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Maximal Functions Along Convex Curves with Lacunary Directions

Haixia Yu

Abstract. In this paper, we obtain the LP(R?)-boundedness of the maximal functions
€

1 ,
My~ f(21,22) := supsup 2% |f(z1 —t, 20 — 274(1))| dt
jEZ e>0 2€ J_¢

and L
My f(x1,22) == sup sup — |f(z1 — 2%, 20 — 27~(t))| dt,
i,jeze>0 2 J_.

where p € (1, 00] and 7 is a convex curve satisfying some suitable curvature conditions.

1. Introduction

The mazimal function M. along the curve (t,~(t)) is defined by

3
M fGer,) = sup o [ 1otz = (0
e>0 4€ J_¢
The question of whether this operator M., is bounded on LP(R?) has received much atten-
tion in the last few decades. In particular, for v(t) := ¢2, Nagel, Riviere and Wainger [22]
established the LP(R?)-boundedness of M., for all p € (1, 00]. For the cases of homogeneous
curves and smooth curves, we refer to Stein [27] and Stein and Wainger [2§], respectively.
Later, Stein and Wainger [29] obtained the LP(R?)-boundedness, p € (1, 00|, of M, for
“well-curved” curves, they also pointed out that this boundedness is false for arbitrary C*°
curves. Therefore, for more general curves obeying some curvature conditions, obtaining
the LP(R?)-boundedness of the associated maximal function M, has become a classical
problem in harmonic analysis.
For the case of v € C?(R) is either odd or even, (0) = 4/(0) = 0, and convex on
(0,00), let h(t) :=ty'(t) — ~(t), if h satisfies the doubling condition, i.e.,

(D) There exists 1 < g9 < 0o so that h(ggt) > 2h(t) for all 0 < t < oo,
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Nagel, Vance, Wainger and Weinberg [25] showed the L?(R?)-boundedness of M.,. Later,
Carlsson, Christ, Cérdoba et al. |7] extended this boundedness to all p € (1,00] if 7/
satisfies the doubling condition @ Furthermore, Carbery, Christ, Vance et al. [4] also
obtained the LP(R?)-boundedness of M, for all p € (1,00] by replacing this doubling
condition @ about 7/ with the following infinitesimally doubling condition about h, i.e.,
: / h(t)

(ID) There exists 0 < €1 < oo so that h'(t) > e for all 0 <t < oo.

Note that both of 7/ satisfies the doubling condition @ and h satisfies the infinitesimally
doubling condition imply that h satisfies the doubling condition @ For more dis-
cussion in the case of 7 is convex, we refer to [8,/10,[33], but a necessary and sufficient
condition for the LP(R?)-boundedness of M, is still not known. There are many other
cases of the curves v in obtaining the LP(R?)-boundedness of M,; see, for example, non-
convex curves [1,31], flat curves [5,6], highly monotone curves [26], oscillating curves |32].
The immediate consequence of the LP(R?)-boundedness of M., is obtaining the Lebesgue

differentiation theorem along the curve (t,7(t)), i.e., for any f € LP(R?),

Y
;1_13%28/_8 f(zy —t,zo — (1)) dt = f(x1,20) a.e. (z1,22) € R

In this paper, we consider two different kind of maximal functions analogue of M.,
which are modelled on the maximal function M, in lacunary direction introduced by
Nagel, Stein and Wainger in [23]. The first one is the mazimal function My, along the
curve (t,~(t)) with the dyadic lacunary direction (1,27),

1 [* ;
My~ f(z1,22) := supsup — |f(xy —t,zo — 27~(t))| dt.
JEZ >0 2e J_.
The second one is the mazimal function My, along the curve (t,~(t)) with the dyadic
lacunary direction (2¢,27), which allow dyadic scaling along this dyadic lacunary direction
(1,27) in My,
1 [¢ , ,
M1~ f(21,22) := sup sup — |f(xy — 2, mo — 277(1))| dt.
ijez e>0 2€ J_¢
Remark 1.1. Indeed, both of M; . and Mj;, are a special case of the following mazimal
function My~ along the curve (t,v(t)) with the direction (a,b),
1 g
Mirqf(z1,22) == sup sup — |f(z1 — at,zo — by(t))| dt.
a,beR e>0 26 J_¢
Note that My, arise in connection with Stein’s and Bourgain’s circular maximal function.
In [21], Marletta and Ricci obtained that M/, is bounded on LP(R?) if and only if
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p € (2,00], where v(t) := t" with » € R and r # 0,1. If y(¢) := ¢, a counter-example
based on a construction of the Besicovitch—Kakeya set shows that we can not expect any
LP(R?)-boundednesss of My~ for all p € (1,00). More related works can be found in
Bourgain [2], Iosevich [16], Marletta [20], Guo, Hickman, Lie and Roos [12] and Li [19].
Here, we also want to introduce another operator, which is closely related to My ., i.e., the
corresponding mazimal Hilbert transform Hyy~ along the curve (t,7(t)) with the direction
(a,0),

dt

Hir~f(x1,22) := sup ;

a,beR

p.V. / " fon — at, s — by(1))

From a straightforward modification of Karagulyan’s counter-example in [17], we will find
that the LP(R?)-boundedness of H; - fails for all p € (1,00] even in the case of y(t) := 2
or y(t) := t. Therefore, instead of considering the L?(R?)-boundedness of H s, we always
consider a new operator Hy constructed by replacing sup, ycg With sup, ey in Hyg 5, and
calculate the operator norm ||Hy || 1r(r2)—rr(r2), Where U C R is an arbitrary nonempty
set. This is also a hot topic in harmonic analysis, see Demeter and Di Plinio [11], Laba,
Marinelli and Pramanik [18], Guo, Roos, Seeger and Yung [13] and the references therein.
In this paper, we are not going to calculate the LP(R?)-norm of this maximal singular
integral operator H, and our results of the LP(R?)-boundedness of M., and M ., will
provide an inspiration for obtaining the LP(R?)-boundedness of My - for some p € (1,00)

and more general class of curves ~.

We now state our results.

Theorem 1.2. Let v € C%(R) be either odd or even, v(0) = v'(0) = 0, and convex on
(0,00), and satisfying

(i) there exists a positive constant Cy such that 7,;,((25) < C for anyt € (0,00);

(ii) there ezists a positive constant Cy such that tﬂz,”(g) > Cy for any t € (0,00).

Then for any given p € (1,00], there exists a positive constant C' such that

M1y fllre@ey < Cllfllzere2)
for any f € LP(R?).
Theorem 1.3. Let v € C%(R) be either odd or even, v(0) = v'(0) = 0, and convezx on
(0,00), and satisfying

(i) there exists a positive constant C| such that tjy;—g) < Cf for any t € (0,00);

ii) there exists a positive constant Cy such that t'y,”(t) > Cy for any t € (0,00).
v (t)
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Then for any given p € (1, 00|, there exists a positive constant C' such that

[Mrryfllze@e) < Cllflloer2)
for any f € LP(R?).

