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Ventcel-type Transmission Conditions for the Scattering of a Time-harmonic

Wave Problem with Accuracy up to Order 3

Khaled El-Ghaouti Boutarene* and Sami Galleze

Abstract. This work deals with the asymptotic behaviour of the electric field in
the transverse magnetic (TM) mode, propagating in a bidimensional heterogeneous
medium, composed by a homogeneous linear dielectric isotropic material surrounded
by a thin layer of thickness € (destined to tend to 0) and embedded in an ambient
medium. Using the tools of multiscale analysis, an asymptotic expansion of the so-
lution u® to the Helmholtz problem with respect to the thickness ¢ is derived. As
a consequence, Ventcel-type transmission conditions on the limit interface I'" are ob-
tained modelling the effect of the thin layer with accuracy up to O(e3). A particular
choice of the interface I" leads to a well-posed Ventcel’s problem.

1. Introduction

In the era of the 215 century and digital culture, new computers, like the supercomputer
Fugaku, that can make up to 415.5 petaflops (10'® x 415.5 floating-point operations per
second) have seen the day. Consequently, precision and accuracy are in high demand which
pushes to take into consideration of small parameters that were neglected in the past (for
example, the thickness of cell membrane, the paint coating a plane, or the anechoic covers
of submarines). Unfortunately, they generate more and more complex models (see |18/23]).

Such problems, posed in domains with thin layers, can be solved by boundary or finite
element methods (see [10,/19]). However, these methods may cause numerical instabilities
and a significant computing time when the thickness of the thin layer goes to zero. To
bypass these difficulties, we use asymptotic methods to replace the thin layer with an
interface and the effect of the thin layer with nonstandard transmission conditions called
impedance transmission conditions or Ventcel-type transmission conditions in the Russian
literature when they involve tangential differential operators of order greater or equal to
that of the interior differential operator. In the last decade, similar problems have been

extensively studied in numerous papers (see [1,9,|14-17}21,22,24]).
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This paper is a continuation of [8]. The latter deals with the asymptotic behaviour of
the solution to the Helmholtz equation, in a domain of R?, with a thin layer of thickness
0. The authors used an asymptotic expansion of the solution to model the effect of the
thin layer by a problem with Ventcel-type transmission conditions, with accuracy up to
0(8?).

In this work, we derive and justify, with the similar aforementioned techniques, an
approximation of the solution to the Helmholtz equation in a bidimensional domain, with
a thin layer of thickness e (destined to tend to 0), with accuracy up to O(e?). We use
a framework (see [5,8]) which consists in considering an interface I', dividing the thin
layer into two thin layers of constant thickness, and an appropriate choice of its position
leads to an approximate well-posed Ventcel’s problem; unlike |7] where the I" interface is
outside the thin layer. Furthermore, due to the lack of coercivity of Ventcel’s problem, we
investigate several equivalent transmission conditions to be able to use Rellich’s lemma
to ensure the uniqueness of the approximate solution and, therefore, its existence via an
alternative of Fredholm.

The present paper is organized as follows. In Section [2| we state the model of the
considered scattering problem. We state also the existence, the uniqueness, and a stability
estimate of the exact solution of the boundary-value problem relative to the thickness of
the thin layer. In Section [3] we recall some definitions and notations from differential
geometry of curves. Section [dis devoted to the asymptotic expansion of the solution with
respect to the thin layer up to any order. We calculate the first three terms of a formal
asymptotic expansion, in addition to an error estimate justifying the ansatz. Further
details are given in Appendix [A]

The main contribution of this paper is presented in Sections [5] and [6] We derive an
approximate model, with Ventcel-type transmission conditions modelling the effect of the
thin layer, allowing to approximate the solution far from the thin layer and to deduce an
approximation in the vicinity of the thin shell. The well-posedness of Ventcel’s problem

will also be proved, while, in Section [6] an error estimate will be established.

2. Statement of the model problem

Let Q4 be an open heterogeneous exterior domain of R? in which the wave propagates,
such that its complement is a C> compact manifold of R? with boundary I'; representing
the obstacle.

The domain €2, is made of three sub-domains: an open bounded subset ¢ with
regular boundary consisting of two disjoint parts I'; and I'® ; a thin layer €27, coating QF
on the side I' , of thickness ¢ > 0, sufficiently small; and an exterior domain Q% of R?

with boundary I'Y. that represents the medium free of material within and defined by
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Q% = Qs \ (22 UQE,) (see Figure .
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Figure 2.1: Geometry of the problem.

Define the two piecewise strictly positive constant functions o, and k. by

ap ifz e QS ky ifxeQf,
(2.1) acs(x)=41 ifxecQs, and k(zx)=1q k, ifzcQs,
a_ ifxeE k_ ifx e Qe

In , ae and k2 describe respectively the contrast and the refractive properties of the
mediums ¢ and QF, relative to the exterior propagation domain Q5. We also assume
that all the constants ay, k% and k2, are independent of € and a4 €]1, +o0[ or ax €]0,1].

Under the aforementioned assumptions, we look at the asymptotic behaviour as € — 0

of the solution u° to the Helmholtz problem

(2.2a) Auf + Eu® =0 in Q° UQS, UQS,
(2.2b) u® =0 on I';,
(2'2C) Ix‘lirﬂoo \Y% ]a:\(8|x| - ik-‘r)(ua - uinc) =0

with transmission conditions for the Dirichlet and Neumann traces on the interfaces I’ <
and I'®

(2.2d) us = uy, on 'y,
(2.2e) a40p, uG = Op u;, onlg,
where 0y, and 0p,_ denote the derivatives in the direction of the unit normal vectors 1

and n_ to I',. and I'®. respectively (see Figure ; us, u5,, and u® are the restrictions

of u® respectively to the domains QF, QF, ., Q° and wuijyc is the incident wave defined by

Ujpe = € , with d being a unit vector of R? giving the direction of the plane wave

Uinc-
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We shall adopt similar arguments to those used in [5,[8]. It consists in considering an
artificial interface I' parallel to I'Y, dividing €7, into two thin layers Qf, | and €, , of

thickness die and dse respectively, where d; and do are positive real numbers satisfying
dy + dg =1 (see Figure [2.2]).

Figure 2.2: A zoom on the thin layer, with and without the I interface.

We will first determine an asymptotic expansion of the solution u® with respect to the
thickness € up to any order using d; and dy as parameters. We then provide Ventcel-
type transmission conditions on the interface I' modelling the effect of the thin layer with
accuracy up to O(e?). The determination of the constants d; and ds in the second step
and therefore the position of I', which is not, necessary, the thin layer’s midline, will ensure
the existence and the uniqueness of the approximate solution.

The following theorem answers the question of existence, uniqueness, and gives a uni-

form estimate of the solution u® with respect to e, for which a proof can be found in [6,8].

Figure 2.3: The 2 set.

Theorem 2.1. Problem (2.2) admits a unique solution u® in HL_(Qs). Furthermore,
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there exists a constant c independent of € such that

[uf | () < ¢

where  is a bounded smooth domain with boundary I'; and a smooth curve denoted by
I's enclosing the obstacle as well as the thin layer S, (see Figure .

