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The Least Squares Solution with the Minimal Norm to a System of Mixed

Generalized Sylvester Reduced Biquaternion Tensor Equations

Anli Wei, Ying Li*, Shufang Yue and Jianli Zhao

Abstract. In this paper, we investigate the least squares solution with the minimal
norm to the system over reduced biquaternion via complex representation of
reduced biquaternion tensors and the Moore—Penrose inverse of tensors. Besides,
we establish some necessary and sufficient conditions for the solvability to the above
system and give an expression of the general solution to the system when the solvability
conditions are met. Moreover, the algorithm and numerical example are presented to

verify the main results of this paper.

1. Introduction

In this paper, we prescribe the following notations. C™*"™ represents the set of all m x n
complex matrices, H"*" represents the set of all m x n reduced biquaternion matrices.
For a positive integer N, let [N] = {1,..., N}, an order N tensor A = (a;,...iy )1<i;<1; (J =
1,...,N) is a multidimensional array with I = Iy I5--- Iy entries. R/ >In ClixxIn
HI<*IN stand for the sets of all order N and dimension I; x --- x Iy tensors over
the real number field R, complex number field C, and real reduced biquaternion algebra
H,, respectively. Given A = (aj,.injyojy,) € CIXINXTXXIn = define @iy iy ing
and let B = (bj,...jyiriy) € CIXxIarxlixIn pe
the conjugate transpose of A, where bj,... i1 iy = Ciyeinji- denoted by A*. When

bjyojapinin = @iyinjrjas B is called the transpose of A, denoted by A”. A tensor

to be conjugate of a;...iyj-jusr>

]M’

D = (diyigjyjy) € CIXINxIXIN ig called a diagonal tensor if all its entries are zero
except for dj;...iyi,-in- For a diagonal tensor, if all the diagonal entries d;;...i x4, iy = 1,
then D is a unit tensor, denoted by Z. The zero tensor with suitable order is denoted
by O. For A € (CIlX'”XINXJlX/'“XJN, the Frobenius norm || - || of A is defined as ||A|| =
)1 2

(Zilmileij |ai1--~iNj1-~-jN‘2 . ReA and Im A represent the real and imaginary parts
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of the complex tensor A, respectively. ® stands for the Kronecker product. *y stands for
the Einstein product.

Reduced biquaternions were introduced by Schiitte and Wenzel in 1990, and have great
applications in signal and image processing, control and system theory, neural network,
etc. Sylvester equation is a very important kind of matrix equation in matrix theory. It
is widely applied in characteristic structure configuration, aerospace control technology,
numerical solution of differential equations, pattern recognition and so on. At present,
there have been a huge amount of papers to discuss the standard Sylvester equation and
its various generalized forms [3}|4}6,8,1718}[20,22]. In recent decades, tensor conceived by
Tullio Levi-Civita [10], has attracted a lot of scholars to study. Tensor equations can be
used to model many problems in quantum physics, engineering and science, general rela-
tivity, data mining and so on |1[5|14}/15,/19]. More and more people are getting interested
in the Sylvester tensor equation and its generalization. Some results on tensor equations
and related problems can be found in [24(7,/9,/11-13,/16,23-26]. In particular, |2] proposed
a projection method based on the tensor format and considered the preconditioned iter-
ative solvers of Sylvester tensor equations; [9] was concerned with the conjugate gradient
least squares algorithm to solve a class of tensor equations via the Einstein product and
proved that the solution of the tensor equation can be obtained within a finite number
of iterative steps in the absence of round-off errors; [26] focused on solving high order
Sylvester tensor equation arising in control theory and proposed some effective iterative
algorithms for solving Sylvester tensor equation; [25] investigated the solution to the least
squares problem for the quaternion Sylvester tensor equation and studied the convergence
properties of the proposed iterative method; [7] established some necessary and sufficient
solvability conditions for a system of quaternary-coupled Sylvester-type quaternion tensor
equations and gave an expression of the general solution to this system when it is solv-
able; [24] gave some necessary and sufficient conditions for the solvability to a system of a
pair of coupled two-sided Sylvester-type tensor equations over the quaternion algebra and
derived some solvability conditions and expressions of the n-Hermitian solutions to some
systems of coupled two-sided Sylvester-type quaternion tensor equations as applications,
etc.

