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Fourvolutions and Automorphism Groups of Orbifold Lattice Vertex

Operator Algebras

Hsian-Yang Chen* and Ching Hung Lam

Abstract. Let L be an even positive definite lattice with no roots, i.e., L(2) = {z €
L | (z|z) =2} = 0. Let g € O(L) be an isometry of order 4 such that g> = —1 on
L. In this article, we determine the full automorphism group of the orbifold vertex
operator algebra VLE . As our main result, we show that Aut(VL§ ) is isomorphic to
Naue(vy)((9))/(g) unless L = V2Es or BWi.

1. Introduction

Let V' be a vertex operator algebra (abbreviated as VOA) and let g € AutV be a finite
automorphism of V. The fixed-point subalgebra

Vi={veV|gv=nuv}

is often called an orbifold subVOA. Our main propose is to study the full automorphism
group of the orbifold VOA V9. It is clear that the normalizer N v)({(g)) of g stabi-
lizes the orbifold VOA V9 and it induces a group homomorphism f: Nauv)((9))/(g9) —
Aut(V9). For generic cases, Aut(V7) is often isomorphic to Nayu1y((g))/(g) but Aut(V9)
may be strictly bigger than Nyv)((9))/(g). We call an automorphism s € Aut(V9) an
extra automorphism if s is not in the image of f, or equivalently, s is not a restriction from
an automorphism in Aut(V). When V = V, is a lattice VOA and g is a lift of the (—1)
isometry of L, the full automorphism group of V7 = V]-jL has been determined in [22,23].
In particular, it was shown in [22,23] that the VOA V;" contains an extra automorphism
if and only if L can be constructed by Construction B from a binary code (cf. Section 4.1)).
The main method is to study the orbit of V;" = {v € Vi, | gv = —v} under the conju-
gate actions of Aut(VL+ ). Using a similar method, the automorphism groups of certain
orbifold vertex operator algebras associated with some coinvariant lattice of the Leech

lattice are also studied in [15,/17]. In addition, a sufficient condition for the existence of
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extra automorphisms was discussed in [15,[18]. The key idea is to generalize the triality
automorphism defined in [11] (see also Section and ) to other root lattices of type
A. These results were also used in [3,4] to determine the automorphism groups of certain
orbifold vertex operator algebras associated with the Leech lattice and to determine the
full automorphism groups of certain holomorphic VOAs of central charge 24. One inter-
esting question is if the sufficient condition mentioned in [18] is also a necessary condition
for the existence of extra automorphisms? When |g| = p is a prime and L is rootless, it
was shown in [18] that a cyclic orbifold VL§ contains extra automorphisms if and only if
the rootless even lattice L can be constructed by Construction B from a code over Zj, or is
isometric to the coinvariant lattice of the Leech lattice associated with a certain isometry
of order p.

In this article, we will continue our study of the full automrohism groups of certain
cyclic orbifold of lattice vertex operator algebras and consider a case that g € O(L)
has order 4 and ¢g> = —1 on L. Such an isometry is called a fourvolution in [13]. As
our main result, we will show that Aut(VL§ ) is isomorphic to Nyu(v,)((9))/(g) for any
fourvolution g € O(L) unless L = v/2Eg or BWis. When L = /2Eg or BWg, we also
have Aut(VLg )= C Aut(Vj)(y) /(g), where g denotes the restriction of g on V;".

We shall note that for the cases studied in [3},4}|15,/17,(18], g often acts as an n-cycle
on some root lattices of type A,_1 and thus all n-th roots of unity (except 1) appear as
eigenvalues of g, where n = |g|. Nevertheless, for a fourvolution g € O(L), g has only two
eigenvalues v/—1 and —v/—1 and —1 is not an eigenvalue of g. Therefore, the condition
discussed in |18] would never be satisfied when g is a fourvolution. We hope that our
study of fourvolutions and the automorphism groups of the corresponding orbifold VOA

will provide some hints for the general cases.

2. Preliminaries

2.1. Lattice VOAs and their automorphism groups

We first recall the structure of the automorphism group of a lattice VOA V7. Let L be
an even lattice with the (positive-definite) bilinear form (|). We denote the group of
isometries of L by O(L), i.e.,

O(L) = {g € GL(L) | (¢9x|gy) = (z|y) for all 2,y € L}.

