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Gamma-convergence of Generalized Gradient Flows with Conjugate Type

Mao-Sheng Chang* and Jian-Tong Liao

Abstract. In this paper we establish the Gamma-convergence of generalized gradient
flows with conjugate type. It provided a criteria for obtaining the convergence of
generalized gradient flows that correspond to a sort of C'-order I'-convergence of

energy functionals and a kind of bounded symmetric positive definite linear operators.

1. Introduction

I-convergence theory [2,[8] was introduced by Ennio De Giorgi in 1970s. It provided a
useful criteria to obtain the convergence of global minimizers of energy functional E. to
global minimizers of a limiting functional F'.

The notion of I'-convergence of gradient flows was introduced by E. Sandier and S. Ser-
faty in 2004. It’s a time-dependent notion of the I'-convergence. It provided a useful
criteria to obtain the convergence of gradient flows that correspond to a sort of C'-order
I-convergence of energy functionals [18]. This abstract method was used successfully for
the dynamics of Ginzburg-Landau vortices 18], the Cahn-Hilliand equation [13,/14], and
the Allen—Cahn equation [20]. A generalization of this notion to metric spaces was devel-
oped by Serfaty [20] and a discussion on a nonlinear system case is contained in [5]. This
give us a strong motivation for the study of Gamma-convergence of generalized gradient
flows in the sense of Sandier and Serfaty [18].

Suppose that X is a real Hilbert space with inner product (-,-)x and corresponding
norm || - |l x. Let E € CY(X;R) and let v: I C R+ X be a differentiable curve in X with
v(to) =2z € X. Then

2L, BG0) = (9xBO0). 7 ()
— IV xE(r(to)) x - [/ (o) -cos,

where 6 is the angle between Vx FE(v(tg)) and /() in the sense of geometry. Assume
that u: I — X is a solution of the gradient flow

(1.1) duu(t) = —VyE(u(t)) € X, Vtel.
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Obviously, the direction of Vx E(u(t)) and d;u(t) is opposite. Hence, the curve (solution)
u of is the best path for decreasing the energy E with steepest descent. Evolution
equations with the corresponding gradient flow have been of special interest in analysis and
mathematical physics since 2001. Many problems in computer vision have been formulated
as gradient flows of various energies use an inner product to define the notion of gradient.
The idea of “optimization by gradient flows” is particularly useful in tracking applications.
In most application cases in computer vision, a common minimization procedure consists
in evolving an initial contour, positioned by the user, in the direction of steepest descent
of the energy. This approach, known in the literature as active contours or deformable
models, was pioneered by Kass, Witkin, and Terzopoulos in [10] for the purpose of image
segmentation.

We are interested in the following generalized gradient flows:
(1.2) du = —L(VxE(u)),

where V x E(u) is the gradient of E relative to the inner product (-,-)x at u, and L: X
X is an invertible, symmetric, positive definite, and linear operator. Charpiat, Maurel,
Pons, Keriven, and Faugeras [6] devoted to the general gradient descent process and a
rewriting of the usual definition of the gradient shows how the choice of an inner product
can be seen as a way to introduce a priori on the deformation fields and forms a natural
extension of the notion of gradient to more general priors.

Following the pioneering work by Otto [16], many PDE problems have been translated
into gradient flow problems [1] and gradient flows has become a great strategy for the
study of dissipation evolution problems.

In this paper we establish the Gamma-convergence of generalized gradient flows with
conjugate type. It provided a criteria for obtaining the convergence of generalized gradient
flows that correspond to a sort of C''-order I'-convergence of energy functionals and a kind
of bounded symmetric positive definite linear operators. The paper is organized as follows.
In Section (I}, the background and main goal of our paper are introduced. Motivations and
related preliminary tools will be recalled in Section [2 Section [3]is devoted to the main

theorems and its proofs.