To our knowledge, there has been little information on the system of mixed generalized

Sylvester reduced biquaternion tensor equations

A1 sy X =By, YV*ny Ay =DBs, Asxy Z =Bz,

(1.1)
CisNn X =YVxnD1 =&, CoxnZ—YxnDy=E,

where A,, By, Cr, D and &; (0 = 1,2,3, 7 = 1, 2) are given reduced biquaternion tensors
and X', Y and Z are unknown reduced biquaternion tensors.

Motivated by above mentioned, as well as the wide applications of Sylvester-type tensor
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equations, we in this paper discuss the least squares solution with the minimal norm of the
system of mixed generalized Sylvester tensor equations (1.1]) over the reduced biquaternion
algebra based on complex representation of reduced biquaternion tensors together with

the Moore—Penrose inverse of tensors. The least squares solution with the minimal norm

of (1.1)) can be stated as follows.

Problem 1.1. Given the tensors in (T.1]): Ay, By € HIX X InxJixxIn - Ay By €

Jy XX INX K XX K Ly X XLyXJp XX J
HTIX XIN XL KX N,A3,83EHT1X XEN XD XX 0y Co, Dy, D, E1,E9 €
HJ1><~~~><JN><J1><~-~><JN and

e

Hr = {(X,:)AZ) | X, Y, 2 € HrJlx"'XJNXJ1X~~-xJN’
A X = Bil[* + [V Ap = Ball® + [ Ag vy Z = By
+[[CLsn X =Y xn Dy —E1|* 4+ [|Co xn 2 — Y sny Dy — &> = min},

Find out (&;, ), Z;) € Hy, such that

X,V 2)|? = i X, Y, 2)|>%
(X2, Vi, 20) || (X,ifl.%?eHL”( Y. Z)

The solution (&7, ), Z;) in Problem is called the minimal norm least squares solu-
tion.

The remainder of this paper is organized as follows. In Section [2| we first overview
some basic definitions and related properties with regard to a complex tensor. Then we
give its complex representation for a reduced biquaternion tensor, and on this basis we
deduce some important properties. In Section [3| we establish some necessary and sufficient
conditions for the existence of a solution to the system , and give the general solution
to this system when it is solvable. In Section [ we give an algorithm and numerical

example to prove that our results are feasible. In Section [5] we put some conclusions.

2. Preliminaries

2.1. An introduction to tensors

Definition 2.1. |[1] Suppose A € Clx > InxEix-xKy g ¢ CRux-XKnxJix-XJu  the

Einstein product of tensors A and B is defined by the operation *y via

(A *N B)il'"ile”'jM = Z ail.-.iNkl.-.kok1--~kNj1~--jM7
k1-kn
where A sy B € Clx X INxJixxJar

In the following, we start by introducing the Kronecker product of tensors and block

complex tensors.
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Definition 2.2. [23] Suppose A € Clx>xInxJix-xIn g ¢ CRuixxKauxLix-xIn the

Kronecker product of the tensors A and B is defined as
A®B:= (air“ile“'jNB)'

Remark 2.3. (1) Note that it is a ‘Kr-block tensor’ whose (s, t)-subblock is a;,...iy j;-.jx B

obtained via multiplied all the entries of B by a constant a;,..iyj,...jy, Where s =
. N—17/: N . N—=17/,; N
in + ko1 [k = D ITp—gpa o] and = v + g2y [ = D TTp—gpa J2]-

(2) Obviously, this Kronecker product is non-commutative, that is, A®@ B # B® A in

general.

