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Infinite Horizon Stochastic Delay Evolution Equations in Hilbert Spaces and

Stochastic Maximum Principle

Han Li, Jianjun Zhou®, Haoran Dai, Biteng Xu and Wenxu Dong

Abstract. In this paper, a class of infinite horizon optimal control problems is es-
tablished, where the state equation is given by a stochastic delay evolution equation
(SDEE), and the corresponding adjoint equation is given by an anticipated backward
stochastic evolution equation (ABSEE). Firstly, we extend the form of It6 formula.
After that, we establish the priori estimate for the solution to ABSEEs, and then the
existence and uniqueness results of ABSEEs on infinite horizon are obtained. Finally,
we establish necessary and sufficient conditions of stochastic maximum principle for
infinite horizon optimal control problem in the form of Pontryagin’s maximum prin-

ciple.

1. Introduction

With the development of industrial technology and modern computer technology, we can
widely observe the phenomenon of delay in many practical systems, such as in physics,
biology, engineering, economics and other fields. The phenomenon of delay is that the
system changes not only according to the current state, but also according to its past state.
Stochastic delay differential equations (SDDEs) are designed to describe this phenomenon
in these systems. Mohammed [18] proved the existence and uniqueness of the solution of
SDDESs. Therefore, its theoretical reliability makes it possible to consider the stochastic
optimal control problems of delay deeply. In the late years, the problem of optimal control
with delay has been extensively studied. Readers can refer to the paper [4]. Moreover,
stochastic evolution equations (SEEs) have been a hot topic in the study of dynamical
systems. Da Prato and Zabczyk [6] systematically introduced the basic results of SEEs.
In the 1950s, with the development of aerospace technology and missile technology,

an important branch of modern control theory has emerged: optimal control theory. The
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basic problem of optimal control theory is to seek a control for a controlled state sys-
tem so that the performance index of the state system can reach the best. At present,
optimal control theory has been widely used in social production and economic life, and
plays an increasingly important role. Two basic methods to study optimal control prob-
lems are Bellman’s dynamic programming principle and Pontryagin’s maximum principle.
Yong and Zhou [23] systematically illustrated the dynamic programming principle and the
maximum principle method for stochastic optimal control. For Bellman’s dynamic pro-
gramming principle, the main idea is that the value function of the optimal control problem
of the dynamic system satisfies its corresponding Hamilton—Jacobi-Bellman (HJB) equa-
tion. However, due to the infinite dimensional nature of delay systems, it is difficult to
solve the optimal control problem with delay by using dynamic programming principle.
Only in some special cases, the original infinite dimensional system can be simplified into
some related finite dimensional systems [11]. But this method generally doesn’t work.
A typical approach to deal with optimal control problem with delay is to represent the
control system in an appropriate infinite dimensional space without delay. For instance,
under the sufficient condition of |12], we derive the equivalence between the original finite
dimensional problem with delay and the infinite dimensional problem without delay in the
sense of weak solution, then this problem can be solved by discussing the corresponding

infinite dimensional HJB equations.

For Pontryagin’s maximum principle, the main idea is to use the way of variation to
solve the extremum problem of dynamic system. The research on the maximum principle
can be roughly divided into two methods. One method includes a system involving three-
coupled adjoint equations, and it consists of two backward stochastic differential equations
(BSDEs) and one backward ordinary differential equation (ODE) [1,8,19]. Different from
the above papers, Shen, Meng and Shi [22] put forward a system that is composed of
three-coupled BSDEs as adjoint equations with delay. In these papers, a hypothesis of
the maximum principle is the third adjoint equation. In fact, this hypothesis is also to
simplify the infinite dimensional control problem to the finite dimensional control problem.
Therefore, the optimal conditions are established in this method only when the system with
delay is finite dimensional in nature. The other method is that the adjoint equation is given
by an anticipated backward stochastic differential equation (ABSDE) (see [21]). Chen and
Wu [5] obtained the maximum principle for the controlled stochastic differential equations

involving delays in both the state variable and the control variable. See also [2}|16}20].

This paper considers an optimal control problem for a class of infinite horizon stochastic
evolution system with delay, and the system has pointwise delays in both state and control
variables and no diffused delays. In fact, due to the randomness and time variability of

operator A, if we define mild solutions as usual, the integrand in stochastic integral may
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not be adaptive. Thus, it seems more workable to study our optimal control problem in
the weak solution framework of Gelfand triple (V, H,V*) (see [17]). In the meantime,
our system is more general than [9]. The benefit of this framework is that a form of It6
formula is suitable for Gelfand triples (V, H,V*) in Hilbert spaces (see [15]). This Ito
formula is of great significance to prove the existence and uniqueness theorem of solutions
of stochastic delay evolution equations (SDEEs) and ABSEEs. Then, we consider optimal
control problem for a class of infinite horizon controlled SDEEs in the Gelfand triple
(V,H,V*) as follows:

x(t) = ¢(0) — /0 A(s)z(s)ds +/0 h(s,z(s),z(s — &), u(s),u(s — ) ds
t

+/0 g(s,z(s),z(s — 0),u(s),u(s —0))dW(s), te€[0,00),

z(t) = ¢(t), te[=6,0],
u(t) =uo(t), te[=9,0],

where the notations and mappings will be given in Sections [2[ and Then, we define a
class of optimal control problems on infinite horizon and the cost functional of the optimal

control problems is given by

Ju(-))=E [/000 e*)‘sk(s,x(s), z(s—9),u(s),u(s —9))ds|,

where ) is a given attenuation coefficient and large enough, the control problem is under-
stood in the usual weak sense (see [13]). Our aim is to find a control process u(-), within
a set of admissible controls (u(-);Z(+)), in such a way to minimize an infinite horizon cost
functional

J(u(-) = u('i)ggad J(u())-

And then, for any admissible pair (u(-);z(-)), we introduce the following adjoint equation
in the Gelfand triple (V, H,V*)

dp(s) = {A™p(s) — Ha(s) — E[Ha,y (s +0) | F] }ds + qls) dW(s), s € [0,0),
where we denote Hamiltonian by

7_‘(57x,x57u7u57p5 Q) = (h(S,l‘,.’Eg,u,Ug) - )“T’p)H

+ (g(s,x, s, u7u5)7Q)L2(E7H) + k(s,:n,:p(;,u, Ug),

and the notations will be given in Section [3] At the end, we deduce a variational formula

of the cost functional from Hamiltonian. By using the variational formula, we obtain the
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necessary and sufficient conditions for the stochastic maximum principle of Pontryagin’s
type.

The present paper has the following improvements. We want to extend the results
in [17] to infinite horizon case. This extension is nontrivial since it is difficult to extend
ABSEEs from finite horizon to infinite horizon. Firstly, we give a priori estimate of the
solution of ABSEEs on infinite horizon. Secondly, we obtain the existence and uniqueness
theorem of solutions of linear BSEEs by using approximating methods. Finally, we es-
tablish the existence and uniqueness results of ABSEEs through the contraction mapping
principle. And then we take the ABSEEs as the adjoint equation in our research of optimal
control problems. We also note that our system is more general than [7] in such a way that
the unbounded operator A in our control system is random and time-varying. In addition,
we can obtain better result than [7] if the operator A satisfies (A(s)z, z)+7||z||% > ofz|?,
V(s,z) € [0,00) x V for some constants a > 0 and v € R. Specifically, Theorem in
this paper only needs f < —(y + 19L + 1/2) A 0, while Theorem 2.4 in [7] requires
B < —132L — 1/2. Here, 5 € R is a constant such that h(-,0,0) € L%(Q,L%(H)) and
g(+,0,0) € LA (S L%(LZ(E, H))), and L'/? denotes the Lipschitz coefficient of functions h
and g with respect to the second and third variables.

The plan of this paper is organized as follows. In Section[2] we introduce some notations
and spaces to establish our results, and then we extend the It6 formula into a new form in
Hilbert space. After that, we establish the existence and uniqueness theorem of solutions
of SDEEs and ABSEEs. In Section [3] we define a class of infinite horizon optimal control
problem and establish necessary and sufficient conditions of stochastic maximum principle
to optimal control problem. Finally, an example of the optimal control of a stochastic delay

partial differential equation is presented in Section [4

2. Preliminaries

2.1. Notations and spaces

Let 2, H be a pair of real separable Hilbert spaces, for convenience, we shall use the
notations || - || and (-,-) for norms and scalar products with a subscript to specify the
space, if necessary. L(Z, H) denotes the space of all bounded linear operators from Z into
H, endowed with the usual operator norm. Lo(Z, H) denotes the space of the Hilbert
Schmidt operators from = into H, which is endowed with the Hilbert—Schmidt norm that
makes it a separable Hilbert space.