2. Motivations and some elementary results

Let (X, (-, )x) be a real Hilbert space (hence (X, || - |/x) is a Banach space with norm
lulx = V{u,u)x). Let E: X — R be a functional defined on X. We say that F
is Fréchet differentiable at u (€ X) if there exists a (unique) bounded linear functional
DE(u): X — R (i.e., DE(u) € X* = L(X;R) = the space of all bounded linear functionals
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on X; X* is called the dual space of X.) such that

E(u+h) — E(u) — DE(u)(h)

im = 0.
17l x>0 1]l x

Suppose that E is Fréchet differentiable at u. Using the Riesz Representation theorem,

there exists a unique element # € X such that
DE(u)(U)( - <DE(u),v>X*,X) = (@,v)x, YoveX.
Let we write
VxE(u) =

VxE(u) is called the gradient of E at u. (Note that VxE(u) € X.)
Let w € X and v € X with v # 0. The first variation of E at u in the direction v,
dE(u,v), is defined by

SE(u,v) = }E}% E(u+ t’l;) — E(u) jt(E(u ) .

Assume that E is Fréchet differentiable at u. Then § E(u,v) exists for each v € X with
v # 0, and

0E(u,v) = DE(u)(v) = (VxE(u),v)x for all v e X with v # 0.

Let v: R — X be a differentiable curve in X. Then

S(BEGW)] = (VxBEGM)Y()x, YreR.

t=r1

Moreover, for any tg,t1 € R, we have

Ewm»—Em%»:/ldwww»ﬁ:/WVﬂwmmﬁwmﬁ.

to dt to

Suppose that v: [0,7] — X is a solution of the gradient flow
Y(t)=-VxE(({), Ytelo,T].

Then we have

t t
lﬂV@D—lﬂvm»==/)d(E(()DdT—lA<VXEﬁ4ﬂ%—VXEVNﬂ»XdT
/WWE um-(/m )% dr <0, Viel[oT]

Suppose that f(z,u,p): R® x R x R" — R! is a smooth function. Assume that 2 is
a bounded domain in R™ with smooth boundary. Let E: L?(Q2) — R be defined by

E(U)E/Qf<x u(z), g;“‘() ..,%(@) dz.
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For the given function u: Q — R, we define h*:  — R™ x R! x R” by

h*(z) = (z,u(x), Vu(z)) forall x = (z1,...,z,) € Q.

Then
B = [ (foh")(w) dz,
Q
5800) = [ (o =3 2 (om0 ) @) -v(o) da
’ Q = 0z "
= fuoh“—zn:i(f.oh“)v for all v € L*(9).

¢ axz Di Y
=1 L2(Q)

Here, f, = %, fpi = gz{i (1,...,Tp, U, P1,-..,pn). Therefore we have

“ X~ 0 u
VieoE®W) = fuoh" =" 5 (o ht) € L2(Q).
i=1 "
If 6FE(u,v) = 0 for all v € L%(Q), then u satisfies the Euler-Lagrange equation
)
> o Fp o k) (@) = (fuoh")(2) =0 forae.z € Q.
i=1 "

Let S be the Schwartz space of rapidly decaying C°°(R"™) functions. The fractional
Laplacian of u € S, (—A)*u, is defined by

(=A)'u = FHEP (Fu)(©)),

where

F©= o [ uw)dn, gern

(2m)"/2 Jr
denotes the Fourier transform of u. See [9,21] for the basic properties of the operator
(—A)*. Let H*(R™) denote the fractional Sobolev space of the functions u in L?(R") such
that

the function (z,y) — ulz) = uly) is in L2(R" x R", dzdy).
|$ _ y|n/2+s

The nonlocal operator (—A)*: & — L?(R™) can also be expressed by

—A)’u(zr) = C(n,s) lim —=d
(Z4) ulz) ( )6—>0+ RP\B(z,e) |7 — Y[t Y

= C(n, s)P.V./]R Mdy,

n o=yt
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where s € (0,1), B(xz,¢€) is the open ball centered at € R" and radius €, and C(n, s) is

the positive normalization constant

Recalling the following formulas which is proved in [9}/17]:
(i) (=A)u=F (gl (Fu)(©)),
(1) ()30 gy = S SO dndy = 25 fon 1€12°1 Ful€)[? e,
(1) [l ey = g (=202 23 g

(iv) (Sobolev trace equality)

1= A) a2 gy = /R (~A)u(@)ulz) dz = / €| Fu(€) de

n

for each u € H*(R™). Let we define the Hilbert space H*(R™) by means of the Fourier

transform as follows:

H(R") = {u € L*(R")

[ asieiru@ras < oo
o

In this case, the inner product and the norm are given by

0oy = [ (1 ) Ful©) Fo(e) de.