Remark 1.4. The conditions of Theorem [I.2]imply the conditions of Theorem [I.3] Indeed,
from (2.1, as in [24, Lemma 2|, we have

/
77%) > G2 s p) > MY () —> h(it) > 9h(t) for any ¢ € (0,00),

_6702/2

where h(t) = t/(t) — v(t) and X := 1=¢2=_ Furthermore, as in [24, Lemma 1], we have

h<2t> > oh(t) —»

. 24(v/(s) = v(1) = h(t) with s> %t

A

4 4
= 'y<)\t> > Xtv'(t) for any t € (0, 00).

() =
Therefore, we obtain Theorem (1) with O} := (Cy)'°82 X

From this fact, it is easy to see that Theorem can be covered by Theorem
However, the method of proving Theorem is totally different from the method applied
in proving Theorem Therefore, we will retain Theorem

This, combined with Theoremi(i), implies that 28 < (Cl)log2§ for any t € (0, 00).

Example 1.5. Let us list some examples of curves satisfying the conditions in Theo-
rems and Since 7(t) is odd or even, and (0) = 0, we write only the part for
t>0.

(1) for any ¢t > 0, vy(t) := t*, where a > 1;
(2) for any k € Nand ¢t > 0, v(t) := Ele t%, where a; > 1 forallt=1,2,...,k;
(3) for any ¢t > 0, y(t) := t*In(1 4+ t), or y(t) := t* arctant, where a > 1;

(4) for any t > 0, v(t) := (tsint)ljgcrcsy)(t), or (t —sint)ligcrce,y(t), or (t —In(1 +
t))1{0<t<co} (1), Where g is small enough.

It is easy to see that, for the case of y(t) := t? under d € N, the LP(R?)-boundedness
of My, and My, are equivalent. But for more general curves, this equivalence relation
does not hold. Therefore, we consider My, and My, respectively. The history of these
operators goes back to the case of y(t) := t. Cérdoba and Fefferman [9] and Stromberg [30]
used a suitable geometric argument to obtain the LP(R?)-boundedness of M 11, for all
p € [2,00]. Later, Nagel, Stein and Wainger [23| extended this result to all p € (1, 0]
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by using a Littlewood—Paley decomposition. Furthermore, Carbery [3| extended these
two-dimensional results [9,23,30] to arbitrary dimension. For the case of v(t) := t2, Guo,
Roos, Seeger and Yung [13, Lemma 5.1] obtained the LP(R?)-boundedness of M ., for all
p € (1,00], and the same boundedness for the case of (t) := [t]* can also been obtained
with some standard modifications, where [t]* stands for either [¢|* or sgn(¢)[t|%, o > 0
and o # 1. There are also some other types of My ; see, for example,

€
M f(rr,a2) = supsup o [ 17— 2Q(0), 22~ 2QU))| dr,
i,j€Z >0 4€ J ¢
where @ is a real polynomial with Q(0) = 0. Hare and Ricci [14] obtained the LP(R?)-
boundedness of MI%— for all p € (1, 00]. More recently, Hong, Kim and Yang [15] extended
MfQI to more general polynomial curves and arbitrary dimension.

Our proofs of Theorems and rely on the non-stationary phase method in Carls-
son, Christ, Cérdoba et al. [7], the Littlewood—Paley theory, and a bootstrapping argument
similar that of Nagel, Stein and Wainger [23]. In Section [2, we prove Theorem [1.2{ by com-
paring it with a smoother operator. Theorem [1.3]is proved in Section [3] we split it as the
low-frequency part and the high-frequency part. The low-frequency part can be viewed
as a one-dimensional convolution type operator, and the high-frequency part is proved by
interpolating between a decay estimate under p € [2,00) and a non-decay estimate under
p € (1,2).

Throughout this paper, we use “C” to denote a positive constant that is independent
of the main parameters involved but whose value may vary from line to line. The positive
constants with subscripts, such as C'1 and Co, are the same in different occurrences. For
two real functions f and g, we use f < gor g 2 f to denote f < Cg and, if f < g < f, we
then write f ~ g. We use Z to denote the set of integers, and N := {1,2,3,...}. We also
use a = b to denote that a implies b. For any set F/, we use 1g to denote the characteristic
function of E.

2. Proof of Theorem

We start by introducing some simple properties of the curve « which we need in the course
of proof. Indeed, let G(t) := In+/(t) for any ¢t € (0,00), by Theorem [L.2[(ii), we then have
G'(t) > % for any t € (0,00). By the Lagrange mean value theorem, there exists a
constant 6 € [1,2] such that G(2t) — G(t) = G'(6t)t > %, which further leads to

(2t
(2.1) ftyf t)) > e2/2 for any t € (0, 00).
On the other hand, since ~

exists T' € (0,¢) such that t;’

, by the Cauchy mean value theorem, there
_ / / T T 1 T
?)—gﬂzo()()) = 24 )J(Tﬂ; @) for any t € (0,00). Thus, we

—~ >~
o
= = —~
I
\Q\
—
o
~
I
o
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apply Theorem [1.2ii) to conclude that

ty'(t)
v(t)

We will make use of some ideas from Carlsson, Christ, Cérdoba et al. [7] to prove

(2.2) >(Cy+1 foranyte (0,00).

our theorem. Indeed, it is naturally to consider the L?(R?)-boundedness fristly, and also
should control sup; ez M}:’;f(xl,xg) by > kez M;,’jf(l’l,l'g) From Plancherel’s theo-
rem, it is sufficient to bound the corresponding multiplier > kel mJI’lf;(fl,fg) Further—
more, by applying van der Corput’s lemma, we may bound the multiplier m?% (51,52)
by |(<,01ﬁ) () |(<P]]]fy)”( )|~Y/2, where SOI:’)/( ) is the corresponding phase functlon of
the multiplier m 77(51,52), but it is not enough to bound > jker m]I”lfY(f'l,fg). Therefore,
to bound this sum, we want to bound the multiplier mf,’];(&,ég) by |<p]I];(t)| Note that

{ewl 1| < ‘go t)|, this implies that we should define a new multiplier mii(&, &)
to compare our mult1pher my (51,52) it is also the reason of defining the operator oy
in [7]. For the general L”(]R2) boundedness, as in Nagel, Stein and Wainger [23], the
bootstapping argument is a useful tool, and our proof also relies on this argument.