Let (€2, F, P) be a complete probability space with a filtration {F;}+>¢ which satisfies
the usual condition, i.e., {F;}+>0 is a right continuous increasing family of sub o-algebra

of F and JFy contains all P-null sets of 7. By a cylindrical Wiener process with values in a
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Hilbert space =, we mean a family {W (t),t > 0} of linear mappings = — L?(2), denoted
& — (&, Wy), such that for every &,n € Z, {W(t)§,t > 0} is a real Wiener process and
E(W(t)¢ - W(t)n) = (§,m)=st. The filtration {F;}i>0 is generated by cylindrical Wiener
process {W(t),t > 0}. Let E denote the expectation under P. Let § > 0 be a given
constant and denote the time delay. Furthermore, we define 73 = Fy for all ¢ € [—9,0].

All the concepts of measurability (e.g., predictability, independence, etc.) for stochastic

processes refer to this filtration. By P we denote the predictable o-algebra generated by

predictable processes and by B(A) we denote, the Borel o-algebra of any topological space

A.

The following spaces will be frequently used in this paper:

o L%(Q;L%(H)): the space of processes {y(t),t > 0}, with values in H, defined for

B € R and p,q € [1,00). It is endowed with the norm

o) p/q
t
19 gy = ([ e oot )

is finite, and y(¢) admits a predictable version.

LL,(Q;C[0,T); H): the space of predictable processes {y(t),t € [0,T]} with continu-
ous paths in H, defined for 7" > 0 and p € [1,00). It is endowed with the norm

91 ctomim = B sup (@)l
Lip (:C[0,T];H) t€[0,7] !

is finite.

L1,(; C3(H)): the space of predictable processes {y(t),t > 0} with continuous paths
in H, defined for § € R and ¢ € [1,00). It is endowed with the norm

HyH%%(Q;CB(H)) = Eigg e'Bthy(t)”%r
is finite.

L?(F; H): the space of measurable random variables ¢, with values in H. It is

endowed with the norm
€727, i) = ENENF

is finite, for each ¢t € [0, T7.

With the time horizon [0,T] replaced by [—4,0], L}, (Q;C[—6,0]; H) can be defined

similarly as L%(Q;C[0,T]; H). Let H and V denote two separable real Hilbert spaces
such that V is densely embedded in H. We identify H with its dual space H* and denote
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by V* the dual of V. Then we have V. C H = H* C V*. Denote by (-,-)y the inner
product in H and by (-,-) the duality product between V and V*.

Next, we provide the extended It6 formula for Hilbert-space-valued stochastic pro-
cesses. Given processes {v(t,w), (t,w) € [0,T] x Q}, {m(t,w), (t,w) € [0,T] x Q}, and
{v*(t,w), (t,w) € [0,T] x Q} with values in V|, H, V*, respectively. Let v(¢,w) be mea-
surable with respect to (f,w) and be F;-measurable with respect to w for a.e. t. For any
n € V, let the duality product (n,v*(t,w)) is also F;-measurable with respect to w for
a.e. t. Suppose m(t,w) is strongly continuous in ¢, Fi-measurable with respect to w for
any ¢, and a local martingale with m(0) = 0. Set (m) represent the increasing process

portion for |[m|% in the Doob-Meyer decomposition.

Lemma 2.1. Let ¢ € L*(Fo; H). Suppose that for any n € V and almost every (t,w) €
[0,T] x Q, the following equation is satisfied

t
(o 0)ss = (.00 + [ (00" (5) ds + (ot
Then, there exists a set Q' C Q s.t. P(Q) =1 and an H-valued function h(t) such that

(1) h(t) is Fi-measurable for any t € [0,T], and strongly continuous with respect to t for
any w, and h(t) = v(t) for a.e. (t,w) € [0,T] x Q, and h(0) = ¢ for any w € .

(2) for anyw € Q, B R and t € [0,T],

t t
) = H¢!%+2ﬁ/ 6258\h(8)||%1d8+2/ % (v(s), v (s)) ds
(2.1) 0 0

+2/0 eQﬁS(h(s),dm(s))H—i—/ e’ d(m)(s).

0

Proof. According to Theorem 3.2 in [15], we obtain the proof of (1) and energy equality

12 = 6l +2 /0 (v(s), v (5)) ds + 2 /0 (h(s), dm(s)) i + (m)(t).

Notice that the form of the right-side of the above formula, so ||h(t)||% can be regarded
as continuous semi-martingale. Therefore, we deduce the equation (2.1) by applying Ito

formula for semi-martingale to e2%||h(t)|%. O

2.2. Forward stochastic delay evolution equation

Now, let us consider a class of infinite horizon SDEE in the Gelfand triple (V, H,V*) as

follows:
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z(t) = ¢(0) — /0 A(s)xz(s)ds +/0 h(s,z(s),z(s —0))ds

(2:2) + /O 9(s,2(s),2(s — 6) dW(s), t e [0,00),

z(t) = ¢(t), te[=6,0],

where {W(t),t > 0} is a cylindrical Wiener process with values in a Hilbert space Z;
the mapping h: [0,00) x Q@ x H x H — H and g: [0,00) X Q@ x H x H — Lo(E,H)
are P ® B(H) ® B(H)/B(H)-measurable and P ® B(H) ® B(H)/B(L2(Z, H))-measurable,
respectively; the linear operator A: [0,00) x Q — L(V, V*) satisfies that Av: [0,00) x Q —
V*is P/B(V*)-measurable for any v € V; ¢: [=6,0] x Q — H is P|_s)/B(H)-measurable.

Moreover, we introduce the following assumptions:

Assumption 2.2. (i) For any (x,xzs) € H, h(-,z,x5), g(-,x,x5) are F-progressively
measurable. h(-,0,0) € L%(Q;L%(H)), g(-,0,0) € L%(Q;L%(LQ(E,H)));

(ii) The operator A satisfies the following coercivity condition, i.e., there exist constants
a >0 and v € R such that

(A(s)z, ) +7llzE > allzllf, Vs €[0,00), Yo e V;

(iii) The operator A is uniformly bounded, i.e., there exists a constant C > 0 such that

sup I A(s, W)l vy < C;
(s,w)€[0,00)xQ

(iv) h and g are uniformly Lipschitz continuous in (x,xs), i.e., there exists a nonnegative

constant L such that for any (x,xs), (T, T5) € H x H and a.e. (s,w) € [0,00) X Q,

Hh(s,x,a}(;) - h(s,f,f(;)HiI + Hg(s, x,zs5) — 9(s, 7, E(;)H;(EH)

< L(llz —Z|% + llzs — TollH)-

Definition 2.3. An H-valued, F-adapted process z(-) is called a solution to the SDEE
(12.2)), if z(-) € L%(Q,L%(H)) N L% (€ Cs(H)), such that for ¢ € V and a.e. (t,w) €
[—9,00) x Q, it holds that

(@), V) = (¢(0),¥)m — /0 (A(s)x(s),¢) ds +/0 (h(s,z(s),2(s = 9)),¥)m ds

+ / (905, 2(s), 2(s — 8)), ) dW(s), t € [0,00),
0

2(t) = p(t), te[-0,0).
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Theorem 2.4 (Existence and uniqueness theorem of finite horizon SDEE). Suppose that
Assumption holds, for every T > 0, there exists a unique process x(-) € L%(Q; C0,TY;
H), a solution of the SDEE (2.2) on finite horizon [0,T].

Proof. The proof of this theorem has been obtained in [3] and will not be repeated here. [J

Theorem 2.5 (Existence and uniqueness theorem of infinite horizon SDEE). Suppose
that Assumption holds for some B € R. Then for B < —(y+ 19L + 1/2) A O, the
infinite horizon SDEE (2.2)) has a unique solution x(-) € L% (€; L%(H)) N L3 (s Ca(H)).