1/2
[l = o/ ) ey = ([ 1+ IEPFuOR de)
Let we define another inner product (-, )gs®n) on H*(R") by

(U, ) s (mr) = (U, V) L2(Rny + ((—A>S/2U7 (—A)S/2U>L2(Rn)-
The norm || - || gs(rny of this Hilbert space H*(R") is given by

A)8/2

el 3o oy = Null2 ey + (=) 2] 22 gy

C(n, s)
T[Uﬁ{s(w)

= el + [ 6P u(E)

= fJul32 gy +

Note that

(=8)*2u, (=A)*%0) L2 @ny =/ (—A)*Pu(z)(~ A)s/2 (z) dz

oo [ [ g,
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Using the classical Plancherel’s theorem, we have

ey = 1Fullageny = [ IFu)EP e

Suppose that the inner product (-, )gsgny on H*(R") is defined by

C(n,s v(x) —v(y
(U, V) s (mry = (U, V) L2 (rn) / / ‘:E = z/(’niZZ (v)) dzdy,
and the norm || - || z7s(gn) (induced by (-,-)Hs(Rn)) is
2 2 ()l
HUHHS(R") = HUHLQ(R" o | |x _ |n+25 dzdy.

Then the Hilbert space H*(R™) coincides with H*(R") and the norms

1/2
ol = [ 0+ IEEIFu©R )

1/2
lull s gry = (ullF2gny + 1(=2)"2ulZ2gny)
( )

n s ’2 1/2
||U”7{s(Rn = (HUHL2 ®yt —5 /n /n ‘x, ’n+25 dz dy)

1/2
lulleoy = ([ WP+ [ jeiruP i)

are equivalent.

and

Suppose that

€ |Vul?
Ee(u):/Q |Z | —%—%W(u)

is the energy functional arising in the van der Waals—Cahn—Hilliard theory of phase
transitions. Here ) is a bounded smooth domain in R" (n > 2), f(u) = W'(u), and
W (u) = 1(1—u?)% Let (-,-) denote the pairing between (H'(2))* and H' (). Define

H Q) = {f € (H'(Q))* | there exists a unique ((—A)~" f) € H'(Q) with
mean 0 over () such that

(fiv) = /V - Vu for allveHl(Q)}
Observe that H~1(12) is a real Hilbert space with inner product

(u,v) g-1(0) = /&]V((—A)lu) V((=A)" ') dz  for all u,v € H1(Q),
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and the corresponding norm

1/2
ol = IV UA) ey = ([ 9709y wa)
Let h*: Q+— R” x R! x R™ be defined by
K (z) = (z,u(z), Vu(x)) for all z € Q,
and let f: R” x R! x R” — R be defined by
_dpl* 1

+ -W(u), (x,u,p)€R" xR x R™
€

Suppose that the functional E. is defined as

Then
Vir@Ee(u) = fuo b — Z f@(fm o ht) € L*(),
where -
) = 92 (2 0,p) = T (w),
Jpi(z,u,p) = g]‘i(:c,u,pl,...,pn) —epi, i=1,2,...,n,
(U 0 B)(&) = fou (), Ves()) = ez, (2)
and
(o 1)) = (€t} (&) = €t (0)
Thus,
(V1) Bw) (0) = fulir, @), Vu(a) - nl -
_ %W’(u(m)) — Au(z) = %(W’ o u)(z) — eAu(x)
_ <1W’ ou— eAu> (@), VzeQ
Owing to
C;lt(E (-t )] = 0B, 0) = (VxEuw) v)x, Vo € X with v £0,
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we have

d
on  a B ] = (Vi) vl = (Vi@ Edu), oo

= (Vs Ee(u),v) gs () = (Vi ) Ee(), v) g1 (-

Since
(u,v) () = / Z DYuD% dx — / uvdw—i—/ (Z“m”%) dx
la]<1 & i=1
= (u,v)2() + / Vu - Vudz = (u,v)r20) + (Vi, Vo) 12
Q