Let L = {+e® | o € L} be a central extension of L by +1 such that e®e® = (—1)@efe,
Let Aut@) be the automorphism group of Lasa group. For g € Aut(f), let g be the
map L — L defined by g(e®) € {£e9@}. Let O(L) = {g € Aut(L) | g € O(L)}. Then
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by |11, Proposition 5.4.1], we have an exact sequence
1 — Hom(L, Z/2Z) — O(L) — O(L) — 1.
It is known that O(E) is a subgroup of Aut(Vy) (cf. loc. cit.). Let
N(VL) = (exp(a(g)) | a € (VL)1)
be the normal subgroup of Aut(Vy) generated by the inner automorphisms exp(a(q))-

Theorem 2.1. [9] Let L be a positive definite even lattice. Then
Aut(V) = N(V) O(L).

Moreover, the intersection N(Vi,)NO(L) contains a subgroup Hom(L,Z/2Z) and the quo-
tient Aut(Vy)/N (VL) is isomorphic to a quotient group of O(L).

Remark 2.2. If L(2) = 0, then (V7)1 = Span{a(—1) -1 | a € L}. In this case, the normal
subgroup N (V) = {exp(Aa(0)) | @ € L, A € C} is abelian and we have N (V;) N O(L) =
Hom(L,Z/27Z). Moreover, Aut(Vy)/N (VL) = O(L) and we have an exact sequence

1= N(V.) = Aut(Vy) 5 O(L) — 1.

Note also that exp(Aa(g)) acts trivially on M(1) and exp(Aa(0))e? = exp(\a, 8))e? for
any A € C and o, € L.

The following theorem can be proved by the same argument as in |19, Theorem 5.15].

Theorem 2.3. Let L be a positive-definite rootless even lattice. Let g be a fized-point free

-~

isometry of L of finite order and g a lift of g in O(L). Then we have the following exact

sequences:
1 — Hom(L/(1 = )L, C*) — Nawv;)((8) == No)((9)) — 1,

1 — Hom(L/(1 = g)L,C*) — Cauv)(9) = Coy(9) — 1.

Let h € N, Aut(VL)(<§A>)- Then it is clear that hx € VLE for any x € Vg . Therefore,
Naut(v)((9)) acts on V7 and there is a group homomorphism

£+ Nawov) (@)/(@) — Aut(V7).

The key question is to determine the image of f and if f is surjective. In particular, one
would like to determine if there exist automorphisms in Aut(V/) which are not induced

from Nayug(v,)((g)). We call such an automorphism an extra automorphism.

Definition 2.4. An element g € O(L) is called a fourvolution if g> = —1 on L.
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Lemma 2.5. [13] If f is a fourvolution of a lattice L, then the adjoint of 1 £ f is 1 F f
and 1+ f is an isometry scaled by /2. Moreover, we have L > (1 — f)L > 2L and
|L:(1—f)L| =|(1 = f)L:2L| =|L/2L|*?. In particular, rank(L) is even.

The main purpose of this article is to determine the full automorphism group of VL§
when g is a fourvolution and L(2) = {x € L | (z|z) = 2} = (). In particular, we will show

that VLg contains no extra automorphisms unless L & V2Eg or BWig.

3. Orbifolds of lattice VOAs having extra automorphisms

Let L be an even lattice with L(2) = (). Let g € O(L) be a fourvolution, i.e., g = —1.
In this section, we will study Aut(VLg ). In particular, we will determine when Aut(VLE )
contains an extra automorphism.

First we recall that the orbifold VOA VLg is Cy-cofinite and rational [5,21] and any
irreducible Vg—module is a submodule of an irreducible g'-twisted Vz-module for some
0<i<|g|—1 (see [10]).

For any irreducible (untwisted or twisted) module M of Vi, M is g-stable if M og = M.

In this case, g acts on M and we use
M() = {zeM|ge=eTlilgl 0<j<n—1,n=]g

to denote the eigenspaces of g on M. Notice that V1 (j) is a simple current module of Vg
if Va4 is g-stable, or equivalently, (1 — g)\ € L (see for example [16]). By a result in [8],
it is known that the number of inequivalent irreducible g'-twisted modules is equal to

the number of inequivalent irreducible g'-stable modules of V. Moreover, all irreducible
J'-twisted modules are g-stable.