Proof. The existence and uniqueness of the solution of SDEE ([2.2) can be obtained by

Theorem Now we prove z(-) € L% (Q; L%(H)) N L%4(Q; Cs(H)). Applying Lemma [2.1

28t

to e2t||z(t)||%, we have

Pt + 2 [ M AGa(s) (o)) ds
= llp(0)|7 + 28 /Ot || ()| ds + Q/Ot *% (h(s, x(s), (s — 8)), 2(s))n ds
+ 2/075 e (g(s, 2(s), x(s — 8)),z(s)) g AW (s) + /Ot €255\ g(s, z(s), z(s — 5))||%2(57H) ds.
Using Assumption and the inequality 2(a,b) < €||al|} + L[|b||3; for all € > 0, we have
a0y + 20 [ a(s) I s
< IO+ @3 +27+30++1) [ o)l ds
+2/0t €295 (g(s, 3(5), (5 — ), () dW(s)+3L/0t €295 2(s — 8) 1% ds

1 t t
1 [ s, 0.0 s+ 2 [ P s,0.0) 1 .

Noting that

t 0 t
/0 255 (s — 8)|% ds < 2 / (o) [y s+ / 255 2(s)||% ds,

we have
t
()3 + 20 / 255 2(s) |3 ds
0
t
< H(p(O)H%{ + (25 +2y+ 3L+ 3Le2P0 Loy 1) / eZ’BSHx(s)H%{ ds
0
t 0
12 / 55 (g(s, 2(s), 2(s — 5)), 2(s)) i AW (s) + 3Le2% / 255\ o(s)|13 ds
0

1 t t
2 [ s, 0.0 ds +2 [ ¢ lg(s,0,0)F 2 ) .
0 0
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Using Burkholder-Davis—Gundy inequality, we derive that
00
1 203s 2 203s 2
gEsupe™|z(s)lg +2aE [ e la(s)]y ds
s>0 0

< (284 2y +19L +19Le + ¢ + 1)E/ %) z(s)||1% ds
0
(2.3) o
+ BllpO)I + 129 E [ (o) ds
-0

1 [o¢] o0
2B [ h(s0,0) [ ds 4 18E [T g(5,0.0) F c .
0 0
By Assumption [2.2{1i), we have
E/ e**)|g(s,0,0)||7,,z.a) ds < 00; E/ €*%%||h(s,0,0)||% ds < co
0 0

for every f < —(y+ 19L + 1/2) A 0, we can find € > 0 small enough such that § <
—(y+19L+¢/2+1/2) A0, then we have proved z(-) € L% (£; L%(H))QL%(Q; Cs(H)). O

Remark 2.6. We note that our system is more general than |7] in such a way that the
unbounded operator A in our control system is random and time-varying. Moreover, our
result is better than [7]. Specifically, the above theorem only needs 5 < —(y+19L+1/2)A0,
while Theorem 2.4 in [7] requires § < —132L — 1/2.

Theorem 2.7 (Continuous dependence theorem of infinite horizon SDEE). Suppose that
Assumption holds for some 3 € R. If z(-) is the solution to the SDEE (2.2) cor-
responding to the generator (A, h,g,¢), and if T(-) is the solution to the SDEE
corresponding to the generator (A, h,q,®), then for B < —(y+19L +1) A0, the following

estimate holds:

1 oo
350 (¥ a(s) =2 ] +208 | e la(s) ~(s) s

< (28 + 2y +19L +19Le* + 2)E /Ooo %)\ (s) — T(s)||% ds
+ Ell(0) = 2(0) |} + 19Le* E /05 |l (s) — 2(s) |17 ds
+ E/OOO 25 ||h(s,T(s), T(s — 8)) — h(s,T(s), T(s — 8))||3 ds
+18E /OOO e*%||g(s,T(s), (s — 6)) — G(s,T(s), T(s — 6)) |7, @) ds-

Proof. The proof of this theorem is similar to Theorem and it will not be repeated
here. O
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2.3. Anticipated backward stochastic evolution equation

In this subsection, we will study the following ABSEE in the Gelfand triple (V, H, V™),

which will be used in the next section. For its own research is also of great significance,

dy(s) = {A"(s)y(s) + E[¢(s, y(s),y(s + ), 2(s), 2(s +0)) + Oy(s) — f(s) | Fu} ds

(2.4)
+ 2(s)dW (s), se€]0,00),

where {W (t),t > 0} is a cylindrical Wiener process with values in a Hilbert space Z; the
mapping ¢: [0,00) x Q@ x H x H x Lo(E,H) X Lo(E,H) — H is P® B(H) ® B(H) ®
B(L2(Z,H)) ® B(L2(Z, H))/B(H )-measurable; the mapping f: [0,00) x Q@ — H is a pre-
dictable process with integrable paths; the mapping z: [0,00) x Q — Lo(Z, H); 0 is a given
real parameter; the operator A* is the adjoint operator of A, then by Remark 2.1 of [17],
A*(s,w) € L(V,V*) for all (s,w) € [0,00) x £, and by Proposition 1.3 on page 17 of [6],
A*v: [0,00) x Q — V* is P/B(V*)-measurable for any v € V.

Moreover, we introduce the following assumptions:

Assumption 2.8. (i) There ezist u, 5 € R, such that for all s € [0,00), ¥,7,Ys, s € H
and z,zs € Lo(E, H),

(¢(87y’y5azaz(5) - ¢($7?agéazvz5)ay _g)H > :U(Hy - y”%{ + ||y5 _ngHl%I)’
)
B [ 6(5,0.0.0,0) % ds < o
0

(ii) ¢ is Lipschitz continuous with respect to (y,ys, z, z5), i.e., there exists a nonnegative
constant L such that for any (y,ys, 2, 25), (Y, Ys, 2, 25) € Hx H X La(E, H) x La(=Z, H)
and a.e. (s,w) € [0,00) x €,

“¢(S7y7y572725) - (z)(S?gvg(SuE?E(s)HH
< L(ly =9lla + llys = Uslla + 1z = 2l oz ) + 125 — Zsll Loz mm) -

We note that from the properties of the adjoint operator, if A satisfies (ii) and (iii) in
Assumption its adjoint operator A* naturally satisfies (ii) and (iii) in Assumption
(see Remark 2.2 in [17]).

Definition 2.9. An (H x Ly(E, H))-valued, F-adapted process (y(-), z(-)) is called a so-
lution to the ABSEE (24), if (y(-),2(-)) € L%(QL3(H)) x L (2 L3(La(E, H))) and
f() e L%(Q;L%(H)) such that for ¢ € V and a.e. (¢,T,w) € [0,T] x [0,00) x 2, for every
T > 0, it holds that
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T
- / ({E[6(5, 5(5), y(s + 8), 2(5), 2(5 + 6)) + By(s) — £(5) | Fol}, )  ds

T T
—/t (A*(s)y(s), ) ds —/t (2(5),Y)pdW(s), 0<t<T < o0.

Theorem 2.10. Suppose that Assumption (ii), (iii) and Assumption hold for some
BeR,OeR. If (y(-), 2(+)) is the solution to the following ABSEE (2.5) corresponding to
the generator (A*, ¢, f):

T
y(T) —y(t) = / Elo(s, y(s),y(s 4 0), 2(s), 2(s 4+ 0)) + Oy(s) — f(s) | Fs]ds
t
(2.5) . .
+/ A*()y(s) ds+/ H(s)dW(s), 0<t<T <o
t t

Suppose that (y(-),Z(+)) is the solution to the ABSEE (2.5)) corresponding to another gen-
erator (A*, ¢, f). Then for every 6 > — (B8 + p— v — LQ(E%;;M) + 62%), and 6 > 0, there
exists a constant C7; > 0 such that
(0 —0)"/2]2(s) - 23|12, ;12 (Lo 1)) + (0 = O)lly(s) = T() | £z, 0;03 ()
+ (0 —0)/2 sup P Elly(s) = 5(s)ll7 + (0 — 0)ly(s) = 5(s)ll 12 (0120

520 L

< Cillf(s) - 7(3>HL$,(Q;L§(H)),

where Cy depends only on 3, i, v, L, a and 6.