= (u,v)r2(0) + (—Au,v) 12 / v— ds

=((1+ (—A))U,U>L2(Q) + U% ds,
under the suitable boundary conditions (for example, v = 0 or —“ = 0 on 0f2), we have
(2.2) (u,v) i) = (14 (=A))u, v) 12(q).-

The inner product of v and v in H~1() is

(U, 0) g-1(0) = (V((=A) "), V((=A)'0)) 12(0
= /QV((—A)_lu) V((—=A) ) da

under the suitable boundary conditions (either (—A)~!u = 0 or 8((%371”) =0 on 09).
Next, we see that (for each s € (0,1))

(u,0) oy = (U, V) p2(n) + ((—A) 20, (—A)*?0) 2gny
= (U, v) 2(rn) + (=) u, v) 2@n) = (14 (=A)°)u, v) 2(gn).-

Using (2.1)—(2.4)), we obtain

Viz@)Ee(u) = (14 (=A)) (Vi) Ee(u)),
Viz) Ee(u) = (=A) ") (Vi-1(0) Be(w),
Vi Ee(u) = (1 + (=A)°) (Vs Ee(u)).

(2.4)
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Therefore, we have

Vi oyEe(u) = (14 (=A)) " (Vi) Ee(w),
V-1 Fe(u) = (=A) (Vi) Ee(u)),
Vis@Ee(u) = (14 (=A)*) (V20 Ee(u)),

where H*(Q) = {u € H*(R") | u = 0 on R"\ Q}. Then the gradient of E, with respect to
L2(Q), H71(Q), HY(Q), and H*(Q) are respectively

f(u)

(=) (Vi) Ee(u)) = Li(Viz() Be(w)),

)
u) = (=A)(Vizq Ee(u) = L(V 2 Ee(u)),
) +
) + (=A)°) NV Ee(u) = Ls(V 20 Ee(u)),

where Lu = —Au is an unbounded linear operator, Lsu = (1 + (=A)*)~! is a bounded

symmetric positive definite linear operator for each s € (0, 1].

Oru = =V 2()Ee(u) is the Allen-Cahn equation,

Ou = —V-1(q)Ee(u) is the Cahn-Hilliard equation,

Ou = —V g1(q)Ee(u) is the Cahn-Hilliard/Allen-Cahn equation, and

Ou = =V ps(q)Ee(u) is called the Fractional Cahn-Hilliard/Allen—Cahn equation.

Our research is motivated by the above formulas and its fundamental properties. The
following lemmas (Lemmas 2.7) are useful in the study of our main results.

Lemma 2.1. Let X be a real Hilbert space with inner product (-,-)x and corresponding
norm || - ||x. For any symmetric positive definite linear operator L: X — X, define a
function (-,-)p: X x X — R by

(2.5) (u,v)r, = (Lu,v) x.
Then (-,-)r is also an inner product on X.

Proof. Recalling that L is symmetric if
(2.6) (Lu,v)x = (u, Lv)x for all u,v € X,
and L is positive definite if there exists positive constant M such that

(2.7) (Lu,u)x > M|u|% for all u € X.

Following (2.6 and (2.7)), (-,-)r is an inner product on X. O
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Lemma 2.2. [6, Proposition 2] If E € C1(X,R) and if L is an invertible, symmetric,
positive definite, and linear operator on X, then the gradient of E relative to the inner

product (-,-)p, VL E exists and we have
ViE() =LY VxE(u)) foralucX.

Proof. We note that the first variation of E at u in the direction v, JE(u,v), can be

expressed as

(28) (Bt w)| = 6B(uv) = DE@)(@) = (VxB(w),v)x = (V1Bw), ),
where DE(u) is the Fréchet derivative of E at u. Owing to
(2.9) (VxB(u),v)x = (LLT (VxE(u),v)x = (LT (VxE(u), )L,
by the definition of (-,-);. Moreover, by and we have

(VLE(u) — L™YVxE(u)),v) =0 forallve X.
Hence, choosing v = Vy E(u) — LY (Vx E(u)), we find

IVLE(w) = L=HVxB()|Z =0,

the lemma is proved. O

Lemma 2.3. Let X be a real Hilbert space with inner product (-,-)x and corresponding

norm || - ||x, and let L: X — X be a bounded symmetric positive definite linear operator.
Let (-,-)1, be an inner product on X defined by (2.5). Then (X, (-, )r) is a real Hilbert
space with the corresponding norm ||-||. Moreover, ||-||r and ||-||x are equivalent norms.