3. Differential geometry tools

The goal of this section is to define and to collect the main features of differential geometry
to formulate our problem in a fixed domain (independent of €). This technique is a key

tool to determine the asymptotic expansion of the solution u®.

3.1. Parameterization of I

Let I be a regular parameterized closed curve through the C* map ~ defined by

v:(0,lr) — I C R?
t = (1) = (1), 72(1)),

where Ir is the length of I' and t is the arc length of 4. The tangent and normal unit
vectors 7(t) and n(t) to I' at y(t) are given by

dy(t)

T(t) := T

= (n2(t), —na(t)),  n(t) := (na(t), n2(t)).
We recall Frénet’s formulas defining the curvature c(t) of I" at point y(t) (see [13])

dr(t) dn(t)
= —c(t)n, 3 = c(t)r.

3.2. Parameterization of {27,

Let I. = (—dje,dse). We parameterize the thin shell QF by the manifold (0,lr) x I.
through the mapping 1 defined by

O0)x L 5 Q,
) = 2= +m(),
As well-known [13], if the thickness of €, is small enough, v is a C*°-diffeomorphism
of manifolds. To each function v defined on €);,, we associate the function v defined on
(0,1p) x I by
o(t,n) ==v(x), =19 n),
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then we have

Vit — [OFEM ) _ [+ mena®) ~(1+nem(®) (el
MEUADs 6775(15,77) nq (t) nQ(t) 835211(3;‘) )
Vo) = (2@ Z TN )
6z2v(x> 1_+T;71c((tt)) ng(t) 8777[7@,77)

Hence the expression of the Laplacian in the variables (¢,7) is
c(t) 1 1 -
Av=|0}+—--0 0 o )| .
= [+ e+ e ()|

As usual, due to the dependence of €25, on the thickness parameter ¢, we cannot give

an asymptotic expansion of u® in powers of €. Therefore, we transform €2 into a fixed
domain independent of e. We introduce the scaling s = 1/, and the interval I = (—dy, d2)
such that the C*°-diffeomorphism ®, defined by

Q= 0,00) x I Qs
(t,s) =z =(t) + esn(t),

€

., we associate the

parameterizes the thin shell €25, . To any function v defined on
function V defined on €2, through

V(t,s) :==v(x), x=>(ts).
Hence the expression of the Laplacian in the variables (¢, s) is

Av=c? |2V e _Hyy < Oy L_a)v
s 1+ esc(t) 1+ esc(t) 1+ esc(t)

N
=2 | 9%V — ZejAjV + NNV |
j=1

(3.1)

where Ty is a bounded operator with respect to €. In particular
Ay = —c(t)0s, Ay =sc(t)0s — 07, Az = —s>c3(t)0s + 25c(t)0F + s (t)0;.

Remark 3.1. For any function u defined in a neighbourhood of I'; we denote, for conve-

nience, by u|r the trace of u on I' indifferently in local coordinates or cartesian coordinates.

4. The asymptotic analysis

This section is dedicated to a multiscale expansion for the solution u* to Problem in
power of e. We derive a hierarchy of equations defined in a fixed domain (independent of
). Then we give the first three terms of the asymptotic expansions. Further details on
the derivation of these terms are given in Appendix [A] We conclude by the convergence

theorem justifying our ansatz.
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4.1. Hierarchy of equations

As well known (see [3]/111/12,126]), it is impossible to determine an asymptotic expansion in
power of € uniformly on the whole domain €2,. This is due to boundary layer phenomena
in the vicinity of the thin layer.

Therefore, we consider two asymptotic expansions: exterior asymptotic expansions
corresponding to the expansion of the solution u* restricted to 25 and to Q° , written in

cartesian coordinates x = (z1,x2) (macroscopic scale) and given by the ansatz

(4.1) ug = Za”uﬁ in QF,
n>0

(4.2) u = Ze”uﬁ in Q°,
n>0

where the terms u} and u” (n € N) are independent of € and respectively defined on
Q=03 UT5 U Q7 5 and on Q- := Q2 U U QT . They satisty

;

Au't +kfut =0 in Q,

Au™ + E2u” =0 in Q_,
(4.3)

UE = 0 on Fi,

limyg oo v/ [2|(B)e) — ik ) (ult = do,nttine) = 0

in which dy, indicates the Kronecker symbol. And an interior expansion corresponding

to the asymptotic expansion of u® restricted to € , written in local coordinates (t,s)

(microscopic scale) and defined by the ansatz

(4.4) ur, (21, 22) = U (t,s) = Z&:”Uﬁl(t, s) in Qy,
n>0

where U]}, are independent of ¢.

Using a Taylor expansion in the normal variable, we infer formally
d2
O |pe = a_O0pu’ | + 5(a_8nu1,\p — a_d182u9|r)
d2
42 (a_anuz v~ a-dfulle + o Lol F) .
and
e _ 0 1 dod 1O 2,2 dod d%(‘?Z 0
ug |re. =ul|r +e(ul|r + deOpullr) + € | ui|r + do nqu]r—l—? Luy | 4+

a+8nu§r|ps+ = a+8nu9r|p + E(a+8nu}k|p + a+d28$bug\p)

d2
+ &2 <C¥+8n’u3_|p + aydedZul |1 + Oé+228,?lu3_|1‘) +---
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Transmission conditions (2.2d)) imply that
UL (t, —dy) + €U} (t, —dy) + 2U2(t, —dy) + - - -
(4.5) d2
= ul|r +e(ullp — di0pul|r) + €2 <U2_!F — didpul|r + ;aiug\r) T
ng(t, d2) + €U$1(t, dg) + €2U,%l(t, dz) + -

(4.6) P
= ul|r + e (ul|r + d20nul|r) + €2 (uiyr + doOpul |1 + ;aglug F) R

and the condition gives
e 10U (t, —dy) + UL (t, —dy) + €0U2 (t, —dy) + 20U, (t, —dy) + - - -
(4.7) = a_0pu’ |r +e(a-Onul |r — a_di10;u’ |r)
et <O[8"u2—|F —a-didqul r + af@iu?lr) T
e 10,UL (L, do) + OUL (¢, do) + 0, U2 (t, dg) + £20,U3 (¢, dy) + - - -
(4.8) = a4 Opul|r +e(ardpuilr + ardadpul |r)

d2
+ &2 <Oé+<9nui|r + apda02ul |1 + Oé+223§;U9r|r> + e

Otherwise, inserting Expansion (4.4)) in (2.2al), using (3.1) and matching the same
powers of ¢, we get, for all (¢,s) € (0,Ir) x I, the hierarchy of equations

(4.9) Q2UL =0,

(4.10) QUL = A UD

(4.11) O2U2 = A UL + AUL — k2 UY

(4.12) QU3 = A\UZ + AUl + AsU° — K2 UL,

4.2. Calculation of the first three terms

We give in this paragraph the first three terms of the asymptotic expansions of the solution
u®. More details are given in Appendix [A]

By solving 7, with the help of transmission conditions 7, the terms
(u™,ul), 0 <n < 2, are solutions of the following boundary-value problems

