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Non Local Weighted Fourth Order Equation in Dimension 4 with Non-linear
Exponential Growth

Rached Jaidane* and Abir Amor Ben Ali
Abstract. In this work, we study the weighted Kirchhoff problem

9( [p(w(@)|Au?) dz) [A(w(x)Au)] = f(z,u) in B,
u >0 in B,

u:%zo on 0B,

where B is the unit ball of R*, w(z) = (log ﬁ)ﬁ, the singular logarithm weight in
Adam’s embedding, g is a continuous positive function on R*. The nonlinearities are
critical growth in view of Adam’s inequalities. We prove the existence of a positive
ground state solution using mountain pass method combined with a concentration
compactness result. The associated energy function does not satisfy the condition of
compactness. We provide a new condition for growth and we stress its importance to

check the min-max compactness level.

1. Introduction

In this paper, we consider the non local fourth order elliptic equation

9( Jz(w(@)|Aul?) dz) A(w(z)Au) = f(z,u) in B,
(1.1) u >0 in B,

u:%:() on 0B,

where B = B(0, 1) is the unit open ball in R*, f(x,t) is a radial function with respect to
x, the weight w(z) is given by

(&

B
(1.2) w(x) = <log m) , Be(0,1).
The Kirchhoff function g: RT™ — R™ is a positive continuous function which will be spec-
ified later.
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In 1883, Kirchhoff [18] studied the following parabolic problem
2 2
0*u
dac) 922

The parameters in equation (|1.3)) have the following meanings: L is the length of the

string, h is the area of cross-section, F is the Young modulus of the material, p is the

ou

Pu (PR E [*
43 p8t2_<h+2L o |2z

mass density and P is the initial tension. These kinds of problems have physical motiva-
tions. Indeed, the Kirchhoff operator G(( [ |Vu|?dz))Au also appears in the nonlinear

vibration equation, namely

Pu _ G( [y |Vul? de)Au = f(z,u) in B x (0,T),
u>0 in B x (0,7),
u =0 on 0B,
u(z,0) = up(z) in B,
k%(w,O) = uy(x) in B

which have focused the attention of several researchers, mainly as a result of the work of
Lions [19]. Non-local problems also arise in other areas, e.g. biological systems (where the
function u describes a process that depends on the average of itself for example, population
density), see e.g. [3,/4] and the references therein.

Second order Kirchhoff’s classical equation has been extensively studied. We refer
to the work of Chipot [11,[12], Corréa et al. [18] and their references. We mention that

Figueiredo and Severo |16 studied the following problem

—m( [5|Vul|? dz)Au = f(z,u) inQ,
u >0 in €,
u =0 on 01,

where Q is a smooth bounded domain in R?, the nonlinearity f behaves like exp(at?) as
t — 400, for some o > 0. m: (0, +00) — (0, +00) is a continuous function satisfying some
conditions. The authors proved that this problem has a positive ground state solution.
The existence result was proved by combining minimax techniques and Trudinger—Moser
inequality.

Recently, Sitong Chen, Xianhua Tang and Jiuyang Wei [9], studied the last problem.
They have developed some new approaches to estimate precisely the minimax level of
the energy functional and prove the existence of Nehari-type ground-state solutions and

nontrivial solutions for the above problem.
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It should be noted that, recently, the following nonhomogeneous Kirchhoff-Schrédinger

equation

M </R2 IVul? + &£(|z|)u? dx> (—Au + &(|z))u) = Q(x)g(u) + eh(x),
u(z) =0 as |z| - +oo

has been studied in [2], where € is a positive parameter, M : RT — Rt £ Q: (0,+00) — R
are continuous functions that satisfy some mild conditions. The nonlinearity g: R — R is
continuous and behaves like exp(at?) as t — +oo, for some « > 0. The authors proved
the existence of at least two weak solutions for this equation by combining the Mountain
Pass Theorem and Ekeland’s Variational Principle.

We point out that recently, weighted logarithmic second order elliptic equations are

studied. We cite the following problem [8]

—div(v(x)Vu) = f(z,u) in B,
u >0 in B,
u=20 on 0B

with the weight v(z) = log (ﬁ) and where the function f(x,t) is continuous in B x R and
behaves like exp {eo‘tz} as t — 400, for some a > 0.

Also, recently, Deng et al. [13] and Zhang [22] studied the following problem

—div(p(2)|Vu|N2Vu) = f(z,u) in B,
u=0 on 0B,

where N > 2, the function f(z,t) is continuous in B x R and behaves like exp {eatN/(N_l)}

as t — +o0, for some a > 0. Also, we mention that Baraket et al. [6] studied the following

non-autonomous weighted elliptic equations

—div(p(2)|VulN2Vu) + £(2)|ul ¥ Pu = f(z,u) in B,
u >0 in B,
u=20 on 0B,

where B is the unit ball of RN, N > 2, f(z,t) is continuous in B x R and behaves like
eXp{eatN/<N7

satisfying some conditions. The weight p(x) is given by p(x) = ( log

1)} as t — 400, for some a > 0. £: B — R is a positive continuous function
N-1
fel)
In the latter work cited, the authors proved that there is a non-trivial solution using
Mountain Pass Theorem and weighted Trudinger—Moser inequalities [7]. In order to mo-

tivate our study, we begin by giving a brief survey on Adam’s inequalities. For bounded



528 Rached Jaidane and Abir Amor Ben Ali

domains 2 C R%, in [1,21] the authors proved the following Adams’ inequality

sup/ (eo‘“2 — 1) de < 400 <= a <3272,
u€eS JQ
where S = {u € WOZ’Q(Q) ‘ ( Jo|Aul?dz) V2 < 1}. This last result opened the way to
study fourth-order problems with subcritical or critical nonlinearity. We cite the work of
Sani [16]

A%+ V(z)u = f(x,u) in H*(RY.