Furthermore, the following properties of this Kronecker product can be found in [26].
Lemma 2.4. Suppose A € CIXxXINXJixXIN gnd B C € CRiXxEuxlaxXLy — Then
(1) (A B)*=A"®B*;
(2 A (B®C)=(A®B)®C;

(3) AR(B+C)=A@B+ARC and (B+C) @ A=BoA+Co A

For a tensor D = (djl"’lel”'llw) S CJlX"'XJNXLlX"'XLM, D(j1-"jN|i) = (djl“'jNi"‘:) €

ClixxLm ig a subblock of D. V.(D) is obtained by lining up all the subtensors in
a column. The t-th subblock of V.(D) is Dj,..y|,, where t = jn + SN Gk —
1) Hg:K_H Jp]. For instance, if D = (dj, j,i,) € C****3, then

Daupy
Daay
Dy
D(aa)
Dy

D32

Lemma 2.5. Suppose A € CI>X<>xInxJix-xIn g e CRix-xEuxlix=xXlu gnd D ¢

CJrxxInxLixXLat - then we have

(A® B) s Vo(D) = Vo(A sy D x BL).



Sylvester-type Reduced Biquaternion Tensor Equations 263

Example 2.6. Let A = (ai,iyj,5,) € CP*3*2%2 and B € CRvx>xBaxLix-xLar then we
can obtain

annB  aieB  an21B  ar122B8
ar211B  ai2i2B  a1221B  a12228
a1311B  a13128 a1321B  ai13228
A®B=
a2111B  az112B  a2121B  a21228

a2211B  a212B a0 B a8

az311B  ag312B  ag321B  ag3228

For D € C?*2xLaxXLm e can further get

(A® B)*p Ve(D)

apnB  anneB an;B  anB > ivjs @11 Dijrjaly ¥ar BT
ai211B  aigeB  aipnB  ainnB D11}, > ivjs 912172 Diirjaly ¥ar BT
_ a1311B  a13128  a1321B  a13228 . D12y, _ > jrjs M3j1j2 Dy jal) *M BT
a2111B  ag112B  ana B azB D21} D ivja 921152 Dijujaly ¥a1 BY
agB  azgieB  aznnB  aznnB D(99),) > ivja 922j152 Diiujaly ¥aa BT
az311B  ags2B  agznB  azsnB > v s 0235142 Do) ¥ax BT

= V(Ao D sy BY).
Definition 2.7. [23] Let A = (a4,..iyj,.jy,) € CIXINXIXX I B = (@ i gens) €
ChixxInxKix-xKum  Then the ‘row block tensor’ consisting of A and B is denoted by
(A B) e CaNxL1><~~><LM’
where o =11 x -+~ x Iy, Li=J;+ K;, i =1,...,M and
(A B)iyointyta
Qiyoinlyolpys G1eoin € L] X - X UN], Ly -+ Ipg € [J1] X - X [Iur)s
= biyinlyolyys G1ocin € L] X X IN], LIy €T x--- x Ty,

0, otherwise,

where Iy ={J; +1,..., i+ K;},i=1,..., M.

Similarly, for given tensors C = (Cj,...jyiy-iy) € CT XXX XIN and D =
(dieyoteygiy iy ) € CEUC X EarxXIN “the ‘column block tensor’ consisting of C and D is
denoted by

C

D

_ (CT DT)T c ¢LixxLyxa
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Suppose p1 = (A1 Bi) and py = (Ay By) are two ‘row block tensors’, where A; €
(Cllx---xIijlx---xJM’ Bl c (Cll><---><IN><K1><---><KM7 ./42 c (CT1><---><TN><J1><---><JM, BQ c

P1

CTixxInxKixxKar  The ‘column block tensor’ (£}) can be written as

A1 Bi
Az B

X e X XLyx--XL
c Cch BN XL M

Whereﬁi:Ii—i—Ti,izl,...,NandLj:Jj—i—Kj,j:l,...,M.

Next, we present some properties with regard to the product of some ‘block tensors’.

