@), 28 ), (0™ (w (@), 2D)).

It clear that it is an (n,d)-chain of F' as (x(()i), . ,xﬁf)) is a (w¥, §)-chain of G.
Put
K = {((0"w(@).2)i_y | @2y e Bl <i < N}

We claim that K forms an (n, e, §, F')-pseudo-separated set of X x X. Indeed, it suffices
to check that these (n,d)-chains of F' determined by B; and B; are e-separated where
1# jand 1 <i,7 < N. For any (méz),...,ng)) € B; and (l’(()]),.. (J)) € Bj, we have

(" (@ (@), 2y (0F(w (). af))i_, € K.

Since w(i)jo,n-1) = w® | w(7) n—1] = w?) and w® # w0 then wk # wy U) for some
0 < k <n — 1, this gives us d'(¢*(w(i)), ¥ (w(j))) = 1 > e. Therefore K is an (n, ¢, d, F)-

pseudo-separated set of ¥f x X. The lemma is proved. ]

Lemma 3.4. For any € > 0, there is some 6. > 0, for any 0 < 6 < §z and n € N, we have

B*(n,e,0,F) < K(e) Z B*(w,¢,6,G) |,
|lw|=n
where K (g) is a positive constant that depends only on e.
Proof. For any € > 0, let C(¢) be a minimum positive integer such that m=¢©) < ¢
Let N = m™tCE) there are N distinct words of length n + C(¢) in F}. Denote these
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N). For any i = 1,...,N, let w(i) € ¥} be an arbitrary sequence

words by w®, ... wl
such that w(i)|jon+c(e)-1] = w®. Since (E;@, o) has pseudo-orbit tracing property, there
is 6 > 0, for any 0 < § < I, such that each d-pseudo-orbit of ¢ can be e-shadowed.
Suppose that E; is (w(i)j0,n—1), €, J, G)-pseudo-spanning set of minimum cardinality of X
foralli =1,...,N. For any (w(i)[gn—1],d)-chain (y(()i), e ,yg)) in F;, we can construct

an (n,d)-chain of F' similar to Lemma that is,

(@), 55, (@ @), 1), (0" (@), 5 ), (0" (w(0), ).

Put
—{(0 w(7) y,(c)))k 0\(y0 ,...,yg))eEi,lgiSN}.

We claim that H forms an (n,¢,d, F')-pseudo-spanning set of ¥ x X. Indeed, suppose

now that ((w©@,2®) ... (w™, 2())is an (n,d)-chain of F where w®) = (iék)igk) .)€

Bt for every k = 0,...,n. Clearly, (w(o),w(l), e ,w(”)) is an (n,d)-chain of o, by the

pseudo-orbit tracing property of (X o), this implies that there is an w € 3} such that

d'(0%(w),w®) < e for all 0 < k < n. This yields that " (w)ljo,c(e)-1) = w® |, ()—1]-
(0), ( ) (1)

Moreover, we have w|g,—1] = i coody 0. Tt is clear to see that wljc(e)sn—1] =

w(i)ljo,c(e)4n—1] = w® for some 1 < i < N, this implies

" (W)ljo.ce)-1 = " (w(@))jo,c()-11;

and hence o*(w(i))|p,c(e)-1] = w(k)|[070(8),1] for all 0 < k < n. Since (@, 2z ... (™)
is an (2(() )2(1) . (n_l), 9)-chain of G and

(0),(1)  (n=1)

w(@)|on—1) = Wlop-1] = %9 ip ---Gg s
this gives us (:E LM (")) is an (w(i)\[oyn_l},(s)-chain of G. Therefore, there is
(y(l) y( 7 2 n’) in El, such that d(y, () (k)) <eforeachk=0,....,n—1. As (y((]l)’yi )7

. ,yﬁl ) is an (w(i)|[0,n—1], §)-chain of G, we deduce that there exists an (n, §)-chain of F,

that is,

(w(@), u$"), (0 (@(@), 1), .. (0" Hw(@)), vy, (0™ (w (i), s @) € H
such that |
dyt  x (05 (@(0)), ), (W®),2®)) <

for all 0 < k < n. Consequently, H is an (n, g, d, F)-pseudo-spanning set of ¥ x X. The
number of H is not greater than K(E)(Z|w|:n B*(w,¢,6,@)), where K(¢) is a positive

constant that depends only on €. The lemma is proved. O

Now, we can obtain immediately Theorem
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Proof of Theorem [I.1] From Lemma [3.3] we have

N*(n,e,6,F) > > N*(w,,6,G),

lw|=n

whence, taking logarithms and limits, we obtain that
h*(F) > logm + h*(G).
In this way, from Lemma [3.4] we have
B*(n,e,0,F) < K(e)m"B*(n,e,0,G),

whence

h*(F) <logm + h*(G).