Proof. To simplify our notation, we write

o~

y(s) :==y(s) =y(s), f(s):=[f(s) = f(s), Z(s):=2(s) —=(s),
B(s) = 35, y(s), y(s + ), 2(s), 2(s + 0)) — $(s,7(s), U(s + 5), Z(s), Z(s + 9)).
According to , we obtain

T
GOl — gD 17 + /t €% (208 + )7 ()1 + 1Z(s)I12 2, m)) ds

T R T
(26) =2 / €255 (§(s), E[a(s) | F), ds — 2 / 285 (5(s), A*()7(s)) ds
T R T
9 / 5(5(s), F(s))r ds — 2 / 55 (§(s), 2(s) AW (5)) 1.

t
By Assumption (iii)(iv) and elementary inequality, we obtain
2(5(s), E[o(s) | F]) y = 20(15() |7 + BIIH(s + 817 | 7))
= 2L[|5 ()1 (E[IZ(s + )| Loz mr) | Fsl + 12(5) | a2,
202\ | . -
> (2= 25 ) 1960 + 2B 1906 + D)1 | 7]

= P(B[IZ(s + DL,y | Fo] + 12O Ly m)-
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where p is an arbitrary number in (O, 1_7_26752(;(5]- Moreover, by Assumption (ii),

T T
—Q/t e (7(s), A*(s)y(s)) ds < Q/t e [y 5(s) |15 — alli(s)II7] ds.

Combining with the above inequality, by (2.6)), we obtain

28t 9 98T 202N [T s~ o

g7 — e TG |7 25+29+2M—2’Y—7 o 17(s)|| 7 ds

T T
+1=p) [ R s+ 20 [ IR ds
T T
[ IR+ ) | B ds+ 2 [ B[+ Ol | ] ds

T T
<2 / 55 (5(s), Fls))r ds — 2 / 205(5(s), 3(s) dW ()i
t t
Noting that
T 2 2
p / PR [|3(s + O)|12, w.nn | Fo] d
T+6
=0 / DR [20)|12, ) | Fis) dl
t+94
4 T 281 (7112 o 281 =(1\112
= 23 H(SG E[Hz(l)||L2 ) | Fi- 5] dl + 2[35 e E[HZ(Z)HLQ(E,H) | Fis] di
in the same way, we obtain

T
o / 2E[|[5(s + 0) % | Fu] ds

2,[,14 T 2,LL T+5 R
= 28 t+662mE[\| gDl | Fi-s] dl + 255/ SPE[g(W)IF | Fios] dl.
Then by the previous equation, we obtain
(2.7)
T
625tllﬂ(t)H§162BT||17(T)||?1+2a/t g (s)|13 ds
2L _ r .
<2B+20+2u 27—[)) / s s+ (L= ) [ )
t
T T
p - 21 ~
- =5 t+5€2ﬁsE[Hz(s)H%2(_ | Foms] ds + 55z +5€255E[Hy(3)\\%]]:s,5] ds

T T N
= / €255 (§(3), 2(s) AW (3)) 1 + 2 / 255(5(s), F(s))n ds

T+ T+6
p smllls 2p swllls
g [ PRI e | Feslds— s [ R[N | Fs] d
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For any & > 0, by inequality 2(a,b)y < e|lal|% + 1[|b[|%, we obtain

T R T T n
) / P (G(s), F(s)m ds < e / A5 5(5) 3 ds + / 5| ()3 ds.

Using the quadratic variation of stochastic integrals to (2.7]), we obtain

. 1/2
( | T B EGE e d8>

T
< 28T sup [15(s)|lzr </t 12112, (=.1) ds)

s€[t,T)

1/2

1 957 . 1o [T
< 5 sup [506) B + 58T [ 1061
s€(t,T] t

Since the assumption is that y € L%(Q;L%(H )), the right side of above inequality is
integrable random variable and we can easily obtain Esupcp, 1 e2%|9(s)||% < co. Then,
stochastic integrals in are integrable random variables. Taking expectation on both
sides of , we have

T

IR0 H — e TEIG(T)| 7 + QQE/t %[5 (s)|I3 ds

2% 2 T .
+ <2B+ 20 4+ 2p — 2y — — + 62% - 5> IE/ 2% |5(s)||% ds

t
4 T 20 2
Sin
+ (1 —p— W) E/t e Z(9) 1752, 1) ds
1 T ) R ) T+6 ) )
<1E [ T+ LB [ IR em ds
2:“ T+6 N

- [ s

We recall the assumption E [;° 27|y (s)[|%, ds < 0o, E [~ 27%||2 (s)H%Q(aH) ds < oo, then

we can find a sequence of Tj, — oo, such that e’TE|y(T,,)||% — 0, fr‘l;:l—HS e2%||y(s)||% ds
— 0 and fﬁ"” 62'85”3(5)]\%2(5 ) ds = 0. Setting T' = T), and letting n — oo, we obtain

(o]
SHEGO + 20 [ o)

t

2% 2 e _
T LT LT
t
p ~

+ (1 —p— 62%> E/t 62BS||Z(S)H%2(E,H) ds

1 ® 0Bsi
<IE [T ds
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In particular, we have

- 1 [~ 7
sup 70| < B [ ol ds

t>0

Then, we obtain

2 2 > 2 2

wpewwwamH+an/'eﬁﬂwwwvds

t>0 0
1—p— p E > 28512 o\ |12 d

+ P = ams ; e Nz, = 1) ds

212 2 o .
4«%+w+m—%—p4}$—QE/e%M®%%
0

2 e ~

gem/’ewﬂuww%d&
0

L2(1+62ﬂ6)
Letting p < 265 close enough to 1+ 255, for every B+ pu—v— —m— + 625

L2(1+e2ﬁ5)
and 0 > 6, we can find € > 0 small enough such that 84—~ — —m

Q:\ Cc\

o285
Then there exists a constant Cy > 0 such that

sg;o)ewSEHﬂ( s)IH + (0 —0)|u(s )HL2 (L2 (H))

(2.8) + 126 2 @3 o my + 15z @iz
< Gollf ()l ez, @220

where Cy depends only on 3, u, 7, L, a and #.
Next, taking expectation on both sides of ([2.7] ., we can find a sequence of T}, — 00, such
that T E|G(T) |3 — 0, [z eP|[i(s)[3; ds — 0 and [ €25|2(s)|13,, 2 ) ds — 0.

Setting T' =T}, and letting n — oo, as shown previously, we have
(o ¢]
FEIGOI+208 [ G ds
202 2
+ (25 20+ 2 — 2y — —+ 62’;5) IE/ 2P| G(s)|1% ds
t
+ (1 —p— L) E/Oo 22| 3()|I2. = gy ds
285 ] L2(2,H)
S ~
<28 [ @ (q(s), Fo)mds,
t

and by the Holder inequality and ({2.8]), we obtain

e [" e A< (& [~ et (2 [T i)

/2 00
0 28s(| 71 2
< gt [ I s
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then we have

(60— 9)'? sup PENG() 7 + (0 = DT 2,02

+ (0 — §)1/2”2(8)HL%(Q;L%(Lz(E,H))) + (0 - g)l/szJ\(S)”L%(Q;L%(V))
< Cl”f(S)HL%(Q;L%(H))a
where C depends only on 3, i, 7, L, a and #. ]

In the linear case ¢ = 0, we easily obtain

Corollary 2.11. Suppose that Assumption (ii), (iii) and Assumption hold for some
g eR,0eR. If (y(-),2(+)) is the solution to the following (2.9)) corresponding to the
generator (A*, f):

T T
u(T) —y(t)= [ A(shy(s)ds+ [ E[fy(s) — f(s) | Fi] ds
[ e |

T
+/ z(s)dW(s), 0<t<T < 0.
t

Suppose that (y(-),z(+)) is the solution to the (2.9) corresponding to another generator
(A*, f), then for every > —B 4~ and 0 > 6, we have

(0—0)"2(s) — 2(9) |z, @:r2 2oz ) + (0 = Olly(s) = ()2, 0;02 ()
+ (0 —0)"?sup P Elly(s) = 5(s) | F + (0 — )|y (s) = 7(s) |l 12,2 0v))
520 L
< Cofl f(s) — ?(S)HL%(Q;L%(H))a
where Cy depends only on B3, v, o and .