We now begin the proof of Theorem Since M, is a positive operator we may

assume that f is non-negative. Furthermore, we can bound Mj , f by

1
supsup* Z 2k — / flor —t,zo —274(t)) dt
JEZ >0 5 2k <|¢| <2k
1 ,
< sup — fz1 —t,xg — 27~(t)) dt =: sup M} f(z1,22).
gkez 28 Jorcjy<ari JkEL

Therefore, it suffices to prove the LP(R?)-boundedness of the operator sup; pez M ;l; As

in |7], we define a smoother operator MJI]; by

1 .
. / / Fo1 — t, 39 — 29(7)) dtdr,
278 Jok <) <oh+t Jok < |7 <okt

which keeps many the same characteristics from M },Ij More importantly, from (2.2]) and

—ik
M7 f (21, w0) =

the fact that (y71)'(t)y(y~!(t)) = 1 where 4! is the inverse function of «y, by letting
s := 2/y(7), we can bound M?:f(a:l,xg) by

1
2% /2’“<|t|S2’c+1 /2j7(2k)<|8|S2j7(2k+1)
[ eTs)2
Yy 1(27s))
Furthermore, from and Theorem (i), by simple calculation, one has
(1 (277s)) ‘
V(N2 s))y (27 s)

Y(v~'(279))
Y (v H(27s))y (27 s)

f(xl *t,ZEQ*S)

dtds.

1 ;
72k+12]7(2k+1)

22k IS 1’

~

‘7‘1(2‘j8)2‘j
Y(v~1(277s))
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which further implies that ng!; f can be bounded by MMM f. Here and hereafter,
we use M) and M@ denote the Hardy-Littlewood mazimal operators applied in the
first variable and the second variable, respectively. This implies the following pointwise

estimate

—ik
s;lp Mjlﬁf(:nl,xg) < MOMP f(zy, 29).
j7 €Z

From the LP(R?)-boundedness of M) and M®) we have

—ik
(2.3) sup MJIWf
J,kEZ

] S IMOMOf] a2y S Il o)
Lr(R2)
for all p € (1,00]. Therefore, it suffices to prove

(2.4)

‘,k 7]7"‘:
squh—Mmﬁw < 1l e
JkeZ Lr(R?)

for all p € (1, 00].

2.1. L?(R?)-boundedness

For p = 2 in (2.4), it is naturally to consider the multipliers of M}’; and M]Ilf; by
Plancherel’s theorem. Indeed, a calculation gives that the multiplier of M}g can be

written as

m?fy(flvfﬁ = / e 26— (2M0E gy
1<t <2

and the multiplier of HJI]; can be written as

mj;,];(gl’f?) 3:/ / o125t =217 (2" )% qpqr.
1<]t|<2 J1<|7[<2

We now bound the left-hand side of (2.4)) by

Because the [?(Z?) and L?(R?) norms commute, from Plancherel’s theorem, it is enough
to show that

L2(R2)

[ o]
1y 1y

7,k€Z

(25) Z |m§’7i(§17€2) - m]]':]fy(é-hé.?)}Z S 1

J,k€EZ
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for all (£1,&;) € R2. Furthermore, let us set & := 2M¢&; and & := 2N&, where M, N € Z
and [£1], |€2| € [1,2), then the left-hand side of (2.5)) is equal to

/ o2 M 2 Y 3 (2R 0Es gy / / g2 M -2 Ny (2P D& gy
1<|t]<2 1<[t|<2 J1<]|r]<2

/ 2" 6 —iCM 2T (286 gy _ / / e 2 OO TM (DG qrdr
jrez | /1<lt<2 1<|t]<2 J1<|7]<2

= > |mph (6, &) —myS (6 &)

3,kE€Z

2

J,kEZ
2

b

where T'p/(t) := % Ch € [1,2) is a constant depending only on M.
By the fact that

‘mlv &1, &) mlw 51752 Z ‘mp, &1, 62) m17(§1,§2)|
J,k€EZ

it suffices to prove

(2.6) > |m (&1,&) —mt (51,52)‘

J,kEZL

for all |&1],|&] € [1,2), where the implicit constant is independent of M.
We now define the phase function of mJI]ff by

PPE(t) = 2816 + Cp 2T ay (2816
Then
(2.7) (7%) () = 2561 + On 2T, (2F1)206,
and
(275)" (t) = Cr 2T, (281)2% ¢,

To establish (2.6]), we consider the following seven cases according to the values of k and

j. More precisely, for any given k& > 0, we split R as a union of the following four intervals:
(—o00,1/8], (1/8,T%,(2" )], (T,(2%), §(2C1)*T%,(1)] and (%(201)2@34(1), 00), and
divide (2.6 into four cases according to whether or not %2_] belong to one of these
intervals. For k < 0, similarly, we will divide (2.6 into three cases.
Case 1: k>0 and §277 < { (i.e., j > 0). From Theorem (ii), this implies that
I, (2k)2k¢ T, (2F¢)
I, (2Ft) 2kt

|(£35)" ()] = |Cr2 =22 28| 2 2728T)(29).

By van der Corput’s lemma, we obtain

[mi® (&, &)| S (2724T%,(25)) /2.



Maximal Functions Along Convex Curves with Lacunary Directions 553

The same estimate also holds for mv (§1, §2 by (2.2 ., we then have
kT T ; —-1/2 ik —1/2
Z ‘mm £,6) mjff;(flvfz)‘ S Z (272" 1,(2%)) / S Z (272%) / Sl
Case 1 Case 1 Case 1

for all |&], %] € [1,2).
Case 2: k > 0 and § < £279 < T, (28*!). By Remark and Theorem i), we
have —log,(8C1C}) — klog, C1 < j < 0 and 2/T,(2%) > ﬁ. As in Case 1, it follows that

Z \m (&,&) m,v(fl,@)} Z (272F1%, (2 1/2< Z 9—k/2

Case 2 Case 2 Case 2
S Z (logy(8C1CY) + klog, Cl)zfm <1
k>0

for all |&1], || € [1,2).

Case 3: k >0 and Ty, (M) < §277 < £(2C1)*T),(1). From Ty (2"1) < §277 and
(2.7), this implies that

- ~ ' N
[(@75) ()] = 25 (16| — a2 ITy (250)Eal) > 2°.
This, by van der Corput’s lemma and the fact that (90}];)’ (t) is monotonic on [1,2) or
(=2, —1], leads to
‘m 51352)‘

For mI 7(51, 52) by van der Corput’s lemma, it is easy to see that —i2héy gy <

© ‘ f1§|t|<2 €
2= This, combined with ‘ f1<|7'|<2 e—1CM2 T (28 7)€z dr‘ < 1, further implies that
‘m[»y 51752 ‘

Note that |j| < k, we have

Yo w6 &) —mit @ &) S Y 2 s Y kg

Case 3 Case 3 k>0

for all |&1],]&] € [1,2).

Case 4: k > 0 and %(201)21“1”]\4(1) < %Q*j The method of establishing (2.6 in this
case is different from these cases above. Here, m T v(fl 52) plays a key role in this method,
and we should consider ’m 51 52) m]’ (51,52)’, instead of considering ’m 51 52)}
and ‘m17 {1,52){ separately. Indeed, we can rewrite mlw(fl 52) mlw(fl,fg) as

/ 671‘2‘%51 (e*iCMQjFJW(th)g? _ 1) dt
<Jt|<2

_/ 6712’“{{1 / (efiCMZjFM(QkT)Ez _ 1) drdt.
1<[t]<2 1<|71<2
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By (2.2)), Remark and Theorem [1.2{1), we have

‘ —iCA 29T ar (2F4)Eo } ‘CMZJFM Qk 52‘ < 801

0123(201) ,

‘ —iCp 29T (28 7)€ ‘ ‘CMQjI‘M(2kT)£2‘ < o C 1C12j(201) .

