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Sign-balances of Tableaux with at Most Three Rows

Tung-Shan Fu and Chien-Tai Ting*

Abstract. Let the sign of a standard Young tableau (SYT) be the sign of the per-
mutation obtained by reading the entries row by row from left to right, starting from
the top row. By a sign-reversing involution on the tableaux in terms of lattice paths,
we obtain the sign-balance of n-cell SYTs of all shapes with at most three rows. For
skew shapes, we obtain partial results on the sign-balance enumeration of 2n-cell skew

SYTs of all shapes with at most three rows, under a parity condition of the skew part.

1. Introduction

1.1. The sign of a tableau

The shape of an integer partition A = (A1, A2, ...) of n is a left-justified array of cells with
A; cells in the ith row. For a partition g = (u1, 2, . ..) with A\; > p; for all 4, the skew shape
of A/p is the array obtained by removing the cells of p from . An n-cell skew standard
Young tableau T is a filling of a shape A/u with entries {1,2,...,n}, increasing along
rows and columns. If the skew part p is empty then T is called a standard Young tableau
(SYT). The sign of a tableau T, denoted by sign(T), is defined to be (—1)™(“(T)  where
o(T) is the permutation obtained from 7' by reading the entries row by row from left to
right, starting from the top row. For example, the permutation obtained from the tableau
T shown below is ¢(T') = 13625748, which has 6 inversions, and hence sign(7") = +1.

T=2[5]7] «—= o(T)=13625748.

Stanley conjectured that the sign-balance of all n-cell SYTs is 21/2]. This conjecture
was proved independently by Lam [3], Reifegerste [5] and Sjostrand [7]. For skew shapes,
Sjostrand [8] obtained analogous sign-balance identities by the skew Robinson—Schensted
correspondence invented by Sagan and Stanley [6]. Lam [4] gave an alternative proof of
Sjostrand’s skew sign-balance results. In this paper, we study the sign-balance of n-cell

(skew) SYTs of all shapes with at most three rows.
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1.2. Main results

Let 7, denote the set of n-cell SYTs of all shapes with at most three rows. It is well
known that the cardinality of 7, is the nth Motzkin number m,. The Motzkin num-
bers {mn}n>0 = {1,1,2,4,9,21,51,...} can be defined by mp = 1 and m,, = my_1 +
> peo Mp—oMmy_, for n > 119, A001006]. One of our main results is that the sign-balance
of the set T2, (Tan+1 , respectively) of SYTs can be expressed as a partial sum of the

sequence of Motzkin numbers.
Theorem 1.1. For n > 0, the following results hold.

(i) Z sign(T) =14+ mo +my + -+ +mp_1.
TGBTL

(i) > sign(T)=1+mg+mi+-- +mn1.
T€7-2n+1

The proof of Theorem[I.1]is accomplished by a sign-reversing involution on the tableaux,
on the basis of a previously established bijection between standard domino tableaux and

partial Motzkin paths by Cheng et al. in [2].

The generating polynomial for Motzkin numbers {m, }n>0 is

1—2z—+V1—-2x— 322

222

M = M(x) :Zmnx":
n>0

Notice that the sign-balance results in Theorem can be expressed in the form of the

generating polynomial as

Z Z sign(7T) a:”:z Z sign(T) | =" = %

nZO T€7—2'n ’VLZO T€7-2n+1

For skew shapes, let 7}(” 1#2) denote the set of n-cell skew SYTs of all shapes with at
most three rows and the skew part g = (u1, u2). We consider the 2n-cell skew SYTs. The

enumerations of sign-balance of the initial sets 7'2%“’” 2)

shapes 1 = (p1, pia)-

We obtain partial results on the enumeration of sign-balance of ’771(

are listed below for several skew

“1’”2), under a parity

condition of p; and pe. We make use of the y-notation that maps each statement P onto
{0, 1}, defined as x(P) =1 if P is true, and 0 otherwise.
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7 n: 1 2 3 4 5 6 7 8 9
(0,0) 23 5 9 18 39 90 217 540
(1,1) 2 3 5 13 28 67 160 397 1002
(2,0) 3 6 12 25 55 127 305 755 1913
(3,1) 2 5 11 25 58 149 370 945 2472
(3,2) 2 5 11 25 58 139 342 861 2208
(3,3) 3 6 12 25 65 155 389 991 2555
(4,1) 2 4 9 21 51 127 323 835 2188
(4,2) 3 9 22 53 128 315 790 2017 5229

Table 1.1: The sign-balances of 7'2(51’“ 2),

Theorem 1.2. For ey > es > 0, the following results hold.

