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A Note on High-dimensional D. H. Lehmer Problem

Di Han, Zhefeng Xu*, Yuan Yi and Tianping Zhang

Abstract. By using the properties of trigonometric sums and the estimates of n-
dimensional Kloosterman sums, we study the high-dimensional D. H. Lehmer problem
over incomplete intervals. First we generalize the previous results in |[11] by presenting
some sharp asymptotic formulae. Then with the aid of a more elementary method,

we improve the error terms in a straight-forward manner.

1. Introduction

Let ¢ > 2 be an odd integer. If an integer b with 0 < b < ¢ and (¢,b) = 1 has an inverse
b modulo q with 21 (b+ b), then b is called a D. H. Lehmer number. Denote the number
of all Lehmer numbers modulo ¢ by M(1,q), D. H. Lehmer (see [3, Problem F12, p. 251])
asked whether anything non-trivial could be said about M (1, p), where p is an odd prime.
Zhang |16| proved that

#la)
2

M(1,q) = +0(q"%d*(q) In? q),

where ¢(q), d(q) are the Euler and the divisor functions, respectively. Then Xu and
Zhang [12] studied the mean square value of the error term of D. H. Lehmer problem over
the incomplete interval [1, (¢ — 1)/2], which proved that the bound of the error term is
best to the possible. While for ¢ = p being an odd prime, Cohen and Trudgian [2] recently

made Zhang’s work explicit, that is,

—1] 1
‘M(lap) - pQ‘ < 5191/2 log? p.

They [2] also connected the problem with primitive roots.
In [4,5], Khan and Shparlinski studied the maximal difference between an integer and
its inverse
M(q) =max{la —a|:1<a<q,(aq) =1},
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and proved
q— M(q) = o(¢***)

for any € > 0. Then Xu [10] studied the distribution of the difference of an integer and
its m-th power modulo ¢ over incomplete intervals [1, [Ag]] with 0 < A < 1. While Zhang
and Liu [13] gave an identity for 2k-th power of the non-negative least residue r,(q) and
Fermat quotient g,(q) of an integer q.

Now let s be a nonnegative integer, and a, b be integers with 0 < a,b < g. Zhang [17]
investigated the distribution of 2s-th power of |a — b|, and obtained that

N d(a)a*
—b 2s — 48 (28+1/2)d2 1 2 )
;bzzjl (@=0" = G DTy T oW (q)In*q)
ab=1 (mod q)
2t(a+b)

In addition, Lu and Yi [6}/7] generalized the problems in [16L]17]. Let n > 2 be a fixed
integer, ¢ and g > 3 be integers with (n,q) = (¢,q) = 1. For 0 < A, A2 < 1, they obtained

[A1q] [A2q]

[
7 7 1
> 1= (1 - ) A had(q) + O(q2d5(q) In? ¢).
a=1 b=1 "
ab=c (mod q)
nf(a+b)

Let N be a positive integer and « > 0. For any integer M, they also derived

M+N M+N

/ / a 2¢(Q) at2 1/2+4¢ nrar .
a:%ﬂb%:ﬂya I = G D@t gy O NG+ 1)),
ab=c (mod q)

) (a-+b)

In fact, they studied the more general case.

Another important direction is concerning the high-dimensional case. Let ¢ > 2 and
c are two integers with (q,c¢) = 1, k be a fixed positive integer, then for any nonnegative
integers s, Zhang and Zhang [15] considered the distribution of 2s-th power of |by - - - by, —
br+1|, and obtained the asymptotic formula

q q q k 2sk
S ST ST (b= b)) = % +O(4°qTDEL242(g) In g).
bi=1  bp=1bgt1=1 (25 41)

b1---brbrr1=c (mod q)

Soon afterwards, Shparlinski [8] improved the error term to O(2s¢(2stDs=s+1) " Almost at
the same time, Alkan, Stan and Zaharescu [1] considered k+1-tuples numbers with product
congruent to 1 modulo ¢, and the parity condition is replaced by linear congruences with

respect to more general moduli.
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Now let m be a nonnegative integer, and k be a fixed positive integer. For any positive
integer ¢t with ¢ < k, it is natural to ask what about the distribution of m-th power of
(by -+ by—byy1 - - - bi11) over incomplete intervals. To be specific, let 0 < A, Ag, ..., Apy1 <
1 be real numbers and w = (A1, A2, ..., Agq1). Let ¢ > max {[1/X;]: j =1,2,...,k+1}
be a positive integer, and a, n are integers coprime to q. Define

Mgl [A2g]  [Pksad]

! ! li

N(a,k+1,t,w,q,m,n) = Z Z Z (b1 -+ by —bpp1---bpr)™
bi=1by=1  bpyi=1
b1ba--biy1=a (mod q)

nf(b1+ba+-+bg 1)
It is obvious that by taking ¢t = k, m = 2s and n = 2, the above reduces to the case
considered by Xu and Zhang [11]. By applying the properties of trigonometric sums and
the estimates of high-dimensional Kloosterman sums, they |11] obtained the asymptotic

formula

N(a,k+1,k,w,q,25,2) = C(k,w,s)¢"(q)g** + 04" ¢ V=122 (q) In? g),

where N
C(k,w,s) = , 2(25+1)F if k> 2,
) Wy )\18+2+)\§s+27()\17)\2)25+2 P

4(s+1)(2s+1) if k=

and e = (1 — (—1)[1/’“]).