Furthermore, an application of }_ .9 <oc,)-2x 29 < (2C1)72k then shows that

Yo mit L&) —mt €L G)| S D] Yk S o) S

Case 4 Case 4 k>0

for all 161,16 € [1,2).
Case 5: k < 0 and (2e°2/2)k/2 < 277 As in Case 4, we may then apply (2.1)), [2.2)
and Remark [[.4] to conclude that

i k
my" (€1,62) — )" (€1,62)| < 27 (2e7/%)".
Therefore, by 3~ o)< (2cCa/2)-k/2 27 < (2e€2/2)=k/2 it follows that

> }m (€1,82) — ﬁj}f;(é,é)‘ <y 27 (2¢02/2)F S (2602 k/2<1

Case 5 Case 5 k<0
for all [€1],]€2] € [1,2).
Case 6: k < 0 and (2C1)%* < 277 < (2¢%2/2)#/2, In this case, we should rewrite

m17(§17§2) m17(§1’€2)

/ (e_igktgl _ 1)e—iC]\/12jFM(2kt)g2 dt
<|t|<2

_/ e—iCMQjFM(2k7')5~2/ (e—"?ktgl — 1) dtdr.
1<|7]<2 1<ft|<2

From |e—i2"%€1 _ 1‘ ‘thfl‘ < 2% this implies ‘ml7 51,52) ﬁ}’i(é},éﬂ < 2k, Thus,
noting the fact that [j| < |k|, we have

7 mih(6 &) — (€L &) S Y 2P S kP S

Case 6 Case 6 k<0
for all &1, &) € [1,2).
Case 7: k < 0 and 277 < (207)?*. As in Case 1, by D jia—i<(201)2k 279/2 < (2C1)* and
(2.2)), we have
Mo miE &) — (€, &) S D (272°T),(29)) V2 < > (@b Y

Case 7 Case 7 Case 7
Sy et
k<0
for all |3, & € [1,2).
Altogether, we obtain (2.4)) with p = 2.
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2.2. LP(R?)-boundedness

In Subsection we have obtained the L?(R?)-boundedness of sup; yc7 |(M },]; —M]Ilf;) -
Therefore, the LP(R?)-boundedness, p € (2,00), of sup; ¢z |(M}’; - M‘}i)ﬂ in can
be followed by interpolating with the trivial L>(R?)-boundedness. The purpose of this
subsection is to prove for all p € (1,2) in terms of the method of bootstrapping an
iterated interpolation argument in the spirit of Nagel, Stein and Wainger in [23].

As in Carlsson, Christ, Cérdoba et al. [7], we should first describe a Littlewood—Paley

decomposition. Let us set

o~

api=7(2") and Ppf(&r,&) = Br(6r, &) F(1, &),

where
supp @1, C {(&1,&) € R? a1 < |&1/6o| < o }-

From [7], we also have

(2.8) Y Pif=f
keZ
and
1/2
(2.9) H (Z |Pkf|2) < 1l e
keZ LP(R?)

for all p € (1, 00).
On the other hand, for any given k € Z, let us define a function 1y (j) satisfying

(2.10) 2~/ (2F) = ' (2F VD)),

It is easy to see that 1) is monotonic and 1, (0) = 0, which leads to the fact that there
exists the inverse function (¢5)~! of 9. From (2.8)), we write

i .k
(M;:']: - M]I,'y) <Zpl+k+wk(3')f) ‘

leZ

sup | (M7 = W3%) ] = sup
7,kEZ 7,kEZ

Therefore, for (2.4]), by the triangle inequality, it is enough to prove that there exists a

positive constant « such that

S 27N £l 1o rey

i —i.k
sup | (M7 = M75) (P )| -

JkEZ

for all p € (1,2), which is equivalent to

sup |(M{R) T URME M(w)*l(j—Z—kLk)(W)‘

< 27 £l Lo (moy-
sup [(Mr Iy /1 e (r2)

Lr(R2)
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Furthermore, by (2.9)), it suffices to obtain

1/2
stup‘ m Lj—l—k)k (;W L(j—i—k), 5P, f”

jez ket LP(R2)
1/2
st (i)
jEZ LP(R2)

for all p € (1,2). By interpolation, we need to establish only the following estimates

L 1/2
{ZSUP! M(wk )L G—R)k ) 1(a—l—k>,k)(Pj f)‘z]

Zk‘ VA Ly L2(R2)
(2.11) s
Sz—am (Z‘ij|2>
jez L2(R?)
and
ka Yj—l=k)k  57Wr) " G—1—k).k 2 1/2
‘ [Zsup‘ ~Miq )(ij){ ] LP(R2)
€z
(2.12) ! "
<[ (Z i)
JEZ LP(R?)
for all p € (1,2).
Proposition 2.1. We have
1) (2.11) followed from
(2.13)
I—k),k o
sup (MU0 RO E @y || S 2R ) g
kEeZ L2(R2)

(2) (2.12) followed from

sup‘( ﬁ%)_lﬁ—i—k%k __jzg, k)" HG—l—k), )(P f)}

2.14
( ) keZ Ly

S P £l e 2y
Lo(z2)

for allp € (1,00).

Proof. For (2.13) = (2.11)), which comes from the commutative property between (?(Z)
and L?(R?) norms. For (2.14) = (2.12), we first consider the more general estimate

1/Q1
< H (Z\ij\ql)

JEZ.

1/q1
[Zsup\ wk) L(j—l—k).k Mﬁl’;) L(j—l—k), (B, ) }ql]
ez ke ’

L2 (R?)
(2.15)

L92(R2)
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for certain ¢; € (1,00] and g2 € (1, 00).
For the case of ¢; = oo and g2 = 2, by (2.9), it follows that

1/2
SHOS%N)
Lr(R?)

lEZ

sup |P; f|

S fllzewey
jez

Lr(R?)

for all p € (1,00). Recall that in Subsection we have obtained

“1(j—1-k)k
sup MyoH TR g S fllz2 )

L2(R2)

for all f € L?(R?). Therefore,

SEPZMW HG-t-Rkp, ) 3 S]?pZM%k) G-t k)k(suzp,wo .

(2.16) jike L2(R2) j.ke j€ L2(R2)
sup |P; f| )
JEL L2(R?)

From ([2.3)), we also have

supM( k)™ (]lk (]Pf)
7,kEZL

HM RIS <sup|ij|)
L2(R2) JeL

(2.17) L2®%)

sup |P; f|
JEZ

L2(R2)

Thus, from (2.16|) and (2.17), we obtain (2.15)) in the case of ¢ = oo and g2 = 2.