Proof. By assumption of boundedness of L, there exists a constant K > 0 such that
(2.10) |Lul|x < K|lul|x for all uin X.

Now, using the Cauchy—Schwarz inequality, , and , we have

(2.11) Mllul% < (Lu,uyx < [(Zu,u)x] < [ Lullxllulx < Kl

for all u in X. Note that by , we have

(2.12) lul|2 = (u,u)p, = (Lu,u)x.

It follows from ([2.11)) and (2.12)) that we have |||z and ||| x are equivalent norms. Thus,

if {u,}0°, is a Cauchy sequence in (X, | -||z), then it is a Cauchy sequence in (X, || - ||x)
and there exists u € X such that

lim |u, —ul|x = 0.
n—oo
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By the equivalence of || - ||x and || - ||z, we immediately have
lim |u, —u|L =0.
n—o0
Hence, (X, || - ||z) is a complete normed space. O

Lemma 2.4. Suppose that L: X — X is a symmetric positive definite invertible linear
operator. Assume that L™': X +— X is positive definite. Let E € CY(X,R), and let
u: [0,T] — X be any solution of the generalized gradient flow (1.2)) on [0,T]. Then we
have

(2.13) |0wu(t)|| -1 = [[Vx E(u(t))||z  for allt € [0,T],

and
%(E(U(t))) = — Q)71 = = IVxE(u(®)|l7 for all t € [0,T).

Proof. Indeed:

10su(t) |71 = (Bpult), Dpult)) -
= (L(Vx E(u)), (VXE(U))> -1 (By (1.2))
= (L7'L(VxE(u),L(VxE(u)x (By 25))
= (VxE(u), L(VxE(u)))x
= (L(VxE(u)), VxE(u)) x
=(VxE(u),VxE(u))r (By (2.5))

and

Nx  (By (L2))

(
= —(VxE(u(t)), VxEu(t)), (By @3))
= —|VxE(u(t))|}

= —[owu®)L. By @13) O

Lemma 2.5. Let L: X — X be a symmetric positive definite invertible linear operator

on a real Hilbert space X. Assume that L=': X — X is positive definite. Then we have

(2.14) |vllz, = || Lv||p-1  for all v in X,
(2.15) [{w, v)p] < lullp - llvlle = llullz - [[Lollp-+ - for all u,v in X,
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and
|Lul|% = (Lu,u)r and ||Ju|% = (Lu,u)p -1 for allu € X.

Proof. We have indeed, for any v € X,

Lv,v)x  (By (2.5))

(

(
= (L7 Lv, Lv)x
= (Lv,Lv)p-1  (By )

Therefore we have ([2.14)).
Since (X, (-,-)z) is an inner product space, the latter result (2.15)) can be proved by
using the Cauchy—Schwarz inequality and (2.14)). Finally we observe that

”LUH?X = <LU,LU>X = (ua LU>L = <LU7U>L7
Jul% = (u,u)x = (L' Lu, u)x = (Lu,u)p-1. O

Lemma 2.6 (Young’s inequality). Let p > 1 and q satisfy

S+ =1
P oq

Leta >0 and b > 0. We have
) S
(1) CLbS?—i—E’
(i) a'bz%—i-%ifandonlyifap:bq,

Lemma 2.7 (Gronwall’s lemma). Let ¢ € L'([0,T]) be a nonnegative function which
satisfies for a.e. t € [0,T),

o) < e /0 o(r)dr

for some constants ¢ > 0. Then

©(t) =0 a.e. on|0,T].