Actually, the error terms for N(a,k + 1,k,w,q,0,2) can be improved to the best
possible in some special cases like w = (1/2,1/2,...,1/2) and w = (1/4,1/4,...,1/4),
which are shown in |11}/14] by studying the mean square value of the error terms. It should
be pointed out that the latter case holds with a strict condition. While for other cases,
the methods in |11}/14] failed to improve the error terms.

This article is outlined in the following way: we first generalize the previous results
in [11] by presenting some sharp asymptotic formulae for N(a,k + 1,t,w,qg,m,n). Then
with the aid of a more elementary method, we improve the error terms in a straight-forward
manner.

We will prove the following

Theorem 1.1. For any nonnegative integer m, we have the asymptotic formulae

r(l — DAk +1,t,w,m)¢"(q)g™
+O(qmt+k 1/2d2( )In q) ikt 1)/2 <t <k
N(a,k+1,t,w,q,m,n) = (1= ) Bk +1,t,w,m)¢*(g)g™* =+
+O(q T ITEL A2 (g) In? ) iF1<t<(k+1)/2
(1— )D&+ 1,t,w,m)d"(q)g™
HO(2mgHR=1/22(g) In? g) ift=(k+1)/2,
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where

(A1 A)™ P (Ngr -+ A1)

Ak +1,t,w,m) =

(m+1)* ’
(=1)"™(A1 - M) g -+ - M)
B(k+1,t,w,m) = (m o+ 1)f—71 ,
L FIOTERE DL AZTO VIREERD VIS Vo

D(k+1,t,w = g C? (-1
( » ¥y ,m) =~ m( ) ((m j 1)0 1))(k+1)/2
are computable constants.

Taking w = 1 = (1,1,...,1) in Theorem (1.1} we can get the following result about

the high-dimensional D. H. Lehmer problem over complete intervals.

Corollary 1.2. For any nonnegative integer m, we have

N(avk+17tal7Qam7n)

4 / 1 / 4 /
:Z Z Z (by -+ by — byt bpir)™

bi=lbo=1  bpii=1

b1ba--bi+1=a (mod q)

nf(b1+ba+-+bg 1)

(1-1) LT 1 O(gmHh12d% (g) In? g) if (k+1)/2 <t <k,
(= D ERRE @R L O 202 (g) I ) if 1<t < (k4 1)/2,
o m Cﬁn —1)7 m

(1 - %) ijo ((m_j+1)((j+1)))(k+l)/2 ¢k(Q)q !
+O(2m g™ F1202(¢) In? q) ift=(k+1)/2.

While taking n = 2 in Theorem we have

Corollary 1.3. For any nonnegative integer m, we have the asymptotic formulae

N(a,k+1,t,w,q,m,2)
P\lq}/ P\zq}/ [/\k+1/q]

:Z Z Z (by by — bygr - b))
b1=1b2=1 brr1=1

b1ba---bg+1=a (mod q)
2f(b1+b2+---+bk+1)

A(k+1ét,w,m) ¢k:(q)qmt + O(qmt+k—1/2d2(q) In? q) if (k + 1)/2 <t<k,
_ B(k+1ét,w,m) ¢k(q)qm(k—t+1) 4 O(qm(k7t+1)+k71/2d2(q> 1n2 q) ifl1<t< (k + 1)/2,
DltLtwm) gl )t 4 O(2mgmHE—1/2d2 () In? g) if t = (k+1)/2.

Letting ¢ = k > 2 in Corollary our result recovers the main result of [11]. What’s

more, taking k =t =1 in Theorem [L.1] we have
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Corollary 1.4. For any nonnegative even integer m, we have

[>\1Q] [AQQ]
N(a,2,1,w,q,m,n) ZZ (by — by)™
b1=1b2=1
bib2=a (mod q)

nt(b1+b2)

1 )\m+2+Am+2 — (N — A\ m—+2 "
- (1- 2 A O R,

" (4 1) +2)

+ O(2mqm+1/2d2(q) In2 Q)-

Taking n = 2, Ay = A2 = 1 in Corollary we can immediately obtain the result
of [17]. While taking m = 0, we can also obtain the result of [6].