(i) We have

Z Z sign(T') | 2" = 262: ei:ez pei—a—bprei—a—b+l
a=1 b=1

n>0 T€7-2(3€17262)

e €e1—e
+ SN 2X ab—O e1— a—bMel—a—b<1+xM)'
a=0 b= -
(ii) We have
Z Z sign(T) | ="
’VLZO TGT(251+1,282)
€: e (& e (&
_22 IZQxel a— bMe1 a— b+l+ 1221_61 bMel -b 1+$M)
a=1 b=0 -z
€2 e1—eo
(iif) > > sign(T) [ 2" =) Y af-ebpra-ombil,
n>0 TGT(261+2 ,2e9+1) a=0 b=0

2n
For the skew part u = (2e1 + 1,2e2 + 1), since our approach does not apply in this
case, so far we have no solution. See the discussion in the concluding remarks.
Let R, C T, be the subset of n-cell SYTs of all shapes with at most two rows. It
is known that the cardinality of R,, is (Ln% J) [1, Corollary 3.4]. We obtain the following

sign-balance results.
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Theorem 1.3. Forn > 1, the following results hold.

0 3 sign(T)zz(fnjllJ).

TeER2 2

S sign(T):<Ln?;2J>.

2. Preliminaries

2.1. Yamanouchi words

Given an n-cell tableau 7', we associate T" with a word ((7') = uj - - - uy, on the alphabet
{1,2,3,...}, where ((T') is obtained from T' by letting the jth letter u; be the row index of
the cell of T' containing the number j. The words ((T") are known as Yamanouchi words.

For example,

T=1[25|7| «—= (¢(T)=12132123.

Note that the ith row of T contains the indices of the letter i in {(T").
The inversion number of ((T'), denoted by inv(¢((7T)), is defined to be the number of
pairs (u;,u;), 1 <1 < j <n such that u; > uj;.

Lemma 2.1. For any standard Young tableau T, we have sign(T) = (—1)™v(C(D),

Proof. Let o(T) = o102 - - 0, be the permutation obtained from 7' by reading the entries
row by row, and let {(7) = uj - - - up, be the Yamanouchi word associated with T'. For each
oj (1 <j <n),say o; =k, we observe that the entries to the left of o; and greater than
oj in o(T) are in one-to-one correspondence with the entries to the right of uj and less
than uy in {(T"). Hence inv({(T")) = inv(c(T")). The assertion follows. O

2.2. Skew standard domino tableaux

A domino is a pair of cells that share an edge. It is called a horizontal (vertical, respec-
tively) domino if the two cells are in the same row (column, respectively). An n-domino
skew standard domino tableau T of shape A/u is a 2n-cell skew standard Young tableau
of the same shape in which the two cells with entries 2 — 1 and 2¢ form a domino for
1 < < n. If the skew part p is empty then T is called a standard domino tableau (SDT).
Let AV1#2) 7’2(7’;1’“ 2) denote the set of n-domino skew SDTs of all shapes with at most
three rows and the skew part u = (u1, p2).

Lemma 2.2. The following results hold.
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(i) For the skew SYTs with an even number of cells, we have

Z sign(T) = Z sign(T).

TeTQ(,i”’”Q) TeAglulvuz)

(ii) In particular, for the SYTs with an odd number of cells we have

Z sign(T) = Z sign(7T).

T€7-2n+1 TE.A?(’LLO)

Proof. (i) Given a tableau T € 7'2(,‘51’”2) \ A¥#2) find the least integer j such that the
two cells with entries 25 — 1 and 2j are not adjacent. Notice that they are in different
rows necessarily. Then interchanging the two entries becomes a sign-reversing involution
on the tableaux. The assertion follows.

(ii) There is an immediate bijection T' — T” of Ta,4+1 onto 7'2(,1’0) such that 7" is
obtained from T by removing the entry 1 and subtract the other entries by 1. By the

same argument as in (i), the assertion follows. O

We say that a vertical domino in a skew SDT is a (1,2)-domino ((2,3)-domino, re-

spectively) if the two cells are in row 1 and row 2 (row 2 and row 3, respectively).

Lemma 2.3. For any tableau T € AT({“’“Q), if pipe is odd then every (2,3)-domino of T
is preceded by an odd number of (1,2)-dominoes; otherwise, every (2,3)-domino of T is

preceded by an even number of (1,2)-dominoes.

Proof. Notice that if p1 is even and po is odd then T contains no vertical dominoes. So,
we consider the remaining cases regarding the parities of p; and ps.