For the case of ¢ = ¢2 and q1,q2 € (1,00), because the IP(Z) and LP(R?) norms
commute, we have that is equivalent to . Then, by the interpolation argument,
we may obtain that holds for all p € (4/3,2). Repeating the interpolation argument
and using ¢1 = oo and ¢ € (4/3,2), we may also obtain that holds for all p €
(8/7,2). Reiterating this process sufficiently many times we can show that holds

for all p € (1,2). Hence, we obtain (2.14) = (2.12)). O

Therefore, it is enough to prove (2.13)) and (2.14). Indeed, since the LP(R?)-boundedness
of sup, ez ‘(M}ic —MJI’;)JC‘ has been obtained for all p € [2, 00|, we can restrict p € (1, 2)
in (2.14). We first bound the left-hand side of (2.14)) by

)

Lp(R?)

YRR v CAR] 2]/
kGZ

and define a finer frequency decomposition operator P; _j,, by restricting the frequency
region to
{(&1,8) e R : 27K =L < 6] 4/(27)|&| < 27+
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Furthermore, we can write
ij = Z IP)j,fchrmf-
meZ
Thus, for (2.14]), by the triangle inequality, it suffices to prove that there exists a positive

constant 8 such that

1/2
i—l— I—k),k
'H | (M0 Gk ))(Pj,k+mf)\2]
keZ

(2.18) f Lr(R2)
S 2_ﬂ|m|HijHLP(R2)
for all p € (1,2). As a result, we obtain = ([2.14).
Proposition 2.2. We have that and can be followed from
1/2
R D s (Ome T b

< g7ellig=hlm| 1P fll 2 (r2)

for some positive constants « and (3.

Proof. For (2.19) = (2.13)), which can be proved as (2.18]) = (2.14). For (2.19) = (2.18),

by interpolation and the Littlewood—Paley theory, it suffices to obtain

, RN 1/2
|| Sl omtooe e @]

keZ Lr(R?)
(2.20) 12
<[ (Zeickens)
kEZ LP(R?)
for all p € (1,2). Similarly, we consider the more general estimate
. /a1
I—k)k  77Wr) " (G—1—k) k
' [Zl M(wk (5—1-k), Mg;) (4 ) )(Pj,—k+mf)‘q1:| -
kEZ L2 (R
(2.21) Vo
l(5rner)
kEZ La2(R?)

for certain ¢; € (1,00] and g2 € (1,00).

As in (2.16)) and (2.17)), we have that can be established for the case of ¢; = 0o
and g2 = 2. On the other hand, for the case of ¢ = ¢ and ¢1,¢2 € (1,00), it is easy to
see that is equivalent to

“1(j—l—k Yi—1—k),k
H(Ml(j%}yk) v W M?f)’?) =0, )(Pj,—k—l—mf)Hqu(Rz) 5 HP',—k-}—meL‘D(Rz)

for all g2 € (1,00), which is a trivial consequence of Minkowski’s inequality. Therefore, as

in , we obtain ([2.20]), which leads to (2.19) = (2.18). O
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In conclusion, we will only prove (2.19). For this aim, it is sufficient to show the
following estimate
—l—k)k  wrR) T (G —l—k)k - —
| (arf ™ TR TR By D) gy S 272 £ 2.
This, by Plancherel’s theorem, can be followed from
)" —l—k),k __ (v —1—k),k —allle—
(2.22) [m{P T TR e gy - i ORI () gy)] < grallig=Aim
for all (&1,&) € R? satisfying
ajo1 <G /&| <ajyr and 27FPTTL <G| A(27)]6] < 27 R

On the other hand, we may assume that |/| and |m| large enough, since we have the

following trivial estimates
Im?f’“) H=t=h), (51752)‘<1 and |m(¢k H=i=h), (51,52)‘

for all (&,&) € R2.
To prove (2.22]), we consider the following five cases according to the values of m and

l.
Case I: m >0 andl < Wmcl' From Theorem ii) and ([2.10)), this implies that
(V) (G —l=k) ke o ()1 (j~1—F) A" (2F )2kt ' (2Ft) o, (207
| (1 ) ()] = Jgkg,| > gm (2 )
5 v (2kt) 2kt 7! (29)

By Theorem [L.2i) and (2.1]), we obtain

which leads to

(35" ()] = 2m(Cy)~t forl >0,
I ~ C

g ome=3l  forl <0,

By van der Corput’s lemma, we obtain

2-m/2(C)Y? for 1 > 0,

k) HG—1—k),
m Fler, &)
’ I ‘ 2_m/26%l for I < 0.

This boundedness can also be obtained for my

(w) (G—1- k)’“(g £3). Therefore,

2-m/2(Cy)H? for 1> 0,

—1-k), —l—-k),k
‘m(wk) (G- (&752) ¢k) LG—1—k), (&1, & )‘ o,
2-m/2¢7 for 1 < 0.

Iy

To obtain (2.22) in this case, two different situations can arise.
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O For | > 0, since 27"/2(Cy)H/? = 27m/82-3m/8(C)l/2 < 2=m/3(Cy)~1/4) we have
(2-22) established with « := log, Cy and 8 :=1/8.

¢ For | < 0, we have ([2.22]) established with « := % log, e and 8 :=1/2.

Case I1: m > 0 and T <l< C’zTge From Theorem (1) and ([2.10]), we may

conclude that

1 1y 1 C
\(90}7) (G—1=F), k) (t )‘ > Qk‘&’ _ ‘2(1/%) 1(Jfl*k)7/(2kt)2k§2‘ > 2m<2 _ 20162%) > gm
for [ and m large enough. Notice the fact that (go?ﬁ (j_l_k)’k)’(t) is monotonic on [1,2)
or (=2, —1], by van der Corput’s lemma, we may obtain

}m(fwj) =ik, (51752)‘

On the other hand, we also have that ‘m (k) (G—L=R), k(f 52)} can be bounded by 27™.

Therefore,

Co log2 el
)

“1(j—l—k)k _ 1—k), _ _ _
miy) VTN @, ) w6 ) g e <2
which proves (2.22)) with o := % and §:=1/2.

Case III: m > 0 and | > Cﬁ(’)’é -, orm < 0 and % < I. As in Case 4 in

Subsection [2.1} n by (2.2]) and Theorem |1.2] - we see that

,y/(gj—l) < 2m67%l for I > 0,

v'(27) 2m(Cy)~ forl <0,

1
T GR g g) _ ( T O RR e )] <

For obtaining (2.22)) in this case, we consider the following three cases.

C
¢ For the case of m > 0 and [ > CﬁT"éev note that 2™e™ = 2Me™

2-m/2¢ , we then establish ( with a = &2 long and 5 :=1/2.

¢ For the case of m < 0 and [ > 0, it is easy to see that (2.22) established with
._ Calogye o
o= — and /B = 1.