With the notation o,,(A, q) = > ([1 q]l a™, we will give stronger error terms for N (a, k +
1,t,w,q,m,n)in the cases w = (A1, A2, ..., A\g1) with at leastone \; =1 (j =1,2,...,k+
1). Define

[>\1Q] [>\2q] [>\k+1q]

Nj(a,k+1,t,w,q,m,n) = Z Z Z Z by = ey e bgr)™
bi=1by=1  bj=1  bysi=1
b1ba--brt+1=a (mod q)

(b1 +ba+-+bg41)

Then we have

Theorem 1.5. For any nonnegative integer m, we have

k+1

(a kE+1,t,w,q,m,n) (1 - ) HUm us q H 00(Avs q) +O(q2k+(m—2)t+1)
v:;—ijl
VE]

+O(¢"F2d 4 ()P g) if (k+1)/2 <t < 7,
Nj(a,k+1,t,w,q,m,n)

k+1
(1 o > m H UO us H O'm()\v, C_Z) + O(q2k+(m—2)(k—t+1)+1)

v=t+1
Wéy

+O(qmF DR () Inf Tt g) if j <t < (k+1)/2,

and
Nj(a,k+1,t,w,q,m,n)

(k+1)/2 k+1

1
B (1 B n) H Um us 4 H UOO"U’ Q) + E(k + 1’tjwam)¢k(Q)qm(k+1)/2
- (k;;)/z
v#£j

+ O(2mqm(l€+1)/2+k71/2d2(q) 1112 q) ift _ (k + 1)/2 < j,



1142 Di Han, Zhefeng Xu, Yuan Yi and Tianping Zhang

where
()\1 A )\t)m—j+1()\t+1 .. .)\k)j+1
((m = j+ 1)+ 1)E+D/

E(k+1,t,w,m) =Y Ch(-1)
j=0

1s a computable constant.

Note. Let g be fixed positive integer, then for any nonnegative integer m, from the

property of Mobius function, we have

[Aa] [Aq]/d

/ m+1
om(A, q) = Z a™ = Z”(d) Z (ad)™ = [Ag]™* QZ)E]q) +O([)\q]m2w(q))'

a=1 d\q a=1 m+ 1

This shows the bounds of error terms in the first two cases of Theorem are sharper
than those of [11]. However, our method does not improve the bound of the error term in

the case t = (k+1)/2. So how to improve it is still an open problem.
Taking w = 1 in Theorem we may have

Corollary 1.6. For any nonnegative integer m, we have

N(a,k+1,t,1,q,m,n)

1 / 1 / ? /

= E Z E (by by — bpgq - bsr)™
bi=lbo=1  bpii=1
b1ba-+-br1=a (mod q)

nf(b1+ba+--+br41)
(1= 16" (@) (om(@))! + O(g2+im=2r41)
+O(q™F*2d 11 (q) In* T q) if L <t
(1= ) (D)™ g) (om(@) ! + O(gPHH =2 )
+O(qmk=tHD+R2g, ) (q) InF T g) ift < 5L
(1= 1) (¢*=D72(g) (0 () FHD/2 + B(k + 1,t,1,m)¢* (q)g™*+1)/?)

n

+O(2mqm(k+1)/2+k—1/2d2(q) n2 q) ift = %’

where o (q) = om(1,q).

It is obvious to see that the bounds of error terms in the first two cases are sharper

than those in Corollary [I.2]
Taking t = k > 2 in Corollary we can immediately obtain the following
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Corollary 1.7. For any positive integer m, we have

q q q
/ / /
N(aak+1ak717q7mvn):22"' Z (bl"'bk_karl)m
b1=1bo=1 bry1=1
b1ba-+br+1=a (mod q)

nf(by+ba+--+bg11)
1
= <1 - n) (em(@)" + O(q" /¥ dy 1 1(q) ™ ).
Taking m = 0 in Corollary we have
Corollary 1.8.
i !/ a / ? !/
N(a,k+1,t,1,4,0,n) = Z Z Z 1

b1=1ba=1 br41=1

b1ba---bg+1=a (mod q)
n{(b1+b2+---+bk+1)

N <1 - 711) o*(q) + O(q"*dy41(g) In* ™ q).

From the discussions in references [11] and [14], the bound in Corollary [1.8|is close to

the best possible. Taking k = 1, n = 2 in Corollary we can immediately obtain the
result of [16].

2. Several lemmas

To prove Theorems [I.1] and we need the following lemmas.