Inspired by the last work cited above, we study the existence of a positive ground state
solutions when the nonlinear terms have the critical exponential growth in the sense of
Adams’ inequalities [23]. Our approach is variational methods such as the Mountain Pass
Theorem combining with a concentration compactness result. Let @ C R* be a bounded

domain and w € L*(§) be a nonnegative function. We introduce the Sobolev space
W02’2(Q,w) =cl {u e C3(Q ‘ / (z)|Auf? dz < oo}
We will focus on radial functions and consider the subspace
Walq(Qw) =cl {u € C3%.4(Q ‘ / (z)|Aul? dz < oo}

The choice of the weight and the space Wo (B, w) are motivated by the following

exponential inequality.

;rad

Theorem 1.1. [23] Let § € (0,1) and let w be given by (1.2), then

(1.4) Sup /Be""“'mﬂ) do < 400 <= a<ag=4[8x%(1—pB)/0F).

2
UEWO ' (Bsw)

I5 |Au|2w(:(:) dx<1

Let v := 2/(1 — (), in view of inequality (1.4]), we say that f has critical growth at

400 if there exists some ag > 0,

lim M =0, Va such that g < o and lim M

=400, Va < ag.
s—+oo eas” s—+oo  eas” ’ 0

To study the solvability of problem ([1.1)), we consider the subspace

X:{uEWOradBw )/ |Au]2da:<oo}

full = ( [, w<x>|Au\2dx)l/2.

endowed with the norm
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We note that this norm is issued from the product scalar

(1, v) = /Bw(ac)Au Avda.

Let us now state our results. We define the function

t
Gt = [ g(s)ds,
0
where the function g is continuous on R and verifies

(G1) There exists gg > 0 such that g(t) > go for all ¢ > 0 and

G(t+s)>G(t) +G(s), Vs, t>0;

(G2) There exists constants aj,as > 0 and t; > 0 such that for some § € R,

g(t) < ap+ ast®, Vit >t;

(G3) @ is nonincreasing for ¢ > 0.

As a consequence of (Gs), a simple calculation shows that

1 1
iG(t) - Zg(t)t is nondecreasing for ¢t > 0.

Consequently, one has

1 1
(1.5) G = 79t =0, VE=o.

A typical example of a function g fulfilling the conditions (G1), (G2) and (Gs) is given by

g(t) = go+at, go, a>0.

Another example is given by ¢(t) = 1+ In(1 +¢).
Furthermore, we suppose that f(z,t) has critical growth and satisfies the following

hypothesis:

(H;) The non-linearity f: B x R — R is positive, continuous, radial in x, and f(z,t) = 0
for t <O0.

(Hy) There exist tg > 0 and My > 0 such that for all ¢ > ¢y and for all z € B we have
0< F(x,t) < Myf(z,t),

where

F(m,t):/o f(zx,s)ds.
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(Hs) For each x € B, w is increasing for ¢ > 0.
2/
_ flz )t . o 1024(1 - B)g((52
(Ha) tlggo féaoﬂ) > 7y uniformly in x with vy > al—,B((aO) ) .
0

The condition (Hs) implies that for any € > 0, there exists a real . > 0 such that
(1.6) F(z,t) <etf(z,t), V|t| >t., uniformlyin z € B.

Also, we have that the condition (Hs) leads to

o L)

(1'7) t—>0 tf

=0 forall0<6<3.

The asymptotic condition (Hy4) would be crucial to identify the min-max level of the
energy associated to the problem . We give an example of f. Let f(t) = F'(t) with
F(t) = % + tte®!” A simple calculation shows that f verifies the conditions (Hy), (Hz),
(H3) and (Hy).

It will be said that u is a solution of the problem , if u is a weak solution in the

following sense.

Definition 1.2. A function u is called a solution of (1.1)) if u € X and

g(||lu®) /B(w(x)AuAgo) dx = /Bf(x, u)pdr for all ¢ € X.

The energy functional J: X — R, also known as the Euler—Lagrange functional asso-
ciated to (|1.1)), is defined by

(18) T = 56l - | Plo.wdo

where

F(x,t):/o f(z,s)ds.

Definition 1.3. A solution wu is a ground state solution of the problem (1.1 if u is a

solution and
J(u) =r with r = 12£J(u) where S = {u e X : J'(u) =0,u # 0},

and

7w =l [ @@sag o [ faned), pex

It is quite clear that finding weak solutions to the problem (|1.1]) is equivalent to finding

non-zero critical points of the functional J over X.
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The major difficulties in this problem lies first in the concurrence between the growths
of g and f and second in the loss of compactness of the energy. To avoid the first difficulty,
many authors usually assume that g is increasing or bounded (see [3}4,(10,/16]). For the loss
of compactness, we use suitable Adam’s functions and prove concentration compactness
result.

Our result is as follows:

Theorem 1.4. Assume that f(x,t) has a critical growth at 400 for some ag and satisfies
the conditions (Hy), (Ha), (Hs) and (Hy). If in addition (G1), (G2) and (Gs) are satisfied,
then the problem (1.1) has a positive ground state solution.

To the best of our knowledge, the present papers results have not been covered yet in
the literature.

This paper is organized as follows. In Section[2] we present some necessary preliminary
knowledge about functional space. In Section [3] we give some useful lemmas for the
compactness analysis. In Section 4] we prove that the energy 7 satisfies the two geometric
properties. Section [5|is devoted to estimate the min-max level of the energy. Finally, we
conclude with the proofs of the main results in Section [6]

Throughout this paper, the constant C' may change from a line to another and we

sometimes index the constants in order to show how they change.