O For the case of m < 0 and 515307 <1 <0, we may take |I| and |m| large enough.
Noting that 27 (C) ™! = 2%2%”(01)4 < 2% (C1)"2, we then establish (2.22) with
= % and (3 :=1/4.

Clogegl

Case IV: m < 0 and < ménﬁ' As in Case 6 in Subsection we have

1 1 C
m{) ™ I g ) )T g )| S 2 < 22
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We then establish ( with a := & 10g28 and 3 :=1/2.
Case V: m <0 and I < From Theorem . ) and ([2.10]), this implies that

Cloge

‘(gogwf) Lj—1—k), k) ‘ |2(¢k (j—1—k) /<2kt)2k§2‘ _2k’§1|

ef%l _Coy
>2m T—2 2 2Me 2

for |I| and |m| large enough. We notice that (gogw;) e l_k)’k)’(t) is monotonic on [1,2) or

(=2, —1], van der Corput’s lemma yields
1
[mi) U e ) S 27me .

(k) "1 (j—1—F), ey
On the other hand, we also have |m ({1,52)’ can be bounded by 27¢
which further leads to

1
|m(11ﬁ}l/c) (G—1=k), (61752) —(d’k) Y(i—l=k), (51’52)‘ < 9—m, <2m/2e =l

We then establish (2.22) with o := % and f:=1/2.
In total, we obtain (2.22) with « := % and B := 1/8. This finishes the proof of
Theorem [1.21

3. Proof of Theorem

For My, the method applied in M, is no longer available, and therefore we must find
a different method to prove Theorem We first restrict p € (1,00) based on the trivial
L>(R?)-boundedness of My ~» and also introduce some simple properties of the curve +.

Indeed, from Theorem [1.3(i) and ., we have

t
(3.1) Co+1< Z(i)) < (1 for any t € (0,00).
As in (2.1)), if consider F'(¢) := In~(¢) for any t € (0, 00), by (3.1, we have
v(2
(3.2) elC2H1)/2 < ((tl;) < e for any t € (0,00).
Y

As in My, we may assume that f is non-negative. Let ¢: R — R be a smooth
function supported on {t € R :1/2 < [¢t| < 2} with the properties that 0 < ¢(¢) < 1 and
ez @i(t) =1 for any t # 0, where ¢;(t) := ¢(27't). Here and hereafter, for any I € Z,
we denote Pl(l) and PZ(Q) as the Littlewood—Paley projection corresponding to ¢; in the first

variable and the second variable, respectively,
PO (a1, 20) = / fx1 = w, w2)dr(w) dw

P (wn2) = [ S — w)nw) du



562 Haixia Yu

For any given [ € Z, set

dt

Mifuf ) = [ for =2t = 2@

Then, as in M, it suffices to prove the LP(R?)-boundedness of the operator SUp; j1cz MIZIJ I
Furthermore, for simplicity, we let z = (z1,22), i, = i(z1,22), j, := j(x1,72) and
I, := l(x1,72) be measurable functions. By linearization, it suffices to prove the LP(R?)-
boundedness of the operator Mﬁg:

Note that v is strictly increasing on R* with v(R*) = R*. For these j,,l, € Z, we
denote by k,: R? — R the measurable function satisfying

(3.3) ok=9z~(2l:) = 1.

We then write M}ﬁ f = kex MZ{Z 28 f, and further split it as the sum of the following
low-frequency part M}}’Jl f and the high-frequency part M}} Jf f, where

lzv]z 'Lz,]z (2) iz,Jz R 1z,Jz (2)
Ha,l f= Z an [ and Mubz [= Z MH,lZPk f
k<k. k>k.

Consider M}jj‘;z f+ We compare it with the following operator
12,Jz iy dt
MIIal f .%'1,.%2 Z .%'1 -2 t,$2)¢lz<t) —.

i< g

It is easy to see that ‘lelhl f| can be bounded by M (Zk<k 2 ) Note that the

operator » ;. P f is bounded on LP(R?) for any given p € (1, 00) by multiplier theory,
then we can use the LP(R?)-boundedness of M) to get

(3-4) M5, £ oy S Nz ey
for all p € (1,00). The difference between Mﬁajjz (z) and le]ajzlz (2) can be written as

dt
£l

63 3 [ [ s -2t w)(dalw — 25(0) — w) dwn ()

k<k.
By the Lagrange mean value theorem, we have
(3.6) |6 (w = 2727(1)) = dr(w)| S 27 [y(t)[2%F 27"

if 272|y(¢)| < 27% and w is in the annulus 27"~ < |w| < 27%+7 for n € N. For n = 0
the above estimate holds for all |w| < 27%. For t € supp ., from k < k., (3.2)) and (3.3)),
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we have 27%|y(t)| < 27*, which further implies (3.6]). Noting @ is increasing on R, ([3.2))
and (3.3)), we then bound (3.5 by

. . dt
.0 / / xl_szt@?_w)V‘2]Z|7(t)\22k2_2"dw¢zz(t)m

neN k<k, |<27kin
1 .
$Y oo Y e [ s [ W 2w dua
neN k<, 52 w|s27E

< MOM f(z, 2).
From the LP(R)-boundedness of M) and M® which trivially leads to the estimate
M7 f = M7 ey S 1oy
for all p € (1,00). This, combined with , leads to
H E;{?JHLP(R% S 1 fllzre2)

for all p € (1, 00).

Consider Ij’Jf f. We rewrite

1z,Jz _ iz,Jz 1z ]z (2)
MIIb,lzf - 2 :MII Il Pk+sz : : z :MI] l Pk—i—sz
k>0 meZ k>0

For these i,1, € Z, we let m,: R> — R be a measurable function satisfying
gm=0izls = 1.
Then, we can split

Myl f= 3 SOMEEPVRD f+ Y Y M PR

m<m, k>0 m>mz k>0
_ iz,)z iz,Jz
Mllll f+M1212f.

(PN : 12,Jz : : :
Consider MHl i f. Asin MHa,lzfv we will compare it with

iz ‘Z dt
M[[lel f $17$2 Z Z/ P 1)Pk+k f(xth _2]Z (t))¢lz(t) ?‘

m<mz k>0 ‘

After changing of variable 2/:v(t) =: w, we use (3.1]) and the fact that (y~1)"(¢)/ (v~ 1(t)) =
1 to establish

1 _ v(vH(w/27%)) v w/2) N (w/2)
V(v Hw/22)) A (v w/20))y (w20 w/2 Y w2
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Then we have the following pointwise estimate
it S| S MO( 3 SRR S oo
m<m, k>0

which trivially leads to

(3‘7) HMZ]zfl]zl fHLp(RZ) S HfHLP(RQ)

for all p € (1,00). As the difference between Mﬁjj (z) and M;}’sz (z), we can bound
ERVE 2]z 2

|M}Iljl f(z) — Mznfl (z)| by M (Zk>0 li-s-)k f)(z), which further implies the

LP(R)-boundedness of the difference between M;;f? f(z) and I\\/JIZIZIfZl f(2). Hence, from
(13.7), we get

M55 | o uzy S 1 o)
for all p € (1,00).