Lemma 2.1. Let ¢ and t be integers with ¢ > 2 and t > 0. Let y and l be integers with

1<y<gqgandl1 <I<n. Let 0 < A <1 be a real number. For any given integer n > 2,
we have

t+1 3
&, ([ —yn+dl QO+ 0((A)") if qn | (—yn + ql),
qn O(W) if gnt (—yn + ql).

qn

c=1 sin

Proof. 1If gn t (—yn + ql), then

A
g:]cte coyntd ( (zyntd
qn qn

c=1
A A
S e (yn - ql) S <<c+ D(—yn + ql))
c=1 qn c=1 qn

. (—ynw) pglle ((M +1)(—yn + ql))

qan an



1144 Di Han, Zhefeng Xu, Yuan Yi and Tianping Zhang

[Ag]—1 [Agl—1
c+ 1)(—yn+ql)> ' <(c+ 1)(—yn+ql)>
+ (c+ 1 — ce
I O R IE G
[Aql-1
<1+ + > (e+ 1) =)
c=1
< [Aq]".
Since l l
(o))
qn qan
we have
_ (Ag)*
K(_y7 2 l) =0 ‘ sin T(—yn+ql) yn+ql) ‘
If gn | (—yn + ql), then we get
[Ad] t+1
Aq
K(-ut)=3 ¢ = Y0 o)),
c=1 -
This proves Lemma O

Lemma 2.2. For each prime p and any 'y € ZFtY, there exists a unique integer r > 0
such that'y = p'x for some x € ZFt1 — pZFt1. Let t denote the number of components of
x which are divisible by p such that 0 <t < k. For each o > 0, define

(y;p®)g = p Tt

where .
(674 ifTZOé,
r ifr<a-—1,
or(y; p™ )k = ‘
r ifr=a—1andt=0,
r—l—i—@ fr=a—1and1 <t <k.

For any integer ¢ > 1, we now define

(v;k = [ 0™k

p*|lq

Then for all integers k,q > 1 and all y € Z**1, we have the upper bound

1Sk(y; 9)| < ¢*%(y; ) da (g),

where dy11(n) is the k+ 1-th divisor function (i.e., the number of solutions of the equation

NN - - Ngpr1 = N in positive integers ni,na, ..., Nk11 ).
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Proof. See |9]. O

Lemma 2.3. Let q, k, n, a be positive integers with ¢ > 2 and (n,q) = (a,q) =1, let 0 <
AL, A2,y A1 < 1 be real numbers. Then for any nonnegative integers ti,ta, ..., tpt1,

we have

[>\1q [>\2q P\kﬂq Attt tk+1+1¢k( )q t1+Hta+Ftri

S I e
bi=lbi=1  byii=1 i (L +1)(t2+ 1) (thgr + 1)
b1ba-+br+1=a (mod q)

4 O(qt1+t2+"'+tk+1+k‘—1/2d2(q) 1n2 q)’

[/\111} [/\211 Ak+1q

t11.to tk+1 _
DU DT e =
bi=lby—1  bpp =1
b1ba--bry+1=a (mod q)
nt(b1+ba+-+br41)

k+1
t1+1)(t2 4+ 1) - (tpg1 + 1)

(1-2 N+ AN gh ) gt i
-3
n)

+ O(qm+t2+~~~+tk+1+k—1/2d2(q) 1n2 (]),

and
n— Aq] Aq] (A q]
n 2 n k+1
I=1 by=1by=1  bpyq=1

bbby 1=a (mod q)
— O(qt1+t2+"'+tk+1+k/2dk+1 (Q) Inkt+1 Q)-

Proof. (i) For the first part of Lemma see Lemma 2.6 in |11].

(ii) For the second part, first we have

Alq] [/\2Q] [/\k+1q]

t1pt2 tk+1
DU D g b
bl 1b2 1 bk+1 1
b1ba---bg+1=a (mod q)
nf(b1+b2+~--+bk+1)

[Alq] [>\2(I] [/\k+1¢I] P\l(I] P\zq] [/\k+1CI]
t17.to tk+1 t17.to tk+1
=D ID DT SIL D D DRI DL S ey
bi=1by=1  bpi1=1 bi=1by=1  bpi1=1
b1ba--byy1=a (mod q) b1bg--byy1=a (mod q)

n|(b1+bo+--+br11)

Thus we only need to focus on the second sum. By using the trigonometric identity

1 <au) q ifq|u,
3e(2) -
a=1 q 0 iquU,
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we obtain

>\1q] >\2Q] [/\k+1Q]

t1 72 tk+1
PO DRI RS
bl 1b2 1 bk+1 1
b1ba---bg+1=a (mod q)
n|(b1+ba++bit1)

[>\1q [/\2q )\k+1q n
S S L D S (EL.ESHETINY
- k—‘rl n
bi=1by=1  bpsi=1 =1
b1ba---byr1=a (mod q)
q >\1Q] [/\kq] [/\k+1(I] n
. tite . et C1+CQ+---+Ck+1l
= kHZZ 3 DID DD DED DEFC L IRT D B -
b1=1ba=1 bp+1=1c1=1 cp=1cpy1=1 =1

b1ba---b1=a (mod q)

" Eq: e<y1(b1_cl)+"'+yk(bk_ck)+yk+1(bk+1—Ck+1>>
q

YlsesYh+1=1

1 . yibi + -+ yrby + Ypraby - by
57 =ED VD 3 910 3| —

Y1,Yk+1=1 b1=1ba=1 p=1 q

n Ml —yin + gl [Ae+14] —yean+ gl
NP3 (a0 B MY ) |3 e (22t 00)

n n
c1=1 q cr+1=1 q

1 n
= gL Z 1;5(y17---,yk,yk+1a; QK (=y1,t1,0) - K(=yk, te, DK (—Yg1, thr1, 1)
Y1, Yk+1= =1