2. Weighted Lebesgue and Sobolev spaces setting

Let @ ¢ RN, N > 2, be a bounded domain in RY and let w € L'(Q2) be a nonnegative
function. To deal with weighted operator, we need to introduce some functional spaces
LP(Q,w), W™P(Q,w), WP (2, w) and some of their properties that will be used later. Let
S(€2) be the set of all measurable real-valued functions defined on © and two measurable
functions are considered as the same element if they are equal almost everywhere.
Following Drabek et al. and Kufner in [14}/17], the weighted Lebesgue space LP(2, w)

is defined as follows:
LP(Q,w) = {u: 2 — R measurable ‘ / w(z)|ulP de < oo}
Q

for any real number 1 < p < co. This is a normed vector space equipped with the norm

ol = ( [ i) a ) "

For w(x) = 1, one finds the standard Lebesgue space LP(2) endowed with the norm
1
lully = (S ul? d) .
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For m > 2, let w be a given family of weight functions w;, |7| < m,
w={w:(z) | x € Q|7| <m}.
In [14], the corresponding weighted Sobolev space was defined as
W™P(Q,w) = {ue LP(Q) | DTu € LP(Q) for all |7] <m — 1,
DTu € LP(Q,w) for all || =m}

endowed with the following norm

1/p

lullwme@uw = | > /QIDTUIpda:Jr > /Q|D7u\pw(a;)da:

Ir|<m—1 r[=m

If we suppose also that w(z) € L (), then C§°(R) is a subset of W™P(Q, w) and we
can introduce the space
Wy (2, w)

as the closure of C§°(€2) in WP(Q,w). Moreover, the following embedding
W™P(Q,w) s WM 1P(Q)

is compact. Also, (LP(Q, w), [|-|lp,w) and (W™P(Q,w), |- |lwm.»(.w)) are separable, reflexive
Banach spaces provided that w(z)~"/®~1) € Ll (Q). Then the space X is a Banach and

reflexive space. The space X is endowed with the norm

full = ( . w@)mumx)m

which is equivalent to the following norm (see Lemma |3.1)

1/2
[l 2.2 (Baw) = (/ u2dx+/ \Vu]2da:+/ ]Au\Qw(m) dq:) )
O,rad ’ B B B

We also have the continuous embedding
X «— LY(B) forall g >1.

Moreover, X is compactly embedded in L?(B) for all ¢ > 1 (see Lemma [3.1)).

3. Preliminary for the compactness analysis

In this section, we will derive several technical lemmas for our use later. First we begin

by the radial lemma.
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Lemma 3.1. Let u be a radially symmetric function in Cg(B). Then we have

i) [23 log (1£)|"7 — 1]/
0 & \U(x)\§2\}§7rH g(lLl‘_ﬁ | /Bw(af)!Au\de

e \|1-8 1/2
1 [[log (i) " — 1
T 2V2r Vv1—-0
(ii) The norms || - || and ||UHW§,}2ad(va) = (Jpuidz+ [ |Vul]* dz + [ |AulPw(z) dz)

are equivalents.

.

1/2

(iii) The following embedding
X — LYB) forallg>1
18 continuous.

(iv) X is compactly embedded in L1(B) for all ¢ > 2.

Proof. (i) See [23].
(ii) By Poincaré inequality, for all u € Wol,}id(B )s

/ uf? < c/ V.
B B
Using the Green formula, we get

/]Vu|2:/VuVu:—/uAu+/ u@g
B B B op On
—_—

=0

/ uAu
B
By Young inequality, we get for all € > 0,

1 1
/uAu < / |Au|2+5/ uf? < / w(x)mu|2+5/ 2.
B 2e B 2 B 2e B 2 B

€ 2 _ 1 2
(1 20)/Byvu| < 28/B|Au\ w(z),

Hence

then

1/2
</ u2dx—|—/ |Vu]2dx+/ |Aul?w(z) dm) SC/ |Aul?w(z) dz < C|lul?.
B B B B

Then (ii) follows.
(iii) Since w(z) > 1, then following embeddings

X — W32 (B,w) < We2 (B) < LI(B), Ygq>2

are continuous, and we have that X < L!(B) is continuous from (i).
(iv) Since W02’2(B, w) —— WH(B) is compact, then (iv) follows. This concludes the

lemma. OJ
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In the next, we give the following useful lemma.

Lemma 3.2. [15] Let Q C RY be a bounded domain and f: Q xR a continuous function.
Let {up}n be a sequence in L'(Q)) converging to u in L'(Q). Assume that f(z,u,) and
f(x,u) are also in L' (). If

[ 1 do <

where C' is a positive constant, then
fx,un) = fx,u) in LY(9).
In the sequel, we prove a concentration compactness result of Lions type [20].

Theorem 3.3. Let (uy)r be a sequence in X. Suppose that ||ug| = 1, up — u weakly in
X, ug(x) = u(x) a.e. x € B, and w # 0. Then

SUP/ ePeslunl” gy < +00, where ag = 4[8#2(1 — 5)]1/(1_6)
k B

for alll < p < U(u), where U(u) is given by

1 .
U(U) — (1_”””2)7/2 Zf HUH < 17
+00 if ||ull = 1.
Proof. Since ||u|| < limyg [|ug|| = 1, we will split the evidence into two cases.

Case 1: |Ju|| < 1. We assume by contradiction for some p; < U(u), we have

sup/ exp (a/gpluz) dr = +o00.
k B
Set

BY = {z € B:uy(z) > \}

where A is a constant that we will choose later. Let v = up — A. We have

(3.1) (1+a)q§(1+5)aq+<1— Va>0,Ve>0, Vg>1.