/

Au” +E2ut =0 in Qy,
Au” + E2u” =0 in Q_,
u? =0 on I';,
hm|:1:\%+oo \/W(am - Zk-l—)(uclr B 50,nuinc) =0
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with transmission conditions on I':

At order O:
ug =, oz.,.@nu?r = a_0pu’.
At order 1:
aro_ —doo_ — dia
ul — gt =2 2 2 (0 Opul + a_8pu),
2a+a,

dio_ +d -1
1o G-t 22a+ (0Ful) + 07u?)

n dla,ka —+ d2a+k23_ — ]452

our(?nu}r — a_Opu

™ (uf 4+ ul).
2
At order 2:
22

ara_ —dea_ — djo
— Sara T (ayOpul + a_dpul)

diaya? — dya® a_ +didy(a? — a?) + dea_ — dyay
+ + 4a+aj (02u. + 0Fu?)
(dy — do)a_ay + dja — djay (ul —ul)

2o —dioy — daa) o
N (k2o — dok? ay)ara_ + dida(k?a? — k% a2) + k2, (daa— — diay)

4Oé+067

+ ¢(t)

(Wl +u?),

a+8nui — a_('?nu%
doay + dio — 1
_ (doy 21a )((9t2u_1Ir + 02ul)
doay k2 + dyo_k? — k2,
| (dzahs 5 )(u1_+u1+)
N oy dik2, — a_dok?, — a2 didok? + 02 didok? + oka_dok? — o dik?
2(a+a_ — dga_ — leé+)

LR — o K2 + dik2, — dok?
<a+ 2ty — @ 14** 1m — 92 m)c(t)(ugm‘i)

(u —ul)

dy — dy + a_d? — a,d
2 1“‘4 L~ % Q)C(t)(afugwfufi)

B 2
N <d2 dq +0< di — a.dj >c’(7§)((‘)?,5u9r +0ul)
( (d
x (

+

+

20y — dla J(ara_ —dijay —dea—) + (de — di)ara— + diag — daar
2(aqa- —doa— — djay)

2,1
t“+ Fu).
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Moreover (U}},)o<n<2 is determined by

(4.13) ULt s)=u’|r=ul|r, V()€ U,
(4.14) UL(t,s) =ul|r + (a_s +dia_ — d)opu’|r, V(t,5) € Qn,

UZ(t,s) !

u|r + (s +dio — dy)Opul |p

&3 42 52
- (;k% —d2a_k? — dia_sk?® + Elk%; + Ek?n + dlk?ns> u? |p

(4.15) s? 2 _ 2 2,0
— <2 +dis+di —dia_ — dla_s> Ofu’ |p
s d? d?
- <2a_ — ?104_ + 21> c(t)Onu’ .

We have derived the first three terms of the asymptotic expansions , and
. We can continue up to any order since the data are smooth enough. We now come
to a convergence theorem justifying the ansatz , and by estimating the
error resulting from the truncation of the expansions after a finite number of terms. A
complete proof giving theorems of existence and uniqueness of the series (u” )y, (ul}), and
(U, and an error estimate can be found in [6,8]. Let N € N and (NZi be a domain of R?
defined by Q5 = Q5 NQ. We set

N N N
N N
u?®™ = g e"ul, u‘i’( )= E e"ul} and us M) = E eup,
n=0 n=0 n=0

where u, (z) .= U} (t,s), Ve = ®(t,s) € Q.

Theorem 4.1 (Convergence theorem). For all integers N, there exists a constant ¢ inde-

pendent of € such that

< ceNJrl.

E7(N)HH1(§1) =

H“i - “i(N)Hyl(QE_) + EWHU; - uif’L(N)HHl(an) + H“i — Uy

5. Approximate transmission conditions

In this section, which is the main part of the paper, we model the effect of the thin layer

by a problem with Ventcel-type transmission conditions with accuracy up to O(e?).
In the spirit of [5,8], we truncate the series (4.1]) and (4.2) keeping only the first three

terms and neglect all the terms of order greater than or equal to 3. This yields a candidate

(u=, ui’ap ), solution of the following problem, to approximate the exact solution u® far
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from the thin layer

AuT + k2w =0 in Q4

(5.1a) AusP + 2y =0 in Q_,
u>? =0 on I';,
lim ;400 \/E (O — ik+)(u T — Uine) =0

with the following transmission conditions on I':
(5.1b) uS P —ut? = e Ay (ay Opu? + a_0pu”®) + 2 A (07 uT P + OFu )
. —|—€A3( g,ap E_ap)+52./4 (uaap_’_uaap)’
a1 Opus™® — a_0pus™ = (eBy + £2B2) (97uT ™ + 9fusP)
(5.1c) + (eBs + €2By) (uT™® 4+ uZ®P) + eBs (u™ — u=)
+ 2B (0puT™ + 0> + eBr(9fus™ — 0fu
t

in which
a4y o— — ngé_ — d1a+
.2 =
(52) A Toor ,
(5.3) Ay = d1oz+oz2, - d20¢2+04_ + alchQ(a%r — a%) +dya_ — dyory
. 2 p— ,

4OZ+OK,
(d1 — d2)aya_ + dia_ — d3ay
2(aya- —dyoy — daa)
(dik2a_ — dok? ay)ara + dida (k202 — k2 a?) + k2, (dea— — dras)

(5.4)  As = c(t)

5.5 = m
( ) A4 40é+Od_ )
doay +dia_ —1
(5.6) By = ——* 21 :
do —d _d? — oy d?
(5:7)  By= 2O ),
doci k2 +dia_k? — k2,
(58)  By=——t— :
d2k2 — a_d?k? + di k2 — dyk?
(59) 84 _ O asky a_ay 4, + dy m 2 mC(t),
B — oz.,.dlk:%@ — a_dgkz?n — aidldgkﬁ_ + a2 dydok? + aia_dgki — oz.,.on_dlk‘z
(5.10) b 2(ara —doa — dray)
. A,
=7
do —d _d? — oy d?
(5.11) Bg = ( 2 +O‘4 1~ M 2) c(t) = 0,Bs,
B — (doay — dra)(aya — diay — doa) + (do — dy)ara— + diag — daa—
(5.12) ’ 2(apa —doa— — dyay)

695
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Note that 4; # 0 since we have assumed that ay €]1,+00] or ag €]0,1].

Once the approximate solution (u®,u}™) is determined, we deduce, from (4.13)-
, an approximation uy,? of the part uS, of the exact solution u® defined in QF,
by

W5 (@) = Up(t,5) = w2 lp + (as + dia- — d)Ou™™
d2 2 2 2 2 d1 2 5° 2 2 €,ap
— k —dja_k? — dia_sk? + ?km + gkm + dik;,s ) u=P|p

(5.13) s
— (2 +dis+d2 — dPa_ — dla—8> OFu=™|p

(8 A di »
—€ <2a — 50 + 2) c(t)Opu=®|p, Va=d(t,s) € Q.

Theorem 5.1. Problem (5.1) admits at most one solution.