The next step to Theorem [2.13]is to prove that for the existence of large value 6. Let’s

introduce the following lemma.
Lemma 2.12. Suppose that Assumption [2.2[(ii), (iii) and Assumption hold for f(-) €
L%(Q;L%(H)), some B € R and § € R. Then for every § > —3 4+~ and 6 > 0, the BSEE

T T
y(T) — y(t) = / (By(s) — £(s)) ds + / A*(s)y(s) ds
(2.10) ¢ ¢

T
+/ z(s)dW(s), 0<t<T < oo,
t

admits a unique solution (y(-), z(-)) € L%(Q,L%(H)) X L%(Q;L%(LQ(E,H))).
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Proof. By Corollary the uniqueness of (2.10) can be easily obtained. To show the

existence, we establish a solution as follows. In detail, for n = 1,2, ..., we define

fn(s) = ]l[O,n](S)f(S)v s € [0700)

It is obvious that the sequence {f,(s)}s2; converges to {f(s)} in L%(Q,L%(H)) By
Theorem 2.4 in [17], for each n, let (¥, (s),Zn(s)) be the unique solution of the following
finite horizon BSEE:

) - 3(0) = | "(05(s) — f(s)) ds + / " A (s)g(s) ds + / "S(s)aw(s), teo.n)

Moreover, we define

(yn(s)v Zn(s)) = {

We easily get (9a(s), za(s)) € LB L3(V)) x L3 (S L2(La(E, H))), then (ga(s), zu(s)) is
the solution of the following BSEE:

T T
un(T) — yn(t) = / (Oyn(s) — fuls)) ds + / A*(5)yn(5) ds

T
+/ zn(s)dW(s), 0<t<T < oc.
t
By Corollary we obtain
(0 —0)"2]|zn(s) — 2 ()22 @iz (L2 my) + (O — 0)llyn(s) — ym () 13,003 ()
+ (0 — 0)"*sup P El|yn(s) — ym(s) |7 + (6 = 0)I|yn(5) — ym(s)l 12 .02 (1)
s>0 P B

< Ol fa(s) = Fin($)ll22 @:22 (1))

which means {(yn(s),2n(s))}22, is a Cauchy sequence in above space. We denote by

(y(s), 2(s)) the limit of {(yn(s),zn(s))}22; in L%(Q;L%(V}) X L%(Q;L%(LQ(E,H))), and
shall show that (y(s), z(s)) satisfies the BSEE P-a.s.,
T T
WT) =) = [ Ou(s) = fs) ds+ [ A(shyto)ds

t
T
+/ z2(s)dW(s), 0<t<T < 0.
t

We deduce that

T
/t (2n(s) — 2(s)) AW (s)

2
|

T
_E / 2 (s) = 2(5) 2, 2 gy ds
LZ(EvH) t

< AT / | 2n(s) — ()| ,(z,m) ds
0

— 0 asn— oo,
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i.e., the item ftT zn(s) dW (s) converges to ftT 2(s)dW (s)in L3(2, F, P; Lo(Z, H)), which is
the space of F-measurable square integrable random variables. Then, the same argument
also leads to a similar conclusion: the item ftT(Gyn(s) — fn(s)) ds converges to ftT(Gy(s) -
f(s))ds in L*(Q, F, P; H). By Assumption [2.2[(iii), we obtain

2

T
E / A*(ya(3) — y(s)) ds

< engE/ Cle 255\ yn(s) — y(s)||3 ds — 0 as n — oo,
Ve
i.e., the item ftT A*y,(s) ds converges to j;T A*y(s)ds in L?(Q, F, P;V*).

After that, since limp_,o E[ [5° €75 ||yn(s) — y(s)||3 ds] = 0, there exists a subse-
quence of {y,(s)}>2 still converges to {y(s)} for a.e. s € [0,00). On the other hand,
by limp, m—so SUPs0 €%°E|lyn(s) — ym(s)[|3; = 0, for every s € [0,00), there exists a
y(s) € L*(Q, F, P;H) such that y,(s) — %(s) in L?>(Q,F,P; H) as n — oo. Then we
have y(s) = y(s) for almost all s € [0,00). We identify y(s) with 7(s). Thus, the proof is
completed. O

Theorem 2.13. Suppose that Assumption [2.2)(ii), (iii) and Assumption [2.8 hold for f(-) €

— é
L%({Z;L%(H)), some 3 € R and § € R. Then for @ > —(B+p—~— L2(1€+3€;B)+ i5) and
0 > 0, the equation (2.5) admits a unique solution (y(-),z(-)) such that

y € Lp(Q L3(H)), =€ Lp(Q; L3(L2(E, H))).

Proof. We prove the result by using the method in Theorem 3.7 of [14]. For simplicity,

we define the space
T3 = LS L3(H)) x Lb(Q: L3(La(E, H))),

endowed with the norm ||(y, z )HTz = Hy||L2 (@23 (m) + |2l 1.2 2(ULA(L2(EH)))" We define a
mapping I': 7'52 — TBQ’ letting (y( ),2(s)) = T'(u (s) v(s)) if ( (s ) z(s)) is the solution of

this equation, P-a.s.,
T
WT)=ylt) = [ Ayl ds
T
+ /t E[qﬁ(s, u(s),u(s+9),v(s),v(s+9)) + 0y(s) — f(s) | }"S] ds
T
+/ z2(s)dW(s), 0<t<T < oc.

If there exist (u(s),v(s)), (u(s),v(s)) € T3, (y(s),2(s)) = T(u(s),v(s)), @(s),Z(s)) =
I'(u(s),v(s)), by Corollary we obtain

(0 —0)"2]|2(s) — Z(5)]| 12 2(2L2(La(2,H)) T (0 —0)lly(s) - ?(S)HL%(Q;Lg(H))
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< CQE(/OO ewSE[H(b(s, u(s),u(s+9),v(s),v(s +9))

0

1/2
() s +8), 0060, (s + )y | 2] ds)

and then, by the Lipschitz condition on ¢, for some positive constant ¢ independent of 8,

we obtain

(0 —0)lly(s) —y(s) 22 @iz ) + (0 = 0)'/2]|2(s) — (s) 22 @2 L2z, m)

< cllu(s) =als)ll Lz @iz ) + cllv(s) = ()22 @13 (La(z,m))-

Therefore, I' is a contraction of T, for all § that is large enough. Its unique fixed point is
the solution.

Next, we fix § > —(ﬁ +pu—y— Lg(%ﬂfﬁé) + 62%) and define K as the set of those
real numbers 6 > 6 such that for every f € L3 (€ L% (H)) there exists a unique solution
(y(s),2(s)) € 72;2 corresponding to § and f. Letting C; be the constant whose existence is

asserted in Theorem we also set
C1(0) = C1{(0—0)"" v (6 —-0)"1/?}.

We argue that if K contains a number 6, then it contains every number 6 > 6 belonging
to the (6 — C1(8p)~ 1,00 + C1(0p)~1). In fact, for any 6 > 6, we can define a mapping
I: 7'5 — 7'52, and setting (y(s), z(s)) = T'(u(s),v(s)) if (y(s), z(s)) is the solution of the

equation, P-a.s.,
T T
y(T) —y(t) = /t A*(s)y(s) ds + /t E[¢(s, y(s),y(s +0), 2(s), 2(s +9)) | Fs] ds
T T

+/t z(s) dW (s) +00/t Ely(s) | Fs] ds

- /T[(eo —0)u(s) + f(s)]ds, 0<t<T < oo
Therefore, an element (y(s), z(s)) € 7%2 is a solution of if and only if (y(s), 2(s)) is
a fixed point of I'; if, for (u(s),v(s)), (u(s),v(s)) € TBQ and (y(s), 2(s)) = I'(u(s),v(s)),
(Y(s),z(s)) =T(u(s),v(s)), then, by Theorem [2.10} we obtain

1(y(s) = 9(5), 2(5) = Z(s))ll72 < C1(60)[6 = bo| - [[uls) —@(s)ll L2, 0:2(mm))
< C1(600)[0 = bo| - [[(u(s) —u(s), v(s) = v(s))l 72,

this shows that I' is a contraction if C1(6p)|0 — 6| < 1, and the claim follows immediately

from the Banach contraction principle. O
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3. Stochastic maximum principle

3.1. Optimal control problem on infinite horizon

In this subsection, we study a class of infinite horizon optimal control problems. Now, we
introduce the controlled SDEE in the Gelfand triple (V, H, V*) as follows:

z(t) = ¢(0) — /0 A(s)x(s)ds + /0 h(s,z(s),z(s — d),u(s),u(s — d))ds

(3.1) + /0 g(s,x(s),z(s — 0),u(s), u(s —0)) dW(s), te[0,00),

z(t) = (1), te[=4,0]
u(t) =uo(t), te[-4,0],

with the cost functional
(3.2) J(u(-)) =E [/000 e k(s z(s),z(s — 0),u(s),u(s — 9)) ds| ,

where the operator A: Q x [0,00) — L(V,V*) is P/B(L(V,V*))-measurable; the map-
ping h: [0,00) x Q@ x HXx H XU xU — H and g: [0,00) x Qx HXx HxU XU —
Ly(E,H) are PRB(H)®B(H)® BU)® B(U)/B(H)-measurable and P B(H) @ B(H) ®
B(U) @ B(U)/B(L2(Z, H))-measurable, respectively; the mapping ¢: [-6,0] x Q@ — H is
Pi_s,0)/B(H)-measurable; the mapping ug: [—0,0] x Q — U is P|_50)/B(U)-measurable;
A is a given attenuation coefficient and large enough; the mapping k: [0,00) x Q x H x
HxUxU—-RisPRB(H)®B(H)®BU)® BU)/B(R)-measurable. Here, U denotes
the control domain and is a nonempty convex closed subset of a real separable Hilbert
space U. In addition, we assume that the control process u(-) = {u(s),0 < s < oo} is
F-predictable. For brevity, we write (s + ) = (s — ), u(s + ) = u(s — 9).