1 1-q
1+ 5)1/(q—1)> ’
So, using (3.1]), we get

|uk]" = fur = A+ A" < (Jup = A[+[A])?

(3.2) 1 1=y N
A\ - - y ¢
<A +e)|up— AN+ (1 a +€)1/(7_1)> A" < (1 +e)v) +Ce,7)N".

We have

/ exp (ozlgpluz) dx = / exp (agpluZ) dx + / exp (agpluZ) dx
B Bk B\B¥
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< / exp (agpruy) dz + cexp (agpiA”)
B

< / exp (agpruy) dz + ¢(X, 7, |Bl),
B

and then
sup/ exp (agpluZ) dxr = +o0.
k JBk
By (3.2) we have
/k exp (agpluZ) dr < exp (agplC(s, fy))ﬂ) /k exp ((1 + €)agp1vg) dz.
B)\ B)\

Since p; < U(u), there exists p; such that p; = (1 +¢€)p1 < U(u). Thus

Sup/ exp (plozﬁvk) dx = 4o00.
k JBY

Now, we define
TA(u) = min{\,u} and Ty(u) =u—T*(u)

and choose A such that
1 — Jlul? o\
(3.3) > .
1 — [T Aul? Ul(u)

We claim that
1\2/7
limsup/ w(z)|Av|? d < <~> .
k Bk b1

A

If this is not the case, then up to a subsequence, we get

1\2/7
/ w(z)|Avg|? de = / w(z)|[AT\ug|? dz > <~> + or(1).
Bk B b1

A

Thus

1 2/’Y

< ) ‘AT)‘udeJZ-i-Ok(l)

Y41

g/ ()| ATy ug 2 d:n—l—/ ()| Aug? do

B B\B%

/ Auk\Qda:—i-/ w(z)|Aug|* de = 1.
B\B%

For A > 0 fixed, T uy, is also bounded in X. Hence, up to a subsequence, T u; — T?u in
X and TMuy, — T™u almost everywhere in B. By the lower semicontinuity of the norm in
X and the above inequality, we have

1 7 = : 27
(1 —liminfy 4 HT)‘UkHZ)W (1 - ”T)‘UHZ)W

D1 >
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combining with (3.3)), we obtain

~ 1 - P1 1
(1= | Truf2)? ~ Uw) (1= | 12u)2)
which is a contradiction. Therefore

1\2/7
limsup/ w(z)|Avg|? dz < <~> .
k Bk b1

A

Y

~/2 = D1,

By Adam’s inequality (1.4]), we deduce that
sup/ exp (;Blagvz) dr < +00
k JBk
which is also a contradiction. The proof is finished for this case.

Case 2: ||u]| = 1. We can then proceed as in Case 1 and obtain
sup/ exp (ﬁlawa) dxr = +00
k JB%
where p1 = (1 4+ €)p1. Then we have

1 2/y
w(z)| AT\ug|? dz > <~> )

lim sup/ w(x)|Avy|? dz = lim sup/
BY k b1

k i B

thus

1 2/
| Tul|? < limkinf/ w(@)| AT up* de < 1 — limsup/ w(z)| AT\ug|? dz < 1 — <~> .
B k

B p1
On the other hand, since ||u|| = 1, we can take A large enough such that
1/ 1\2/
[Tl >1 -2 <~>
3\m
which is a contradiction, and the proof is completed for this case. O

4. The mountain pass geometry of the energy

Since the nonlinearity f(x,t) is critical or subcritical at +o00, there exist positive constants
a,C > 0 and there exists o > 1 such that

(4.1) |f(x,t)] < Ce™ | VY|t| > ta.

So the functional J defined by , is well defined and of class C.

In order to prove the existence of a ground state solution of the problem , we will
prove the existence of a nonzero critical point of the functional 7 by using the theorem
introduced by Ambrosetti and Rabinowitz in [5] (Mountain Pass Theorem) without the

Palais—Smale condition.
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Theorem 4.1. [5| Let E be a Banach space and J: E — R a C' functional satisfying

J(0) = 0. Suppose that there exist p, By > 0 and e € E with ||e|| > p such that

inf J(u) > By and J(e) <O0.

l[ull=p
Then there is a sequence (up) C E such that
J(up) — ¢ and J'(up) — 0,
where

¢:= inf max J(y(t)) > Bo and T :={y € C([0,1],E) | v(0) = 0 and (1) = e}.
~vel' t€[0,1]

The number ¢ is called mountain pass level or minimax level of the functional J.

Before starting the proof of the geometric properties for the functional 7, it follows
from the continuous embedding X < L4(B) for all ¢ > 1, that there exists a constant
C > 0 such that [|ul2q < ¢||ul| for all u € X.

In the next lemmas, we prove that the functional 7 has the mountain pass geometry
of Theorem 4.1l

Lemma 4.2. Suppose that f has critical growth at +o0o. In addition if (Hy), (Hs) and
(G1) hold, then there exist p, By > 0 such that J(u) > By for all u € X with ||u]| = p.

Proof. Tt follows from that there exists dg > 0,
F(x,t) <elt]* for |t| < do.
From (Hs), and for all ¢ > 2, there exist a positive constant C' > 0 such that
F(x,t) < C|t|%e™, V|t| > 0.
So, using the continuity of F', we get
F(x,t) < €|t]* 4+ Ct|%e™”  for all t € R.