Lemma 2.8. [23] Suppose (A B), (§) and (ﬁ; g;) are the forms as in Definition .
Then

(1) Fan (A B) = (Finy A Fay B) e Co xTaxxLla,
@) (5) o 7 = (§11F) ccmenimm

(3) (-A B)*M(%) :A*MC+B*MD€(C04NX0¢N7

C CxyA CxyB Lix-xLpyXLyx-—xLp.
(D)*N "4 B (D*N.AD*NB>€C ! M M,

A1 By ) _ [ Ar*mCH+BixyD c Cﬁl><~~-><ﬁN><aN

.AQ BQ - AQ*MC+BQ*MD )

(6) (Q H)*N Al B (Q*NA1+H*NA2 g*NB1+7'[*NBQ) e ((:51><~~'><5N><L1><~--><LM’
As Bo
where F (CaNxaN’ G e CS1x XSy X1 xXIN gn T H e CS1x XSy xT1xXTN

Now we introduce the definition of the Moore—Penrose inverse of a tensor over C via

the Einstein product, which is a generalization of the Moore—Penrose inverse of a matrix.

Definition 2.9. [21] Suppose A € CIX X InXJixX N The tensor X' € CT1>X > InxixxIn

satisfying the following four complex tensor equalities:
(1) Asy X xy A=A,
(2) Xsxy Asy X = X,
(3) (Axy X)* = Axy X,
(4) (Xsy A)* =Xy A
is called the MoorePenrose inverse of A, denoted by A'.

The following lemma provides the solvability conditions and general solution to the

multilinear system A *y X = B, which is used to prove our main results thereinafter.
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Lemma 2.10. [21] Suppose A € Cl>¥-XInxJix=xJIy -y ¢ ClxxINxEix-xKn gp
B e ChxxInxEixxKN = Then we have the following statements:

(1) The least squares solutions of the multilinear system Axy X = B can be represented
as
X:AT*NB—l—(I—.AT*NA)*NW,

where W € RIXXINXEixXKN s qn arbitrary tensor. The minimal norm least

squares solution is X = Al xy B.

(2) The multilinear system AxnX = B has a solution X* if and only if Axny AT xyB = B.

In that case, X* can be represented as
X*:.AT*NB—I—(I—AT*NA)*NW,

where W € RV XINXEXXKN g qn arbitrary tensor.

2.2. The complex representation of reduced biquaternion tensors

We know that a matrix A € H"*" can be written as A = A; + Asj, where Ay, Ay € C™*™.
Similarly, a tensor A € HI > InXJixXJa can also be expressed as A = Aj +.Asj, where
A1, Ay € CloxxInxJixxJu - Thus, the complex representation tensor of A = A; + Asj
is given by f(A) = (j; ﬁf) € C2hxx2UNx2ixx2Jm - Notice that f(.A) is uniquely
determined by A.

Theorem 2.11. Suppose A = A; + Agj € HIVXINXJixXXIN gnd B = By + Boj €

H;le"'XJNXhX“‘X[N. Then we have

f(Axy B) = f(A) = f(B).
Proof. By the complex representation tensor of A *x B and Lemma [2.8, we have
f(.A * N B) = f(.Al xn By + Ag xny By + (.Al xn Bo + Ag xn Bl)j)

Ay xy By + Aa xy By Ay x5 Ba + Az xn By
Ay sy Bo + As xy Br A #n B + Az xn B

)

and

A A By B
FA s FB) =70 T [T
./42 ./41 82 Bl

Ay sy By + Ay #n By Ay xn Ba + Ag xn By
Al*NBQ+J42*NBl Al*N81+A2*NBQ

Thus, f(Axy B) = f(A) xn f(B). O
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For A = A; + Ayj € H{lx'”XINXJlX“'XJN, we denote such an identification by the
symbol =, that is,
A1+ Aj=A =Dy = (Al,AQ).

We also denote

A = (Re A1, Tm Ay, Re Ay, T Ay).
Note that [|® 4] = HjH Besides, we have V.(A) = V(A1 + A2j) = Ve( A1) + Vo(A2)j,

Vo(A) = V(D 4) = (%(J‘h)) _ (Vc(ReAl) + VC(Im_Al)i>

Ve(A2) Ve(Re Az) + Ve(Im Az)i
Ve(Re A1)

I iz O O Ve(Im Ay)

O 0O 1T iT Ve(Re A2)
Ve(Im Az)

= Qg *N Vc(z%

where T € /I Joex I and Q0 = (522 9).