3. Main results

After being studied for a long long time in harmonic analysis and Laplacian operators,
fractional operators defined via singular integrals are riveting attention due to the pliant
use that can be made of their nonlocal nature and their applications to models of concrete

interest. In particular, equations involving the fractional Laplacian or similar nonlocal
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operators naturally surface in many applications. See [3,4,7,/12,(15,/19,21,22] for the
details. To the best of our knowledge, the following two main theorems (Theorems
and are new, not appear to anywhere.

Theorem 3.1. Let X. and X be real Hilbert spaces. Suppose that E. € C1(X.,R) and
E € CYX,R). Assume that Le: Xe v X, L7 Xe— X, L: X = X, and L' X — X

are bounded symmetric positive definite linear operators. Assume that
(i) Ee and E satisfy a T-liminf relation:

If u A u, then liminf E(u.) > E(u).

e—0
(il) If ue(t) LN u(t) for all t € [0,T], then either
lim inf [|Opuc(s)[7 1 > [|0pu(s)l+ — C- D(s), Vte[0,T)
or

t t
liminf/ ||8tu6(s)||i_1 ds > / (||3tu(s)||%_1 —C-D(s))ds, Vtel0,T).
e—0 0 € 0

(i) If ue(t) > (), then liminfe o |V, Ec(uc())|[2. > [VxE(u(®)|2 — CD(t) for all

t €10,T), where C > 0, C > 0, D and D, are defined as

(3.1) D(t) :=limsup D.(t), Vte[0,T),
e—0
(3.2) D.(t) :== Ec(ue(t)) — E(u(t)), Vte|0,T).

(iv) D(0) =0 (or lime0 Ee(ue(0)) = E(u(0))).
Let u. be a solution of the generalized gradient flow
(3.3) Oyue = —L(Vx_Ec(ue))

on [0,T) with

ue(t) 5 u(t) forallte[0,T)

such that for each t € [0,T),

B4 Blu0) = Blue(0) = - [ Gt dr = [ four) o
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Then we have

uwe HY([0,T),X), (in particular, continuous in time)
u is a solution of the following generalized gradient flow Oyu = —L(VxE(u)) on [0,T),
D(t) =0 (ie., lim Ee(ue(t)) = E(u(t))) for allt €[0,T),

(3.5) hm/ |Drt ()2 s dr = / lOw(m)|2_ dr, Vite[0,T),

(3.6) lim IIVere(ue(T))II%E dTZ/ IVxE(u(r))lI7 dr, Vte[0,T).
€E—> 0 0

Proof. Using , we have

(3.7) [Ee(ue(0)) = Ee(ue(t))] = [E(u(0)) — E(u(t))] + [De(0) — De(t)].

Passing liminf to (3.7), we get

[E(u(0)) = E(u(t))] + lim inf[Dc(0) — De(t)]

e—0
= liIEIL%lf[EJUG(O)) — Ee(uc(t))]

¢
—timint [ opulr)|2dr By @)
€ 0 €
t
= limi(r)lf/ |0¢uc ()| -1 - |V x Ee(ue(t))||L. dr  (By Lemma [2.4] and (3.3))
€—> 0 €

o t ”8,571,6(7')“31—1 ||VXEE6(UE(T))”%
:hmlnf/ — + S
e—0 0 2 2

L 9 Ll 9
> =
2 5 [llgélf/o ||8tu6(7')HL€_1 dT—i—/O (hlﬁglglf||VX5E€(u€(T))||LE> dT:|

(By Fatou’s Lemma)

. /Ot (Hatu(r)lli_l +2HVXE<U(T)>H%> dT_/Ot (c;é) D) dr

(By assumptions (ii) and (iii))

38 = [ 10wl IVxB(r)lsdr - | (C';C) D(r) dr

(By Young’s inequality)

= [ I O e - I B(utr) - ( ) r)dr (By [13))

/\ Dpu(r vXE<<>>>L|dT—/( N ) D(r) dr
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(By the Cauchy—Schwarz inequality)

t t ~
2/0 —<L—1(8tu(7')),VxE(u(T))>Ld’T—/0< 5 )D(T)dT

! tfc+C
:/0 <8tu(7),VXE(u(T))>XdT/O ( : )D(T)dT

(By definition of (-, )z, (2.5))

td tfc+C
- [ G e~ | ( : )D(T)dT

— B(u(0)) — E(u(t)) —/O (C . C) D(r)dr.