Since

7w = 56l = [ Pl

we get from (Gp) and (Vy),

I = Lul? - /B P dz — C /B e das
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From the Holder inequality, we obtain

1/2
g0 alu
J@)ZzﬂMP—ééhfdw—C<ée'w®> Jul,

From Theorem [T.1] if we choose u € X such that
(4.2) a||u||7 < Qpyp)

we get

)'Y
ul/ dx < +o0.

¥ allul|y (2
/gmm:/eHh
B B

On the other hand, |lull2g < C1l|ul|, so for fixed e such that 5% > e,

90 _
Tw) = Lul? = eCullull? = Cllull? = |lul? (5 = 2C1 = Clul*~?)
for all u € X satisfying (£.2). Since 2 < g, we can choose p = |Ju| < (=£) Y7 and for e such
that 57%- > €, there exists Bo = p*((g0/2 — €)C1 — Cp?™2) > 0 with J (u) > By > 0. O
By the following lemma, we prove the second geometric property for the functional 7.

Lemma 4.3. Suppose that (Hi), (H2) and (Gz) hold. Then there exists e € X with
J(e) <0 and |le]| = p.
Proof. From the condition (Gg), for all ¢ > ¢1, we have that

(4.3) Gy < LTt T 0 F 1,
' T v+ art +agint  if 6= —1,

541
where ag = fgl g(t)dt —aity — ag?ﬁ and by = fgl g(t)dt —aity —asInty. It follows from
the condition (Hg) that

0 1
= —F > —F
Fla,t) = S F(,0) > 3 F(a,1)
for all t > tg. So
(4.4) F(z,t) > Cel/™ vt >t,.

In particular, for p > max(2,2(0 4+ 1)) there exist C; and Co such that
F(%,t)ZCﬂﬂp—Cg, VteR, x € B.

Next, one arbitrarily picks © € X such that |[@| = 1. Thus from and (4.4), for
all t >t

— 2 .
$ G+ gyt - Gl - 50 0 # -1,

MRS :
gy Sl Cllulir - S0 o=
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Therefore
lim J(tu) = —oc.
t——+o00
We take e = tu for some ¢ > 0 large enough. So Lemma [4.3| follows. ]

5. The minimax estimate of the energy
According to Lemmas [£.2] and let
J(y(t)) >0

dy := inf max
~EA t€[0,1]

where

A:={~y€eC([0,1],X) | v(0) =0 and J(y(1)) < 0}.

We are going to estimate the minimax value of the functional J. The idea is to
construct a sequence of functions (v,) € X, and estimate max{J (tv,) : ¢ > 0}. For this

goal, let consider the following Adam’s function defined for all n > 3 by

( (log(e é/ﬁ))l/v _ |2[20—8)
ag 2(%)1/7(1%(6%))(771)/7
+ 1 - if 0 < |z] < 1/¥n,
_ 2(¥)1/W glog(e%))(w D/~ | | /\/>
R WS
% if 1/¢/n < |z <1/2,
(22 oste ¥)
Cn if 1/2 <|z| <1,
where ¢, € C§°(B) is such that
C”‘x:1/2 E 14 1y (log 2¢)'7, 8845 —12 aﬁ_2(1 = 1/ (log(2¢)) ™,
(32 log(e*n)) w12 (% log(e )
9n 1
=20 = ns VEn, AL, 11 — .
Cn|aB 9 lon 0 and &,,VE,, AE, areall o (log(e{‘/ﬁ))
Let v, (z) = ”32”. We have, v, € X, ||v,|? = 1. We compute Aw,(x), we get
( _
—(1-B)(4—28)|z|# fo< |l‘| < 1/\4/ﬁ
() (i)™ 77 MOSHISIAR
— ¢ (-8 log (5 24+-4( log 5 .
Awn(a:) = ( (SL l))( ;))1& I I) ) if 1/% < ‘x’ < 1/27
— log(ev/n
\Acn if 1/2 < lz| < 1.

So

1/¥/n
||AwnH§w:27T2/ r3|Awn(x)]2(loge)ﬁdr+2ﬂ2/
’ 0 T 1

1/2
7’3|Awn(az)|2(log E)ﬂ dr
/yn r

I

P
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1
+ 272 /1 T3\Awn(x)|2(log ;)ﬁ dr,

/2
I3
we have
— B)2(4 — 28)2 1/9n 38
h= 27T2( B)S’Y( 5)((;)2)627 D/ / P <log ;) dr
28 log(e/n B 0
4an
yo  (1=B)(1-28) [T*Aﬁ(mg€y1”y"
= T _
(%)2/7(1%(6%))2(7—1)/"{ 4—4p3 r/ 1o
yo BL=BP(A—28  [UYR B evet
T g A (5
1
=0 .
logev/n
Also,

= e e Ly 7 (5) (o Gonl) )
L (-pp
(£)*7 (10g(e /)"

2 e\ -8-1 ex-8 4 1-p]1/2
X [_1 — 3 (log 7) +4 <log f) + 1-3 (log ;) ]1/%
14, <1>
(log e/n) /M
and I3 = O(W). Then

1
O N (R
(logey/n)™”
Also, for 0 < |z| < 1/i/n,

0 (z) > (bg(e\/ﬁ)> +o(1).

ag
5.1. Estimate of the energy J

We are now going to prove the desired estimate.

Lemma 5.1. Assume that (G1), (G2) and (Hy) hold, then

2/
i < La <<a5> ) .
2 (67))
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Proof. We have v, > 0 and ||vy| = 1. Then from Lemma 1.3} J (tv,) = —o0 as t — +o0.
As a consequence,

d < max J (tvy,).
>0

We argue by contradiction and suppose that for all n > 1,

1 ag 2/
T?Zagij(tvn) > iG <<Oéo> ) .