1
= WS((L - g, 4a; Q)K(_Q7 t1, n) e K(_Q7 s n)K(_q7 lk+1, 7’L)

1
+ W ZS(Q7 .., 4,4a; Q)K(_QJthl) o K(_Q7tkal)K(_Q7tk+17Z)

C’rl

+Z kf1E1+Z k+1

| _
+W Z Zs(yla---ayk>yk+1GJQ)K(_y1at1>Z)"'K(_ykatkal)
Y1, Yrtr1=1 I=1

X K(=Yrt1,trs1,1)
=21 + Yo + X3 + Xy + Xs,

where Cj = % (1 <r <k), K(—y,t,1) and S(y1,...,yx, Urt+10;q) = Sk(y;q) are
defined on the above, and

qg—1 n

q—
ZZS(yh---,yr,q,-.~,q,qa;q)K(*yhtl,l)--’K(fyr,tr,l)
y1=1 yr=11=1
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XK( q, T+17) K( qatka ( q7tk+17l)7

n
E, = Z Z ZSyla-uyyr—la%‘--7Q7yk+1a§Q)

y1=1 Yr—1=lypp1=11=1

X K<_y17t17 l) Tt K(_yT—htT—la l)K<_q7tT7 l) o K(_qutka l)K<_yk+17tk+17 l)

For the contribution of X1, from Lemma we obtain

1
¥1= 75,0, 9059) K(—q,t1,n) - - K(—=q, tk, n) K(—q, tg1,1)
ngkt

k t1+1 tr+1
= 20 (B o) - (B o)

by tg+1+1
()

)\§1+1 )\tk+1)\2k++11+1¢k(q)qt1+"'+tk+tk+l

n(ty+1) - (te + 1) (teg1 + 1)

+ O(qt1+"'+tk+tk+1+k‘—l)'

For the contribution of Y9, by applying the Jordan inequality

2 sin x
<

if |z| <

T
T 2’

we can get the estimate

1
= g > S(q- .90, 0) K (=gt 1) - K (=g, te, DK (=g, tryr, 1)
=1

n—1
AC) q" g'* g’k
k+1 ;o m(—gqn+tql) o T(=gntal) | | o m(=gntql)
ng —1 ’ sin T‘ ‘ sin an } | sin an

< nkqt1+"'+tk+tk+1_1.

For the contributions of X3 and Y4, we need to estimate F; and Fy. Now we estimate

E;. Noting that gn | (—yn + ¢l) if and only if y = ¢ and | = n, then

q—1 n
= Z Z Zs(yla"'7y7"7q)'"7Q7qa;Q)K(_y17t17l)”'K(_y’l’atr7l)

y1=1 yr=11=1
X K(_q7 tT’-‘rla l) o K(_q7 tk? l)K(_q7 tk+17 l)

q— _
= Z Z S(y17"‘7y7“7q’"'7Q7qa;q)K(_ylutl7n)"‘K(_yrvtr)n)
y1= yr=1
X K(_q tT+17n)"'K(_Qa tkan)K(_q’ tk-}—lan)
q—1 n

Z yla e Yrygy -4, qa?Q)K(iylytlvl) T 'K(iyrytTal)
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X K(_q7 tr-‘rla l) o K(_q7 tk? Z)K(_q7 tk+17 l)

EOER R (e
vi=l  p=lbi=1  b=lbpa=l b=l 4
X K(_yl) tlv ’I’Z) et K(_yT7 tT‘a n)K(_Q7 tTJrl) n) e K(_Q7 tkv n)K(_CL tk‘-i—lv n)

T LN o yibi + -+ yrby
LN Z'“ZZ"'Z@< ) >

y1=1 yr=1b1=1 br=1 br+1:1 bp=1

X K(_y17 tlv l) T K(_yT‘7 t?“a Z)K(_Q7 tT‘-‘rlv l) e K(_Q7 tka Z)K(_Q7 tk+17 l)

SR S 00 e O (0
M)’ | sin (W)‘

1’sin(7r( an qn

)\k+1q)tk+1+1
O((\, ZES AT (—
OO ) - (R

X <(>\r+1Q)tT+1+l

+O((A bt >
bt 41 ((Aks19)™)

- /2t 1/2, tr
ke N 12 0" (r,9)%q
+ 6" (q)q"d" (q) > (FCwy | Ty ()

qn qn

qtr+1 qtk+1
X e
[ sin (T

= 2. 1/2
< qt1+..~+tk+tk+1+2k—r/2+1dr(q) Z (y1,9) o ..g(jth)

1/2 1/2

S /2 — (y1,0)"* - (yr, q)
F gt e+t thtr/2 g (q) Z | _merq”m’_ry i dl
.

