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Existence of Solutions for a Class of Fractional Kirchhoff-type Systems in RV
with Non-standard Growth

Elhoussine Azroul, Athmane Boumazourh* and Nguyen Thanh Chung

Abstract. This paper is concerned with the existence and multiplicity of nontrivial
solutions for a class of Kirchhoff-type systems in RY involving the fractional pseudo-
differential operators defined as the generalizations of the p(x)-Laplace operator. Our
main tools come from a direct variational methods, the Mountain Pass Theorem, the
symmetric Mountain Pass Theorem and the Fountain Theorem in critical point theory.
The obtained results of this note significantly contribute to the study of Kirchhoff-
type systems in the sense that our situation covers not only differential operators of
fractional order but also nonhomogeneous differential operators in Sobolev spaces with

variable exponent.

1. Introduction

In this paper, we aim to investigate the existence and multiplicity of weak solutions for

the following fractional Kirchhoff type elliptic system
My (L o) (W) (= A)3 (@) + [0 20 = GE(2,u,0)  in RN,

p(x
(1.1) Ma(I 4z (v))(—A)Z(W)(v) + |u]@@)=2y = %(m,u, v) in RV,
(u,v) € Wsplay) (RN) x Wsa(y) (RM),
where
|w(z) — w(y)|"Y) ( N
I — f s,r(z,y) R
sartea) () /]RNXRN r(x,y)le — y|N+sr@y) dzdy forw € W (R™),

and p,q: RY x RY — ]1, +-00[ are symmetric continuous functions such that

(1.2) 1<p <plz,y) <pt <400, 1<q <q(z,y) <q" < +oo,
where
p- = inf p(xy), p" = sup p(z,y),
(z,y)ERN xRN (z,y) ERN xRN
qi - inf Q(.T, y)7 q+ = sup Q(xa y)v
(z,y)ERN xRN (z,y) ERN xRN
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and p(z) = p(x, z), and g = q(z, z).

The critical fractional Sobolev exponent is given by

Nm(z,x) .
() = Nosmeny LN > sm(z,x),
+o0 it N <sm(z,z).

M;: [0,400) = (0,400), i = 1,2, are continuous functions satisfying the following condi-

tions:
(Mp) There exist m; > 0, i = 1,2, such that

Ml(t) > m; for all ¢ > 0.

(M;) There exists 6 € (0, 1) such that

—

M;(t) > 0tM;(t) for all t >0,

where M;(t) = f(f M;(s)ds.

The function F is assumed to satisfy Caratheodory conditions and be L> in z € RV
and C! in u,v € R. For s € (0,1), (—A);(x .y is the fractional p(x)-Laplacian operator
defined as

_ p(zy)—2 _

C D@ =108 | o u&,)_, y|N+5p(<Z,(5) “ay porr R,
which is a pseudo-differential operator allowing to introduce the non-integer derivative
order. This operator is a fractional version of the so-called p(z)-Laplacian operator which
is given by (=A4),)u = — div(|VuP®)=2Vqy).

The problem is related to the stationary version of the Kirchhoff equation

2 2
d:):)a“_o,

da?

ou

82u Po E L
(1.3) ( o

Yo\ n Tar

n tar ),

presented by Kirchhoff [22] in 1883, is an extension of the classical d’Alembert’s wave
equation by considering the changes in the length of the string during vibrations. In ,
L is the length of string, h is the area of the cross section, F is the Young modulus of the
material, p is the mass density, and Fy is the initial tension. The Kirchhoff’s model takes
into account the length changes of the string produced by transverse vibrations. Some
interesting results can be found, for example in [10]. On the other hand, Kirchhoff-type
boundary value problems model several physical and biological systems where u describes
a process which depend on the average of itself, as for example, the population density.

We refer the reader to [2}/18,26] for some related works.
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Recently, a great attention has been given to the study of the fractional Lebesgue
and Sobolev spaces and their generalizations to variable exponents (see [21}24]). We re-
fer to Di Nezza, Palatucci and Valdinoci [24] for a comprehensive introduction to the
study of nonlocal problems. In the context of non homogeneous materials (such that elec-
trorheological fluids and smart fluids), the use of Lebesgue and Sobolev spaces LP and
W*P seems to be inadequate, which leads to the study of variable exponent Lebesgue
and Sobolev spaces LP(®) and W) Moreover, the study of problems which involves
the fractional p(z,-)-Laplacian and the corresponding nonlocal elliptic equations consti-
tutes a promising domain of research in which many mathematicians had contributed
(see for example [1,[7,/11,|12,|14/21]). Furthermore, this type of problems arise in many
physical phenomena such as conservation laws, ultra-materials and water waves, opti-
mization, population dynamics, soft thin films, mathematical finance, phases transitions,
stratified materials, anomalous diffusion, crystal dislocation, semipermeable membranes,
flames propagation, ultra-relativistic limits of quantum mechanics, we refer the reader
to [9,124] for details.

For the problems involving fractional Kirchhoff type, we refer the reader to the works
[1,346], where the authors use different methods to establish the existence of solutions.

In the local case (s = 1) and when M; = My = 1, Xu et al. [28] have shown the
existence and multiplicity of solutions for the following elliptic system with nonstandard

growth conditions in RV:
— div(|Vu|P®)=2Vu) + [uP®) =2y = %—Z(x,u,v) in RV,
—div(|Vo|1®)=2Vy) + |v|9@) =2y = %%(x,u,v) in RV,
(u,v) € X,
where X = W) (RN) x WHa@)(RN) N > 2, p(-), q(-) are functions on RV, the function
F is assumed to verify Carathéodory conditions and L*> in € RY and C' in u,v € R.

In our context, Dai [13] considered the following nonlocal elliptic systems of gradient

type with nonstandard growth conditions

M ( Jo 5| Vulp@ dx) div(|VuP@=2Vu) = 22 (z u,v) in Q,

— M, (fQ Wlx)|Vv|Q($) dx) div(|Vo]["®=2Vv) = 28z, u,v)  in Q,

u=v=>0 on 0f),
where Q is a bounded domain in RY with a smooth boundary 9Q. M;i(-), M(-) are
continuous functions and F': 2 x R x R — R is assumed to be continuous in x € {2 and of
class C! in u,v € R.