We define the set of all admissible control processes as follows, and 8 will be given

later,

Upa = {u(-) € L%(Q;L%(U)) tu(s) €U},

where u(+) is called the control process, if u(:) € Uyq.

Moreover, we introduce the following assumptions:

Assumption 3.1. (i) uo() € L%([0, -] x Q;L%(U)) and ug(s) €U, ¢(-) € L3 (%
C[-6,0];H), h(-,0,0,0,0) € L%(Q,L%(H)) and g(-,0,0,0,0) € L%(Q;L%(LQ(E,H)));

(ii) The operator A satisfies the coercivity and boundedness conditions, i.e., (ii) and (iii)
in Assumption [2.2;
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(iii) For almost all (s,w) € [0,00) X Q, h and g are Gdteauz differentiable with respect
to (z, x5, u,us) with continuous and uniformly bounded Gateaux derivatives hy, hq,,
9zs Jrss Pus Pus, Gu, Gus, i-€., there exists a constant M > 0 such that

Sup |]hm(s,x,x5,u,u(5)HL(H) < M,
(8,w,x,z5,u,us)E€[0,00) X QX H x HXUXU

and heys, Gz Guss Pus Puss Gus Gus are similar to the above conditions;

(iv) For almost all (s,w) € [0,00) xQ, k is Gateaux differentiable with respect to (x, x5, u,
ugs) with continuous Gateaux derivatives ky, kyy, kuy, kus. Furthermore, for almost
all (s,w) € 10,00) x Q, there exists a constant C' > 0 such that for all (x,xs, u,us) €
HxHxUXxU,

|k (s, @, 25,u,us)| < C(1+ [lzlF + ol F + lullz + lusl?),
sz(s,x,xg,u,u(g)HH + Hk%(s,x,x(s,u, u5>HH
+ ||ku(s, 2, 25, u, us) |U + [[kus (5, 2, 25, u, us) ||U

< C A lallm + llwslla + llullo + llusllo)-

By Theorem [2.5] it is clear that by Assumption the SDEE admits a unique
solution z(+) € L%(Q;L%(H))ﬂL%(Q;Cg(H)) for B < —(y+19M?+1/2)A0 and u(-) € Uag.
We denote z(-) £ x%(-) the state process corresponding to the control process u(-) and
call (u(-);z(-)) the admissible pair. Moreover, Assumption [3.1|iv) and the equation (2.3)
imply that |J(u(-))| < oo, for A > —24.

An optimal control problem can be stated as follows:

Problem 3.2. Find an admissible control process %(-) € U,q such that
(3.3) J@()) = inf J(u(")).

Any admissible control w(-) satisfying (3.3) is called an optimal control process. Thus,
the state process T(-) associated with @(-) is called an optimal state process, and then

(u(-);=(+)) is called an optimal pair.

We define the Hamiltonian H: [0,00) x Q@ x H x H xU xU x H x La(Z2, H) — R of
Problem [3.2] as follows:
(3 4) H(87 T, X5, U, Us, D, q) = (h<37 T, T§5,U, ’U,J) - A:[;717)[{
+ (g(sa T, Ts, U, 'LL§), q)LQ(E,H) + k(87 T, X5, U, ’U,§).
From Assumption [3.1(iii) and (iv), it is obvious that the Hamiltonian # is also contin-
uously differentiable with respect to (z,zs,u,us). Write Hy, Hay, Hy and H,, for the

corresponding Gateaux derivatives.
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For any admissible pair (u(-); z(-)), we introduce the following adjoint equation of the
controlled system ({3.1)) and (3.2) governing the unknown F-adapted processes {p(s),s €
[0,00)} and {q(s),s € [0,00)}

(3.5) dp(s) = {A*(s)p(s)—Hx(s)—e_ME[Hmé(s—l-é) | ]:s] } ds+q(s)dW(s), se€l0,00),
where we denote by
H(s) = H(s,z(s),2(s — &), u(s),u(s — 8),p(s), q(s)),

where A* is the adjoint operator of A. In fact, the adjoint equation (3.5)) is a linear ABSEE.
By Theorem [2.13] it is clear that the ABSEE (3.5]) admits a unique solution (p(-),¢(-)) €
L34 L3(H))x Ly (; L3 (La(E, H))) for A > (—B+7+(3M/2+M2)1j§7§5w)\/0. Especially,
we call (p(-),q(+)) the adjoint process corresponding to the optimal control u(-).

3.2. Sufficient maximum principle

In this subsection, we prove the sufficient maximum principle. For any control process
u(-) € Uaq, let (z(-),p(-),q(-)) be the corresponding solutions to the state equation (3.1
and the adjoint equation (3.5)), respectively. In order to simplify the notation, we denote
by

G(s) 2 G(s,x(s),z(s — 0),u(s),u(s = 8)), G:=h,g,
G(s) 2 G(s,7(s),T(s — 8),7u(s),u(s — 6)), G:=h,g,
H(s) 2 H(s,z(s),z(s — ), u(s),u(s — 6),p(s),q(s)),
H(s) = H(s,z(s),7(s — 0),u(s), u(s — 8),p(s),d(s))

Moreover, we introduce the following lemma.

Lemma 3.3. Suppose that Assumption holds for B < —(y+19M? +1/2) AO, X >
(=B+~+(BM/2+ MQ)%) V (—=28) then we have

J(u(-)) = J(@(-))
=E [ /0 - e M {H(s) — H(s) — (Ha(s) + e M Has(s +6),2(s) — T(t)) , } ds] .
Proof. From the cost functional and the Hamiltonian 7 (3:4), we have
(3.6)
J(u(-) = J(a("))
= UOOO e N {k(s, x(s), 2(s — 8), u(s), u(s — 8)) — k(s,Z(s), T(s — 8),a(s),u(s — 8)) } ds]
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) [/0 e M {H(s) — H(s) — ((s), h(s) — h(s)) , — (@(s), 9(s) — 9(5)) Lz } 18
e —Z(s s
—HE[/O e M (p(s), z(s) ( ))Hd } i

Applying It6’s formula to (e=**p(s), z(s) — Z(s)) ;; on the interval [0,T], we obtain

(e MB(T), a(T) —z(T))

T B T
= [0 ) < T(s)) s+ [ (Bl 9() ~ 9(5)) W 5)
0 0

T
(3.7) ) 2(s) = (s))  ds + /0 e (q(s), 2(s) — T(s)) , AW (s)

-,
<,
[ e ae)006) - 906)) g

0

T
Ae ™ (p(s), z(s)
T
e (2(s) — (), ~Ha(s) — € VE[Hay(s +0) | F]) ,y ds
T

Taking expectation on both sides of (3.7)), we obtain

T
E[(e (1), a(T) ~ #(T)) ;] +E [ | 2e w200 —x(s))mzs}
T T
(38) =E [/O e ((s), h(s) — h(s))u dS} +E [/0 e (q(s), 9(5) = 9(3)) Lo(z.m) ds]
T
—As —7(s). — s _e*/\‘s S S| .