Let (L*/L)9 be the set of cosets of L in L* fixed by g* and let Pgi . L* — Q®zL9" be the
orthogonal projection. Then V7, has exactly |(L*/ L)9i| irreducible g'-twisted Vz-modules,
up to isomorphism. The irreducible g*-twisted Vz-modules have been constructed in |7,20]

explicitly and are classified in [2]. They are given by
Varr[d] = M()[¢'] @ C[P{ A+ L)] @ T5 for A+ L € (L*/L)7,

where M (1)[g’] is the “g’-twisted” free bosonic space, C[\ + Pé]i (L)] is a module for the
group algebra of Pgi (L) and T* % is an irreducible module for a certain “g’-twisted” central
extension of L, associated with A (see [20, Propositions 6.1 and 6.2] and [7, Remark 4.2]
for detail).

Now assume that Vg has an extra automorphism o. Then by |24, Theorem 2.1] and

VL(0) oo = VL?’o o= VL§ = V1(0), we have

{Ve(r)oo |1 <r <3} #{Vp(r)|1<r <3}
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In other words, V(1) o ¢ is isomorphic to a simple current module of Vg not containing
in {Vz(r) | 1 <r < 3}. By the classification of simple current irreducible V/-modules,

Vi(1) o o is either isomorphic to
(I) Vagr(r) for some A € L* \ L with (1 —g)A € L and 0 <r < 3;
(IT) an irreducible Vg -submodule Vi, | [§%](j) for some 0 < j < 3; or

(III) an irreducible Vg -submodule Vi | [§°]z with integral weights for some s =1 or 3.

3.1. Case (I): o-conjugation of V(1) is of untwisted type

By the assumption, V)4 (r) is a simple current module of Vg and hence (1—g)\ € L [16,
Theorem 4.11]. Since g2 = —1 and there are only two eigenvalues (v/—1 and —/—1) of g

on C ®y L, we have

kL
dim VL<1)1 = dim VL(3)1 = rar12 .

Hence, we have dim Vi 1(r); = rank L /2, also. Moreover, we have dim Vy;1(r); = [(A +
L)(2)]/4 for any 0 < r < 3 and thus

|(A+L)(2)] =2 - rank L.
Now set N = Spany{L, A\}.
Lemma 3.1. We have |[N/L| = 2.

Proof. First we note that (1 — g)u € L for any u € A+ L. In particular, g\ € A + L and
(1—-g)gh =g\ —g*X =g A+ X € LN (2\+ L). This implies 2\ € L. O

Lemma 3.2. The sublattice of N spanned by N(2) is isometric to the orthogonal sum of

n copies of Ay, where n = rank L.

Proof. Let o € (A + L)(2). Then

(alge) = (galg*a) = —(gaja);

hence (a|ga) = 0. Moreover, for any § € (A + L)(2) and 8 ¢ {£a,+tga}, we have
(a|B) = (ga|B) = 0; otherwise, (a|B) = +1. This implies a + 5 or a — (3 are roots in L,
which is impossible. Since |[(A+ L)(2)| = 2n, A+ L forms a semisimple root system of A
as desired. O

Remark 3.3. By [22, Proposition 1.8], L can be obtained by construction B from a binary
code associated with an orthogonal basis in (A + L)(2).
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Let @ = 2. Then 6 is a lift of the —1 isometry of L and we use VLJr to denote the fixed
point VOA VL(’.

Proposition 3.4. Let o be an extra automorphism of Vg such that V(1) oo = Vyir(r)
for some 0 < r < 3. Then o lifts to an automorphism of VL+.

Proof. Since 2\ € L and Vy, 1 (r) is a simple current module, Vy r (r)*?

an irreducible Vg—submodule of V. Moreover, Vi (1)¥2 = V7 (2) has top weight > 1.
Since Vi(2) is the only irreducible V/-submodule of V7, which has the top weight

is isomorphic to

> 1, we have Vi1 (r)¥ = (V1(1) 0 0)®2 =2 V(2). Therefore, o preserves the subspace
Vit =V 4+ VL(2) and o lifts to an automorphism of V;© by [24, Theorem 2.1]. O

3.2. Case (II): o-conjugation of V(1) is contained in g2-twisted module

Next, we consider Case (II), i.e., Vi (1) oo = VL [3?](j) for some 0 < j < 3.

In this case, Vi,  [g%]1 # 0. Since g is a lift of the —1 isometry, it is proved in [22] that
n = rank L = 8 or 16. Moreover, L*/L is an elementary abelian 2-group and L = \/2Ejg
if n=8 and L & BWg if n = 16.