Consider M};’ij f. We rewrite
z

iz,Jz _ ix,72 (1) (2)
MHE,lzf - Z ZMII lZPm+msz+sz-
m>0 k>0

By interpolation, it suffices to prove that there exists a positive constant § such that

12,]z 1 2 m
(38) M558 Pt P Sl o @) S 27l ey

for all p € [2,00), and

ZZ: z 2
(3.9) M55 P Pk | oy S 1 o)
for all p € (1,2).

Proof of (3.8)). The expression inside the LP(R?)-norm on the left-hand side of (3.8)) can
be dominated by

1/p
( Z ’M;?gzP'r(nllM I§-2i-)Kf|p> ,
M,KeZ

where 2M2%22l= = 1 and 2K2/:~(2!2) = 1. Noting that

W pe p) " W pe 2}
Z PP f] Z PPy ]

M,KeZ Lp(R?) H M,KE€Z

S 1 llze @)

Lr(R?)

for all p € [2,00), and the IP(Z?) and LP(R?) norms commute, we prove only

iZ7 z 1 2 m
(310) HMIIi PT(nlM lg—l-)KfHLP(RQ) S; 2 +k) ||f||LP(R2
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for all p € [2,00). Furthermore, if we bound the expression inside the LP(R?)-norm on the
left-hand side of (3.10) by

MZJ P (2) p e
Z} 11 m+M k+Kf‘ )

leZ
where 2M2i2! = 1 and 25277(2!) = 1, it is enough to show
(1 2
(3.11) HMIszmJ)rM 1§+)Kf”Lp ®) S 27 2 £l o)
for all p € [2,00). By Minkowski’s inequality, then the following identity is valid,
J p)  p(2)
(312) HMIJ Pm+M k+KfHLP(R2) 5 ||fHLP(R2)

for all p € (1,00). Therefore, by interpolating with (3.12)), to prove (3.11)) we need to show

the following estimate
2 _
(3.13) HMI’] Pr(nj—M ing)KfHH(R?) S 2700 £l 2 gy

To get (3.13)), let us set I'y(t) := 7((2231?)) and rewrite

. ) dt
MI?IREH)LM lgi)l(f(:va?) = / P7511—)5-M Igr)Kf(l’l — 22t 35 — 279 (2))Ty(2)) 9 (2) Ik

Furthermore, let

dt

f(1, ) = / " fan— s — Ty(0)6(0) s

and for any given real numbers a, b, define
Aupf(z1,22) == f(2%21,2°25).
Therefore, it is easy to see that
MI’IJZPSJ)rMPIgKf = Al —j-log, v(ﬂl)TlAz‘JrlJJrlogz v(2l)Pr(nlJ)rMPl§+Kf
Note that 2M22! = 1 and 2K27~(2!) = 1, then

(1) pW (2)
Ai—‘,—l,j—i—logQ 7(21)Pm+M k+Kf m+M+z+lPk+K+J+log2 7(25)Ai+l7j+10g2 ’7(2l)f

2
agz ) 15 )Ai+l,j+log2 v(2l)f'

So we can write

MI}JZP7S1-)&-MPI§+Kf Ay, —j—logy e P( )P( )Ai+l,j+log27(2l)f'
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Since conjugation by A, is an LP(R?) isometry, we then have
i, p@ _ |l p(1) p(2)
HMH]leJrM k+KfHL2(R2) - HT P,%)Pk fHLQ(RQ)'

Let the multiplier of T'P%) P f be

m(&r, &) = Ym (&) Uk (E2) / emit=ieri(0 g ) 9

oo 2’

and the corresponding phase function be ®(t) := —&;t — &1(t), so
O'(t) = =61 — &I(t) and  O7(t) = —&IT(1).
We now consider the following two cases:

* If €] > 4CeC1|&], from (B.1) and (B.2), this implies [Ij(t)| < 2071 with a
bound independent of [, which further leads to |®'(t)] > |&| — |&I(t)| > %
Noting that & € supp ¥, we have |®'(¢t)| = 2. This, by van der Corput’s lemma
and the fact that ®'(¢) is monotonic, implies |m(&1,&2)| < 27™. Furthermore, by
& € suppyy, and |&1] > 4C1eCl|&], we have [m(€r,€2)| < 2720™R). Applying
Plancherel’s theorem, we obtain (3.13]) with § = 1/2.

* If |&| < 4C1eC1|g,], from Theorem (ii), 3.1) and (3.2), we have [T/(t)| >
%\@] with a bound independent of [. This, combined with the fact that

e
& € suppiy, leads to |®”(t)| = 2F. We then apply van der Corput’s lemma to

obtain |m(£1,&)| < 27%/2. As in the first case, by Plancherel’s theorem again, we

obtain (3.13)) with 6 = 1/4.
Putting things together, we obtain (3.13)) with 6 = 1/4, this finishes the proof of

(3-8)- O
Proof of (3.9). It suffices to show
(3.14)
2 p@ r2 2
H( Z |M1§?jpm+MPk+Kf‘ > S H( Z ‘ m+M k—o—Kf‘ )
M,K€EZ Lr(R?) M,K€EZ Lr(R?)

for all p € (1,2), where 2M2%22: = 1 and 252/:(2!2) = 1. We consider the more general

estimate

(3.15)
PR fp @ o\
125]z 1 1
10 @) | s[5 1)
M,K€Z LP2(R?) M,KEZ Lr2(R2)

for certain p; € (1,00] and ps € (1, 00).
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For the case of p; = co and po = 2, by linearization, we have that the expression inside
the LP2(R?)-norm on the left-hand side of (3.15)) can be bounded by M;; - (sup M,KeZ
\Pgl M ki)K f \) It is clear that (3.8) implies the L?(R?)-boundedness of M/ ,. Therefore,
- holds for p; = co and py = 2.

(1)

For the case of p; = p2 and p1,p2 € (1,00), by replacing f by P, +MP,§+Kf, we have
that (3.15]) is equivalent to

(3.16) HM}ﬁj m+M k+KfHLP(]R2) S 1 llze @2)

for all p € (1,00). We admit it first, which proof will be submit later. Then the interpo-
lation argument implies that holds for all p € (4/3,2). Repeating the interpolation
argument and using p; = oo and py € (4/3,2), we can prove that holds for all
p € (8/7,2). Reiterating this process sufficiently many times we can show that
holds for all p € (1,2).

Therefore, it suffices to show . Furthermore, note that M}‘}szqglJ)r Y k(:_Q‘_)K f can
be bounded by MHﬁM(l)M@)f, and the LP(R?)-boundedness of My -, M® and M@
for all p € [2,00), thus we may restrict p € (1,2) in the proof of (3.16). This further

reduces to showing
(1
Rz) leZ

for all p € (1,2), where 27212 = 1 and 2K2/y(2!) = 1. Repeating the method of

bootstrapping an iterated interpolation argument above, it suffices to prove

1/2
(S grtarer?) |
lez LP(R?)