Addition of two reduced biquaternion tensors A = A; + Agj and B = By + Baj is
defined by

(A1 +B1)+ (As+Bo)j = (A+ B) = P48 = (A1 + Bi, A2 + Ba).
Whereas multiplication of two reduced biquaternion tensors A, C is defined as
Axn C = (A1 + Azj) #n (C1 + Caj) = (A1 xn C1 + Az #n C2) + (A1 #n Co + Az xn C1)j.
So Axpn C = ® g, c. We derive some properties of ® 4 as follows.

Theorem 2.12. Suppose k is a real number and A, B € HIX > InxJix-xIn ¢ ¢
X ) I XIxxIn | Then,

(1) A=B <= o4 = 0p;
(2) ParB=PA+ P, Pra=kPy;
(

3) Pawye =Paxn f(C).

Proof. Since the proofs of (1) and (2) are easy, we omit them. We only prove (3). ® 44 ,c

can be expressed as
O pune = (A1 N C1 + Az #n C2, Ap v Co + Az xn C1)
C1 Co

= (A1, A2) *n =® 4%y f(C). O]
Co (1
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Theorem 2.13. Suppose A = Ay + Agj € HIV-XINXJixXxIN B — By 4 Byj €
HTJlX---XJNXle---XKM G/nd C — Cl +62j c H7{(1><"'><KM><J1><'“><JN_ Then

Ve @ty Beygc) = F[(A1 @ CT + Ay @ CF) + (A @ €T + Ay @ €] #ar Qucyy s Ve( B,
where Q,, has the same structure as Q1 ;,, except for dimension.
Proof. By Theorems and we have
P psyBryc = Paxn f(Bxy C) = @axn f(B)*um f(C)
Ay Ag) sy By B s G G
By By Cy C
= (A1 xn By xar Cr + Aok Bo xar Cr + Aq xn Ba xar Co + Az v By *ar Co,
A #n B #a Co + Ag xn B xpp Co + Ay Ba xa1 C1 + Ao xy B xr Cr).
Further, we can obtain
Ve(® asy Brpsc)
_VC(Al sy B1#ar C1 + Ag xn Ba xpy C1 + Aq #n Ba sk Co + Ag *n By *p1 Co)
_VC(Al xn By xpr Co + Ao xn Ba xpp Co + Ay xn Ba xpp C1 + Az xn By *p Cl)]

_(Al @ CY) sar Ve(Br) + (A2 @ CT) sar Ve(Bz) + (A1 @ C3) #ar Ve(Ba) + (A2 @ C3 ) s Ve(Br)
(A1 ®CT) ar Ve(Br) + (A2 ® CF) s Ve(Ba) + (A1 ® CF) sear Ve(Ba) + (A2 ® CF ) s Ve(B1)

(A @CT + Ay @ CT) #as Ve(Br) + (A @ CT + A1 @ CF) %a1 Ve(Ba)
(A1 @CT + Ay @CT) %p1 Vo(By) + (A2 @ CT + Ay @ CT)

*M c( )

A1@CT + A, 0CF Ay @CT+ A ®CT . V.(B1)
= M
A@Cf+ A0l Ayecl + A oct Ve(B2)

- f[(u‘h ®Ci’1 + As ®C2T) + (A2 ®61T T+ A ®62T)ﬂ ‘ar Ve(B1)
Ve(B2)

(&

= fl(A1 ®C] + A ®CT) + (A2 ®C{ + A1 ®C)j] *ar Qi *1t V.(B).