+EUO e (a(s) — T(s), —Hals) E[Has +5)|]:SDHd]
Noting that

o(T),%(T) € Lp(Q; L(H)) N Lp(Q; Cs(H)), B(T) € Lp(Q; LE(H)),

we can find a sequence of T}, — oo, such that e AT E||z(T},)||%, — 0, e AT E||Z(T)||% — 0
and e AT E||p(T},)||% — 0, as n — oo, therefore, we obtain
. A= _
T}LILHOOE[(e p(Tn)wr(Tn) —.’L‘(Tn))H]

< lim E[e T [p(T) | ula(T
Tn—00

~—

— (L) | ]

e TE|a(T,) - fc(Tn)II?{) 0.

N |

. 1 _ _
< lim < SR |B(T)|I% +

T Th—o00 \ 2

Setting T'=T,, in (3.8]) and letting n — oo, we obtain

E [ | e @) = s ds] E [ | e @06 -9z ds]
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(3.9)
_) { /0 e (2(5) — T(5), —Ha(s) — € ME[Hay(s +0) | Fs]) , ds

o
-E [/ e 2 (B(s), z(s) — T(s)) g ds| .
0
Then putting (3.9) to (3.6)), we can easily obtain the result. O

Now, we give the verification theorem of optimality, that is, the sufficient maximum
principle for optimal control of Problem In addition to Assumption verification

theorem depends on some convexity assumptions of the Hamiltonian.

Theorem 3.4 (Sufficient maximum principle). Suppose that Assumption holds for
B < —(y+19M2+1/2) A0, A > (= B4+ (3M/2+ M) EE) v (=26). Let (a(-); ()
be an admissible pair and (p(-),q(-)) be the corresponding adjoint process governed by
the adjoint equation . If the following conditions hold, (i) H(s,x,xs,u,us,p,q) is
convex in (x,xs5,u,us), (ii) H(s) = min .y, us)erixu H(8, T, T(s — 9),u,us,p,q), for almost

all (s,w) € [0,00) x Q, then (u(-);Z(+)) is an optimal pair of Problem [3.2]

Proof. Let (u(-),z(-)) be an arbitrary admissible pair. According to Lemma the
difference J(u(-)) — J(u(-)) can be represented by
J(u(-)) = J(@(-))

3.10 o _ _ _
Y :EUO e {H(s) = H(s) — (Ha(s) + e N Hay(s +8),2(s) = T(s)) y } ds| -

Since for almost all (s,w) € [0,00) xQ, H(s, z, x5, u, us, p(s),q(s)) is convex in (z, xs, u, us),

using Proposition 1.54 of [10] gives

H(s) = H(s) > (Ha(s), x(s) = T(s))r + (Has (s), (s — ) —T(s — 0))m

(3.11) i o
+ (Hu(s),u(s) —a(s))v + (Hus(s),u(s —0) —a(s — 0))v.

Moreover, from the optimality condition (ii) and the convex optimization principle (see
Proposition 2.21 of [10]), for almost all (s,w) € [0,00) X £2, we obtain

(3.12) 67)‘5(@”(8), u(s) —u(s))u + (Hug(s),u(s — 8) —u(s — 6))y > 0.

Plugging (3.11) and (3.12) into (3.10]), we obtain

J(u(-)) = J(@()) = 0.

Thus, @(-) is an optimal control process and (@(-); Z(+)) is an optimal pair. O
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3.3. Necessary maximum principle

In this subsection, we prove the necessary maximum principle. Suppose that (u(-),Z(-))
is an optimal control pair and (p(-),q(-)) is the corresponding adjoint process. Since the
control domain U is convex, for any given control v(-) € Uy,q, the perturbed control process
u? () :=a(-) + 9(v(-) —u(-)) for 0 <9 < 1 is also an element of U,q. We denote by z(-)
the corresponding perturbed state process and assume that z?(s) = ¢(s), s € [~§,0]. To

simplify our notation, we denote by

”Hﬂ(s) = 7—[(5, mﬁ(s),wﬂ(s — 5),u’9(s),u’9(s — 5),]3(8),6(5)).

Lemma 3.5. Suppose that Assumption holds for B < —(y+19M? + 1) A0, then

E supe258|rxﬂ<s>—m<s>||%l} +E[ |7 las) ~ a(6) 1 ds| = 0%,

s>0

Proof. By Theorem we can easily obtain the result. O
Then, we get a variational formula of cost functional ([3.2)).

Lemma 3.6. Suppose that Assumption holds for B < —(y 4+ 19M? + 1) A0, A >
(-=B+~v+(BM/2+ MQ)lcfszfé) V (=28) and for any admissible control v(-) € Uyg, the

directional derivative of the cost functional J(u(-)) at u(-) in the direction v(-) — u(-) is

given by

d )y -

5 (u(j +9(v() —u(j)) )19:0 7
(3.13) _ i J@O F9(00) —a()) = J(@())

9—=0 9
_E [ /0 TN Fu(s) + ey (5 4+ 8),0(s) —T(s),, ds |
Proof. By Lemma 33} we have
J()) - J(@()
=B | [T < ) - () + ¢y (54 0).0(5) ~ ()

3.14 _ _
( ) _ (HU(S) + 6_/\57'[“6(8 + 5)7,&19(3) — H(s))U} d8:|

+E [ /0 s (Hu(s) + e M Hys (s +6),u”(s) —u(s)) ds} .

By the expansion of Taylor series and the change of variables, we obtain

E [/Ooo e M {H(s) - H(s)} ds
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oo prl
= —As 9v(s). 2V(s) — Z(s Vvig) 2 (s — 6) — @(s —
—E[/O/O [ (5),2%(s) — 7(s)) ) + (22 (s),2" (5 — 8) —T(s — ),

(3.15) + (7—[2’”(5), u’(s) — ﬂ(s))U + (%ﬂj(s), u’(s —6) —a(s — 5))U} dl/d5:|

- [E[ /0 b /O LMD )+ eI (s 1 0),27(s) — F(s))
+ (HYY(s) + e MY (s +6),u”(s) —u(s)), } duds] ,
where
H (s) = H(s, 2" (s), 2 (s = 6),u” (s), u” (s — 6),B(s),q(s)),
27 (s) == T(s) + v(z?(s) —Z(s)) and u?(s) :=u(s) + v(u’(s) —u(s)).

Thus, from (3.15)), Lemma and the dominated convergence theorem, for A > —23, we

have
E[/OO e M {H(s) — H(s) — (Hals) + € M Hay(s+0),2°(s) — Z(s))
(3.16) 0

— (Hu(s) + e M Huy (s + 0),u"(s) —1(s)),, } ds| = o(0)).

Therefore, putting (3.16]) to (3.14]), we obtain (3.13)). O

Theorem 3.7 (Necessary maximum principle). Suppose that Assumption holds for
B<—(y+19M2+1)A0, A > ( —B+~v+(3M/2+ M2)1:§;f(;) V (=28). Let (u(-);z(+))
be an optimal pair of Problem and (p(+),q(+)) be the adjoint process associated with
the optimal pair and governed by the adjoint equation . Then we have the following

minimum condition
(3.17) (Hu(s) + e ME[Hus (s +0) | Fo],v(s) —u(s)), >0
for allv(-) €U, for a.e. s € [0,00), P-a.s.

Proof. Since (u(-);Z(-)) is an optimal pair of Problem by Lemma we obtain

E [/oo e (Hu(s) + e E[Huy (s +0) | Fs],v(s) —u(s))Uds}

0
B[ [N+ R+ 8)006) — 0(5) 0]

J(u’()) = J(@()) >0

— 1
1913% U

for any admissible control v(-) € U,q. Suppose that (3.17) does not hold. Then there
exists a vy € U such that for some dg > O:

e_AS (ﬁu(s) -+ e_AéE mua (8 + 5) | ]:S] , Vo — ﬂ(S))U < —dp.
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We define

Q = {(s,w) €[0,00) x Q| e (Hy(s) + e VE[Hyy (s + 6) | Fs],vo — u(s)), < —bo},
Qs ={we Q| (s,w) € Q},

and an admissible control by

Vo, (Saw) € Q)

u(s), otherwise.

Therefore
0<E [/OO e (Hu(s) + e VE[Huy (s +0) | F],v(s) —(s)),, ds
0
< —50/OOP(QS)(18 < 0.
0

This leads to a contradiction, thus the inequality (3.17) holds. O

Remark 3.8. The main contribution of this section is to find the appropriate adjoint
equation . By this adjoint equation, the sufficient maximum principle and necessary
maximum principle of optimal control problem are obtained. We note that the adjoint
equation is different from the adjoint equation in finite horizon case (see the adjoint
equation (33) in [17]). Specifically, the anticipated term E[Hg; (s + ) | F| is multiplied
by e~ 2. Therefore, the necessary condition in Theorem is different from the
necessary condition in finite horizon case (see Theorem 4.2 in |17]). Moreover, in proving
Theorem 3.4, equality in Lemmais used, which is also different from equality (38)
in [17).