Combining these two inequalities we find that
R*(F) =logm + h*(G).
We conclude by Theorems [2.1] and [2.3] that
h(G) = h*(G).

This finishes the proof of the theorem. O

4. Chain recurrence rates and topological entropy

In this section, we mainly introduce these concepts of the chain recurrence and the chain
mixing, the chain recurrence time and the chain mixing time of free semigroup actions
and discuss some propositions of these notions, and prove Theorems [1.2| and

Let (X, d) be a compact metric space and G be a free semigroup generated by m gen-
erators fo, f1,..., fm—1 which are continuous maps on X. We define the chain recurrence

of free semigroup actions as follows:

Definition 4.1. One says that x € X is the chain recurrence point of G if for every ¢ > 0,
there is a (w, €)-chain from x to itself for some w € F}. We say that G is chain recurrence

if every point of X is chain recurrent.

Chain transitive and totally chain transitive of free semigroup actions were introduced
by [3] and |16], respectively. Recall that G is chain transitive if for every ¢ > 0 and any
x,y € X, there is a (w, €)-chain from x to y for some w € F}\. G is totally chain transitive
if G¥ is chain transitive for all £ > 1. According to [23], we now may define the chain

mixing of free semigroup actions as follows:
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Definition 4.2. G is said to be e-chain mixing if there is an N > 0 such that for any
x,y € X and any n > N, there is a (w, €)-chain from z to y for some w € F,} with |w| = n.

G is called chain mixing if it admits e-chain mixing for every ¢ > 0.

Remark 4.3. Since X is compact, we can obtain an equivalent statement that G is chain
mixing as for any ¢ > 0 and z,y € X, there is an N > 0 such that for any n > N, there

is a (w,e)-chain from z to y for some w € F,} with |w| = n.

If x is a chain recurrence point, define the e-chain recurrence time r-(z,G) to be the
smallest n such that there is a (w, €)-chain from z to itself for some w € F with |w| = n.
If G is chain recurrent, define 7.(G) to be the maximum over all = of r.(x,G). To see
that this maximum exists, observe that if there is a (w,¢)-chain from x to itself for some
w € Ff there is a neighborhood U of z such that for all y € U, there is (w, €)-chain from
y to itself for above w. Then the compactness of X gives an upper bound on r.(G).

If G is chain mixing, for 0 < ¢ < § and x € X, define chain mizing time me(z,0,G)
to be the smallest N such that for any n > N and y € X, there exists a (w, €)-chain from
some point in B(z,d) to y for some w € F,} with |w| = n. We define m.(d, G) to be the
maximum over all z of m.(z,d,G). The maximum exists by compactness.

Inspired by Example 2 in [23], we give the following Example to illustrate the
existence of a system of free semigroup actions that is chain transitive but not chain

mixing.

Example 4.4. Let X be the disjoint union of two circles and G = {fo, f1} where f is
the map sending a point = to the point 2z in the other circle and f; is the map sending a
point z to the point 3z in the other circle. Obviously, G is chain transitive but not chain
mixing, because it is not e-chain mixing for any e smaller than the distance between the

two circles. However, G? restricted to one circle is chain mixing.
Next, we provide an example of chain mixing of free semigroup actions as follows.

Example 4.5. We define two continuous maps fy, f1 on E; as follows:

f0(8081 .. ) = 08081 ey f1(5051 .. ) = 18081 PN

Put G = {fo, f1}. In |3], the author proved G has the shadowing property. We claim that
(X3, G) is chain mixing. Indeed, suppose that e > 0 and w’ = (igi1 . ..),w"” = (joji...) €
Y5 are given. Note that there is an N € N such that 2]\,%1 < e. Next we have to construct
an e-chain (w;)!", from ' to w” of length exactly n with n > N. Firstly, put wy = o’
and w, = w”. Then, for 1 <i <n—2,let w; = (jn—i---Jn—2Jn—1%0%1 -..in ...) such that

Wi

itN] = w"[o N = @00 Then it is easy to see that (w;)!" is a (w, €)-chain from «’

to w” of length n where w = j,_1jn_2 ... Jo-
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Let (X,d) and (Y,dy) be compact metric spaces. Let G := {fo, f1,..., fm—1} where
fos f1,-.., fm—1 are continuous maps on X, and H := {go,91,...,9n—1} Where go,91,...,

gn—1 are continuous maps on Y. Let
G x H:= {(f X g)Oa ety (f X g)mn—l}a

where (f x g)i € {fj xgr|0<j<m—1,0<k <n—1},and (f x g)(z,y) = (f(2),9(y))
forany fxge Gx Handz € X,y €Y. A metric dxxy on the product space X x Y is
given by

dxxy((z1,11), (x2,y2)) = max {d(z1, z2), dy (y1,y2) }.