Let ¢(T') = w1 - - - ugp. Suppose T' contains a (2, 3)-domino U, say U = (ugj—1,uz;) for
some j. Then the number of 2’s and the number of 3’s in the prefix u; - - - ug;—2 of ((T')
have the same (opposite, respectively) parity if po is even (odd, respectively). Note that
each (1,2)-domino contributes a letter 2 and no letter 3 to the word ((7'), and that each
(2,3)-domino contributes a letter 2 and a letter 3. Hence if ps is even then there are an
even number of (1,2)-dominoes preceding U. Moreover, if uo is odd then pp is odd and

there are an odd number of (1,2)-dominoes preceding U. O

We observe that the sign of a skew SDT in A%“ #2) can be determined by the number

of vertical dominoes it contains.

(11,12)
n

Proposition 2.4. For any tableau T € A with d vertical dominoes, the following

properties hold.
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(i) If pape is even then we have sign(T) = +1 ifd = 0,1 (mod 4), and sign(T") = —1 if
d=2,3 (mod 4).

(i) If pipa is odd then we have sign(T) = +1 if d—2b = 0,1 (mod 4), and sign(T") = —1
if d—2b=2,3 (mod 4), where b is the number of (2,3)-dominoes in T.

Proof. Let ((T') = wuj---ug,. For any two dominoes U,V, say U = (ugi_1,u9;) and
V = (ugj_1,u2j), i < j, we say that the number of inversions contributed by the or-
dered pair (U, V), denoted by inv(U, V), is the number of inversions of the subsequence
ugi—1u2iu2j—1u2j. Then inv(¢(7")) is the total number of inversions of all pairs of dominoes.

We observe that if at least one of U, V' is a horizontal domino then inv(U, V) is even.

Moreover, if both of U, V are vertical dominoes then we have

0 ifU=(1,2)and V = (2,3),
inv(U,V) =41 ifU=V=(1,2)or U=V =(2,3),
3 ifU=(2,3)and V = (1,2).

There are totally (g) pairs of vertical dominoes in T.

(i) If at least one of py, pg is even then by Lemma there are an even number of pairs
(U, V) such that U = (1,2) and V = (2,3), which contribute no inversions. Since each
of the remaining ordered pairs (U, V') contributes an odd number of inversions, inv(¢(T"))
has the same parity of d(d — 1)/2. By Lemma the assertion (i) follows.

(ii) Otherwise, both of p1, po are odd. Let b be the number of (2, 3)-dominoes in 7'
Suppose d is odd. We observe that the number b is always even if d is odd. Then there are
an even number of pairs (U, V) such that U = (1,2) and V = (2, 3), and hence inv({(T))
has the same parity of d(d — 1)/2.

Suppose d is even. Notice that the number of pairs (U, V) such that U = (1,2) and
V = (2, 3) has the same parity of b, and that inv({(7")) has the same parity of d(d—1)/2—b.

Consider the following two cases.

e d =0 (mod 4). We observe that d — 2b = 0 (mod 4) if b is even, and d — 2b = 2
(mod 4) if b is odd. Since the total number d(d — 1)/2 of pairs (U, V) is even, we
have sign(7T) = +1if d — 20 =0 (mod 4), and sign(7) = -1 if d — 20 =2 (mod 4).

e d =2 (mod 4). We observe that d —2b = 0 (mod 4) if b is odd, and d — 2b = 2
(mod 4) if b is even. Since the total number d(d — 1)/2 of pairs (U,V) is odd, we
have sign(7) = +1 if d —2b =0 (mod 4), and sign(T) = —1 if d — 2b =2 (mod 4).

The assertion (ii) follows. O]
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2.3. Motzkin paths

A Motzkin path of length n is a lattice path from the origin to the point (n,0) staying
weakly above the z-axis, using the up step (1,1), down step (1,—1), and level step (1,0).
Let U, D and L denote an up step, a down step, and a level step, respectively. A partial
Motzkin path of length n is a lattice path from the origin to the line x = n staying
weakly above the z-axis, using the set {U,D,L} of steps. Sometimes a segment of a
partial Motzkin path is itself a Motzkin path raised to a certain level. For convenience,
the horizontal line where a Motzkin path starts, stays weakly above and ends is called
the base line of the path. Let M, be the set of partial Motzkin paths of length n. Our

approach relies on the following bijective results.
Theorem 2.5. (Cheng-Eu-Fu-Lee [2]) The following results hold.

(i) There is a bijection ®: A, — M, such that a tableau T € A, with d vertical
dominoes is carried to a path ®(T) € M,, from (0,0) to (n,d) for 0 < d <n.

(ii) There is a bijection ®: ALY M, such that a tableau T € AYY with d vertical
dominoes is carried to a path ®(T) € M,, from (0,0) to (n,d) for 0 < d <n.

We refer the readers to |2, Section 2] for the construction of the bijection.

3. Proof of Theorem

We shall establish a sign-reversing involution I': A,, — A,, making use of the bijective
result in Theorem [2.5(1).