Proof. Let us consider the homogeneous problem associated with Problem (5.1)):

(5.14) Au? + k3T =0 in Qy,
(5.15) AuP + k2P =0 in Q_,
(5.16) u2? =0 on I';,
(5.17) \ |$|1i>ﬂjoo VI2|(0g) — ik )u™ =0

with transmission conditions on I':
uS® —ut? = e Ay (a4 Opuy™ + a_0pu ) + 2 Ao (07 uT P + 0Fu™ )
+eAg(ui™ — uS) 4+ Ay (U + u ),
a1 Opui™® — a_0pus™ = (eBy + £2B2) (97uT ™ + 9fusP)
(5.19) + (eBs + £2By) (uT™® + uZ®P) + eBs (u™ — u=P)
+e Bg(@tquap + Q™) + 587(62 WP 92y,

(5.18)

Standard regularity results for elliptic problems (see [2]) ensure that (u=?, u$) € C*(Q_)
x C*®(€2y). Let Br be the ball with centre O and radius R Sufﬁc1ently large to enclose
Q_ and let Qg be the domain of R? defined by Qp := Br N Q.. Multiplying (5.14) and

(5.15) by u8 P and u= respectively and using Green’s formula, we get

(5.20)

a_/ (Va1 dQ_ —a_k2/ \uiadeQ_-i-Cmr/ ]Vui’ap|2dQR
o _ Qn

€A3—1
— o k? w2 dQp / uS® — w2 dr
+v4 QR’ + | - 2e A4 + |
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1 1
+3 /(553 + 2By) (|ui® + u|?) dI" — 5 /(531 +&2By) (|0 + 0u™|?) db
r T

+EB5/ (WS — [u57]?) dP—sB7/ (195 2 — |8u=|?) dT
Iy Iy

J— €7ap E)ap
= oy Oruy"uy™" dSg,
SR

where S denotes the circle with centre O and radius R. Taking the imaginary part of

(5.20)), we obtain
S ( oru M uy pdSR> =0.
SR

It follows from radiation condition (5.17) and Rellich’s lemma [25] that v = 0 in Q.

Problem (j5.14)—(5.19) is thus reduced to

Au®? + K2y =0 in Q_,
&P _ )

U on I';

with the following transmission conditions on I':

uS? = —e Ay (a_OpusP) — 2 Ay (97uSP) + e Az (uSP) — 2 Ag(uSP),
a_O0pus™ = —(eBy + £2Bo) (02uS™) — (eBs + £2B4) (u™™) + eBs(u™™)
— e2Bs0yu> + eBr (02u).

This implies that

(5.21) |:(.jl — jj — 6283 — 83[)’4) I— (6281 + 6382)8752 — 6386875 uiaph‘ =0

Multiplying (5.21]) by v~ |r and integrating over I', we obtain
1 A
/ ( —elE 2By — ESB4> |u® |2 dT" + /(5231 + &3By)[0pu® |2 dT = 0.
r 1 r

As ag €]1,400] or at €]0,1[, then A;B; > 0, and since ¢ is small enough, there exists

a positive constant C' such that

£,a £,a; 1 Ag £.a
(I iy + 100 o) < [ | = <540 = <8 = Bl ar

+€2/|Bl+532]\8tuiap\2df
I

=0.
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This leads to u=®|p = 0. Then, we obtain

AuP 4 k2u™® =0 in Q_,
us? =0 on I
Opu=™® =0 on I,
us? =0 on I;.

Well-know arguments of uniqueness of the solution of this type of problems (see [20]) leads

to u2 =0 in Q_, which proves the uniqueness of the solution (u>, u3"). O

To show the existence of the solution (uZ®,u), we transform Problem into
a pseudodifferential equation set on I'. Therefore, we introduce the Steklov—Poincaré
operators (see |3]) (called also Dirichlet-to-Neumann operators) 7_ and 7% defined from
HY2(T) onto H=Y2(T') by T_¢ := a_dpu_|r, where u_ is the solution to the boundary-
value problem
Au_ +k>u_=0 inQ_,
U_ =@ on I,

u_ =0 on I,

and by T4 := a4 0_nuy|p, where uy is the solution to the boundary-value problem

Aug +k2uy =0 in Q4,

Uy =P on I’

B )5 oo V/]2](0)0) — kg )uy = 0.
The Dirichlet-to-Neumann operators T and T are elliptic pseudodifferential operators
(see [27H29]) of real symbol of order 1.

Remark 5.2. The function u_ is defined only in the case where the constant k2 does not
belong to the spectrum of the closed operator (—A, H}(2_)). We will therefore assume
that this condition holds.

The definition of The Steklov—Poincaré operators allows us to rewrite Problem (/5.1
into an equivalent system of boundary equations: Find (w,s) € H'/?(T') x H'/?(T') such
that

A
(5.22) Al = [T,

x )
where w and s are the traces of u3™ and uZ™ on T respectively,

g = T+(uinc|1") + a+8nuinc|1"a
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and A = (Ajj)1<i j<2 is a matrix of pseudodifferential operators defined by

(5.23) Ay = (1 —eAs — 2 AN + e ATy — 24207,

( ) =(-1+ecA;— 62./44) —eAT- — 62.,420152,

(5.25) = (—eBs —eBs — &2By)I — Ty — e(By + By + £B2)0? — £2Bg0,

( ) ( eBs +eBs — 8284)1 T — E(Bl — B + 832)83 — 5236(%.

We are now in position to state the existence theorem. In the case oy # a—, we have

Theorem 5.3. For any integer k > 1, if oy # a_ and g € H*=5/2(T) then Problem (5.1))
admits a unique solution (u=" u") € H*(Q_) x HE (Qy4).

Proof. We set

I0 T, 0 —9? 0 o 0
A= My + M5 + M35 + My
0 I 0 T_ 0 07 0 O
I0 T, 0 o 0 I-0 0
= (M] — M3) + M5 + My + M3 ,
0 I 0 T 0 o 0 I-0?
where
1—cAs—e%A —1+eA3—e%A eAr —eA
M = 3 4 3 4 7 M = 1 1 7
—eBs —eB5 — 6284 —eBg + eBs — 6284 -1 —1
g2 A e2A 0 0
Mg = 2 2 : M: =
e(By + By +eBy) (B — Br + eB2) —e2Bg  —e2Bg

The operator I — 97 is an elliptic self-adjoint semibounded from bellow pseudodifferential
operator of order 2 (see [4]), it is Fredholm with zero index and maps H*(T) to H72(T),
for any s € R. As det(M3) # 0, then the operator M5 <8?0_I o ]> Hs(T) x H*(T) —
H*72(T') x H*"2(T") is Fredholm with zero index. Since 9y, T+, and T_ are pseudod-
ifferential operators of order 1, they map H*(I') to H* !(T'), and since the injection
H5=Y(I) — H*~2(I) is compact, (M§ — M) (£ 9) + M (T+ 0 )+M4 ( ) . H5(T) x
H*(T) — H*™2(T') x H*"2(T") is a compact operator. It follows that A is Fredholm with
zero index, then the equivalence of System to Problem and Theorem show
that the uniqueness of (u2,u3*) implies that for any integer k > 1, if (eA1g,—g) €
H*=5/2(T") x H*=5/2(T"), there exists a unique solution (w, ) € H*~1/2(T") x H*~1/2(T) of
(5-22)) which leads to the existence of a unique solution (u®",u*?) € H*(Q_) x HE (Q4),

as we wished. O

Remark 5.4. Note that Theorem remains valid when oy = a— and dy # 1/2.
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In the case ay = a_ and d; = d = 1/2, the matrix of pseudodifferential operators A
defined by formulas f becomes
Ay = (1 — AT + ATy,
App = (=1 — 2 AT — e AT,
Aoy = (—eBs — eBs — €2By)I — Ty — eBB10?,
Aoy = (—eB3 +eBs — 5284)1 R 58183.
Then, we have the following theorem.
Theorem 5.5. For any integer k> 1, if oy = a_, g € H*3/2(') and
2 A, —1
eAy
then Problem admits a unique solution (u>,uy"?) € H*(Q_) x HE (4).