Note that by assumption (i), we have
(3.9) D(t) >0 forallte|0,T).
Thus, by assumption (iv), we have

lim D.(0) =0, ie., lim[E(u(0)) — E(u(0))] = 0.

e—0 e—0

Moreover,

lim inf[D¢(0) — D(t)] = lim D¢(0) + |lim inf(—D(t))
(310) e—0 e—0 |: e—0

=0—limsup D (t) = —D(t) forallte[0,T).

e—0

Following (3.8]), (3.9), and (3.10]), we have

(3.11) 0< D(t) < <C+6> /tD(T)dT, vie0,7).
2 0

By (3.11) and Gronwall’s lemma, we have
(3.12) D(t)y=0 forallte[0,T).

From assumption (i) and (3.12]) we have

lim sup[Fe(ue(t)) — E(u(t))] = iminf[Ec(u(t)) — E(u(t))] =0 for all t € [0,T),

e—0 e—0

ie., lime 0 D(t) =0 for all t € [0,T"), and

(3.13) ll_r)r(l) E(ue(t)) = E(u(t)) forallte[0,T).

355
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Using (3.13]) and - to , we observe that

E(u(0)) = E(u(t))

d II('MH IIV E( )|IF
- /dt( )dr _/ : -

sany = [ Bl 9B dr

= [ 1L @l 19 5B dr By @TD)
/| Y(Ou), Vx E(u \dr_/t—<L—1(atu),vXE(u)>LdT
0

for all t € [0,T).
Applying the Vanishing Theorem to (3.14)), we obtain the following:

_ ol VX B

|0l -1 - | Vx E(u)||L for a.e. 7in [0, 7)),

2 2
(3.15) L7 (0u)||L = |0l -1 = |VxE(u)||z for a.e. 7 in [0,T),
(3.16) (L™ (0w), VxE())| = |IL7 (0w)|r - [VxE)|L ae. in[0,T),
(3.17) (L7 (Ow), VxE(u)L| = —(L71(0u), VX E(u)), a.e. in[0,T).

Using (3.16), there exists a number A € R such that

(3.18) VxE(u(t)) = \L™Y(0yu(t)) for ae. tin [0,T).
It follows from (3.15)—(3.18) we find that

(3.19) A=—1.

By (3.18]) and , we have

(3.20) Owu(t) = —L(VxE(u(t))) fora.e. tin[0,7),

(LY (0u(t)) = =VxE(u(t)) for a.e. tin [0,T).)
Taking into account (3.4) and Lemma [2.4] we have
t t
B21)  B(ul0) = Buluc®) = [ Wor)lidr = [V E IR, dar
for all t € [0,T). Using (3.13) and (3.21]) we find that for each ¢ € [0,T),

t t
lim/ ||0tu6(7')\|i,1 dr = lim/ |V x. Ec(ue(m))| dr
e—=0 Jo € e—=0 /o €

= lim[E(uc(0)) = Ee(uc(t))] = E(u(0)) — E(u(t))

e—0
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:/0 —Z(E(u(T)))dT:/O ~(VxE(u(r)), 0u(r)) x dr
(3.22) = [ @) omm)x ir - By GZ0)
_ /0 (Ou(r), Beu(r)) 1 dr  (By [£3))

t
- / |Bvu(r) |2 dr

/ |VxE(u(r))||7dr (By Lemma [2.4)
so that and hold. By (3.22) we have
(3.23) /OT |0su(T)|)3 -1 dT = E(u(0)) — E(u(T)) < +o0.
By Lemma [2.3 we have || - [|,-1 and || - || x are equivalent norms. Using we have
(3.24) O € L*(0,T; X).