3. The solution for Problem

In this section, we are now in a position to solve Problem|[I.1] For convenience, we set A, =
AT+ A3j (0 =1,2,3),Cr = CT+CLj, Dy = D]+D3j (1 = 1,2), Ay, By € HI - InxJixIn
A2’B2 c HJ1><---JN><K1><---KN .A3,B3 c Hlelx---LNlex---JN’ CT7DT75 c ]H[J1><---JN><J1><---JN’

Pr=fl(A @T) + (A @ D)j] #n Qy, Po = fI(ZT @ (A7) + (T @ (ADT)j] #n Qs
Ps = fI(A} @ T) + (A3 @ I)j] +nv Qs Pi=fICLOT) + (CL @ T)j] *n Uiy

Ps = fl(Z® (D))") + (T @ (D3)1)j] *n Qs Po = FICTRT) + (C53 @ T)j]) *n Qi
Pr=flZ® (D)) +(Z @ (D3)")i] x5 Ly,
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and
Vc(Re(I)Bl)
‘/C(Req)Bz)
V.(Re ®
P O O (Re2s,)
VC(Re(I)gl)
O Py O
Re P Ve(Re ®g,)
(3.1) P=l10 0O P3|, = , H=
ImP Ve(Im ®p,)
Py —Ps O
V,(Im ®s5,)
O —Pr Ps
Ve(Im ®@p,)
‘/C(Imq)&)
Ve(Im ®g,)

By the complex representation of reduced biquaternion tensors mentioned above, we
can turn least squares problem of the system of mixed generalized Sylvester reduced bi-
quaternion tensor equations (1.1)) into a corresponding problem of complex tensor equa-

tions. Next we give the main results of this paper.

Theorem 3.1. Suppose A, = A{ + A3j, B, = B + B3j (0 = 1,2,3), C; = C] +
Clj, Dy = D] + D3, & = E] + EFj (1 = 1,2), Ay, By € HIv - InxJuxeIn = py By €
H;"hx---JNxle---KN; A3783 c HflxNLNXJlX"'JN, CT7D’T76’T c Hglx“'-]NXJlx"'-]N and let ’])7
G, H be as in (3.1). Hence the set Hy, of Problem can be expressed as
(3.2)
%
Ve(X)
Hp = { (X, P, 2) e B Ivxocedn |y 5y [ = Ghay {4 (T —GM ey G)#n Uy,

V.(Z)

where U is an arbitrary tensor vector of appropriate order. And then, the minimal norm
least squares solution (X, Y, Z;) of Problem satisfies

V()
(33) V. | = GFen .
Ve(Z)
Proof. For X,Y, Z € H/v¢InxJuxJIn it follows from Theorem that

[ AL #n X = B|® + ||V #n Az — Ba||® + || Az %5 Z — Bs|> + [|C1 xny X — YV x5 Dy — &1
+ ||C2 XN Z—y*N Dg —52H2
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=1Painr — P[P+ [ Pyinas — Poll? + [ Passnz — P |1° + [ yina — Pyunp, — e, |
+ | Peyunz — Pyuypy — P, 2
— Vi@, ) = Vel @, )P+ Vil @y ay) — Vi@, |12 + [V @ty 2) — V(®s5, )|
Ve @eyun ) = Vel@yayy) = Vel®@e)) |2 + Ve @epun 2) — Ve(@yuypy) — Vel(®e,)|?
— | FIAL & ) + (AL @ T)) v Qv Vel &) = Vel @s,) ||
H{IFIZ ® (ADT) + (Z® (AD)i] 5 Quy 5 Ve(D) = Vel @3,)|
+ {2 ®T) + (A3 @ T)j) #w Qg 5 Vel Z) — Vi@,
+{I/IC @ T) + (CE @ T)j) 5y Ly #y Vo(F)
— fIZ® (DYT) + (Z @ (D] #x Qi v Ve(V) = Vel @g, )|
+FIC2 @ D) + (C @ D)j] +x Quy +n Va(Z)
— fIZ @ (D7) + (Z@ (D] #n iy v ValV) = Vel g,
= [P n Ve @) = V(@) |+ [P x Ve(D) = Vil @) | + [P n Ve B) = V(@)
[Pasy Ve(®) = P sy Va(B) = Va(@)||* + |[Ps 5 Va(Z) = Pr sy Va(F) = V(@)