Since J possesses the mountain pass geometry, for any n > 1, there exists ¢, > 0 such

that 2
.
max J (tn) = T (tnvn) > %G <<a5> ) .

t>0 Qg

Using the fact that F(z,t) > 0 for all (z,t) € B x R, we get

Gt2)> G ((Zﬁ>%> .

On one hand, the condition (G;) implies that G: [0,400) — [0,400) is an increasing
2/
@s
t>—=) .
" (%)

d 2
—J(tvy = n y InUn )Un =Y
dtJ( v )‘t:tn g(ta)t /Bf(ac tnUn) U dz =0

bijection. So

On the other hand,

that is
(5.1) g(t%)ti:/ f(z, tpon ) tpoy, de.
B

Now, we claim that the sequence (t,) is bounded in (0, +00). Indeed, it follows from (Hy)
that for all € > 0, there exists . > 0 such that

(5.2) f(x, t)t > (90 —)e™, V|t| > t., uniformly in x € B,
ti = [ f(x, thop)tpo, de > / f(z, tyon ) tpoy, de.
B 0<|z|<1//n
Since

tn <log ey/n
Jwnll \ s

then it follows from (5.2) that for all € > 0, there exists ng such that for all n > ny,

t2 > (yo — 8)/ POV g
0<|z|<1/¥/n

1/~
) — 00 asn — 400,
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Using the condition (Gz), (5.1) and (5.2)), for n large enough, we get

a1t + apt?t? > g(12)E2 > (o — €) / Lot g
0<|z[<1/Y/n
1/% t’y M +o(1
> 21%(0 — 5)/ e A (( g )+o(v) dr
0

= 2m%(70 — a)eaotl((%)w(l)).

There holds

1> 22 — ) (72 o) —tog dntog(an ) —tog(anti
= 0 — .

As a direct result, (t,) is a bounded sequence. We must note that, if

7
v 2B
(5.3) lim ¢} > .’

then we get a contradiction with the boundedness of (¢,). Indeed if ([5.3)) is accurate, then
there exists some d > 0 such that for n large enough,
a
£ >5+ L.
o

Then the right-hand side of (5.3) tends to infinity which contradicts the boundedness
of (t,). Consequently (5.3) can not hold, and we get

2/
(5.4) lim 12 = (O‘ﬁ) .

We claim that (5.4) leads to a contradiction with (Hs). Indeed, let us introduce the sets
A, ={x € B|tyw, >t} and C, =B\ A,,

where t. is given in (5.2]). We have

g(ti)ti = / [z, thon)tpo, doe = f(z, thon)tyo, dx +/ [z, thon)tho,
B Cn

An
> (70 - 6) / eatﬁlvz dx + / f(xy tnvn)tnvn dx
An Cn

= (y0 —¢) / OOtV o (0 —¢) / e0tnV dyr 4 [z, tpop)tpo, da.

Since v, — 0 a.e. in B, x¢, — 1 a.e. in B, therefore using the dominated convergence
theorem, we get

2

/ f(z, thop)tpv, de — 0 and / OOV %

n n
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On the other hand,

/ e20thvn dy > / e20tnvn +/ e20tnvn .
B 1/¥Yn<|z|<1/2 Cn

Then
2/y 2/y
lim g(t2)t2 =g (()43) <aﬁ> > (y0 —¢) lim 20t vn .
n——+o0 o (o) N+ J1 /dn<|z|<1/2

Using the fact that

we get

lim g¢(t2)t2 > lim (70—6)/ 0t iy
B

n—-+00 n—-+00

2

2 aees)

> lim (v —5)2772/ r3elogle Vm)llunlY dr.
n—-+00 1/%

Making the change of variable

4log ¢
s = )
log(ev/n)||lwnl]”

we get

lim g¢(t2)t2 > lim (’YO—E)/ 0t iy
B

n—+00 n—+o0
4
ol 4 Twn Y wn |7 log(e ¥
> lim_2r’(y0 <) | lzg(e\/ﬁ) o T S e F
ey og 2e
4
‘ . w7 log(e/n) , [ TwnT _ lwn [T 10g(e ¥m) 4
> ngl-il—loo 2 (’YO 5) 4 € 4log 2e € ! ds

llwn |V log(e /m)

2
T _NT 4y —dlogedm —41log(2e)
= Jim (q0 —e)e’(—e te )

7.‘_264(1—10g 2e) 2

™

((2)7) () =005

1024(1 — 8)g((22)*7)

1-8
Qq

= (v —¢)

It follows that

for all e > 0. So

Yo <

This contradicts (H4) and the lemma is proved. O
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6. Proof of main result

First we begin by some crucial lemmas. Now, we consider the Nehari manifold associated

to the functional 7, namely
N ={ueX:(J'(u),u) =0,u# 0},
and the number ¢ = inf,cnr J (u). We have the following lemmas.
Lemma 6.1. [16] Assume that the condition (Hs) holds, then for each x € B,
tf(x,t) —4F (x,t) s increasing for t > 0.
In particular, tf(z,t) — AF (z,t) > 0 for all (x,t) € B x [0,400).

Proof. Assume that 0 < t < s. For each z € B, we have

tf(z,t) —4F(z,t) = f(tx:;t)t4 —|—4/ f(z,v)
< f(::?:t) 4F< ) f(s?a’s)(s4_t4)
=sf(z,s) — 4F(z,s). O

Lemma 6.2. If (G3) and (Hs) are satisfied then d. < c.

Proof. Let uw € N and consider the function ¢ : (0, +00) — R defined by ¢ (t) = J (tu). ¢

is differentiable and we have
Y'(t) = (T (ta),w) = g(t*|T||*)t ||z —/ f(z,tu)udz for all t > 0.
B
Since u € N, we have (J'(w),u) = 0 and therefore g(||ul|?)||u||* = [ f(z,u)udz. Hence,

2 ||| al|? x, T x, tu
5O B (gii ||”u |||2 ) g<H||u |||2 )) o f <f(u3 ) _ fgtu;)) .