Next, by using the Mean Value Theorem [11, Theorem A3.3, p. 255], we have for each ¢
in [0, 77,

[u(t) = u(0)]x < (Sup Hf)tU(T)lx> ] < < sup ||8tu(7')||X> -[t]-

T€[0,t]

)

Let Mr = sup,¢jo1 [|0su(7)||x < +oo (By (3-24)). Here we get
T T 9
/0 ()% dt < /0 (lut) — u(©) 1 + [u(0)]x)* dt
T
g/o (Mr - [t] + [u(0) ) dt < +oc

so that u € L?(0,T; X). Therefore u € H*(0,T; X) and the theorem is proved. O

Remark 3.2. In particular, if L. = I, and L = I, then Theorem [3.1]is the original theorem
(T-convergence of gradient flow) initiated by Sandier and Serfaty [18], where I, and I are

identity linear operators on X, and X respectively.

Next, we can generalize Theorem [3.1]to (p, ¢)-generalized gradient flows (cf. [20]) where

p and ¢ are conjugate exponents in (1,400).

Theorem 3.3. Let X. and X be real Hilbert spaces. Suppose that E. € C1(X.,R) and
E € CY(X,R). Let p and q be conjugate exponents in (1,+00) (i.e., p > 1 and %—i—é =1).
Assume that L.: X — X, the inverse operator L;l: Xe— X, L: X = X, and the
inverse of L, L™': X + X are bounded symmetric positive definite linear operators.

Assume that the following conditions hold:
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(i) Ec and E satisfy a T-liminf relation:

If u, LN u, then lim i61f E (ue) > E(u).
€—

(ii) If ue(t) LN u(t) for allt € [0,T), then either
limiélf [0suc(s)|I” — > |0cu(s)|| -, — C- D(s), ¥se[0,T)
€—> €

or

t t
liminf/ 1o (s) 7, dsz/ (l0wu(s)[? -, —C - D(s)) ds, Vtelo,T).
e—0 0 L¢ 0

(i) If ue(t) 2 u(t), then
lim inf | Vx, Bc(u ()]}, 2 [VxE(u(t)||}, - C - D(t)

for each t € [0,T). Here C > 0, C >0, and D(t), Dc(t) are defined by (3.1)),
respectively.
(iv) D(0) =0 (or limeo Ec(ue(0)) = E(u(0))).

Let u, be a solution of the (p,q)-generalized gradient flow

(3.25) |0sucl] 3 - Beue = —Le(Vix, Ee(uc)
on [0,T) with u(t) LA u(t) for allt € [0,T") such that for each t € [0,T),

Bu(ue(0) = Euue(®) = = [ LB dr = [ ool o

Then we have

o € LP(0,T; X) and u € LP(0,T; X), (Henceu € WHP(0,T;X).)
u is a solution of the (p,q)-generalized gradient flow
10|23 - By = —L(Vx E(u)) on [0,T),

D(t) =0 (so that ll_r)r(l) E(uc(t)) = E(u(t)) for allt € [0,T),

t t
lim/ | Orue(T) ||y dT = / |0cu(T)|[} — dr for all t € [0,T),
e—0 0 L 0

and

ing [ IV EuCw (), dr = [ IV xB i) dr

e—0

for allt €[0,T).
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Proof. If u, satisfies (3.25)), then
[0l s = 022 - (Ot Bund 1 = el - (L (Do), D) x

= <Le_1(||8tu6||i;% : atue)a 8tue>X

(3.26)
= —(Vx.Ee(uc), Oue)x  (By (3.25))
d
= ——(Fc(ue)).
4 (5 u)
By (B.25) again,
(3.27) 10~ = 182 - Dol .+ = Ll x Bl

By using the relation p = (p — 1) - ¢ and (3.27)) we have
(3.28) 1Osuell] - = 1 Le(Vx Ee(ue)) I -

By using Young’s inequality and (3.28)) we have

Ol IL(Vx Eew )
(3.29) ||3tu€||L€—1 ) ||L€(VX5E6(U6))HL;1 = D — + q —.
By Lemma |2.5| we have
(3.30) ILe(Vx Ee(ue))ll] 1 = IVx Ee(ue)lL,

The proof of this theorem can be achieved step by step with the procedure in the proof
of Theorem [3.1] together with (3.26), (3.28), (3.29) and (3.30). O

Remark 3.4. Theorem [3.1]is a special case of Theorem [3.3] with p = ¢ = 2.
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