PO 0 va@s)\ || vi(@s)\ ||
0o P O V(®)) | Ve(@s,) V@) V.(®s,)
=llo o P | V) |- |vi@s) || =[P | VD) |- | Vi@s,)
Py —P5s O V.(2)) | V(@) V.(2)) | V(@)
O —Pr Ps Ve(®s,) Ve(®e,)
V.(Re ®g,) ’
Ve(Re ©5,)
V.(Re ®5,)
e\ (FO) ||| (EE) )
— (mm) v | V(D) | - vimae || =9 V. | -H
V.(2) AT V.(2)
Ve(Im @p,)
Ve(Im @)
Ve(Im ®¢, )
Ve(Im ®g, )

By Lemma [2.10, we get
_>
(&)

VoY) | = 9" iw H+ (T =GF e ) i .
Z

Moreover, from ({3.2]), we know that the solution set Hj, is nonempty and is a closed
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convex set. Therefore, Problemhas a unique solution (&;, Y, Z;) € Hy. Now, we prove
that this unique solution (A7, ), Z;) can be expressed as (3.3]). It follows from the above
that

. N 2 2 2

(X,J?IZI’?GHL (H(X,y,Z)H ) = (XQEE%?EHL (||X” VI + |12]] )
: =

= e (VI + OO+ )

= min
(X,Y,2)eH,

Further, using Lemma and (3.2), we can derive

V(%)

VAR IS
V.(2)

Thus we can get (3.2)) and (3.3). The proof is completed. O
By virtue of Theorem and Lemma [2.10, we derive the following conclusion.

Corollary 3.2. The system of mized generalized Sylvester reduced biquaternion tensor
equations (L.1)) has a solution (X,Y, Z) if and only if

(3.4) Gxn Glsn H =H.
In this case, the solution set of system (1.1)) can be represented as

Ve(X)
Hys = (0,0, 2) | | Vi) | =G sn H+ (T -Gl snG) +n Ty,
V.(2)

where X,Y,Z € HIINXIXIN - qnd 5 is an arbitrary tensor vector of appropriate
order. Furthermore, (L.1)) has a unique solution (X/, Y], Z]) € Hg if and only if G has full

column rank, and the unique solution (X/, Y], Z]) satisfies

%
Xl’
(3.5) V.l | = 6w 1.
_>
Z
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Proof. According to the proof of Theorem [3.1] and Definition [2.9] we have

AL #n X = Byl + |V #n5 Az — Bl + || Az xn Z — Bs||®
+ HCl *NX —y*N Dl —51“2 + HCQ *NZ — y*N D2 — 52H2

V(%) i V() 2
—Gsn | V. | —H| =|[gsn 6T snGon | V() | -H
Vi(Z) vi(Z)

=[G *n Gt xn H — H]| %,
thus we can obtain
AL #n X = Bu|? + |3 %5 Az — Ba||* + || A3 +n Z — Bs|)?
+Cran X =Y snyDi = &>+ [[Co#n Z =V iy D2 — &P =0
= [|Gxn G v H—H|*=0
= GxnGlanH="H.

So we get the formula in (3.4). Under the condition that (3.4) is established, the solution
(X,), Z) of (L.1) satisfies

Vo(X)
G | V(D) | =
Ve(2)
Also, in the light of Lemma the solution (X, ), Z) of satisfies
Vo(X)
Vo) | =Gl sn H+ (T -Gl xn G) 5y O,
Vi(Z)
At the same time, the unique solution (3.5 can also be obtained. ]

4. Algorithm and numerical experiment

In this section, we first present an algorithm for solving Problem which is based on

the discussions in Section [3] And then we use an example to illustrate our main results.

Algorithm 4.1. (Problem [1.1)

(1) Input the given tensors: A, = A]+A3j (0 =1,2,3), C; = C]{+C3j, D = D] +Dj3j,
AlyBl S H7I«1><---IN><J1><---JN} AQ’BQ c H;,IIX"'JNXle"-KN’ ./43,[)’3 c HTIle'“LNXJlx-..JN}
Clchapl,D2,51,52 c HrJlx"'JNXJlx“‘JN.
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(2) Compute Q,, P1, P2, P3, Ps, Ps, Ps, Pz, P, G and H, which are defined in
Section Bl

(3) According to (3.3), calculate the minimal norm least squares solution (X}, Y, Z;) of
Problem [1.11

Now, we give the following numerical example to explain Algorithm[4.1] On the basis of
the discussions in Section [3] it is not hard to find that the expression of the minimal norm
least squares solution is the same as that of the solution. To make sure that Problem
has a solution, we suppose that the system is consistent.