The main purpose of this paper is to prove the existence and multiplicity of weak

solutions for problem (I.1). We know that in the study of fractional problems in RY
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involving the p(z,-)-Laplacian operator, the main difficulty arises from the lack of com-
pactness. To overcome this difficulty we will include the method of weight functions. By
the critical point theory, we present here two type of results for problem . These
results correspond to the “sublinear” and the “superlinear” cases. Our paper is motivated
by [4L[8[13,28] and organized as follows: in Section we recall some notations and proper-
ties of fractional Lebesgue and Sobolev spaces with variable exponents. In order to prove

the main theorems in Section |3 some useful lemmas are given.

2. Preliminaries and basic assumptions

In this section, we recall some necessary properties of variable exponent spaces. For more

details we refer to [17,23,25], and the references therein. Consider the set
C.(RN) = {re CRM):r(x) > 1,V € RN}.
For any r € C; (RY), we define the generalized Lebesgue space L") (RY) as
LT@(RNY) = {u: RY — R measurable : /]RN lu(z)|"® da < —l—oo} )

this space equipped with the Luxemburg norm

u(z) r(z)

[ullr(z) = llull pre vy = inf {A >0 / dx < 1}
RN

is a separable reflexive Banach space.

Let 7 € C, (RY) be the conjugate exponent of r, i.e. 1) + (11) = 1. Then we have

»or(z T

the following Holder-type inequality.

Lemma 2.1 (Holder’s inequality). If u € L"O(RN) and v € LI"@(RYN), so

/ uv dx
]RN

The modular of L"*) (RV) is defined by

1 1
<=4+ = < .
< (T_ + ?_> ullp @) [Vl < 2lullr@)llvllF@)

i DOE) SR s ) = [ @) do,

Proposition 2.2. [16,23] Let u € L"®)(RYN), then we have
(1) [Jullp@) <1 (resp. =1, > 1) <= pppy(u) <1 (resp. =1, > 1).
T

(@) ulloy <1 = [ull’dsy < ooy (w) < lull)-

3) llullo@) > 1= llulllgy < poiy(w) < ullly-
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Proposition 2.3. If u,u; € L"@(RY) and k € N, then the following assertions are

equivalent
(1) limp o0 flue — ully@) = 0.
(2) img—sto0 pr(e)(up —u) = 0.
(3) up — u in measure in RN and limy,_, 4 o Pr(z)(Uk) = Prz) (1)

Now, let’s introduce our fundamental space. Let s € (0,1), and let r: RN x RV —
(1,400) be a Lipschitz continuous variable exponent satisfying ((1.2). We define the usual

fractional Sobolev space with variable exponent as

B _ r(z,y)
Ws,r(a:,y) (RN) —ue LT(w) (RN) : / \u(ac) u(y)| dxdy <00y,
RVxRN |z — y|NTer@y)

which is equipped with the norm
lullysrew @yy = lullr@) + [uls @),

where 7(z) = 7(z,x) and [ul ,(5,) is a Gagliardo seminorm with variable exponent which
is defined by

_ r(z,y)
(U] r(ay) = inf {A >0 / [u@) = u(y)| dady < 1} .
R

N RN )\T($,y)|x — y|N+sr(x,y)

The space (W @V (RN),||- ||Ws,r(z,y)(RN)) is separable and reflexive Banach space (see, |7,
Lemma 3.1]).
For any u € W*"@¥)(RN), define the modular function Pr(-,): Wwer@)(RVN) - R

_ (@) _
R RN

NyrN |z — y|N sy

and its norm

[

. u
lsr@y) = lullp,,.,, = inf {)\ > 02 pr(ay) (A> : 1}'

It is easy to see that || -||5(z,y) is @ norm which is equivalent to the norm || - [ysr(.v) gv)-

Throughout this paper we will use the norm || - [ (3.4

Lemma 2.4. Letr: RV xRN — |1, +oo[ be a continuous variable exponent and s € |0, 1[.
Let u,uj, € W™ @Y(RN) | then we have

(1) [[ullsp@y) <1 (resp. =1,>1) <= pp(. y(u) <1 (resp. =1,> 1),
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@) Ntllron) < 1= Tull™t 0 < ooy (0) < Jul %5

3)

(4) limypypoo [Jup —u

- +
) >1= Hu”g,r(ac,y) e pp(’)(u) e Hqu,r(m,y)’

o) =0 <= limg o0 pp(. ) (ur —u) = 0.

Theorem 2.5. [14,21] Let Q be a open bounded subset of RY and s € (0,1). Let
r: OxQ — (1,400) be a continuous variable exponent with sr™ < N for all (z,y) € A x Q.

Let g: Q — (1,+00) be a continuous variable exponent such that

Nr(xz,z)

ri@) = N —r(z,x)

>q(z)>q >1, YreQ.

Then the space W™ @Y)(Q) is continuously embedded in LI*)(Q). Moreover, this embed-
ding is compact. In other words, there exists a constant C = C(N, s,p,q,Q) > 0 such that
for every u € W @¥)(Q),

[l o) (@) < Cllulls.rtean (2)-
Now, let w: RY — R be a function satisfying the following condition
(wo) w € C(RM,R) such that w(z) > 0 for all z € RY and w # 0.

For ¢ € C(RY), define
LI@ (RN = {u: RY — R measurable : / w(z)|u(z)| @) dz < —i—oo} ,
RN
which endowed with the Luremburg norm

Jullors = ol o emy = 0 {2 > 03 [t w <1l

It is easy to see that pg(p) w = [pn w(z)|u(z) (%) dg: is a semimodular. Moreover, (Lg(x) (RM),

u(z) q(=)

||u|\q(x),w) is a Banach space.
Lemma 2.6. [27] The following assertions are equivalent:
(1) limy—eo Huan(:c),w =0;

(ii) limp—co Pg(z)w(tn) = 0.
Lemma 2.7. [419] Suppose that ({[.2) holds. Let h € C(RN) with 1 < h~ < h(z) <
n()
ht < r¥(z) for all v € RN. Assume that w € L"O-*0) such that

() <n(z) <ri(x) forall  €RY, and inf (n(z)— h(z)) > 0.

z€RN

Then, the embedding W5 (@Y (RN) — Lh@) (RN) is continuous. Moreover, if nt < ri(x)
for all z € RN, the embedding W @¥)(RN) — L@ (RN) is compact.
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Lemma 2.8. Let r € Cy (RN x RYN) satisfy (1.2), h € C1(RN) and let w be a weight
function. Then for any u € W™ @9 (RN there exist h € [h=,h] and a constant ¢ > 0
such that