For any v = vg...v,_1 € Ff | there exist unique w) = ig...4,_; € Ff and unique
w? = jo...j,_1 € F such that (f x 9o, = [iy X gj for any 0 < 1 < r —1 and thus
(f X g)v = fu,0) X gu@- On the other hand, if wh) =iy, i, € EX w® =jo.. . g1 €
Ff, there exists unique v = vg...v,—1 € F;, such that f;, x g;, = (f X g)y, for any
0 <1< r—1and thus f,0) X g, = (f X g)p. Thus, the map v — (wM, w?) is a
one-to-one correspondence.

For k € N, we denote

Gk:{fw|w€Fr—7’;>|w‘:k} = {(f)()v(f)l?"'a(f)mk—l}’

that is, G¥ denotes the free semigroup generated by {f, | w € F}, |w| = k}. For any
U= uUy...U_1 € F;;k, there exists unique w(®, ... w1 € F} with [w®| = k for all
0 < i <r—1such that (f)y, = f,u forall 0 < i <r —1and thus (), = f,0 ,o-1-
On the other hand, if w©®,... w1 e Ft with |w®| = k for all 0 < i < r — 1, there
exists unique © = ug...Ur_1 € F;:k such that f, i) = (f)y, for all 0 < i < r —1, this
implies that f o) -1 = (f)u. Consequently, the map u — w©@ . w=Y is a one-to-one

correspondence.

Proposition 4.6. (X,G) and (Y, H) are chain recurrence if and only if (X xY,G x H)
is chain recurrence. If (X,G) and (Y, H) both are chain recurrence. Then for all € > 0,
reX andy ey,

(1) re((z,y),G x H) > max{r:(z,G),r(y, H)};
(2) r-((z,y),G x H) <lem(re(z, G),r:(y, H)),
where lem(-) denotes the least common multiple.

Proof. Observe that if ((zo,yo0),---, Tk, yk)) is a (v, e)-chain with v = vy ... vk € F},
for G x H, we have (zo,...,x}) is a (w(),e)-chain with some w") € F} for G, and
(Yo, - .., yx) is a (w?, €)-chain with some w® € Ff for H. This shows statement (1), and
(X,G) and (Y, H) both are chain recurrence if (X x Y, G x H) is.
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If (X,G) and (Y, H) both are chain recurrence, let (zo =z, ...,z = z) be a (w, )-
chain with some w") € Ft for G, and (yo =¥, ...,ys = y) be a (w®?, £)-chain with some
w® € Ft for H. Then the (w™® ... w ¢)-chain

(xo,...,xk:xo,xl,...,xk:xo,...,xk:xo)

formed by concatenating (g = z,...,z, = x) with itself s/ gcd(k,s) times has length
lem(k, s), where ged(-) denotes the greatest common divisor. As does the (w® ... w?, ¢)-
chain

(405> Ys = Y0, Y1, - -+ Ys = Y0, - -+ Ys = Yo)
formed by concatenating (yo = v,...,ys = y) with itself k/gcd(k,s) times has length
lem(k, s). Combining the two gives a (v, e)-chain from (z,y) to itself of G x H for some
v € Ft . This shows (2) and (X x Y, G x H) is chain recurrence. O

Proposition 4.7. Let k € N. (X, Q) is chain recurrence if and only if (X,G*) is chain

recurrence. If (X, G) is chain recurrence. Then for alle >0, z € X,
(1) r-(z,G*) > %re(x,G);
(2) there exists an €' < e such that re(z,G*) < ru(z,G).
Proof. Suppose that (zq,...,2;) is a (u, €)-chain for G¥ with v = ug...u;_; € Fr‘n*'k There

are w@ . w1 ¢ F;} such that (f)u; = fuo forall j =0,...,1 —1. Let wl) =
i,(i]_)l e igj) € F for j =0,...,1—1. Then we insert the orbit (fim(xj), T OO (x4))
0 k—2

between x; and x;11, for all j =0,...,0 — 1. That is,
(0, Fo (x0)s -+ s [0 (o), fo(@1)s o, framn a-n (@), @)
0 k—2"""0 0 k—2 %0

It is clear that this is a (w,e)-chain of length Ik for G, where w = w© ... w(=1) € F}.
This last fact shows statement (1) and proves that G is chain recurrence if G¥ is.