(527) ¢ J(T+)>

Proof. Let k be an integer in N*. In view of (5.27)), A1_11 is a well-defined pseudodifferential
operator of order —1. Thus, from the first equation of System (5.22)) we get

w=—A' A2+ eAiA g,
then is reduced to the equation
K= (K;+ Ko+ K3)» =0,
where

Ky = (—eBs 4 eBs — 2By)I + (B3 + eBs + £2By) A} Ao,
Ky = —T_ + Ty A Ao,
K3 = —eB10?A (A1 — Aq2),

0 = —g—eAiAaALlg.

Using the same arguments as in Theorem [5.3|based on Fredholm alternative, we shall prove
that K is Fredholm with 0 index. Since K7 and K are pseudodifferential operators respec-
tively of order 0 and 1, they map respectively H*~1/2(T") to H*~Y/2(I") and H*~Y/2(I) to
H*=3/2(T"). K3 is a pseudodifferential operator of order 2, it maps H*~1/2(T") to H*=5/2(T).
The injections H*~1/2(T') < H*=5/2(T") and H*~3/%(I") — H*~5/2(I") being compact and
Bi # 0, the operator K defined from H*~1/2(I") to H*=5/2(T") is a compact perturbation
of K3. Thus, since 9?7 is Fredholm with index 0, it follows that to show that K3 is Fredhom
with index 0, it remains to prove that the operator Aj; — Ao =T +T— + %I defined
from H*=1/2(T") to H*=3/2(T") is invertible. Let us consider the equation

2
(5.28) <T+ +T_ + &411) o=1, ¢eH3D), k>1.
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Using the definition of the operators T and 7, (5.28) is equivalent to the boundary-value

problem

Auy + k‘iqu =0 in Q,,
Au_ +k*u_ =0 in Q_,
(5.29) u_ =0 on I[';,
U = Uy on I
a_Opt_ — a4 Opuy + %m =y onl,
Wm0 V/]2](0)0) — Thy)uy =0,

where ¢ = u_|r = uy|r. Standard arguments based on Rellich’s lemma and the Fredholm
alternative show that, for all k in N*, if ¢» € H*3/2(T), then Problem (5.29) admits a

unique solution (u_,uy) in H*(Q_) x HF

F.(Q4), and hence there exists a unique Dirich-

let trace ¢ € HF1/2(I). As a consequence, the operator T + T_ + %I , defined from

HF=1/2(I') to H*=3/2(T"), is invertible. The end of the proof is the same as that of Theo-
rem [5.3 O

Remark 5.6. As an alternative to Condition ([5.27)), we may replace the latter with

1 =2
(5.30) 1&451*‘4 ¢ o(T).

We can easily verify that the proof of Theorem with Condition (5.30) is almost the

same.

6. Error estimation

We are now able to establish an approximate solution u®“ of the exact solution u® and

an error estimate of the convergence of u®% to u®. Intuitively, we define the approximate
solution u®, using (u=",u3") and (5.13)), by

eg,a .

u+’p in 07,
£,a g,a .
u™? = ¢ up™  in QF

u”  in QF.

Then we have an optimal error estimate given by the following theorem.

Theorem 6.1. There exists a constant ¢ independent of € such that

s = w2 ppa e + 2t = 0 | ey + 105 =03 gy < 2.
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Before starting the proof of Theorem we need a stability result. Let H'(£2) be the
Hilbert space defined by

H'(Q) = {v = (v_,v4) € H'(Q-) x H'(Q4) | v_|r, = 0},
where Q, = Q. NQ and b.(-,-) be the bilinear form on H! () defined by

be(u,v) == a_ Vu_ - Vo_dQ_ —a_k? / u_v_ dQd_
Q. _

+ ay [ Vu+ . VU+ d§+ — a+ki/~ U4+ V4 dﬁ_t,_
Q4 Q4

1
= oh [ = e e ar
2
+ a (Tuy, U+>H*1/2(Fw)><H1/2(F<X,)7

where A\. = O(e~!) and T is the Steklov—Poincaré operator defined from H'/?(T'y,) onto
H1/2 (Tso) by Ty := —8n§ w|r,, in which Q.. is an exterior domain of R? with boundary
Foo, ng indicates the unit normal to I', outwardly directed to 2 and w is the solution

to the boundary-value problem

Aw—l—kiw:O in ﬁoo,
w = on ',

hm\x|—>+oo |x’1/2(6|z\ - ik—i—)w =0.
We have the following lemma, which proof can be founded in [6].

Lemma 6.2. For all h. € (H'(Q))’, there exists a positive constant ¢ independent of €

such that the solution to the variational problem

Find u € HY(Q), Vv € HY(Q), such that b.(u,v) = h.(v),

satisfies
[l oy < e 2|lhell oy
Proof of Theorem [6.1] According to
£,a € N ,(2
U5 = U521, < e[u2™ = a2 oy + bl + e o)),

where ¢ is a constant independent of &, and convergence theorem, it suffices to estimate

€,ap g,ap

[lu= )HHl(Q y and [lu? u’ (2)HH1(Q+). As in [8], we derive asymptotic expansions

for u= and u P through the ansatz

(6.1) u>? = Ze" " and uw}™ = Zs wl,

n>0 n>0
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where the terms w” and w!} are independent of €. Inserting (6.1) in Problem (5.1)) and

identifying the same powers of &, we get the following hierarchy of boundary-value problems

Aw? + k3w =0 in Q4,
Aw" + E2w™ =0 in Q_,
w" =0 on I';,
limpyy o0 V2B — k) (W = Spnttine) = 0,

\

with transmission conditions on I':
wh —w" = Ay (apOpw ™t + a_0pw ) + A (92w + 9Fw™ )
+ Az (Wl =)+ Ag(wl ),
our@nwﬁ — a_Opw™
= B1(0fw} ! + 07w ) + Bo(9fw! % + 0fw™?) + By(w +w )
+ By(w T+ w?) + Bs(wh Tt — w™ ) + Bs(Opw! 2 + Q™)
+ B7(0fw! ™ = 9fw™ )
in which (A;)i1<i<4 and (B;)1<i<7 are defined by formulas (5.2)—(5.12|) with the convention
that w”' = w”? = wi'
coincide with (u”,u"), for n € {0,1,2}. Furthermore, each term in (6.1) is bounded in

H! () (see |8, Theorem 4.1]).
Let R, be the remainder obtained by truncating the asymptotic expansions (6.1]) at

= w;? = 0. A simple calculation shows that the terms (w™,w? )

order 4:
Ryla = Ry =uZ? —w? —ew! —2w? — 3w — ctw?,
Ryla, = Ry, =u3™ —wl —ewl — 2w} —Swl — etwl.