3.3. Case (III): o-conjugation of V(1) is contained in g-twisted Vz-module

Next, we consider Case (III), i.e., VL(1) o o = V)L | [§°]z for some s =1 or 3.
Since g is fixed point free on L, the irreducible g*-twisted module V)\er 119°], for s =1
or 3, is given by
VLG = MOl © T

For a fourvolution g and s odd, the conformal weight of Vi, | [§°] (see [7,)20]) is given

by
3n

L
That Vi(1) oo = ViI | [g°]z implies e < 1 and ¢ € 17Z. Tt is easy to verify that n = 16
is the only solution and e = 3/4. In this case, V| [¢°]z is a simple current module for
Vg; hence we have (1 — g)L* < L and dimT5 = [L : (1 — g)L*]*/? |1}, Corollary 3.7].
Since ¢ = 3/4 and dim(V{;[¢°])1 = dimVz(1); = rank L/2, we have dimT; = 1 and
L =(1—-g)L*. Moreover,

IL*/L] = |L/(1 - g)L| = | det(1 — g)| = 2"/>.

For n = 16, we have |L*/L| = 28. Note that Ly = () and there is only one such lattice up
to isometry and L = BWig [22, Proposition 1.9].
By our assumption, Vz(1)oo = VL | [§%]7 for some A € L* and s = 1 or 3 and we have

(Vﬂ-L[/g\S]Z)gQ = VL(2) oo.
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On the other hand, (VL ; [§%]2)? is isomorphic to an irreducible Vg—submodule of a g*-
twisted module VMT+ 119

When L = BWjg, the conformal weight of VHT+L[§2] is 1 for any p € L* and Vﬂﬂ'ﬂ(]),
0 < j < 3, has conformal weight either 1 or 3/2. It is a contradiction since the conformal

weight of V7,(2) is > 2. That means Case (III) does not occur.

[9°] for some pu € L*.

4. Automorphism groups of Vg

In this section, we will study the automorphism groups of VL“7 when ¢ is a fourvolution,
ie., g2 = —1. Let @ = g%. Then 6 is a lift of the —1 isometry of L and we use VL+ to
denote the fixed point VOA VLG .

4.1. L 2 /2Eg nor BWig

First we assume that L % v/2Fs nor BWi;.

Theorem 4.1. Let L be even lattice with L(2) =0 and g € O(L) a fourvolution. Suppose
L % /2Eg nor BWys. Then Aut(Vg) Caut v*)(

of g onV;%Vf.

9)/(q9), where g denotes the restriction

Proof. Suppose L 2% \/2Eg nor BWjg. Then either VL§ has no extra automorphisms or
Case (I) holds. In either cases, automorphisms of Vg will stabilize VL§2 = V.(0) ® VL(2)
by Proposition Since ng is a simple current extension of VLE , the result then follows
from |22, Theorem 3.3]. O

Recall that g? = —1 and hence g2 is a lift the (—1)-isometry. The automorphism group
for the fixed point VOA V; has been determined in [22]. We will recall some results in [22].
First, we recall the Construction B of a lattice from a binary code C.

Let C be a doubly even binary code of length n and let B = {o; | i € {1,...,n}} be

an orthogonal basis of R of norm 2, i.e., (a;, oj) = 26; ;. For ¢ = (c1,...,¢,) € Z5, set

n
Qe = E Ci Q5.
=1

The lattice

= ZZ%O&C—F Z Z(ai+aj)

ceC i,j€{1,...,n}

is often referred as to the lattice obtained by Construction B from C associated with B.
Note that Lp(C) always contains the sublattice >, ;cry 3 Z(ai + o) = V2D,,.
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Set La(C) = Lp(C) + Zay. Then B = {o; | i = 1,...,n} < La(C). Now fix
ay € I/L,\4(C’) for each k € {1,...,n} such that a; = o and define

(1) o= JLesp((+ V2@ exp (\/—»;m;l)o) exp((~1+ V=2)(@)o).
k=1

Then o is an automorphism of the VOA Vp ,(¢). Indeed, o defines an automorphism of
V;B(O) (cf. [11122]).

Remark 4.2. We shall note that there are usually several choices for the orthogonal basis 5
and the automorphism o depends on the choice of the orthogonal basis B = {aq,...,ay}.

Moreover, for each oy € B,
o ap(—=1) e 4 e %% e e 5 ap(—1), e —e W s —(eY —e W),
The following theorem can be found in [22].