1M P P F N ey S 1 oe)

for all p € (1,00), which can be followed from Minkowski’s inequality. We then obtain

(3.9) and complete the proof of Theorem O
Acknowledgments

The author would like to thank the referee for carefully reading the manuscript and for

offering valuable comments, and also Lixin Yan for the many helpful suggestions.

References

[1] N. Bez, LP-boundedness for the Hilbert transform and mazimal operator along a class
of nonconvex curves, Proc. Amer. Math. Soc. 135 (2007), no. 1, 151-161.

[2] J. Bourgain, Averages in the plane over convexr curves and mazimal operators, J.
Analyse Math. 47 (1986), 69-85.



568

[3]

[11]

[12]

[13]

[14]

[15]

Haixia Yu

A. Carbery, Differentiation in lacunary directions and an extension of the
Marcinkiewicz multiplier theorem, Ann. Inst. Fourier (Grenoble) 38 (1988), no. 1,
157-168.

A. Carbery, M. Christ, J. Vance, S. Wainger and D. K. Watson, Operators associated
to flat plane curves: LP estimates via dilation methods, Duke Math. J. 59 (1989),
no. 3, 675-700.

A. Carbery, J. Vance, S. Wainger and D. Watson, The Hilbert transform and mazimal
function along flat curves, dilations, and differential equations, Amer. J. Math. 116
(1994), no. 5, 1203-1239.

A. Carbery and S. Ziesler, Hilbert transforms and mazimal functions along rough flat
curves, Rev. Mat. Iberoamericana 10 (1994), no. 2, 379-393.

H. Carlsson, M. Christ, A. Cérdoba, J. Duoandikoetxea, J. L. Rubio de Francia,
J. Vance, S. Wainger and D. Weinberg, LP estimates for maximal functions and
Hilbert transforms along flat convex curves in R%, Bull. Amer. Math. Soc. (N.S.) 14
(1986), no. 2, 263-267.

H. Carlsson and S. Wainger, Mazimal functions related to convex polygonal lines,
Indiana Univ. Math. J. 34 (1985), no. 4, 815-823.

A. Cérdoba and R. Fefferman, On differentiation of integrals, Proc. Nat. Acad. Sci.
U.S.A. 74 (1977), no. 6, 2211-2213.

A. Cérdoba and J. L. Rubio de Francia, Fstimates for Wainger’s singular integrals
along curves, Rev. Mat. Iberoamericana 2 (1986), no. 1-2, 105-117.

C. Demeter and F. Di Plinio, Logarithmic LP bounds for mazimal directional singular
integrals in the plane, J. Geom. Anal. 24 (2014), no. 1, 375-416.

S. Guo, J. Hickman, V. Lie and J. Roos, Maximal operators and Hilbert transforms
along variable non-flat homogeneous curves, Proc. Lond. Math. Soc. (3) 115 (2017),
no. 1, 177-219.

S. Guo, J. Roos, A. Seeger and P.-L. Yung, A mazximal function for families of Hilbert
transforms along homogeneous curves, Math. Ann. 377 (2020), no. 1-2, 69-114.

K. Hare and F. Ricci, Mazimal functions with polynomial densities in lacunary direc-
tions, Trans. Amer. Math. Soc. 355 (2003), no. 3, 1135-1144.

S. Hong, J. Kim and C. W. Yang, Maximal operators associated with vector polyno-
mials of lacunary coefficients, Canad. J. Math. 61 (2009), no. 4, 807-827.



[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

Maximal Functions Along Convex Curves with Lacunary Directions 569

A. Tosevich, Maximal operators associated to families of flat curves in the plane, Duke
Math. J. 76 (1994), no. 2, 633-644.

G. A. Karagulyan, On unboundedness of maximal operators for directional Hilbert
transforms, Proc. Amer. Math. Soc. 135 (2007), no. 10, 3133-3141.

I. Laba, A. Marinelli and M. Pramanik, On the maximal directional Hilbert transform,
Anal. Math. 45 (2019), no. 3, 535-568.

W. Li, Mazimal functions associated with nonisotropic dilations of hypersurfaces in

R3, J. Math. Pures Appl. (9) 113 (2018), 70-140.

G. Marletta, Mazimal functions with mitigating factors in the plane, J. London Math.
Soc. (2) 59 (1999), no. 2, 647-656.

G. Marletta and F. Ricci, Two-parameter mazimal functions associated with homo-
geneous surfaces in R™, Studia Math. 130 (1998), no. 1, 53-65.

A. Nagel, N. Riviere and S. Wainger, A mazimal function associated to the curve

(t,t2), Proc. Nat. Acad. Sci. U.S.A. 73 (1976), no. 5, 1416-1417.

A. Nagel, E. M. Stein and S. Wainger, Differentiation in lacunary directions, Proc.
Nat. Acad. Sci. U.S.A. 75 (1978), no. 3, 1060-1062.

A. Nagel, J. Vance, S. Wainger and D. Weinberg, Hilbert transforms for convex curves,
Duke Math. J. 50 (1983), no. 3, 735-744.

_, Maximal functions for convex curves, Duke Math. J. 52 (1985), no. 3, 715
722.

W. C. Nestlerode, Singular integrals and mazximal functions associated with highly
monotone curves, Trans. Amer. Math. Soc. 267 (1981), no. 2, 435-444.

E. M. Stein, Mazximal functions II: Homogeneous curves, Proc. Nat. Acad. Sci. U.S.A.
73 (1976), no. 7, 2176-2177.

E. M. Stein and S. Wainger, Mazimal functions associated to smooth curves, Proc.
Nat. Acad. Sci. U.S.A. 73 (1976), no. 12, 4295-4296.

, Problems in harmonic analysis related to curvature, Bull. Amer. Math. Soc.
84 (1978), no. 6, 1239-1295.

J.-O. Stromberg, Weak estimates on maximal functions with rectangles in certain
directions, Ark. Mat. 15 (1977), no. 2, 229-240.



570 Haixia Yu

[31] J. Vance, S. Wainger and J. Wright, The Hilbert transform and mazimal function
along nonconvex curves in the plane, Rev. Mat. Iberoamericana 10 (1994), no. 1,
93-121.

[32] J. Wright, LP estimates for operators associated to oscillating plane curves, Duke
Math. J. 67 (1992), no. 1, 101-157.

[33] S. Ziesler, LP-boundedness of the Hilbert transform and mazimal function associated
to flat plane curves, Proc. Amer. Math. Soc. 122 (1994), no. 4, 1035-1043.

Haixia Yu
Department of Mathematics, Shantou University, Shantou, 515063, China

E-mail address: yuhx26@mail.sysu.edu.cn



	Introduction
	Proof of Theorem 1.2
	L2(R2)-boundedness
	Lp(R2)-boundedness

	Proof of Theorem 1.3