q—1 q—1 n—1 1/2 1/2
+ qt1+...+tk+tk+1+k+r/2dr(q) . Z (yh q) /2. (yr, q) /
yl .. .yr

< gttt 2k /240 g gy g,

Then we estimate E». From Lemmas and we have

q—1 qg—1  q-1
EQZZ Z S(yla'"7yT71>Q7"'>Q>yk’+1a;Q)

y1=1 Yr—1=1ypp1=1

X K(_yla t1, Tl) T K(_nyla tr_1, n)K(_qv tr, TL) T K(_Q7 tk, n)K(_ykJ-‘rlv tk-‘rla n)
q—1 qg—1 n-1

q—1
—|—Z Z Z Zs(yla"'ayrflv(b"'7Qayk+1a;q)
y1=1

yr—1=1yp41=11=1
X K(=y1,t1,0) - K(=yr—1, tr—1, DK (=q, t;, 1) - - K(—=q, tg, ) K(=ypt1, trs1, )
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g—1 q—1 g—1 t1 tr_1
k/2 q q
< Z o Z Z qk/Q(y; q)k/ dk""l(q) : m(—yin+qn) U m(=yr—1n+gn)
o et P [ sin (T [ [ sin (BT |
tkt1 tr+1 te+1
q (Arq) t (Akq) t
O(Og)t) ) - (2L 1 O((Ag)t
’ sin ( yk+1n+qn))‘ < tr+1 + (( TQ) ) te + 1 + (( kQ) )
k/2
+ Z Z Z y q korl( )Z . (m(—yintql)
y1=1 Yr—1=1yp41=1 =1 ’Sln (T)l
" . qtrfl qtk+1 qt'r o qtk
in (2222840 | i (FCayia i (R i (gl
-1 q—1 q—1 ( )k/2
< qtl+"'+tk+tk+1+3k)/2+1dk+1(q> Z Z Z Yt - - a‘Z'/T'flayk:—l-laq
vi=l  yr1=lypii=1 Y1 Yr—1Yk+1
+ qt1+"'+tk+tk+1+k/2+Tdk l(q)
q—l q— - n—1 ]{2/2
(yh ey Yr—1,Yk+1, Q)
X ...
y; yrz;lyk%:”z;l—merqll = gran+ gl = yrpan + glfiF !

(¢-1)/d  (¢—1)/d(q-1)/d d(k—2r)/2
<<qt1+...+tk+tk+1+3k/2+1dk o Z Z Z Z T—

dlg s1=1 Sp—1=1 sp=1

g—1 g=1  g-l n-1 (11 Yr—1, Yk+1 Q)k/z
2 s —
gt +tettep1tk/ i1 (q) Z Z Z Z — : T l’c—r+1
~ ‘. = Y Y1k !
yi= yr—1=1yp1=11=1

< gttt et 2k=rtly o (¢)d(g) In” g.

Finally, for the contribution of X5, we have

1

X K(_yla t17 l) T K(_yk’7 g, Z)K(_yk‘-i-lv tk-l-l? l)

nqk—i-l Z Z Z qu/Q via)y *diy1()

y1=1 Ye=1yr+1=11=1
(M) .. (Aug)"™ (Aky1q)te+1
\sin(%)‘ | sin (W)‘ ‘Sm(ﬂ_yk;iw)‘

q—1 g—1 gq—1
< qt1+"'+tk+tk+l+k/2dk+1(q) Z Z Z

y1=1 Ye=1yg+1=1

x Z (Y15 s Yk Y1, @) F/ 21
— [ —yin+dql|- [ —yn + qll| — yerin + 4l
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3

)k/2

q—1 qg—1 q—1
<<qt1+~..+tk+tk+1+k‘/2dk i Z Z Z Z yl,-él-,“y{e,ymhq

=1 yp=lypsi=l =1 YeYk+1

y Z (q—Eli/d (q—zli/d (q—1)/d .
< ght -tttk 2dk+1(Q) k+2)/2
dlg s1=1 sp=1 sp41=1 d( +2)/ 81 SkSk+1

< qt1+"'+tk+tk+1+k/2dk+1<q) lnk+1 q.

Collecting the contributions of all terms, we immediately deduce

[/\1q [/\2q P\k+1q

t11.t2 tk+1
DU T b
b1=1b2=1 br+1=1
b1ba--bgy+1=a (mod q)
n|(b1-+b2+++bk 1)

AL I gk (g) gt ttictten

n(ty+ 1) (tg + 1) (tgar + 1)

+ O(qt1+"'+tk+t1€+1+k71/2d2(q) 1112 q)’

which implies the second part of Lemma
(iii) For the third part of Lemma similarly, we have
n—1 >\1q] >\2tI] [>\k+1f1]
Z Z Z Z bll b bol b2 o bri1l phis
n n k+1
I=1 by=1by=1

biba-br+1=a (mod q)