Next, we show to prove that G* is chain recurrence if G is. By uniform continuity
of fo,..., fm—1, there is an & < ¢/k such that any (w,e’)-chain of length |w| = k for G,

(zo,...,xk), we have d(fw(xo), xx) < €. For x € X, we suppose that (zg = z,...,z = x)
is a (w',&’)-chain of length |w'| = Ik of G where w’ = i...4),_, € F,;. We deduce that
(S @) agrr) <<

for all 0 < j < I — 1. Moreover, there is u = wug...u;_1 € F;;k such that (f),, =

f

! -/
Ykt G+1)k—1

length |u| = [ of G*.
Analogously, observe that by taking a (w’,&’)-chain of length |w'| = for G from z to

for all 0 < j <1 —1. Consequently, (zg, g, Tog, ..., xg) is a (u,e)-chain of

itself, and concatenating it with itself k& times, we can get a (v,¢)-chain of length |v| =1
for G* from z to x where v € F;k This shows (2). O
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Proposition 4.8. Let (X,G) and (Y, H) be chain mizing, and k € N. Then (X, GF) and
(X xY,G x H) are also chain mizing, and for all € > 0,

(1) m:(0,G x H) = max{m.(9,G), me(3, H) };
(2) m=(6,G*) > tm.(5,G);
(3) there emists an &' < e such that m-(5, G*) < m.(6,G).

Proof. The fact that G x H is chain mixing if and only if both G and H follow from the
definition of chain mixing, thus we have a statement (1). The proofs of (2), (3), and the
fact that G* is chain mixing are analogous to those of the corresponding statements for

chain recurrence in Proposition [4.7] O

Remark 4.9. If m = 1, then Propositions 24 and 26 of [23] are obtained by Propositions 4.6}
4.7 and 4.8

Proof of Theorem [1.2] By Theorem 7.5 of [14],
dimp (X x X) < dimp(3;}) + dimp(X).

Since dimp(X;h) = 1, we have that dimp (X} x X) < dimp X +1. It follows from |27 that F
is chain transitive if and only if G is chain transitive. Note that if ((wo,x0), ..., (Wn, Zn))
is an (n,e)-chain of F, then (zo,...,z,) is a (w,&)-chain of G for some w € F with
|w| = n. Thus, we have
re(z,G) < max r:((w,x), F).
west
This gives us 7:(G) < r<(F"). By [23], there is a C' > 0 such that r.(F) < C’/EHB(Z%XX),
we deduce that
re(G) < C/elimaX+1

This shows (1).

Let (w,z) € ¥ x X and m.((w,z),d,F) = N. Since F is chain mixing if and
only if G is chain mixing by [27], this shows that for any (£,y) € X x X, there exist
(¢,2") € B((w,x),d) and e-chain of F of length exactly N from ({,z’) to (§,y), denoted
by

((¢,2"), (¢, 1), -5 (G, 2w) = (&, 9))-

It follows that (2/,z1,...,xn = y) is a (w, €)-chain for some w € F,} with |w| = N. We
deduce that

me(x,0,G) < max mq((w,x),d, F).
west
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This implies that m.(6,G) < m.(9, F). By [23], there is a C' > 0 independent of § such
that me (9, F) < C/animB(E%XX), we conclude that

mg((s’ G) < 0/62(RBX+1).
This shows (2). O
Proof of Theorem [1.3] By Theorem [I.1] we know

1
h(G) = lim lim lim sup — log N*(n, ¢, 4, G).