4. Example

As an application of our results, we consider the stochastic delay partial differential equa-

tion (see also Subsection 6.1 of [17] for finite horizon case)

(4.1)
dy(t, z) = {0, [a" (t,2)D.5y(t, 2)] + (1, 2)D.ay(t, 2) + c(t, 2)y(t, 2)
+ h(t,z,y(t,2),y(t — 6, 2),u(t, 2),ut — 6,2)) } dt
+g(t,z,y(t, 2),y(t — 8, 2),u(t, 2),u(t — 6,2)) dW(t), (t,2) €[0,00) x G,
Yt ) = o(t, ), (1,2) € [~6,0] X G,
y(t,z) =0, (t,2)€[-d,00)x IG,
u(t,z) = uo(t,z), (t,2)€[-9,0]xG,
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where G is a bounded, open set in R? with boundary I', which is C*°-manifold of dimension
of d — 1; u(t, z) is the control process valued in a convex subset { of R, and the Einstein
summation convention applies to 8.:[a(t,2)0,;y(t,z)] and b'(t,2)d,:y(t,z). Here the
coefficients a®,b%, c: [0,00) x @ x G — R, h,g: [0,00) x 2 x G x R x R x ¢ x 4 — R,
&:[-0,0] x A x G — R and up: [—0,0] x @ x G — 4, for all i,5 = 1,2,...,d, are given

random mappings and satisfy the suitable measurability.

Definition 4.1. A control process u(-,-) is said to be admissible if u(-,-) € L%(£;
L%(LQ(G))) for some 8 which will be given later and u(t, z) € 4, a.e. (¢,2) € [0,00) x G,

P-a.s. Write Uyq for the set of all admissible control processes.

We introduce the cost functional
o0
(42)  Ju(-,) =E / e / Bt 2, y(t =), y(t — 0, 2), u(t, 2), u(t — 6, =) dzdt.
0 G

To make the control problem well-defined, we give the following assumptions on coef-

ficients:

Assumption 4.2. (i) The functions (a¥)gxq, (b")q and c are P x B(G)-measurable with
values in the set of real symmetric d x d matrices, R and R respectively, and are
bounded by K.

(ii) The super-parabolic condition holds, i.e.,
rl < 2(a7)gyq(t,w,2) < KI, Y (t,w,z) € [0,00) x Q x G,
where I is the (d x d)-identity matriz and k > 0.

(i) wo(-,-) € L%H([0, —0] x Q;L%(LQ(G))) and up(t,z) € YU, &(-,-) € LA(Q;C[-6,0];
L*(@)), and h(-,-,0,0,0,0),9(-,-,0,0,0,0) € LH(Q; LF(L*(G)));

(iv) for almost all (t,w,z) € [0,00) x Q x G, h and g are differentiable with respect to
Y, Ys, U, ug) € R X R X LU x L with continuous and uniformly bounded derivatives h,,
y

hyss Gys Gys» Pus Pugs Gus Gus i-€., there exists a constant M > 0 such that

sup th(87yay57u)u5)”L(H) S M7
(8,0,Y,Ys,uyus ) E[0,00) X X H x H x Lx 81

and hys, 9y, Gys» Pus s, Gu, gus are similar to the above conditions;

(v) for almost all (t,w,z) € [0,00) x QX G, k is differentiable with respect to (y,ys, u, us)

with continuous derivatives ky, kys, ku, kuy; moreover, for almost all (t,w) € [0, 00) X



662 Han Li, Jianjun Zhou, Haoran Dai, Biteng Xu and Wenxu Dong

Q, there ezists a constant C' > 0 such that for all (y,ys,u,us) € R x R x 4 x 4,

|k (t, 2,9, ys,u,us)| < C(1+ [y* + |ys|® + [ul® + |us|?),
|y (s 2,4, Y5, w, us) | 4 |Kys (8, 2,1, Y5, w, us) |
+ |ku(t, 2,5, ys, w, ug) | + |Kus (8 2,5, ys, w, us) |
< C(L+ yl + lysl + [ul + Jus]).
To apply our abstract theoretical results in Section [3} we set V = H}(G), H = L*(G),
V* = HyY(G), U = L*(G) and U = {u(") | u(-) € U,u(z) € 4}. Hence (V,H,V*) is a
Gelfand triple. Next we define the second-order differential operators A and the nonlinear

operators in the control system as

A(t)p(z) & =0, [0 (t,2)0,:(2)] — b'(t,2)0,:(2) — c(t, 2)d(2), VeV,

and

1>

h(ta ¢a ¢57 u, u(g)(Z)
g(ta ¢a ¢57 u, u(;)(z)

k(t7 Qb, QZS(S,’LL, U(S)

h(t,z, ¢(t,z), p(t — 6, 2),u(t, z),u(t — 6, 2)),
g(t, ¢(tv z)v (Z)(t - 57 z)v u(t7 Z)?“(t - 57 z))a
/Gk(t,z,gb(t,z),QS(t —6.2)ult, ) ult — 6,2)) dz, Vo H.

lI>

1>

Note that the adjoint operator of A is
A*(t)¢(z) £ _8zi [aij(t7 Z)asz)(Z)] + bi(t7 Z)azld)(z) - [C(t? Z) - azibi(tv Z)](Z)(Z), V¢ evV.

Then we can rewrite the state equation (4.1) as an abstract SDEE in the Gelfand triple
(V,H,V*):

dy(t) = [-A@)y(t) + h(t, y(t),y(t — 6), u(t), u(t — 5))] dt
+g(t,y(t),y(t —0),u(t),u(t —9))dW(t), te]0,00)
y(t) = &o(t), te[=6,0],

u(t) = up(t), te[-=6,0],

and the cost functional (4.2)) as

Ju(-)=E [/OO e ME(t,y(t), y(t — 0),u(t), u(t — 8)) dt| .

0

The corresponding optimal control problem is formulated as follows:

Problem 4.3. Find an admissible control @(-) such that

J@() = inf ().
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By Assumption [4.2(i), (ii), the operator A satisfies the coercivity and boundedness
conditions, i.e., (ii) and (iii) in Assumption The conditions (i), (iii) and (iv) in
Assumption can be obtained from (iii), (iv) and (v) in Assumption respectively.
Therefore, under Assumption the coefficients (A, h, g, k) satisfy Assumption So
for any admissible control u(-), 8 < —(y+19M?+1/2)A0 and A > —23, the state equation
has a unique solution y(-) and the corresponding optimal control problem is well-defined
according to Theorem

The corresponding Hamiltonian #H: [0,00) x Q@ x H x H XU xU x V x H — R is given
by

H(t, Y, Ys, us s, D, q) = (h(t,y, Ys, u, us), p) i + (9(t, Y, ys, wsus), @) i + k(t, y, ys, u, ug).

Then the adjoint equation is governed by
(4.3) dp(s) = {A*(s)p(s)—?—ly(s)—e_)“sE [”Hyé(s+5) | .7-'3] } ds+q(s)dW(s), s€]0,00),
where we denote by

H(t) = H(ty(t), y(t — 0),u(t), ut — ), p(t), q(t)).

Under Assumptions the adjoint equation (4.3) admits a unique solution (p(-),q(-)) €
L3(Q; L3(H)) x L3 (S L3 (La (2, H))) for A > (— B+~ +(3M/2+M?) £ V0 according
to Theoremm Then, for # < —(y+19M?* +1/2) A0 and XA > (— B+~ + (3M/2 +
M?) 1:2‘3;5 6) V (—203), we can apply the abstract result Theorem directly in this case.

Consequently, we write the following necessary condition for the optimal control:

/G [(ﬁu(t) + e ME [Hus(t+6) | Fe])(v(z) —a(t, z))] dz>0

for all v € U, for a.e. t € [0,00), P-a.s. Moreover, if H(t,y,ys,u,us,p,q) is convex in
(y,ys,u, us), the sufficient maximum principle also hold for this case according to Theo-

rem [3.4]
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