/ w(@)lul" (@) do < clullg ().
RN

Proposition 2.9 (Fountain Theorem). Let X be a Banach space with the norm || - || x
and let X; be a sequence of subspaces of X with dim X; < oo for each j € N. Further,
X =@ ey X, the closure of the direct sum of all X;. Set Yy = @?:1 Xj, Zy = @52, X;-
Assume that ¥ € CY(X,R) satisfies the (PS) condition and ¥(—u) = V(u). For every
k € N, suppose that there exist Ry > v, > 0 such that
(A1) inf ez, W(u) — 400 as k — occ.

l[ull x =7

(A2) max ey, Y(u)<O0.

llull x =R
Then ¥ has an unbounded sequence of critical values.
Remark 2.10. Since X is a separable and reflexive space, there exist {e;}7°; C X and
{fi}32, € X* such that
1 ifi=y,
0 ifi#j.
Hence X = span{e; : i = 1,2,...} and X* =span{f; : i = 1,2,...}. For k=1,2,..., we
define

file;) =dij =

k 00
X =span{e;:i=1,2,...}, Yo=PX; Zr=Px.
=0 i=k

Lemma 2.11. [27] Let r € C.(RY) such that 1 < r~ < r(z) <r* < min{p}(z), ¢*(z)},
Ve eRN. Fork=1,2,..., set
Qp = sup / w(x)|u"® da.
RN

UELy,
Julx <1

Then ap, — 0 as k — —+o0.

Next, we will state the Symmetric Mountain Pass Lemma. For this purpose, we should

introduce the definition of genus.

Definition 2.12. Let X be a real Banach space and A a subset of X. A is said to be
symmetric if u € A implies —u € A. For a closed symmetric set A which does not contain
the origin, we define the genus y(A) of A by the smallest integer k such that there exists
an odd continuous mapping from A to R*\ {0}. If there does not exist such a k, we define
v(A) = oco. Moreover, we set v((}) = 0. Let 'y denotes the family of closed symmetric
subsets A of X such that 0 ¢ A and v(A) > k.
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We recall the Symmetric Mountain Pass Lemma.

Theorem 2.13. [20] Let X be an infinite dimensional Banach space and J € C*(X;R)

satisfy the following assertions:
(S1) J is even, bounded from below, J(0,0) =0 and J(u,v) satisfies the (PS) condition.
(S2) For each k € N, there exists an Ay, € I'y such that sup,e4, J (u,v) <O0.

Then J admits a sequence of critical points {(uk, v)} such that J(ug,vi) < 0, (ug, vg) #
(07 O) and hmk—)oo(”/m Uk) = (07 0)

3. Main results

In this section we prove our main theorems, Theorems and The solutions
of our problem (1) belong to E = W*P@¥)(RN) x W4(@¥)(RN), the Cartesian product

of two Banach spaces, which is a reflexive Banach space endowed with the norm

”(ua U)HE = HuHs,p(ac,y) + HUHs,q(:v,y)v

where || - ) are modular norms of WPy (RN) and Wa@v)(RN)

)and H

Hs,p(ﬂ:,y Hs,q(x,y

respectively.

For every (u,v) and (p,%) in E, let

f(u,v):/ F(x,u,v)dz,
RN

then

oF oF
Pl = [ Gowuoedst [ s

Suppose I satisfies

(Fo) There exist pg,p1 € C(RY) and qo,q1 € C(RY) such that, for all (s,t) € R? and
for a.e. x € RY, we have

oF

‘ Bs <sz,t>‘ < a1 ()| 4 ag () |t

oF

‘ ot Wi)‘ < by ()]s 4 by ()t ),

where a1(-) € L7/ (RN), ay(-),b1(-) € L72@(RN) and by(-) € L73@(RN),

_ pi(x)q;(x)
pi(x)qi(z) — pi(r) — ¢t (=)

01(1') = =7 0'2({13) s 03(.%') = —_— 0.
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Lemma 3.1. Under the assumptions (Fo), F is differentiable in sense of Fréchet, i.e.,
for fized (u,v) € E and given € > 0, there exists 6 = (e, u,v) > 0 such that

[F(u+ @0+ 1) = Flu,v) = F(w,0) (0, 9)] < e(l@llspioy) + 1¥1s,q0)

for all (p,¢) € E with ||¢ < 0.

s,p(z,y) + ||'9Z}

5,q(z,y)

Proof. Let B, = {x € RV : |z| < r} be the ball of radius r which centred at the origin of
N and B, = RN \ B,. Define the functional F,: WsP@¥)(B,) x W@ (B,) — R as

follows:

-FT(U,U):/ F(z,u,v)dz.

It is easy to see that F,. € CY(WP@¥)(B,) x W1@¥)(B,),R) and for all (p,v) €
WePEY)(B,) x W4(=Y)(B,), we have
F F
Flw o) = [ So@uoedet [ O unpde
B, Ou B, Ov
In addition, the operator F..: WP@¥) (B, ) x W*4@¥)(B,) — (WP@¥)(B,)x W*1@v)(B,))"

is compact. So, for all (u,v), (¢,?%) € E we can write

[F(u+ @0+ ) = Flu,0) = F'(u,v) (e, )]

< |fr(u+tp,’l)+1/}) _‘Fr(uvv) —H(U?U)(SO,?M

oF oF
5 (F(:U,u + ¢, v+ ) — F(z,u,v) — %(x,u,v)w - (%(ac,u,v)w> dx

+

By virtue of mean-value theorem, there exist py, o € (0,1) such that

oF oF
F($7U+ ¥,V +1/]) - F(x’uvv) = %(%UWLM% v)@ - %("L‘,U,U +:U’27/})7;Z)'

Using condition (Fy), we have

‘ /| <F<m,u+ o0 ) — Flauw) — O (2, 0)p — O (o, vw) iz

< /A (al(x) (lu+ prPo@ =1 — w1 o 4 by (@) (J + pgrp| )~ — |u|fn<w>—1)¢) da
B,
< (i1 /B ar (@) [P o da 1 (2 )5 /B a1 (@)@ da
L E o) / b () 0|11 de + (210) % / by ()| d
B, B,

+
< (2])0 )HalHLO’l(E)(BT H |(p0 x) 1)p( x)H(’OH%

+ (2" “Hlarll oo, (leellpo e +H<P||p0(x))
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(25— )bl otor ) 121, ()13 00

+
+ (202)T [Ba| oo B (II15: x)+H¢Hq1 )