)\1q )\kq )\k+1q

- Mz DI > ({2 )) o (e (Bt

n
b*l bk 1bk+1 lca=1 Cip= 1ck+1 1

b1-+-brbrt1=a (mod q)

» zq: o y1(b1 —c1) + -+ yp(br — cx) + Yryp1(bpyr — Ck+1))

YooYk Yr+1=1 q

1 ! = L by + - -+ ykb + Ykr1aby - by
> z'--ze( )

y17~")yk7yk+1:1 b1:1 bkzl q

_ by Ak
£ 1 qn k k

n
c1=1 cp=1 q
Ak+19
L1 _yk+1n+ql
o D D e
an
Cl4+1= 1

1 q n—1
= S D S Yk Yksr039)

y17"'aykvyk+1:1 =1
X K(=y1,t1,1) - K(=yp, tis D K (=Ypt1, trr, 1)
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Then using the same method as above, we have

n— [/\ [)\ q
n n k+1

=1 bi=1ba=1 bk+ =1

b1ba--bi+1=a (mod q)

= O(g" etk 2, 4 (g) Inf T g).

This proves Lemma O

Lemma 2.4. Let q, k, t, m be positive integers with ¢ > 2, and a an integer with (a,q) = 1.
Then

>\1Q] [Akq

Z Z Z Z C’J j(bt+1 .. bk+1)j _ O(q2k+(m—2)t+1)
bi1=1 br=1 bk+1 15=1
b1-+brbr+1=a (mod q)

if(k+1)/2<t<k+1, and

[k Q] P\k+1Q]

Z Z Z Z bt+1 bk+1)m_j — O(q2k+(m_2)(k—t+1)+1)
b1=1 bk 1 bk+1 1 j 1
b1---bibr41=a (mod q)

ift < (k+1)/2.

Proof. Note that
(1 + qk72t+1)m 1= O(mqk72t+1)

holds for ¢ > (k +1)/2, we have

[/\1q] )\kQ] q

Y Y Y " (b b
bi1=1 br=1bp41=17=1
b1-+-brbr+1=a (mod q)

[/\1q )\kQ] q

-0 Z Z Z ZC] t(m—j)+(k—t+1)j

bl 1 bk lbk+1 1_] 1
b1---bbr1=a (mod q)

A1q] [/\kq]
-0 mt Z q (k—2t+1)j Z Z
bi=1 br=1
k
=0 (qmt((l + - ] UOO\mQ))
u=1

— O(q2k+(m72)t+1).
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If t < (k+1)/2, similarly we have

[Akq [>\k+1 ‘1]

Z Z Z Z (bt+1 bk+1)m_j = O(q2k+(m—2)(k—t+1)+1)‘
bl 1 bk 1 bk+1 1 ] 1
b1---brbrr1=a (mod q)

This completes the proof of Lemma O

3. Proofs of theorems
Proof of Theorem 1.1} First for m > 0, we have

N(a,k+1,t,w,q,m,n)

M ‘1] [/\2Q] Aks14]

/
:Z Z Z (by -+ -by — bpgq - bpppr)™
b1:1 b2:1 bk+1:1
b1ba--bi1=a (mod q)

n{(b1+b2+-~-+bk+1)
m >\1f1] [)\2Q] )\k+1fI]

S ITRT) o SRRV
]:0 b1 1b2 1 bk+1 1

b1ba--brp11=a (mod q)
nf(by+ba+--+br11)

moo . 1\ (A - ..)\t)m—jJrl()\tH o Ay )i . (b .
2, (=) <<1 n> VIRV

+ O(qmt+(k—2t+l)j+k—1/2d2(q) n2 q)> 7

where we have used Lemma 2.3
We can separate it into three cases t > (k+1)/2,t < (k+1)/2, and t = (k+1)/2. If
t > (k+1)/2, noting the fact that the main term only comes from the item j = 0 and the

other items 0 < j < m are all error terms, we have

N(a,k+1,t,w,q,m,n)

I\ A1 2)™ N+ A m ke
B <1_n> 1 t<mif>+tl 1) g g)g 4 OGP ) )

If t < (k+1)/2, similarly we have

LN (D)™ A) Qe A )™ e
N(a7k+17t7waq7m7n) - <1_n> (m+1)k_t+1 (b (q>q ( )

+ O(qm(k7t+1)+k71/2d2 (Q) 1n2 Q)-
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While if ¢ = (k + 1)/2, for the reason that all items 0 < j < m are the main terms, we

have

N(a,k+1,t,w,q,m,n)

m IRNCYERED W L ARTS VIPTRUS j+1 o
z—:o <1_"> | 1((m—)j+1)Ej f1))<k+k1+>;3 6" (a)q

O(2m mt+k— 1/2d2( )1112 Q)-

Then for m = 0, we have

Al‘]] )\QQ] [>\k+1lI] [>\1q [qu] [)\k+1q
N(a,k+1,t,w,q,m,n) Z Z Z 1— ,Z Z Z 1)br+ba i