Example 4.2. Let 1 = J1 =K1 =L1 =2,y =Jy, =Ky =Ly =2 and

K j K K
Al(:7:a 17 1) = ) Al(:a :727 1) =
itjtk 14it] 1+i+j+k 1+k
i+ 1 1+i+j+k 14+i+k
,Al(l,t, 1,2) = J 5 Al(:v :7272) = ! ’
1+j+k i+]j 0 itk
-1+i+j+k —-i+k i+j i—j
Az(:,:, 1, 1) = . ) .AQ(l, 5 2, 1) = ! ! ’
0 i —i 1
i+j 0 k 1
/42(:7:’ 1a2) = ! ) -’42(:3 :7272) = ,
0 14j 1-k 1+i-j—k
0 i+j 1+j+k 14+1i+]
As(1,1,1) = T As(nzy= | .
14+j 14+i+k IL+i4+j  1+4]
. O i 3
.A3(:7:a 1a2) = ! ) A3(:7 :7272) = !
k —1—j 1+k 1+k
1 —1-i+j+k 1+j+k 1+itjrk
Cl(:,t, 1, 1) = ! ) Cl(:v 5 2, 1) = ! ! )
] —i+] 1+k k
i+j+k —j i+] k
Cl(i,l, 1,2) = ] ! ) Cl(:a :7272) = !
—1+i+j i+j+k i+k 1+j+k
itj 14k itj 0
CQ(:7:1 17 1) = ! ) CQ(:v :727 1) = !
~1+i+k 1 1 -1-k
1+j+k 1+i+j+k itk i+j
CQ(Z,Z, 1,2) = . ] ) CQ(:v :7272) = ! ?

1+ ] k 1+i+k 0



Di(:y:

Di(:y:

Do(:y:

Da(:y:

Let

A
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k i
j+k j+k
1+]
14+i+j

i+j+k
j+k
—1+j i
I+i+j+k j
1—j+k 1+i+j+k

~k i—j

“1-j+k i+j+k

—1+it+j-k ]

l+i+k i
1+i+j k)

Kk —1-i-j-k
1 j+k

1 i

1+i+j+k 0
“it+j+k it+j+k
l+itj+k —it+tk /)

1+j+k i

—1-i-j-k 1+i—j

)

Di(:,:,2,1) =
Di(:,1,2,2) =
Do(:,:,2,1) =
Do(:,:,2,2) =
X(::2,1) =
X(:,:,2,2) =
L V(2 1) =
V(1 2,2) =
Z(:,:,2,1) =
2(:,:,2,2) =

273

1 —1
1+i-k -kJ
j+k itjt+k

J J

i+j+k 14k

0 0
14k —1+i+k

i —i+j-k

“k i+k

i j+k/’

i 0

1-k -1-j-%/
1 i

1+i+j itk)

itj+k i+j-k
i+j 1+i+k/’

1-i-k 14k
145 1-i+j/’
0 1+i+k

1+i+j k

We can obtain the solution (X, Vi, Zp) with the minimal norm of the system of mixed
generalized Sylvester reduced biquaternion tensor equations by MATLAB. In this
way, we can compute logo |[(X7, Vi, 21) — (X, Vi, Zm)|| = —13.4292, which can demon-
strate the feasibility of Algorithm

5. Conclusion

Based on complex representation of reduced biquaternion tensors and the Moore—Penrose

inverse of tensors, we have derived some necessary and sufficient conditions for the exis-

tence of the general solution to the system (1.1)) and provided an expression of the general
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solution to the system when it is solvable. Moreover, an example has been furnished to

illustrate the main results.
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