< cllarlosiorgsy (Pl + 21722+ 1ol o)
-1 -1
el or 3, (1017 o+ 1+ I L ) e
and by the fact that
(3.1) HG/IHL'-"l(z)(ET) —0
and
(3.2) Hb2HL03(I)(§T) —0

as r sufficiently large, it follows that

[ (Faus oo s - o) - oo - e a

r

< 6(”@||s,p(x,y) + ||1/}||s,q(x,y))‘

It remains to show that F' is continuous on E. Indeed, let (uy,v,), (u,v) € E such that

(Up, vpn) — (u,v), then for (p,9) € E, we have
“F/(um Un)(907 w) - fl(“? U)(g@ ¢)|

OF OF
< | F(un, vn) (0, 9) = Fr(u,0) (0, 90)] + /A = (@ U, vn)p — o= (,u, v) @ dx
B, ou ou

OF
. 7(x7unvvn)¢ - %(%U»U)lﬁdﬂﬁ .
Put
OF OF
I = /ET <8u(az,un,vn)g0+au(a:,u,v)go> dz|,
oF oF
I, = /AT <8U(93,un,vn)1/1—|— aq)(x,u,v)lb) dz|.

By (Fo) we can write

I, < /A (al(:n)|un|p0(“")_1 +a2(x)!vn|q0(x)_1)gpdx
By

T / (ax (@)l + as(@) o) o da
By

< Hal”m(:c)HunH@O( )—1)pz( H‘PHE"‘H@H@ an‘ (qo(z)— 1)q;(;p)HQPHp;(x)

11 ) 117y 13 1212+ 02y 01, 13 1 o
< (larllo, ol , )+Ha2Haz( leal® o ) 1€l

+ (”a1||01 ”quop (z,y) + Ha2||02 HUHEOq (z,y) )H(P”s,p(x,y)
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and

IQS/A (bl(x)]un]plfl—i—bg(a:)]vn]ql(“’)*l)ibdx

T

+/A (bl(x)’u’pl_l+b2($)’7}’q1(x)_1)¢dx
B

< ||b1||az(m)H“n”@l(x)_l)p;(m)kuq;(m) + ||b2||03(m)an”?;l(m)_l)q;(m)”@Z)Hg

+ Hb1||crz(m)||u"?;1(x)_1)p;(x)”¢ q:(z) + ||b2||a3(:c)Hv”gl(m)_l)q;(m)”7/)”g
< (1B lloy oy 1l 3 + 1021y ) 101 ) 1 g
+ (||b1||02(I)Hu‘ I;}p(%y) + H62H03(x)”UHZ}(](%y))Hw”s,q(m,y)‘

Since F is continuous on W*P(@¥)(B,) x W) (B,), we have
‘f;(umvn)(%lﬂ) - f;(uyv)(%lﬂ)’ —0 asn — oo

Moreover, using (3.1) and (3.2]), and when r is sufficiently large, I; and I tend also to 0.
Hence

|7 (un, vn) (0, 90) = F'(u,0) (0, 9)| = 0

as (un,vn) — (u,v). This implies that F” is continuous on E. O

Remark 3.2. By the same way we can get the weak-strong continuity of F’, i.e., for
(tUn,vn) = (u,v) in E, we have F'(upn,v,) = F'(u,v) in E*.

Definition 3.3. We say that (u,v) € E is a weak solution of (1.1)) if

w(@) — u(y)|P@Y =2 (y(x) — u T) —
Wil [, L8O Hle) ot~ 0 o,

+ / [uP®) =24 da
RN

v(z) — v(y)| 1@ =2 (v(z) — v T) —
Ml [ BRI ) gD 0) =D

RN xRN “’L' — y’N‘i’SQ(I:y)
b [ 20 ds — ) (000) = 0
RN
for all (¢,9) € E.

To find such a solution (u,v) € E of (1.1), we shall study the critical point of the
energy functional J defined as

j(ua U) = lI/(u,v) - ./—"(U,’U),
where

U(u,v) = ]\/Zl(ls,p(x,y) () +/R p(x)

_ _ 1
P o+ Mol () + | ol da

wy 7()
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The same argument in [8, Lemma 3.2] combined with Lemma implies that J is well
defined on E, and it is of class C'(E,R) and its Fréchet derivative is given by

(" (), (p,))
= My(I pia () / [u(x) — uly) P02 (u(z) — u(y)) (p(x) ~ o(v))

RN xRN ‘x — y‘N+5p($7y)

dxdy
+ / [uP®) 20 da:
RN

v(z) —v(y)| 2@ =2(v(z) — v ) —
+M2(Is,q(z,y)(u))/ [v(z) — v(y)] (v(z) = v(y) (W () = ¥(y))

RN xRN ’.'13 — y’N—l—sq(J:,y)

+ / 0T =20 d — F(u, 0) (01 0)
RN

dxdy

for any (p,v) € E

3.1. The sublinear case

In this case we assume that
(F1) pS’ <p, q{“ < ¢ and qa“ < min{p~,q" }.
(Fg) F(x,—s,—t) = F(z,s,t) for all (z,s,t) € RV x R2.

(F3) There exist constants R > 0, u < min{p~, ¢~} and a positive function H: RY x
R? — R such that for x € RY, |u,|v] > R and t > 0 sufficiently small, we have
F(x,tu,tv) > t'H(x,u,v).

(F4) There are 61,02 > 0 such that
F(z,s,t) > hy(2)]|sP°@ + ho(2)|t|2@) for z € RY and 0 < s < 61, 0 < t < o,
where h; € C(RY,R), hi(z) >0, i = 1,2 are not identical to zero.

Theorem 3.4. Under the assumptions (My), (M1), (Fo), (F1) and (F3), the problem (1.1
has at least one nontrivial solution.

Proof. We will prove that J is coercive. We have

F(z,u,v) = %F(azsv)dx—i-F(a:Ov)
0
Y oF
=/, s (a:svdx—i—/ N (2,0,t)dx + F(x,0,0)

S/ (ar(@)|s[7 + ag(a)o| ””“)da:+/ bo ()¢ 1@~ dir
0 0

< Cr(m @ + ax(w) o]0 u + by(a)p] ).
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Using Young’s inequality, we get
F(z,u,0) < Ca(a1(@)]ul™® + az(2) 0] *) + ag(@)|ul®® + by(x)[o|"D).