Hence R, is the solution of the following problem

ARy, + k3R, =0 in Q,
AR, +k*R,_ =0 in Q_,
R, =0 on I,
WMy 400 V/2[(00) — iky ) Ry =0

\

with transmission conditions on I':
Ry, — Ry = ecA1(a40n Ry, +a_0pRy ) + e A2(0f Ry, + 07 Ry )
+ eA3(Ry, — Ry ) + > A4(Ruy, + Ry ) + " A1 (a1 0pw’ + a_0pw?)
+ 2 A (97w? + 0Fw? ) + S A2 (9fw] + OFw?h) + S Az(w] — wh)
+ 8 Ay (wd +w?) + S Ay (wh +wh),
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a+anRW+ - a—aan,
= (eB1 + 2B2) (0 Ry, + 0f Ry ) + (eBs + €2By) (R, + Rup_)
+eBs(Ry, — Rw_) + &2Bg(04 Rupy, + 01 Ry ) + B7(07 Ry, — OF Ry )

+ B1e° (97w + 0fw?) 4 Bae® (97 w2 + 0fw? ) + Boe® (97 wi + 07 w?)
+ Bse® (wh + )—1—5’45 (w3 +w?) + Byl (wi +w?)

+ Bse (wflF —wt) + Bge® (Opw? + Ow? ) + Bge" (atw+ + dyw?)

+ Bre® (9fw? — Ofw?).

So for all v = (v_,v;) € H(), we get

a_ | VR, Vo dQ_ —a_k? / Ry v_dQ_ + oy /~ VRy, - Vui dQ,
Q_ _ Qy

~ —14 Ase
—ayk? /m Ry, vq dSy — /F TlE(Rw+ — Ry )(vy —wv_)dl

+ (TR, 04 ) g-1/2(0 ) B2 (Do)

= he(v),
where
he(v)
B
_ _;/F(Bl + eBy)(02Ruy, + 02 R )(vs +v_) dl — 23@/(1!::1”+ + Ry Yo, +v.)dD
B
_775 F(aERw+—a§ w ) (v F o) r—— / wy — Ry )(vy +v_)dl
52 As 9 9
- - B6(6tRw++8tRw7>(’U++'U )dF—i—E (8 R +8tRw7)(v+—v_)dF
+A46/(RW+ +Rw_)(v+—v)df—€/l34(Rw+ + Ry )(vy +v_)dl
2./41 2 T
41 /(a+anwi+a_anw4)(u+—v yar+ 22 4/(8tw++8 3)(vy — v_)dl
2" Jr 24
As 4 b As 4/
- . e —y_)dl
+ &t 2A1( w2 )(vy — v )dF+2A15 (w? +w?)(vy —v_)d

—/B4w++w)(v+—|—v)dF—/Bg@tw+—|—8 3)(vy +v_)dl

—2/Bﬁ(atwi+atwi)(u++v_)dr—[’; 5/(82 + 02w ) (vy + v_)dD
r

2

—%’55/(wi+wf)(v++v)df—[§7 5/(8 — 2wt ) (vy +v_)dl

T

— B‘r)c&j/(wflF —w*)(vy +v_)dl + 54;85/(atw+ + 92wt ) (vy —v_)dl
r 1
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6
—i—A4.€5/(wi+w4)(v+—v_)dF—€/Bg(@fwi%—ﬁ ) (vg +vo)dl
2./41 2 r

6
-5 / By(wi +wh)(vy +v_)dl — % / Bs(0yw? + dpw? ) (vy + v_) dT.
r r
By using Lemma we obtain
1Rl ) < ce™? [ell Rullm ) + € lwsllm ) + £ lwallm )],

where ¢ is a positive constant independent of €. Therefore

ik
| R llm () < 1_7061/2(”“73”11&11(9) + ”w4”H1(Q))-

Since ¢ is very small, it follows that

| Rl ) < ce® (lwsllm o) + [lwallm o)),

as we wished. O

7. Conclusion and perspective

In this work, we have derived an asymptotic expansion of the solution u® to Problem ,
with respect to the thickness e, of the thin layer 2%, , up to any order using parameters
d; and do. We have provided Ventcel-type transmission conditions on the interface I,
modelling the effect of the thin layer, with accuracy up to O(e?). In our analysis, we have
shown that there exists an infinite number of the values of d; and do, i.e., of the position
of the limit interface I', ensuring the existence and the uniqueness of the approximation
solution. Finally, we have given a theorem on error estimation.

A natural question is whether such approximation results can be improved in order
to have an error estimate of order greater than 3 and whether the above study can be
extended to the cases a— < 1 < ay or a4y < 1 < a— and the case where the constants
a4 and a_ depend on . Another interesting forthcoming work is to consider Maxwell,

elasticity or Eddy currents problems.

A. Calculation of the first three terms

A.1. Term of order 0
Equation (4.9) and the conditions (4.7)) and (4.8) give

osU =0
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Using (4.5) and ( ., we get
(A.1) ng(t,s) =u|p = U3_|r‘, Y (t,s) € Q.
Equation implies

QUL = A, UY = —c(t)0,U° =0

Using (4.7)) and (4.8), we obtain

(A.2) OsUp (t,8) = a_0pu’ | = a0pul|r, V(t,5) € O,
Therefore, with ( ., and ( - ) is a solution of the following problem
Auf + k2w =0 in Q4,
Au? + k240 =0 in Q_,
ugL =u on I,
a+8nu9r = a_0pu? on I,
9 =0 on Fi,
L lmyy| s 400 v/ [2[(0)2) — z/@r)(ug_ — Uinc) = 0.

Note that the term (u?,u9) is nothing but the solution to the problem without the thin

layer.

A.2. Term of order 1

The relation (A.2]) with the condition (4.5)) yield

Uk (t,s) = (a_0pu® |r)s + ul|r + di(a — 1)0pullp, V(L s) € Q.

So (4.6) gives
1 1 aro_ —doa— —diay 0 0
(A.3) uylr —u_lr = 5 (a40nuy|r + a_Opu’|r).
oy o—
From (4.11]), we have
U2 = AU + AU — k2 US = —c(t)a_0pu® |r — 020 | — k2 u° |r.

Using (4.7)), we obtain

(A4) O,U% = [—c(t)a,ﬁnuﬂp—@fu(ﬂp—k?nu[ihﬂ] (s+dp)+a_dput|pr —dia_02u |p.
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Now, from the condition (4.8) at order 1, we get
a+8nui|p —a_Opul |p
(A5) = [—ct)a_onul|r — Ful|p — k2 ul |r](do + di) — dacy Daul|r — dia— 02’ |r

= —c(t)a_Opu’|r — 02’ |p — K2’ |p — d20é+672lu3_’1" —dyo_02u° |r.