2 2 brep=1 bi=1by=1  bpii=1

b1ba--bg41=a (mod q) b1ba---bgy1=a (mod q)

Thus Theorem [I.1] holds again by appealing to Lemma [2.3] This completes the proof of
Theorem [1.1] O

Proof of Theorem [I.5 Noting that (k+1)/2 <t <k+1and w = (A1, A2,..., Agy1) with
at least one A\; =1 (j > t), we can assume A;41 = 1 (without loss of generality). Then we

have

Ni1(a, k+1,t,w,q,m,n)

A1 q] [Akq

—Z Z Z oobp = bpypr o bpgr)™

bi=1  bp=1by =1
b1ba-+-br11=a (mod q)
nf(b1+ba+--+bgy1)

[/\1q] [/\kq
_Z Z Z cooby = beg - bg)™

b1 1 bk 1 bk+1 1
b1b2-+-bg11=a (mod q)

[Mq} )\kQ] q
—Z Z Z cooby = by D)™
bi=1  by=1bysi=1
b1b2--by1=a (mod q)
n|(by+ba+--+bg41)
>\1Q] [Akq
—Z Z Z teobp = b e bgn)™

bl 1 bk 1 bk+1 1
b1b2-+-bg+1=a (mod q)

Alq] [/\kq
_fz Z Z by — by bpg)™

bi=1  bp=1bpp1=1
biba---bi+1=a (mod q)



1154 Di Han, Zhefeng Xu, Yuan Yi and Tianping Zhang

>\1q] [/\kq i N b

_ - by — m AT T Pkl
S S b S (M )
b1 1 bp=lbpi1=1 =1
b1b2-+-by11=a (mod q)

[A1q] [)\kq

S CE3) 300 3 3l
bi=1  bp=1bpp1=1
b1---brbr1=a (mod q)

0 [Alql [Akql a,

" (1 a n) .Zq]”(_ly Z Z Z (b1 b)™ 7 (bt - - bgy1)’
]:1 b1:1 bkzl bk+1:1
b1 -+-brbr+1=a (mod q)

1 m n—1 [AIQJ [)‘kQJ q/ bil bil
S J(—1)) ) pm=i) ... ) pm—i
SHCASID S DEN DS (()b ) ( ()b )
b1-+-brbr+1=a (mod q)

beaal beaal
() (05 )

1 P\Nl], [Akq}

= (1 - n> S ST b b O Ry (g) 10 )
b1=1 br=1
[/\1q] [/\kq] q

+0 Z Z Z ZCJ b)) (bygey - by )’

b1 1 bk 1bk+1 1] 1
b1-+-brbr+1=a (mod q)

t k+1
1 - m
= (1 - n) [Tonua) TT o0, a) + O 20 4 O(g™ 2 dy 11 () W ),
u=1 v=t+1
v

where we have used Lemmas 2.3 and 24
Ift <(k+1)/2and w = (A1, A2, ..., A\g+1) with at least one \; =1 (j < ¢), similarly

we have
k+1

Nl(a’k+1ut7W7Qam7n) = <1_ > mHUO us q H Um()\v7Q)

# v=t+1
uj
+ O(q2k+(m—2)(k—t+1)+1) + O(qm(k—t+1)+k/2dk+1(q) lnk+1 Q)-

Ift=(k+1)/2 and w = (A1, A2, ..., A\py1) with at least one A; =1 (j > t), we have

Nit1(a, k4 1,t,w,q,m,n)

[Ag] )\k‘Z] q
()X Y e

bim=l  bp=lbyy=1

b1-+-brbr+1=a (mod q)
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1 m >\1Q] [Akfﬁ
+ <1 - n) > (- Z Z Z " (b1 brgr)?
=1 bi=1  be=1bg =1

b1---bpbry1=a (mod q)
n— 1[/\1«1] edl g
1 byl bl
_ J m—J .. m—J
LA e 3 3 (e(5) ) (o () )
"0 I=1by=1  by=1bjp41=1
b1-+-brbr1=a (mod q)

() (5

(A1 q] Mgl

- (1 - f:lz> S b b)™ o+ O 2y () W )

bi=1  by=1

1\ M ) ()\1...)\t)m—j+1()\t+1...)\k)j+1 . e 4
=2 m(=1) mit+(k—2t+1);
+ < n) - Ch(=1) ( (m—j+ 1Dt + 1)k—t+1 " (9)q

j=1
+ O(qmt+(k72t+1)j+kfl/2d2(q) 1n2 q)>
(k+1)/2 k+1
<1 - ) H om(ard) [ o0(he q) + 0@ D220 (g)102 g)
v=(k-+3)/2
v
] C )™ J+1(/\t+1...)\k)j+1 . i
1 CJ B m(k+1)/2
( )Z < DG+ ez ’

where we have used Lemmas [2.3] and [2.4] This completes the proof of Theorem [I.5] [
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