Then, from Lemma there exist po € (py,pd), @ € (¢5,495), @ € (¢7,4¢) and a
constant C3 > 0 such that

)+ o o+ HullqO

qr
s,p(x,y) 5,q(z,y) s,p(z,y) + HUHs,lq(z,y)]'

(3.3) /RN F(z,u,v)dr < Cg[”u”l’o

Without loss of generality, we assume that ||v|s g(z.y) = Ullsp@y)- When [[(u,v)||g > 1,
and if [[ulls p(z,y) > 1, then

Jmmzﬂw@mwm+/ L) do 4 (I, gy (0))

RN P()
1 -
+ / —— 0|7 dz: — F(u,v)
RN q()
S min{my, 1}|| ”p min{mg, 1} o ||q
= pt s,p(,y) qt+ 5,q(7,y)
P I 1 R 1
if |ulls p(z,y) < 1, then
min{msy, 1}
Ty > BTy ol + ol T — Co

Since pj < p~, ¢ < ¢~ and gf < min{p~, ¢}, we get the coercivity of 7. Remark
leads to conclude that J is weakly lower semi-continuous. Hence, there exists (uj,v;) € E
a critical point minimizing [J. This provides a solution of problem .

Now, we prove that (u1,v1) is nontrivial. Indeed, From (M;) we know that the map

t—m(t) = At/lf/(g) is decreasing. Then, for any ¢y > 0 such that ¢ > ¢y, we have

m(t) < m(ty) < Cp.

Hence
(3.4) M;(t) < —/——
Fix (ug,v0) € E with ||(uo,vo)|| = 1. For t € (to,1) from and (F3), we have
T (tu0,00) = M,y (t00) + [ =00l o+ STy (t00)
RN D()

/ —]tvo\q x)dx—/ F(z,tug, tvg) dx
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P .
p(z,y) (tuo))lﬂ9 + F /RN |U0‘p( ) dz + CO(Is,q(x,y) (tvo))l/e
tq _
+ _/ |vo|7®) dx —/ tHH (x,ug,vo) dx
q JRN RN

Cot'r o) — wo(m)P@® N\ w ;
< / dedy | +— | |uolP™ da
RN xRN b

(p*)l/e |[L‘ _y|N+sp(:c,y) RN

Cot'r () —wle N e
+ / dedy | +— [ |vo|"® dx
RN xRN q N

)7 o =yl V)

—th H(z,up,v0) dedz.
RN
Since p < min{p~,¢"} < min{%, %} we can find ¢ > ty > 0 small enough such that
J (tuo,tvo) < 0, i.e., inf, yep J(u,v) < 0. Hence, the obtained solution (u1,v1) of (L.1)

is nontrivial. O

Theorem 3.5. Suppose that (Mp), (My), (Fo), (F1), (F2) and (F4) are fulfilled. Then,
problem (1.1} has a sequence of solutions {(L£uy,+vy,) :n =1,2,...} such that J(Luy,
+v,) <0 and J(Fu,, £v,) = 0 as n — +oo.

Proof. Choose g € C*°([0,400)],R) such that 0 < g(t) <1 for ¢ € [0, +00), and for every
e>0,9(t)=1for 0<t<e/2, g(t) =0 for t > e. Consider the functional
1

Hmwzﬁmmmwnj‘ P d - SDaT ()

RN D(
L U@(ﬁ) T — u.v u,v
+4Nﬁ@|\ dz = (|| (u, v) | ) F(u, v),

we know that % € C'(E,R). To prove Theorem it is sufficient to show that H
admits a sequence of nontrivial critical points {(*u,,+v,) : n = 1,2,...} such that
H(Etun, £v,) < 0 and H(£up, £v,) = 0 as n — +oo.

(S1) For [|(u,v)| g > max{1,¢€}, we have

=
5,q(z,y)’

min{my, 1}
p+

p- min{msy, 1}

H(U, U) Z s,p(x,y) q+

o o]l

which implies that H(u,v) — 400 as ||(u,v)||g — +o0o0. Hence H is coercive on E and
thus it is bounded from bellow and the (PS) sequence is bounded. From Lemma the
(PS) condition is satisfied. By (F2) it is easy to see that H(—u, —v) = H(u,v).

(S2) Since hi(x) # 0 and hy(z) > 0, i = 1,2, we can find bounded sets Qy, Qs C RY
such that h;(x) > 0 for x € Q;, i = 1,2. Set Q = Q; U Q. Wg’p(x’y)(fl) X WS’Q(I’y)(Q) is
isomorphic to a subsequence of E, and so it is a subspace of E. For any k, we choose a k-
dimensional linear subspaces Uy, of Wy (m’y)(ﬂ) and Vi, of W ’Q(w’y)(Q) such that U x V}, C
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C5e(2) x C§°(£2). As the norms on Uy, (respectively Vi) are equivalent each other, there
exists 0 < pp < min{e/2,1} such that (u,v) € Uy x Vi, with ||(u,v)||r < pi implies
|u]loo < 81 and ||v]|eo < 2. Define

SH = {(u,v) € Up x Vi : ||(w,0) |5 = pr}-
From the compactness of SF(,IZ) and condition (Fy4), we conclude that there exist constants
di > 0 and dj, > 0 such that

hi(x) po() / ha(x)
——=|ulPo\* dx > dy; 2 0@ gy > dl Y (u,v) € S
/on(w)’ | = an(x)‘ | - (1:0) € S

For (u,v) € S,(,]Z) and t € (tg, 1), we have

T -
H(tu, tv) = M (I p(ay) (1) ) +/ —— [t dz + Mo (I g(a ) (10))6)
Q p(ﬂﬁ)

_l’_

7@ )|tv]q(‘r dx—/Faz tu, tv) dz
Q 9\x

1/0 _
Cot'T / |u(z) — u(y) [P tP / 7
< dzd +— | |uP®) dz
(p—)l/e ( ) |$_y‘N+sp(x,y) Y = Q’ ‘

- 1/6 _
Cot'r [ [0(2) — v(y) |1 g
+ dzd + — 0|7®) dy
(q7)1/9 < %0 |x_y|N+sq(x,y) Y = Q| |

_tpé/ M|u|po(w) dw—tqf/ Mmm(w) dx
0 Q

po(z) q1(z)

te
()% + PRIl 75 dy — tqrd;c-

Cot's

Cot’r
< -
( 7)1/9

— (p,)]_/e (p )1/9 + 7pk +

Since pj < p~ < % and ¢ < ¢~ < %, we can find ¢ € (tp,1) small enough and ¢; > 0
such that

H(tru, tpv) < —e, <0, V(u,v) € S{glz),

that is,
H(u,v) <0, V(uv)eSH

lkpr-
Therefore, S (k)

tkepr
F({(w0) € B Huvo) < 0) = 1(55,)

Let Ay = {(u,v) € E : H(u,v) < 0}, we have Ay € 'y and sup(,yea, J (u,v) <
0. Hence (S1) and (S2) hold. So, by Theorem J admits a sequence of criti-
cal points {(fug,tvg)} such that J(Lug,+vg) = ¢ < 0, (Fug,£vg) # (0,0) and
limg o0 (Fug, £vg) = (0,0).