Theorem 4.3. (22, Proposition 3.16] Let L be an even lattice such that L(2) = (0. Then
Aut(V;h) is generated by O(E)/(@) and the extra automorphisms defined as in (4.1)). In
particular, Aut(VLJr ) contains an extra automorphism if and only if L can be constructed

by Construction B from some binary code C.

Theorem 4.4. Suppose L(2) = () and L % /2Es nor BWis. Then for a fourvolution
g € O(L), we have
Aut(VY) = Nauvy) ((9))/(9)-

Proof. Suppose false. Then there is o € Aut(VLg ) such that
{(Vi(i)oo |0<i<3}#{VL(i)|0<i<3}.

Since L 2 v/2Eg nor BWig, only Case (I) can occur; hence, there exist A € L* and
0 < j < 3such that V(1) oo = Va,1(7).

Recall from the discussion in Case (I), we have |(A+ L)(2)| = 2n and (A + L)(2) forms
a root system of type A}. Moreover, o lifts to an automorphism of VLJr = V5(0) ® Vi.(2).
In this case, V= = Vi (1) @ V(3) and V; oo = V§, ; for some ¢ = +1. Moreover,
N = Spany {L,\} = L4(C) for some binary code C and L = Lg(C).

Fix an orthogonal basis By < (A + L)(2), i.e., a set of simple roots for (A + L)(2), and
let o) be the extra automorphism associated with the basis B) as defined above. Then
ooy ! stabilize V; and hence oy ! € O(L) [22] and & = hoy, for some h € O(L).

Now let aq,a9 € By such that g maps oy — a9 — —a3 — —ag. Then g fixes the
element (e +e~ 1) _j(e*24+e*2). Note that (e** +e ), (e*24+e*2) € V), and hence

~

(e +e ) _1(e* + e *?) € Vayyr = VL. However, for any h € O(L),

hox((e® +e ) _1(e*? + e *2)) = h(ag(=1)as(—1) - 1) = hay(—=1)haz(—-1) - 1,

which is not fixed by g. It contradicts that hoy = o € Aut(VLg ). O
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4.2. Case: L =~ /2Eg or BWig

Next we consider the case L = v/2Eg or BWig. In both cases, L* /L is an elementary
abelian 2-group of order 28. It is also known [22] that the set of inequivalent irreducible
modules Irr(V;") of V" forms an elementary abelian 2-group under the fusion rules [22].
Recall that V,\:CFL[G]Z has the conformal weight 1 if L = +/2Fg or BWjs. Moreover,
dim(VyL, /[0]1) = 8 if L = v/2Eg and dim(V){,  [0]1) = 16 if L = BW,.

Lemma 4.5. Let L = \/2Eg or BW1g. Suppose there is a o € Vg such that Vi(1) o o &
VL L [921(j). Then o stabilizes V;" = V1(0) & VL,(2) by the conjugate action.

Proof. For L = \/2Eg or BWig, we have V):‘CFL@Q]Z &V; V)aL[ﬁQ]Z = V]-f and hence
VE L [3%1(5)%* < V7. Therefore, VL [§%](j)®* = VL(2) as VL(2) is the only irreducible
V7 module with the top weight > 1 in V;". O

As a consequence, we have

Proposition 4.6. Let L = \/2Eg or BWig and g € O(L) a fourvolution. Then,
Aut(V) = Cy v @)/(9),

~2
where g denotes the restriction of g on VLJr =V

42.1. L= +/2Eq

In this case, the isometry group O(L) is the Weyl group of Eg and it has the shape
2.Q4(2).2. A fourvolution g corresponds to a 2C-element in QF (2). An irreducible g*-
twisted module VL, ; [§%] has the top weight 1/2 and dim(V,E,; [¢%])1 = 8.

Recall that the set of inequivalent irreducible modules for VLJr forms an elementary
219 under the fusion rules and the automorphism group V1. = =

V2Eg

abelian group of order

GO{,(2) (cf. [12,22]).

Theorem 4.7. Let L = \/2E3 and g € O(v/2E3) a fourvolution. Then Aut(VLg) has order
218.32.5 and has the shape [2'4].Syms.