e—=06—-0 nosoco N
For a > 0, let N, := N*(0,a,0,G). Let {x1,...,2n,} be a 3d-separated set of
points. Each sequence (ip, . . . ,ix) € {1,..., N3s}¥*1 corresponds to {z;,,...,z;, }. Taking
z; = T, by the definition of m.(9), there are zj € B(;,_,,0) and (w*=1 )-chain
of length m.(9) for some wk-1 e Fb from a:;k_l to x;k Now, suppose that this process
continues until, there are x] € B(w;,,d) and (w®) | ¢)-chain of length m.(8) for some
/

w® € Ft from z; to xj . We can derive that (z} ,...,z}, ) is a (w® ... w*=Y ¢)-chain

of length km.(d). Since the set {z1,...,znN,;} is 36-separated, the set

E={(z},,...,2}) | (o, ..., i) € {1,..., Nys}"*'}
is a set of J-separated e-chains of length km.(5). Obviously, #E = (N35)¥*1, then

k+1
N*(kmo(8),e,6,G) > )
mkme(5)

Next, let B, := B*(0, «, 0, G) be the minimum number of balls of radius « necessary to
cover X. By the definition of lower box dimension, for small enough o, B, > C(1/a)dmsX
for some positive constant C. Clearly N, > B, then N, > C(1/a)3msX as well.

Finally, we have that

1
h(G) = lim lim lim sup — log N*(n, d, ¢, G)
n

6—0e—0 n—oo

1
> lim sup lim lim sup —— log N*(km.(9),6,¢, G
B 6—>0p5ﬁ0 k—>oopkms(5) & ( E() )

N. k+1
> lim sup lim lim sup log (Ns)
50 =20 koo kme(9) mkme(9)
. . log N3;
= lim sup lim —logm
§—0 €0 ’I’)’LE((S)
log C(1/36)4msX
> limsup lim 0g C(1/30)7» —logm
6—0 €0 me(6)
log(1/d
=dimpX - limsup 0g(1/9) — logm.

5—0 lime o m€(6)
Since X is not a single point, and it cannot be a finite collection of points as (X, G) is

chain mixing, then limgs_,o mc(d) = oo. Thus this conclusion is proved. O
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Remark 4.10. In fact, by virtue of Theorem and Theorem 28 of 23], we immediately
deduce that

. ' log(1/6) }
hG) > 0,dimp X -1 i - |
( ) > max { daim p l?jélp lime 0 m. (6, F) e

As m.(8, G) < m(8, F) by Theorem|[L.2] we conclude that the estimation of the topological
entropy of free semigroup actions is more accurate in Theorem [I.3]
On the other hand, if m = 1, this means that G = {f}, then

. _ log(1/9)
h > d X -1 ’
(f) > dimpg Y Time 0 me (6, f)

this yields that Theorem 28 in |23].

We provide an example that satisfies lim._,g m.(0, G) < co to show that Theorem

is non-trivial, because if this limit is infinite then Theorem becomes trivial.

Example 4.11. Let X be a compact manifold, fy,..., fm_1: X — X be C'-expanding
maps, G be the free semigroup action generated by fo,..., fm—1. For any § > 0, by
Lemma 18 of [24], there exists N(d) € N so that f,(B(z,0)) = X for every x € X and
every w € Ff with |w| = N(8). Then, mgy(z,d,G) < N(§) for every x € X. Hence,
mo(0,G) < N(§). Notice that m.(d, G) is a nondecreasing function as € — 0. Therefore,

lim m.(0,G) < N(6) < oc.
e—0

5. The structure of chain transitive systems

In this section our main purpose is to prove Theorem [1.4l The proof is rather long and
technical, so several auxiliary results and definitions are needed.

Let (X,d) be a compact metric space and G be a free semigroup generated by m
generators fo, f1,--., fm—1 which are continuous maps on X. The proof of Theorem
is technical and difficult, and below we provide an outline of the proof to help the readers

understand our thoughts:

(1) We define an equivalence relation ~. which is related to e. From Lemma and
Remark 5.2 we can obtain that equivalence relation ~. corresponds to k. equivalence

classes.

(2) We define another equivalence relation on X by saying z ~ y if  ~ y for all € > 0.
Next, we divide into three cases: (a) k. = 1 as € — 0; (b) k. = k for sufficiently
small £, which can be transformed into Case (a) by Lemmas [5.4 and (c) ke = o0

as € — 0, we deduce that G factors onto an adding machine map.
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We assume G is chain transitive in this section. For x € X, denote by T.(x) the set of
the lengths of all (w, €)-chain from z to itself with some w € F for G. Recall that ged(-)

denotes the greatest common divisor.

Lemma 5.1. Let G be chain transitive and € > 0. There exists k. > 1 such that
ged(T:(x)) = ke for any x € X, in the sense that k. does not depend on the choice of

x.