In the following, we will prove that ¢, — 0 as k — 400. By the coercivity of 7, there
exists a constant R > 0 such that J(u,v) > 0 as ||(u,v)||[g > R. Taking A € I'y, then

C {(u,v) € E : H(u,v) < 0}. We know that y(S") ) = k+ 1, then

Lk Pk
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v(A) > k. Let Y and Zj defined in Proposition be the subspaces of E. We have

ANZy #0. Take
Br=sup |F(u,0)l,
(u,v)EZk
l(wv)llp<R
by Lemma we have B — 0 as k — 4+00. When (u,v) € Z; and ||(u,v)||g < R, we

have
j(u, U) = \Ij(uﬂ}) - Jr(“?”) > _F(uav) > _Bka

and hence ¢ > —f%, which concludes ¢ — 0 as & — 4o00. This completes the proof of
Theorem [3.5 O

3.2. The superliniear case

In this case we suppose that
(Fs) py >»p*, a7 >q" and g5 > min{p™,¢*}.

(Fg) F satisfies the Ambrosetti-Rabinowitz condition: There exist n; > % and 72 > %
such that OF : OF
5
0< Flz,s,t) < —— —1——— x,s,t).
(.8, < -2 ) + (s,

Theorem 3.6. Let s € (0,1). Let p,q: RY x RN — (1, +00) be two continuous variable

exponents with sp™ < N and sq* < N. If the hypotheses (M), (My), (Fo), (F5) and (Fg)
hold, then the problem (1.1 has at least one nontrivial weak solution.

Lemma 3.7. Let s € (0,1). Let p,q: RN x RN — (1,400) be two continuous variable
exponents with spt < N and sq* < N. Under assumptions hypotheses (My), (Fo) and
(F5), there exist r > 0 and k > 0 such that J(u,v) > k for every (u,v) € E satisfying

1w, v) ||l = .

Proof. From (3.3), we have

[P0 do < Gl + 16T + Bl + 10T, )
Consequently
—~ 1 - —~
J(u,v) = M (Ism(x,y) (u)) + / f\u|p(x) dxr + M2(Is,q(x,y) (v))
RN D(2)
1. -
+/ —— |7 dz — F(u,v
e () )
min{my, 1} = o+ min{mg, 1} = .+
> By, + TR
— o[l )+ NI )+ Nl )+ 0l T,
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Since py > p*, ¢ > ¢t and ¢; > min{p™, ¢"}, there exist r € (0,1) and k > 0 such that
J(u,v) > k for every (u,v) € E satisfying ||(u,v)||g = r. O

Lemma 3.8. Let s € (0,1). Let p,q: RY x RN — (1,400) be two continuous variable
exponents with sp™ < N and sq™ < N. Under assumptions (My), (M1), (Fo) and (Fg),
there exists (ug,vo) € E '\ {0,0} such that for ||(ug,vo)|| g > r we have J(ug,vo) < 0.

Proof. For any tg > 0 such that t > tg, we have

i)

o~

1/9

On the other hand, we claim that the assumption (Fg) implies the following inequality [15]
F(x,s,t) > Cy(|s|™ + [t[™) =1, V(x,s,t) € RN xR~

Choose (ug,v9) € E, ug,vo > 0 and ||(ug,vo)|| g > r. It follows that if t > tg > 0 is large

enough

j(tUQ, tvo) M1 (I s,p(z.y) (tuo)) / ﬁ‘tuo‘p dx + MQ(Is,q(a:,y) (t’UQ))

+/ —|tu0|q($ dx — / (x,up,vo) dx

tP
< Coll o ()" + /R 6 P®) dz + Co (I, gy (t00))/?

+— | |uo"™ dx — 04/ (Jtug|™ + [tvo|™) da — C}
q JRrN RN

C tp+ lug(x) ( )|p(zy) 1/0 ot

ot ¢ ug(x) — uoly ) B

= dad o P@) g
= (p)Ve </]RNXRN |z — y|N+sp(zy) v y) + - /RN |uol x

C ti lvo () (y)|2t=) 1/6 pat

ol ¢ vo(x) — voly y 2(c)
dxd - (=) 4

" (g)1/o (/RNX]RN |z — y|N+sa(@y) * y) - q /RN |vo x

- C4t771 /RN ‘UO‘m — C4tn2 /RN ’vo‘m dr — CZIL

Since 1 > % > pTand ny > % > ¢, we conclude that J (tug, tvg) < 0 and J (tug, tvg) —

—00 as t — 00. O
Lemma 3.9. The functional J satisfies the Palais—Smale condition (PS). for any c € R.

Proof. Let (un,v,) C E be a sequence satisfying

J (U, vn) < ¢ for some ¢ >0, and J'(up,v,) — Op« as n — oo.
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We will show that (uy,v,) is a bounded sequence. We have
1

> — M, B(x) 1
¢ > J(un,vn) Ml([s,p(%y) (un)) + /RN 7(2) |t dx + MQ(Is,q(Iyy) (vn))

1 _
+ — |n[7®) da; —/ F(x,u,,v,)dx
Lo it o T (o )
1 plx
2 OM1 (L pag) (tn) L plag) (n) + /R NunfP da

1 q(z
+ 0M2(Is,q(x,y) (’Un))Is,q(w,y) (UTL) + qj /N |Un‘q( )d.%'

R
- / F(x,up,v,)dz
RN

_ p(z,y) 1 _
pt vy |z —y[NEep@w) pt Jry

‘vn(x) — vn(y”q(m,y)
RN xRN ’aj‘ — y’N'i'S‘I(*Tvy)

1 ~
—|—+/ \vnlq(x) dx—/ F(z,up,v,) dx
q" JrN RN

On the other hand, we have

0
+ qf_'_mg

dxdy

<j/(una 'Un), (Unavn» < 6anUJnaUnHE‘ n—>—+>oo 0.