Proof. We first recall that dim(V\}%E
sum of irreducible representations of GO};(2). By a direct calculation, it is easy to show

- +
8)2 = 156 and (V\/§E8)2 decomposed as 1+ 155 as a

that dim(V\%E )2 = 76. Therefore, g acts on (V\%E )2 with trace —4, i.e., g corresponds to
8 8

a 2C element of GO},(2) using the Atlas notation. In this case, the centralizer CGOE(Q) (9)

has order 21?-32.5 and has the shape [2!°].Symg. By Proposition we have the desired

result. O
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4.2.2. L = BWig

In this case, L*/L = 2% and |L/2L*| = 28,

First we recall few facts about the isometry group O(L). It is clear that O(L) acts
naturally on the discriminant group L*/L = 2% and it induces a group homomorphism
s: O(L) = O(L*/L,q) & GOg (2).

Let K = ker s. Then K is isomorphic to an extra special group 278 and Im s =2 Q§(2).
Therefore, O(L) = 21+8.QF(2) (see [6,13]). A fourvolution g can be decomposed into the
product of two involutions ¢y, ty associated with two v/2Eg sublattices M and N such
that L = M + N. Recall that ¢, is an isometry of L which acts as —1 on M and acts as 1
on the annihilator Annz, (M) ={z € L | (z,y) =0 for all y € M}. It is well-defined since
2M* < M (cf. [13,[14]). These two involutions ¢5s, tn generate a dihedral group of order
8 and is contained in the extra-special 2-group 2!78. In particular, (tar,tx) acts trivially
on the discriminant group L*/L (= 28). Recall also from [13| that the quotient group
K.Cory(tam)/ K of the centralizer of ), determines a maximal parabolic subgroup of the
shape 26.Q7(2) in Qf (2), which corresponds to the stabilizer of a singular vector uyy.
Similarly, K.Cor)(tn)/K = 26.04(2) corresponds to the stabilizer of another singular
vector uy. Note that g = tyty € K and we have Np)((g))/K = Sps(2), which is
the stabilizer of a non-singular vector uas + uy. Indeed, No)((g)) = 2'+8.Sps(2). By
Theorem we also have the following lemma.

Lemma 4.8. Let L = BWig and g € O(L) a fourvolution. Then,

Naui(vy) ((9))/(9) = 2°.(27.5p6(2)).

Remark 4.9. We note that the Barnes—Wall lattice BWWig can also be realized as the co-
invariant lattice of the Leech lattice associated with a 44 element of the Conway group
000.

Next we review the irreducible modules for Vng for a fourvolution g € O(BWig).

Recall that there are two types of irreducible modules for ngwz
Untwisted type: Vyy1(j), A € L* and j =0,1,2,3; and
Twisted type: V{ [¢'](j), A € L*,i=1,2,3 and j = 0,1,2,3.

Set F = {VI'[3(j) | 4,j = 0,1,2,3} and E = {Vyy(0) | A+ L € L*/L}, where
VL [9°17) = Ve ().

For L = BWjg, we have (1 — g)L* = L for any fourvolution g. By [16], all irreducible
modules of Vg are simple current modules. Moreover, the set of inequivalent irreducible
modules Irr(Vng) of Vng forms an abelian group under the fusion rules and it has a

quadratic form ¢ defined by conformal weights modulo Z. By the discussion in [16], we
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also know that £ = 28 F = 42 as abelian groups and Irr(Vng) = FE x F. Note also that
F is the subgroup generated by V(1) and V/[g](0).

Theorem 4.10. Let L = BWig and g € O(BWig) a fourvolution. Then Aut(VLg) =
[21°].(Sps(2) x 2).

Proof. By the same argument as in the proof of Theorem [£.4] there is no automorphisms
s € Aut(VLg) such that Vi(1) os =2 Vi, r(j) for any A € L*\ L and 0 < j < 3. In other
words, if s stabilizes the set of untwisted irreducible modules, then it also stabilizes the
set {VL(7) | =0,1,2,3} and is thus contained in

S=Stab, s ({Ve(i)|i=0,1,2,3}) = Nauyv,)((9))/(9)-
(Viw,,)

An extra automorphism s thus maps V(1) to a twisted type module. Note that L*/L =
L/(1 —g)L and for any A+ L € L*/L, there is an f € Hom(L/(1 — g)L,C*) such that
VL L [9]1(0) = V[g](0) o f. Without loss of generality, we may assume Vg (1)os = V' [g](0)
or VI'[g%(0). In this case, s stabilizes F. Note that the orthogonal group O(F,q) = 22.
Moreover, there is an automorphism o € Aut(Vng) such that V(1) o o 2 VI[g](0) by
Remark and |17, Theorem 3.4] and we have the desired result. O
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