Proof. This follows from the proof of Lemma 7 in [23]|. For z € X, define k. := ged(T:(z)).
Consider that y € X and (yo = ¥,y1,.--,Yn = y) is a (w,e)-chain from y to itself of

length |w| = n. We claim that k. divides n. Indeed, as G is chain transitive, there are

w’,e)-chain (zg = z,21,...,Zm, = y) from x to y of length |w'| = my, and (w”, &)-chain
1
20 =Y, 21,1 2Zm, = x) from y to x of length |w”| = mo. We have that
Y 2 Yy g
(Lo =X, 1y Ty = Yy 21y ey Zmy = )

is a (w'w”, €)-chain from z to itself of length m; + mg, and

($0:$,$1,...,xm1 =Y, Y1y -sYn =Y, 215+ 3 2mo :.’E)

is a (w'ww”, e)-chain from x to itself of length m; +n + my. Note that both m +mgy and

m1 + n + meo are multiples of k., which yields that k. divides n. ]

Define a relation on X by setting x ~ y if there is a (w,e)-chain from x to y of
length a multiple of k. for some w € F,}. Tt is clear that ~. is an equivalence relation. In
fact, observe that reflexivity and transitivity are established by Lemma|5.1)and G is chain

transitive. On the other hand, we claim that ~. is symmetry, that is, y ~. x if x ~; y.

Indeed, consider that (yo = z,...,y, = y) is a (v, &)-chain with |w| = n and k. | n from
x to y. Let we suppose that (xg = y,...,z; = z) is a (w”,e)-chain with |w”| =1 from y
to x as G is chain transitive. Then (yo = z,...,yp = ¥y,...,x; = z) is a (w'w”, e)-chain

from x to = of length n + . This implies that [ is a multiple of k.. Consequently, ~. is an

equivalence relation.

Remark 5.2. In fact, by the definition of k., if x ~. y, then any e-chain from x to y must
have length a multiple of k..

We now define another equivalence relation on X by saying ¢ ~ y if x ~. y for all
e > 0.

Lemma 5.3. Let G be chain transitive. For any e > 0, the equivalence relation ~ is both

open and closed. The equivalence relation ~ is closed.

Proof. Similar to Lemma 9 of [23], so we won’t repeat it here. O
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The following result is essentially contained in Exercise 8.22 of [2], but we provide
proof here for the reader’s convenience.

Let T1,T> C N, and T + T := {t1 + t2 | t1 € Th,t2 € To}. T C N is closed under
addition if T+ T C T.

Lemma 5.4. Let T C N and T be close under addition, then there exists N so thatnd € T
for allm > N where gcd(T) = d. Furthermore, there exist r,n € T such that ged(r,n) = d.

Proof. We only prove the case d = 1, others are similar. We claim that ged(tq,...,%y) =1
for some p € N. Indeed, for any t1,ty € T, ged(t1,t2) = ¢. If ¢ > 1, there is t3 € T such
that ged(c,t3) = ¢ with ¢1 < ¢. If ¢; = 1, then ged(t1,t2,t3) = 1, otherwise, repeat the
above steps.

To prove the lemma, it is to show that there is IV such that n = nt; +- - - +n,t, for all
n > N where ny,...,n, € Ny, as T is closed under addition. We proceed by induction on
p. For p =2, then ged(t1,t2) =1, s0 1 = nyty —nate. If n > N = ngt% then n = Qto + R
with @ > nate and 0 < R < ta. So n = (Q — n2R)ta + Rnit;. Assuming it holds for p
we prove it for p + 1. Consider that ged(tq,...,tp+1) = 1, and ged(ty,...,t,) = k, then
ged(k,tp41) = 1. Denote

t t
ng{n1k+n2tp+1|n1,n26No} and T, :{r1];+---+rpl§ rl,...,rpeNo}.

Clearly, T> and T), are both closed under addition. By hypothesis, let N1, with respect to

T3, be the number such that all n > Ny implies n = nik 4 natpy1 for some nq,no € Ny,

and let Vo, with respect to T}, be the number such that all n > Na implies
R

for some mq,...,my, € Ng. Take N = Ny + Nok. For all n > N, n — Nok = n1k + naty41,

this implies that

n = nik + natp1 + Nok = (n1 + No)k + natpi

t t
= (mlkl +- 4 mp]:> k+mnotpr1 = maty + - + mpty + natpig.
This completes our induction. O

Definition 5.5. [7] Let J = (ji1,j2,...) be a sequence of integers greater than or equal
to 2. Let X be the Cantor set of all sequences (ay,ag,...) where a; € {0,1,...,75; — 1}
for all 7. Define the adding machine map f;: X; — X by

fJ(al,CLQ, .. ) = (CLI,CLQ, .. ) + (1,0,0, .. .),

where addition is defined componentwise modj;, with carrying to the right.
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Lemma 5.6. |22, Theorem 2.1.3] Let a1, az be non-negative relatively prime integers.
Let

g(al, az) = a1a2 —al — ag,

then, for any N > g(ai,a2) is representable as a non-negative integer combination of m

and n, that is, there are p1,p2 € Ng such that N = pi1a; + paas.