As
1 1 c(t) 9 9
= 15, 0 — 90 0 d Au? +Ek5uT =0
1+ 7e(t) t<1+nc(t) t>+1+nc(t) Oy and Auy ARy =0,
it follows
—ndc (1) 1 2 c(t) 2 2
TP e T O

Taking the limit 7 — 0, we obtain

OFu"t |p=o + c(t)Oquly |[y=o0 + 83ui|n:0 + kiumnzo =0,
i.e.,
(A.6) 8311,61‘1“ = —8,52u’}r|p —c(t)Opul|r — kiu’}rhﬂ, Yn > 0.

Similarly for v, we get

(A.7) O2u"|r = —02u"|r — c(t)Opu™ |r — k2 u" |, Vn>0.
So becomes
o Opul |r — a_Opul |p = ho- + g2a+ -1 (O7uS | + 0fu’ |r)
(A.8) . dia_k? + d;a+k1 — k2, (o + o o).
Therefore, with , and , (ul, u1+) is a solution of the following problem
( Aul +E2ul =0 in Qg
Aul + k24l =0 in Q_,
ul =0 on I,
W) 4o V/]2](0)0) — iks ) (u}) =0

with transmission conditions on I':

aro_ —doa— —djoy
ui —ul = (a+8nu(i + a_dpul),
20&4,_&_

dia_ +d -1
0 O, — o Bul = PO (028 4 o)
dioa_ k% + dyay k2 — K2
+ 2 22 o ™l +ul).
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A.3. Term of order 2

Using (A.4) and the condition (4.5)), we obtain, V (¢, s) € Oy,

2 d2
U2(t,s) =u>|r + (a_s +dia_ — di)Opul |ps — (2 +dis+ 21> c(t)a_onpu |p
2 d d2
<82 +dys + > Ou <2 o — dloz_s> O2u’ |
a3 s?
N Y o d 2,0 .
(2 +o+ 15) ku’|r
As
2 2 1 d3 2 o
Um(t, dg) = ’U,+’F + dganu+’F + Eanqu\p,
we find

1
Uih‘ — u2_\r = —§(c(t)a_8nu(l|p + 821& + k:?nu(i) — dg@nu“p

d 2.0 d% 2.0
+( —dl)a p——B uy|r + E—dloz_ 8nu_‘r.

With (| and , we get

u} | — u? |

_annu%r‘F + (o= — d1)Opul |p

T

1
~(c(t)a—Opul | + O7ul + k2ul)

(6’2u+\r + e(t)Onuf [ + K ud ) — 5

2
<21—d1a > 8u0]r+c() nuo\r—i-kQ 0’1“)

Using the transmission conditions (A.1]), (A.2) and (A.8)), we get

ul|p —uZ|p

_apa- —dea —diag

(arOpul |r + a_dpul |r)

2000
diaya? —dya? a_ +dida(a? —a?) +dea_ — dyay
+ o (0 ul|r + 07ul|r)
di — do)a_ay + dja_ — dia
peBmdlazos rhos 2d0 (b i+ a ol r)
+ —
N (dik2a_ — dok? ay)aya_ + dida(k2 % — k2 a?) + k2, (daa— — dyiay)

4a+a_

x (ud|r +u?|p),
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and with the help of (A.3]), we obtain

u?|p —u?|p

aya_ —dov— —diag

S (s Otk 1+ Ol |r)

diasa? — dya? a_ + dyda(a® — o2) + dea— — dy«
174 27 1da(0} )+ d2 ! +(8t2u9r]r+8t2u0_h“)

4oy
(dy — do)a—ay + d3a— — d3ay
2(apa — diay —doa)
(dik?a_ — dok? ay)ara +dida(k2a? — k2a?) + k2, (dya — diasy)
dajoa

(A.9)

+ c(t) (ui|r —ullr)

X (u9r|p + % |p).
Equation implies that
OsUp(t, s)
(A10) = [2¢2(£) T (t) + c(t)k2, U — 07 (U1 (t)) + 3e(t)0fUn, + ¢ (£)0UY, — k?n\I/l(t)}S;
— [e(®)Ta(t) + 071 (t) + k2, P1(t)] s + o(t),
where
Uy(t) = a-Opul r = ey OpulIr,
Vo (t) = s dpui|r + (dz — dos )O7ul r + (daky, — dak? o Juli |,

®1(t) = ul |r + (- — 1)d10pu’ [r = vl |r + (1 — ag)d20nul |1,

and ¢ is a function defined on I' independent of s. Using transmission condition (4.7)) at
order 2, we find

2
o_dj

2
— 2 ()W (t) + () k2 UD, — OF(W1(t)) + 3e(t)FUY, + ¢ (1) 9, UY, — kfn\l’l(t)]dj

p(t) = a_0pu? |r — dia_9%ul |r + 3 ul |
— [e(t)a(t) + 07 @1 (t) + ki, @1 (1) o
In the same way, using (A.10)) and the transmission condition (4.8]), we obtain

d2
a; 203 u

o(t) = Oé+anu/3_|l—‘ + d2a+0iu1+!r + 3|F

— [22 ()1 (t) + c(t)k7, Uy, — 07 (W1 (1)) + 3e(t)dF Uy, + ¢ (£)0,Uy), — kfanl(t)]df

+ [c(®)Ta(t) + 7 D1 (t) + k2, @1(1)] do-
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Therefore
(A.11)
o Opu? |r — a_Opu?|p
d? d?
= —dla,éﬁuﬂp — d2a+8,21ui\p — + 203 +|F + a- 183 0

— dg&fui]p — kofnqu — dlca_anu_\p — dlc'“)ful_!r - dlkfnul_\r — dgca+8nui\p

do —d di —d
—(ﬁw¢2—dwm2 S ) e - (5% ) ol
Pa_ —dia +——d— (t)0?ul |

10— et 9 Uyl

ey
<d2 5 di +

d? d3 «
_ <21k=31a+ + PayP(t) — 3t ay — 521@3104 + k2.d3 — kid%J) Onu |1

n'Uu,_|1"

Now, recall that

—nc'(t)

Waﬂi+ + 782111 + 787]U+ + 8727U+ + ki'd+ =0.

Al + kil = e T e

The partial derivative with respect to n leads to

—c(£)[1 + ne(t)]? + 3e(t)[1 + ne(t)]*ned B+ nc (t) B
[+ ne(t)] N TR 05 Ea

2c n 1 n 62 (t) n
‘[r+n<néf*‘*u+nde8 P e

c(t) 2 3 2
T Opul + Opuly + ki opuly
+1+77() + Opuy + ROy

=0.
Taking the limit n — 0, we obtain
— ()0t [r—2¢(t) 07"} [ +0n 07Ut |[p— 2 (t) Op '} [p+e(t) 02Ut [p+O3u't [r+k3 Opu'} |1 = 0,

hence

(A.12)
Bum |p = ¢ ()0 |1 + 2602 [p — 0,02ut |0 + (£)Inui™ |1 — c()02u” |r — E20nu" |1

Using the identity (A.6]), the relation (A.12)) becomes

Oum|r = 3c()OFu|r + (2¢%(t) — kL) Opu't | + ¢ (£)Opu't |1

(A.13)
— OnOfu't|r + c(t)kiu’t|r, VYn > 0.
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In the same way as for u™, we find that

D3u"|r = 3e(t)Fu™ |r + (2¢%(t) — k2)Opu™ |1 + ¢ (t)Opu™ |1
— 002U r + c()E2u™ |p, ¥Yn > 0.