We have that ¢'(1) = 0. We also have by the conditions (Gs) and (Hs) that ¢'(¢) > 0 for
all 0 <t <1,¢/(t) <0 forall t > 1. It follows that

J(u) = max J (tu).

t>0

We define the function A: [0, 1] — X such that \(t) = ttu with J (fu) < 0. We have A € A,
and hence

d. < max J (A1) < max J (t7) = J (7).

te[0,1] >0

Since u € N is arbitrary then d, < c. O
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Proof of Theorem [I4]. Since J possesses the mountain pass geometry, there exists u,, € X
such that

(6.1) J(up) = %G(Hunﬂz) —/ F(x,up)de — dy, n— +o0
B
and

(6.2 rafom»@w=:pumnw>{AJMxﬂnm-V¢d4/gf@amowdw

< enllel]

for all ¢ € X, where ¢, — 0 as n — +o00. In order to obtain a ground state solution for
problem ([.1)), it is enough to show that there is u € A such that J(u) = ds (de < ¢ <7).
From (§6.1)) for all € > 0, there exists a constant C' > 0 such that

1
—G(|Jun|?) < C —l—/ F(z,uy,)dx.
N B
From ([1.6)), for all € > 0, there exists t. > 0 such that
F(z,t) <etf(x,t) for all |[t| >t and uniformly in z € B.

It follows that

1
Gl <0+

‘un|§te

F(z,up)dx + 6/ f(x,up)uy, dx.
B

From (6.2)), we get
1

19 unl ) llun ]| <

for some constant Cq > 0.
Using (1.5)) and the condition (G1), for all e with 0 < e < 1/4, we get

G(llunl®) < Cr + eenllunll + eg(llun]*)|un]®

DO | =

90(1/4 = €)[[un|* < C1 + een||un]-

We deduce that the sequence (uy,) is bounded in X. As consequence, there exists u € X
such that, up to subsequence, u,, — u weakly in X, u,, — w strongly in L9(B), for all
g > 1 and u,(x) — u(x) a.e. in B. Furthermore, we have from (6.1)) and (6.2)), that

0</f(x,un)un§0 and O</F(x,un)§C'.
B B
By Lemma [3.2] we have
f(z,un) = f(z,u) in L'(B) as n — +oo.
It follows from (Hg) and the generalized Lebesgue dominated convergence theorem that

F(z,u,) = F(z,u) in LY(B) as n — +oo.
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. 2\
nll)r_{looG(HunH )—Q(d*+/BF(a:,u)dx>.

Next, we are going to make some claims.
Claim 1: u # 0. Indeed, we argue by contradiction and suppose that u = 0. Therefore
[ F(x,uy)dr — 0 and consequently we get

1 ) 1 ag\ "
SGllun]®) = d < 2G<<a0) .

So there exist ng € N and n € (0,1) such that agllu,||” = (1 — n)ag for all n > ng. By

(6.2), we have also

< Ce,.

\guunu%nunnt [ 56 v

First we claim that there exists ¢ > 1 such that

(6.3) /B |f(z,un)|?de < C.

Vg NV
g<||un||2>||un\2<0en+( / |f<:c,un>rqu> ( / \unrq)

where ¢ is the conjugate of ¢. Since (uy,) converge to v = 0 in LY (B),

So

| o
i g[un )2 = 0.

From the condition (Gy), we obtain

lim | u,||* = 0.
n—-+o0o

Therefore J(u,) — 0 which is in contradiction with d > 0.
For the proof of the claim (6.3]), since f has critical growth, for every ¢ > 0 and ¢ > 1
there exists t. > 0 and C' > 0 such that for all |t| > ¢, we have

£z, 1)]9 < Ceolet D,

Consequently,

/ (@, wn)|? dx = / @y un)l? de + / (s un) |7 da
B {Jun|<te} {lun|>te}

<2’ max |f(z, )]+ C / g0l gg.
BX[—te,te} B
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Since there exist ng € N and n € (0, 1) such that ag||u,||” = (1 —n)ag for all n > ng, then

|y |

[

)
(1 + o) ( ) luall” < (1 + )1 — m)ass.

We choose ¢ > 0 small enough to get
co(1+ O)lluall” < .

Therefore the second integral is uniformly bounded in view of (1.4)).
Claim 2: u > 0. Indeed, since (u,) is bounded, up to a subsequence, ||u,|| — p > 0.
In addition, J'(u,) — 0 leads to

06| [ wwrsu-ag = [ swapds, voex

By taking ¢ = u~ with w® = max(4w, 0), we get |[u~||?> = 0 and so u = uT > 0. Since the
nonlinearity has critical growth at +oco and from Adam’s inequality (L.4), f(-,u) € LP(B)
for all p > 1. So, by elliptic regularity and Sobolev embedding, u € C(B).

Define By = {x € B : u(xz) = 0}. The set By = . Indeed, suppose by contradiction
that By # (). Since f(z,u) > 0, by Harnack inequality we can deduce that By is an open
and closed set of B. In virtue of the connectedness of B, we reach a contradiction. Hence
Claim 2 is proved.

Claim 3: g(||lull*)|lull?* > [ f(z, w)udz. We proceed by contradiction and we suppose
that g(||ul|?)||ull® < [p f(z,w)udz. Hence, (J'(u),u) < 0. The function ¢: t — (t) =
(J'(tu),u) is positive for ¢ small enough. Indeed, from and the critical growth of
the non linearity f, for every € > 0, for every ¢ > 2, there exist positive constants C' and
¢ such that

|f(x,t)] < et + Ctle’, V(t,z) €R x B.