Proof of Theorem [1.4] Let € > 0 and k. > 1, k. as in Lemma [5.1] Then X is divided into

ke equivalence classes for ~.. In fact, for any x, z € X with x ~, z, let us suppose that

(xO =T, T1,T2,.-- 7xk57xk5+17xk5+27 L 7:1;2’657 s 7‘T7Lk5 = Z)

is a (w,¢e)-chain from x to z of length nk.. It is clear that

To ~e Tk, ~e T2k, ~e " Ve Tnke,

L1 Ye The41 e L2k+1 Ve " Ve L(n—1)ke+1s

Tho—1 ~e T2ke—1 e L3k —1 e ' Ve Tnk—1-

Denote these equivalence classes as [zo]~_, [T1]~_,- .-, [Tk.—1]~., Tespectively. For any
x € X, we deduce that = € [z;]~. for some 0 < i < k. — 1 since G is chain transitive.
And we have x; =, x;41 for each i = 0,..., k. — 1 since (z;,x;41) is an e-chain of length
1. Consequently, X is divided into k. equivalence classes.

Obviously, G cyclically permutes k. equivalence classes, that is,

[fj(xi)]"‘a = [xiJrl mod ks]Na

forall=0,...,m—1landi=0,...,k.—1. Moreover, every equivalence class is invariant
under G*=| that is, fu([75]~.) C [xi]~. for alli =0,...,k. — 1 and w € E} with |w| = k..
Since [fu(%i)]~. = [wi]~., we only prove fu([zi]~.) C [fuw(@i)]~.. For any x € [zi].., we
have fi,(x) ~¢ fu(z;) since x ~. fu,(x), © ~; x; and x; ~¢ fu,(x;).

The quantity k. is nondecreasing as € — 0, and in fact k., divides k., if 1 < 9, since
an €1-chain is an eo-chain. Either k. stabilizes at some k, or it grows without bound. We
consider the three cases separately.

Case 1: k. stabilizes at k = 1. Then there is only one ~ equivalence class, and G is
chain mixing. Indeed, for any £ > 0 and any x € X, T.(x) is closed under addition. Since
ged(Tz(x)) = 1, there exist r1,s; € T:(z) such that ged(ri,s1) = 1 by Lemma This
implies that there exist (w’,e)-chain and (w”, e)-chain from z to itself of lengths |w'| =
and |w”| = s1, respectively. We can get an e-chain from x to itself of length N for any N >
g(r1,s1) by Lemma By compactness, there is a p € N such that | J!_; B(z;,¢/2) = X,
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let the length of an £/2-chain from x; to z; be M;;, and M = maxi<; j<p M;;, then for
between any two points in X there is an e-chain of length less than or equal to M. Hence,
for any y € X, any n > g(r1,s1) + M, there is a (w,e)-chain of length |w| = n from z to
y. Therefore, G is chain mixing.

Case 2: k = k. for sufficiently small €. Then the equivalence relation ~ is the same
as ~.. Thus there are k equivalence classes, GF cycles among the classes periodically,
and each class is invariant under G*¥. An argument similar to that for Case 1 show that
([z:]~, G*) is chain mixing for each i = 0,...,k — 1. By uniform continuity, pick ¢’ < ¢/k
small enough that for any (w,e’)-chain of length |w| = k for G, denotes (zo,...,z,), we
have d(fw(xo),xr) < €. Notice that ko = k as ¢/ < ¢, then ged(Tw(x)) = k for any
x € [zi]~. By Lemma there exist 72,52 € T (z) such that ged(ra, s2) = k. This
implies that there are (w',&’)-chain and (w”,€’)-chain from x to itself of lengths |w'| = 79
and |w”| = s9 for G, respectively. Put ro = ak and sy = bk, then ged(a,b) = 1. By
Lemma for any N with N > g(a,b) := ab — a — b, there are p,q € Ny such that
N = pa+ gb, hence there is an &’-chain from x to itself of length kN. Since [x;]~ is closed,
there is p’ > 1 such that U?lzl B(zj,€'/2) D [x;]~ where z; € [xi]~ for all j = 1,...,p.
For 1 < j,r <p/, there is a (wj,, ¢’)-chain from z; to z, of length |wj,| = kM;, for G. Let
M = maxi<j,<p M;,, then between any two points in [z;]~ there is an &’-chain for G of
length equal to ck for some 1 < ¢ < M. We claim that for any n > g(a,b) + M and any
y € [;]~, there is an e-chain from x to y of the length n for G¥. Indeed, notice that there
is a (w"”,&')-chain from z to y of length ck with 1 < ¢ < M for G. Since n — ¢ > g(a,b),
there are p1,q1 € Ny such that n — ¢ = p1a + ¢1b by Lemma [5.6, Then from the above