So

en(l[unlls pzy) + lvallsgy))

|un () — un(y) [P
> Ml(Is,p(x,y) (’U,n)) /IIQNX]RN |x . y|N+sp(:B,y)

dxdy + / |t [P®) iz
]RN

o0 () = 0a ()| 1t
MLy o) [ D oy [ o1 o
oF oF
A

Thus, by condition (F5), we get

0 mi / ‘un(‘r) — un(y)|p(z,y) 1 1

> —=—m; — — dxd — =

cre= (P+ m m > RN xRN |z —y[NHep@y) v pt oM
9 m2> / |’Un(1:) - Un(y)’q(x,y) ( 1 1 )

+(—me2— — dedy + | — — —

(cﬁ T ) Javmn o — y[Nrea@y) YT\ m

1 OF 1 OF
+ /]RN <m8u(:p,un,vn)un + %%(l‘,un,vn)vn - F(az,un,vn)) dz

2 (=) o (=) e )
mn< | ———|my, | — — — s.p(z.q) (Un
- p+ ,,71 1 p+ ,'71 pzp(vy)
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i (g ) o (G = ) et
q+ 772 ) q+ ,,72 S,q(l‘,y) n
>min{<9—1> m (1—1 }Hu I
- p+ nl ’ p+ 771 n Sup(m)y)
o2 2o o Dot
at "\gt ™ls,q(z,y)’

where £ = + if || - oy < 1 and £ = — if || - [[s.(ny) > 1. Since m > & > pt
and 7y > % > ¢T, we conclude that (un,v,) is bounded in E. Hence, there exists a
subsequence denoted by (uy,vy) that converges weakly to (u,v) € E. We will prove that

(tun,vy) converges strongly to (u,v). Indeed, we have

<j/(un7 'Un)v (un - u, 0)>
=M (Is,p(m,y) (un))
[ ) P ) ol ) )=
RN xRN

|£U — y|N+5p($:y)
oF
RN 8U

+ / |t [P =200, (1, — ) daz — —(z, up, vp) (U, — w) da.
RN

By (Fo) we have

OF
RN 8U

</ al(x)yunwo@—l(un—u)dx+/ az(2)| v (u,, — u) dz
RN
1

RN
crin( ]

al(
RN
/ as(x)|vy — v| @ (4, — u) d:c+/ as(z)|v|©® = (4, — ) da:)
RN

(
< P ( / ) |up — P da 4 /R N a1 () [u[P @~ (uy, — ) dx)
(L

— (@, Up, vn) (U, — u) dz

) |up — ulP°®) da + / a1 (z)|uPo@ = (u, — w) d:1:>
RN
(z

+ 200 1

wlz) -1

1
+ 2%~ —vq°($)d1:+/ ag () —— |tn — u|®@) dz
T o 2 Gy

+/ e >|v|q°“<un—u>dx)

< 90— (/ a1 (2)|uy — ulPo® dx—i—/ a1 (@) ]uP® = (u, — ) dx)
RN RN

+ 2%~ <q — az(x)|vp —U|q°($)da:+/ as () [up — u|®@ dz
R

+/ 2)[0] @~ (u,, — u) dx).
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Since u,, — wu in WSPE@EY)(RN), we have Jrw ay (z)|uPo® =1 (u, — u)dx 0 0 and

Jar az(@) o]~ (up —u) dw — 0. Since po(x) < pi(x) and go(w) < min{pi(z), ()}
a.e. + € RY. Combining Lemmas and we conclude that (u,) converges strongly
to win L” ?Eg (RV) and in LZ(;((?) (RV) and (v,) converges strongly to v in ng(é)) (RY) and
S0

n—-+o0o n—-+o00

/ a1(z)|uy — uPP@ dz —s 0, / as(z)|uy — u|®® dz —s 0,
RN RN

/ as(z) v, — v|°® dz — 0.
RN

n—+oo
Consequently
oF
(3.5) ox %(a:, Up, Up) (Up, — w) dx T 0.
Similarly,
oF
o %(a:, u,v)(uy — u) dx e 0.

From (3.5) and using the fact that || 7’ (un,vn)| g+ — 0 as n — oo, it is easy to see that

M, (Is,p(:r,y) (un))

[t () = () P72 (u () = un (y)) (un (@) — w(@) + un(y) — u(y))
X /IRNXRN |z — y|[Nt+sp(ew) dxdy

—|—/ |t [P 20, (uy, — ) dz — 0.
RN

n—-+00

On the other hand, since u,, converges weakly to u in W*P(@¥)(Q), we have (J'(u,v),

(up, — u,0)) — 0 as n — oo or

M, (Is,p(x,y) (u))

\u(w) — u(y)|P(m,y)—2(u(x) — u(y))(un(l‘) — u(x) + un(y) _ u(y))
X /RNXRN ’.’E _ y|N+8p(x,y) dxdy

_ F
+ / |uP@ =20, — u) do — i(w,u, v)(up —u)dxr — 0 asn — oo,
RN RN ou

which implies that

M, (Is,p(x,y) (u))

lu(z) — w(y)[PEY 2 (u(z) — u(y))(un(z) — u(z) + un(y) — u(y))
X /RNXRN ’.’E _ y|N+8p(x,y) dxdy

+/ [uP@ 20w, —u)de — 0 asn — oco.
RN
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Hence,

My (Is,p(a:,y) (un))

| () = 1 () P72 (un (2) — un(y)) — u(a) — uly) P92 (u(z) — u(y))
X /RNXRN |l‘ _ y|N+sp(oc7y)

X (un(z) — u(z) + un(y) — uly)) dedy
+ [Ml (Is,p(a:,y) (un)) - Ml (Is,p(x,y) (u))]

lu(x) — u(y)|1’(a:,y)—2(u(g§) —u(y))(up(z) —u(z) + up(y) — u(y))
X /RNXM |z — y|[Ntsp(ey) dxdy

+/ (]un]ﬁ(x)ﬂun — ]u|p(m)72u)(un —u)dxr — 0.
RN

n—-+o00

Using (M;), we can easily obtain that
Mi(t) < &t/

Hence, from (M), it follows that

1-6;

my < My(t) < Mi(t) < %t n

Since {u,} ¢ WP@E¥)(RN) and u € WPE¥)(RN), by Proposition we deduce that
My (L p(ay) (un)) and My (1, (s, (u)) are bounded.
For the continuity of @, defined by

[u(z) — u(y) P2 (ul@) — uy))(e(z) — o(y))
Pule :/RNXRN ’ |:p—y|N+SP($7y)y : = dudy,

we obtain it as the same in |7] where the authors have shown that the operator £ associated
to the (—Ap))® defined as

I Wg,p(%y) . (ngp(mvy))*
u — E(u):Wg’p(x’y) — R
@ — (L(u), ¥)
such that

w(z) — u(y)[PEY 2 (u(z) — u ) —
(e = [ 1 R le) st~ )

is an homeomorphism and in particular is continuous.