Then using the condition (G1), the last inequality and the Holder inequality, we obtain

»(t) = g(t||ull*)t]|ul|? —/Bf(fv’tU)udw

1/2 1/2
> got[|ull® — et/ u*dr — C (/ et da:) </ u? dm) .
B B B

In view of the integral [ e2ct’u dp < I3 62015"’%”11”7 dx < C, provided t <
”—iH(%)l/y. Using the radial Lemmawe get [lul|3, < C"|lul|. Then

»(t) = gotllull® — Cret|lul® — Collull* = [lul*t[(g0 — Cre) — Cat?™*{Jul|*~?].
We choose € > 0 such that go — C1e > 0 and since ¢ > 2, for small ¢, we get ¥: t — (t) =
(J'(tu),u) > 0. So there exists n € (0,1) such that )(nu) = 0. Therefore nu € N. Using
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(1.5), the result of Lemma [6.1| and the semicontinuity of norm and Fatou’s Lemma we get
y g

dy < ¢ < T (nu) = T () — ~(T (), )

4
= 56Ul = Jalmal®) il + 5 [ (FGmu = 4F (@) da
< 5G0l®) = Jalul)ful? + § | (7w = 4P (@)

1 1
< timinf | 3GlJun?) = ol

+ lim inf B/B (f (@, un)un — 4F (2, up)) d:c]

n—-+o00

< lim {J(un) - i(j'(un),un)] = dy,

n—+oo

which is absurd and the claim is well established.
On the other hand, by Claim 3, (1.7) and Lemma we obtain

Gl = Jo(lul®)ul? + § [ [f@.w) = 4P (@, w)]do > 0.

We claim that J(u) = d, and therefore we get

n—-+o0o

lim G(|jun|?) =2 <d* +/ F(z,u) dm) = G(||ul?).
B
So ||un|| — ||ul|. Now, using the semicontinuity of the norm and (6.1]), we get
1
J(u) < = liminf G(||un|*) — / F(z,u)dr = d,.
2 n—oo B
Suppose that

(6.4) T (u) < d,.

Then ||ul|? < p?. In addition,

1 2 o 1 . 2 o
5G(7) = 5 lim_Gllunl®) = d.+ [ Fla.uda,
which means that
pP=G""1 (2 (d* +/ F(z,u) dx)) .
B
Set
Uy = Un and v = ﬁ‘
[l P

We have ||v,|| =1, v, = v in X, v # 0 and ||v|| < 1. So, by Theorem [3.3| we get

n

5
sup/ ePeslvnl” 4y < o
B
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for 1 <p< (1—|v|>)~/2
On the other hand, by Claim 1, (|1.7)) and Lemma we obtain

3Gl = Jalal ul® + § [ (£ = 4P @) de > 0.

From (6.5)), Lemma and the following equality

(6.5) J(u) >

2d, — 27 (u) = G(p?) — G(||ul),

we get

o 2/
() < 2. + G(Jul?) < @ ((Cﬁ) ) L o(ul?).

Now, using the condition (G;) one has

(6.6) P <G (G ((Zﬁ>/> ¥ G<||u|2>> < (Zﬁ)/ .

Since ) )
o=l
L— ]2’
we deduce from that
()"
2 ag
pP <
L= [lv]?

Then there exists ¢ € (0,1/2) such that p¥ = (1 — 26)%.

On one hand, we have this estimate [ |f(z,u,)|9dz < C. Indeed, for e > 0,

q g q q
/B F (@, un)|? da /{ MG / s un)|? da

{lun|>te}

<7 max |f(l',t)‘q—{—0/ eao(l—i-e)\unﬁdm
BX[_téyte] B

<0 1C / o (+Ollunloal” g < ¢
B

provided ag(1 + €)|ju,|” < pag for p with 1 < p < (1 — [[v[*>)™?/2. On the other hand,
since

1 Y= Y
il = 7,

then for n large enough, we get
as

: Y < 7 < —0) 57y
050(1 + E) ngI—sI—loo ||Un|| > aO(l + 6)[) = (1 + 6)(1 6) (1 _ HUHQ)»Y/Q'

We choose € > 0 small enough such that (14 €)(1 — d) < 1, which means, for n large

enough,
ap

1 < —28
CK()( +€)Hu H < (1_ ”’UH2)’7/2



550 Rached Jaidane and Abir Amor Ben Ali

So the sequence (f(x,uy)) is bounded in LY, ¢ > 1. Using the Holder inequality, we deduce

that
1/q ) 1/q
< </ \f(az,un)|qu> </ |ty — ul? da:)
B B

1/q
SC(/!un—u\qu> —0 asn— +oo,
B

/Bf(:v,un)(un —u)dx

where 1/¢+1/¢' = 1. Since (J'(up), un — u) = 0,(1), it follows that

lual®) | [ ) (@0, — 2] .

On the other hand,

9(lluall?) [/Bw(l‘)ﬁun(ﬁun - AU)} = g(llunl*)llunll* = g(llunl*) [/Bw(w)ﬁun : AU] :

Passing to the limit in the last equality, we get

9(p*)p* — g(p*)||ul* = 0,

therefore ||u|| = p and ||u,|| — ||u||. This is in contradiction with (6.4]). It follows that
G(p?) = G(||lu||) and consequently J(u) = d.. Also,

g(l|lull®) [/Bw(a:)AuAgodx} = /Bf(a:,u)cpdw, Ve X.

So u is a positive ground state solution of the problem (|1.1)). O
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