Therefore, with (A.13) and (A.14) for n = 0, the transmission condition (A.11]) becomes

(A.14)

o Opu?|r — a_Onput|p
= —dja_9? ’LL1_|1" — dgouraiumr — dgc(t)ouranui_\p

- d282u_1|r|p — d2k2 ufr|p - dlc(t)a,ﬁnul Ir — d18t2u1_|p - dlk‘fnu1_|p

d d? d d k‘2 Ao — k2,d?
<2a+k2_ 104+k2_ 1km ay + 2k2 m2aa m1a+>8nu9r|F
d? d d
+<O¢ 2k‘+ o 1k2 2/€2 1/€2> ()u(_);,_h‘
do d2 a d2
(3-5+ 57 - 52 ) ctmotal
oqd] — o d2
+ < —diog + d20£+> 82( nug_h“)
dy dg ayds  a_d? 0
Again, we use the identities
O2ul |r = —0ful |r — e(t)Opul|r — K2ul|r,
O2ul|r = —0ful |r — c(t)Onul | — K2 ul|r

to obtain

Oé+anU3_|F — Oéfanu2_|f‘
= (d2a+ — dg)@fui\p + (dla_ — dl)atzul_h‘
+ d2a+k2 ui‘p - dgk,%nu}k‘r — d1k2 uup + dio_ k2 u{]p

0
2 m a it r

d2 _d? do —d
a; 22 — a2 Lp2 - 2 5 1k72n> c(t)ul|r

_ 2 2
+ <d2 di _ axd) 5 a_d1> c(t)0ful |r

d} —a_dj
MU 7D giag + d2a+) 07 (OpulIr)

de —d ardi —oa_d?
2 1 G489 5 1> C/(t)atug_h“-
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Upon using the transmission conditions

ara_ —doa— —diag 0
anU_A,_ |1"a

u}i_h" = ’LL1_|1" +

ugh~::u9h~ and a+8nugh*::a_3nughw
we get

a+8nuih—fa,8nuzh

doay +dia_ —1
= S (ul e + Oful )

door k2 + djo_k? — k2
Wb Rl 5 ™ (ul |r 4+ ulr)

a+d1k72n — a,dgk%l — Oé%_dldgl{?_%_ + a%dldzk% + aa_a,dgk‘i — a+a2_d1k:%>

_l’_

da_oy
x (o Opul|r + a_0npu’ 1)
a_dik* + aydik? — dgk%l+-d1k%l>

(
“(- ;
S
S

c(t)(ul|r + ul |r)

c(t) (0}l |- + 97u’ |r)

di +do — ard? + a_ d2
1= *2 >c’(t)(atuiyp+atu0p)

_l’_

d1+d2—a+d2+a d2>

_l’_

Qha+——du1 Xa+a_——duk%—wba_)+(d2——dﬁa+a_—%duk%—cba_

4CK+OJ_

X (a4 0200 |1 + a_020,u’ |r).

But
20 0

O2ul |p — 9?ul |r) = s 0?0,ul a_020pu’
a+a_——d2a_-—d1a+( t +h‘ t AJF) +¢tUn +h‘+ tYn ,hy

then

a+8nuih——a_3nu%h
- doay +dia_ —1

[afu}r\r + 3t2u1_|1“]

2
docas k2 + dia_k? — k2,
2 21 (vl |r + vl |r)
n Oz.,_dlki?n — a_dgkzn — Oé%_dldgk_%_ + OzQ_dlkoE + O&_Oz_dzk‘_%_ — a+oz2_d1k:2_
da_oy

x (o Opul | + a_0nu’ 1)

ayd3k? — a_d3k? + dikZ, — dok?,
e e FUIC I
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do —di +a_d? — a, d?
—i—( 2 ! 1 1 + 2>c(t)(03u9r|p+8t2u0\r)

do —di + a_d} — o .d}
+ (B ) v ule + 0a 1)

(deay — dra)(aya —dioy —daa) + (do — dy)ayoa— + dyay — docv

2o —doa — dyjay)

x (07ul|r — Oful |r).

Finally, using (A.3)), we obtain

(A.15)
a+8nu2+]r — a_Opu?|p

dooy +dia_ — 1
= = (@Fullr + 0fullr)

dooy k% + dia_k? — k2,
* 2

(vl |r + vl |r)

o di k2, — a_dok?, — o didak? + 02 didok? + ok a_dak? — a+a2d1k2>

+ 2(ara —daa — dyay)

u+’F —ul|p)

oy diky — a_dik? + dik2, — dokZ,
: e CUIC IS

_l’_

+

2
“*dQ) (1) (0P |r + 20 |r)

(
(
(@ ¢+ad1
(=

¢ () (Ol Ir + Brul|r)

(d2a+ —dia_ )(a+a_ —dioy —doea_) + (do — dr)aya_ + dioy — daar

2(ara — doa— — dray)
x (02ul|r — OFul |r).

Therefore, with (4.3), (A.9) and (A.15)), (u?,u%) is a solution of the following problem

Au? + k2% =0 in Qy,

Au? +k2u? =0 in Q_,
2 =0 on I';,

l0ng) s 4o /2] (Bl — iky) (uF) = 0

with transmission conditions on I':

2 2
ara_ —doa— — djag 1 1
= 4 0nuy + a_Opu_
20, (o4 Onuy nUu_)
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diaia? — dzoﬁ_a, + dldg(o&_ —a?) +dea_ —dyoy (@21&3 N afu‘l)

dojo
(dy — do)a—ay + d3a— — d3ay

t _ 1
+elt) 2(apa — dioy —doa) (u+ u-)
(dik2a_ — dok?ay)ayra +dida(k2a? —k2a2) + k2, (dea— —diay), o o
+ ool (uy +ul),
a+8nui — a_(?nu2
d +dio— —
= 229+ 210‘ Lol + o2l
d k2 +dio_k® — K2
4 Doky Fdia ko ™ (! 4 ul)

2
N ardik? — a_dok?, — ol didok? + o2 didak? + ok a_dok? — apo? dik?
2(aypa- — doa— — dyay)

x (ul —aul)
252 — o d?K? + ik — dok?
(O‘+ U 14*+ 1m 92 m>c(t)(u3+u9)

dy —d 2 d2
+ (=2 1“‘ L0 2>c(t)(a§u3+a§u0)

4 2) ¢ ()(Qud + au)

(d2a+ — dla Jara— —diay —dea—) + (do — di)ara— + diag — doar

2o —doa— — dyjay)
x (0Ful — Oful).

Moreover, using (A.10) and the condition (4.5)), the profile U2, is given by
U2 (t,s) =u>|r + (a_s + dia_ — dy)dpul|rs
di - 2 2 o, di o 8%, 2 0
k: —dja_k* —dia_sk? + ?km + Ekm +dik;,s | ul|r

2
- (S +dys+di — dia_ — dla_s> OFu’

2
2 2 2
s d d
- <2a - Ela, + 21> c(t)Opu’ |r.
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