Thus, we have

[Ml (Is,p(x,y) (un)) — M (Is,p(:p,y) (u))]

lu(z) — u(y) PO =2 (u(x) — u(y))(un(z) — u(@) + un(y) — uly))
) /RNXRN |z — y|N+sp(ac,y) dxdy n—>—+>oo 0,
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so that
. +
min{1, mq }||u, — u”?p(m,y)
<M (Is,p(r,y) (un))

[un () = un ()P "2 (un (2) — un(y)) — u(z) — u(y) POV (u(z) — u(y))

X (un () — w(@) + un(y) — u(y)) dedy

n—-+oo

+/ (|un|ﬁ("’”)*2un - |u|’7($)*2u)(un —u)der — 0.
RN

Hence, u, — u in W*P@¥)(RN). In the same way we show that v, — v in W*2@¥)(RN),
Thus, J satisfies the (PS). condition. O

Proof of Theorem [3.6) The proof of Theorem [3.6] can be deduced from the following ar-

guments:

(1) We have that J is of class C*(E,R) and J’ is continuous.

(2) In Lemma under the hypothesis of Theorem [3.6] we have proved that there exist
r > 0 and k > 0 such that J(u,v) > k for every (u,v) € E satistying ||(u,v)| g = r.

(3) In Lemma under the hypothesis of Theorem we have proved that there
exists (u,v) € E\ {0,0} such that for ||(u,v)||g > r we have J(u,v) <0.

(4) In Lemma under the hypothesis of Theorem |3.6] we have proved that J satisfies

the Palais—Smale conditions on E.

Therefore, by the Mountain Pass Theorem, we conclude that the functional J has at least
one nontrivial critical point (u,v) in E, which is a weak solution of our problem ([1.1)).

This achieves the proof. O

Theorem 3.10. Let s € (0,1). Let p,q: RY x RN — (1, 400) be two continuous variable
exponents with sp™ < N and sqt < N. Assume that the assumptions (My), (My), (Fo),
(F5) and (Fg) hold. Then problem has a sequence of nontrivial solutions {(uy,vy)}
such that

J (Up, ) = +00  asn — +oo.

Proof. 1t suffices to show that J has an unbounded sequence of critical points. We verify

that J satisfies the conditions of Fountain Theorem. Indeed, for n =1,2,3,... set

an = sup / a1 ()@ dz, B, = sup / as(2)|v]| @ u| dx,
(u,v)EZy JRN (uy)EZp JRN
l(w,v) | p<1 [(w, )| p<1

Tn = SUp / b2($)‘v|q1(z) dz, &n = an + Bn + -
(u,0)€Zy, JRN
(o)l p<1
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Then oy, Bn, ¥n > 0 and by Lemma [2.11] we have
ap—0, 6,—=0, v, =0 and &, — 0 asn — +oo.

Let (u,v) € Zy, with ||(u,v)||g > 1, then

L 1,
= ml —— |uP@) I g P T/ €)
I (u,v) 2 m 7p(x,y)(u)+/RN ﬁ(a:)|u| dz + maly gz y)(v) + o ﬁ(x)w dx
_/N (a1($)|u]p0(x)+a2(x)\v]q0(w)_1|u‘+52 Mql(x)) dr
R
> T Ju(z) — uy) [PV

1 _
dedy + — @) g
p+ S ]x—y|N+sP o) wy+p+/RN|u| x

meo ‘U( ) — ( )"J(Ivy) 1 / B
e dady + — 3@ g
T /RNXRN o — g[Ntsaws) YT E Loy |vn |1 d

—anllal®, = Ol )~ Ballullspen 01T,

Zmin{mm{ml’l} mm{m2’1}}\|< o))

)

pt qt
— Csan | (u, )| = Covnl|(w, 0)| B — CrBnll(u, v)|[ R

. min{mi,1} min{me,1 min{p~, o
> min { L) B ) - gl o,

where @ = max{pg, ¢, q1 + 1}. Put C = min { mingfl’l}, mingTQ’l}} At this stage we fix

S (Cmin{p‘,q‘}

) w—min{p~,¢7 } + +
— — oo asn — Q.
Cswén,

Consequently, when (u,v) € Zy, and ||(u,v)||g = 7, we have
min{p~,g" }

w—min{p~,q¢" } (C’min{p‘, q_}> omin{r= ( 1 ) G-min{p—,q}

min{p_, q_} én

J(u,v) >

w

Since &, — 0 and @ > max{p—, ¢}, we get

inf  J(u,v) - 400 asn — oo.
(u,0)EZn
[ (w,v)llz=rn

Hence (A1) is satisfied.
On the other hand, for any (u,v) € Y,, with ||(u,v)||z =1 and ¢ > 1, we have

J (tuo, tvg) = Mi(I p(ay) (tuo)) + / o )\tuyw>dx+MQ(IS,Q(W(WO))

/ —|tv0]‘J(x dm—/ F(z,up,v) dzx
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+

tP _
< Coll piay (o))" + = / [0l da + CoIy g(a.g (t00))?
R

7" _
+ — /RN |vo| 1) da — C4 /]RN (|tuo|™ + [tvo|™) dz — C
ot 1/6 N
C tpg unlzx) —u p(xvy) tp _
< (i 75 / |uo (@) N(-)fg)(lc ) dxdy + / |u0]p(9”) dx
(p~) RNxRN  |o — y|NFsp(@y P~ Jry

+ Cot's oo () — vo(y) 7Y T

ot ? vo(z) — vo(y)|1® ~
dzd + — a(x) g

(g)1/o (/]RNXRN |z — y|N+sa@y) * y) = /RN |vo| T

— Cyt™ / |UO‘m dx + Oyt / |’U0‘n2 dr — Cfl
RN RN

Since 1, > % > pT and ny > % > qT, we conclude that J (tu,tv) — —oc as t — +oo.
Thus (A2) is satisfied. This ends the proof. O
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