structure, a (w,e’)-chain for G of length nk, (xg = x,..., 2, = y), is naturally formed,
where
/ / 14 1 " - - - - - -
w=w ... ww . ww =y, i1k log—1%0k . . . Ink—1-
, 0 k—1%k 2k—112k nk—1
p1 qn

Then, we have
d(fijk...i(jﬂ)k_l(xjk)’x(j+1)k) <€

for all j = 0,...,n — 1. Moreover, there is © = ug...up_1 € F,,j;k such that (f)., =
fm for all j =0,...,n— 1, this means that (x¢, zx, ok, - . ., Tnk) 1S a (u, £)-chain
of length |u| = n for G¥. Consequently, ([x;]~, G¥) is chain mixing.

Case 3: k. grows without bound as € decreasing to 0. Then the period of G’s cycling
goes to infinity as e shrinks to 0. Let K. = X/~e= {[zo]~., .., [Tr.—1]~.} and K = X/~
be the quotient spaces with the quotient topology. For j = 0,...,m — 1, we define the

induced map on IN(E to be

fj: K. — [?sa [J:i]Ns = [fj(xi)]Na
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foralli =0,...,k.—1. Since fj([zi]~.) = [fi(2i)]~. = [Zi+1 mod k.)~. forall j =0,...,m—
land i=0,...,k: — 1, then every induced map f; is the same, denoted as f;: I?g — [?5,
[i]~. ¥ [Tit1 mod k.]~. for all i =0,..., k. — 1. Similar to Theorem 6 of [23], we deduce
that (f( , f) is topological conjugate to an adding machine map f;. Therefore, G factors

onto an adding machine map f;. O

Corollary 5.7. Let X be connected and G = {fo, ..., fm—1} where fi: X — X is contin-

wous for all 0 <1 < m — 1. Then the following are equivalent:

(1) G is chain recurrence; (3) G is totally chain transitive;

(2) G is chain transitive; (4) G is chain mizing.

Proof. Tt follows from the proof of Corollary 14 of [23]. Clearly, (4) = (3) = (2) = (1).
By Theorem X is connected and G is chain transitive, both of which imply that G
is chain mixing. So it is enough to show that chain recurrence implies chain transitivity.
Assume that G is chain recurrence and € > 0. We say that x and y are e-chain equivalent
if there are (w', )-chain from z to y and (w”,¢)-chain from y to x for some w',w” € Ff.
This is an equivalence relation as G is chain recurrence. By connectivity of X, so it
suffices to show that this is an open equivalent relation. Consider that = and y are e-
chain equivalent. Choose § < £/2 such that d(y,y’) < ¢ implies d(f;(y), fi(y')) < €/2
for all ¢ = 0,...,m — 1. It suffices to show that = is e-chain equivalent to an arbitrary
y' € B(y,d). Let (xg = x,...,2, = y) be a (v, €)-chain for some w' € F} from x to y,
and (Yo = ¥,...,Yym = y) be a (w”,e/2)-chain for some w” € F,} from y to itself. Then

(.’L’O =Z,...,Tp :y,y1,...,ym_1,y’)
is a (w'w”, €)-chain from x to 3. Similarly, let (20 =y, ...,z = z) be a (w"”, €)-chain for
some w”" € Ff. Then
(ylvyla'--aym =Y, 2155 Rp :(E)

is a (w"w", €)-chain from y’ to x. This yields that x and y’ are e-chain equivalent. O

Remark 5.8. If X is connected and m = 1, by Corollary this gives a generalization of
Corollary 14 of [23].
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