First, we describe the set F,, C A, of fixed points of the map I". The set F,, consists
of the tableaux T' € A,, such that the associated partial Motzkin Dyck path ®(7T) is in

either one of the following forms:
(F1) ®(T) = L™, consisting of n level steps.

(F2) ®(T) = L¥Ur for some k, 0 < k < n — 1, where U is an up step, which goes from
the z-axis to the line y = 1, and 7 is a Motzkin path of length n — k — 1 (with the
base line y = 1).

Notice that sign(T) = +1 since the former (latter, respectively) tableau T' contains zero
(one, respectively) vertical domino. Moreover, by the conditions (F1) and (F2), the num-

ber of fixed points of the map I' can be determined immediately.

Lemma 3.1. Forn > 1, we have

|Fnl =14+ mo +my+ - +my_1.
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Now, we describe the construction of the map I'.

Algorithm A. Given a tableau T' € A,, \ F,, with d vertical dominoes for some d > 0,
construct the associated partial Motzkin path ®(7"). There is a standard factorization of
the path ®(7") into Motzkin paths as

(I)(T) = a0U1a1 cee UdOéd,

where Uj is the last up step going from the line y = j — 1 to the line y = j, 1 < j < d,
and each segment «; is a Motzkin path of a certain length (possibly empty) with the base
line y =i, 0 < i < d. We create a path § from ®(T') according to the following cases.

Case 1. The segment ag contains up steps and down steps. Then find the first down step
going from the line y = 1 to the z-axis, say z,. Then the path § is obtained from
®(T') by replacing z, by an up step, which goes from the line y = 1 to the line
y = 2.

Case 2. The segment o consists of level steps (possibly empty). Since the tableau T is
not a fixed point, by (F1) and (F2), we have d > 2. Then find the last up step
going from the line y = 1 to the line y = 2, say z,. Then the path § is obtained
from ®(T') by replacing z;, by a down step, which goes from the line y = 1 to the

x-axis.

Then the requested tableau I'(T") is defined to be the tableau associated with 3, i.e.,
[(T) = ®1(B). By Proposition we observe that 7' and I'(T") have the opposite signs
since the end point of § is at height either d + 2 or d — 2.

Example 3.2. Given the tableau T € A5 shown in Figure (a)7 the partial Motzkin
path ®(T) is shown in Figure [3.1b). The path 8 constructed from ®(T') by Algorithm A
is shown in Figure (b), and the corresponding tableau I'(T) = ®~!(3) is shown in

Figure [3.2f(a).

1|45 | juji4 | 15 |
7 12
3 10 | 13 |
(@)
(b)

Figure 3.1: A tableau in A;5 and the associated path under the map ®.
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4 | 5 11 | 14 | 15 |
126 7 %[
3 | 9] 10] 13|
@
(b)

Figure 3.2: The corresponding tableau of the tableau in Figure under the map I

Proof of Theorem [1.1] (i) By Lemmas [2.2] and we have

Z sign(T) = Z sign(T) = |[Fp|=1+mo+mi + -+ my_q.
T€Tan TeA,

The assertion (ii) can be proved in the same manner, by establishing a sign-reversing
involution on the set AS’O) by the construction in Algorithm A, making use of the bijective
result in Theorem [2.5(ii). O

4. Proof of Theorem

In this section, we shall prove Theorem by an extension of the approach used in the

previous section.

4.1. On tableaux with the skew part p = (2e1, 2e2)

e1,2¢2) according to the path converted

We describe a classification of the tableaux in .A,(f
from the skew part u = (2e1,2e2), given by Cheng et al. [2, Scetion 3].

Given a skew SDT T € Agel’zeﬂ, create a SDT T € A, ye, e, by tiling the skew part
with horizontal dominoes such that the dominoes in the first (second, respectively) row are
labeled by {1,3,...,2e2 —1}U{2e2+1,2e9+2,...,e1+e2} ({2,4,...,2e2}, respectively).
The original labels in T" are then shifted from {1,...,n} to {e1 +e2+1,...,e; +e2+n}.
Construct the corresponding path ®(T') € My, te,+¢, and factorize it into two parts with

lengths e + ey and n, respectively, as
(4.1) O(T) =vp.

Note that the initial segment v is converted from the domino-tiling of the skew part

= (2e1,2e3). We classify the tableaux according to the form of v as follows.
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The set A(Qel’%z) can be partitioned into subsets An261,262) for0<a<eyand 0<b<

e] — ez, where .An2zll;262) consists of the tableaux T such that the segment v of ®(T) is of
the form
(4.2) v = (UD)? (UL)®2~¢ Lbyer—e2—b.

Note that the path v goes from the origin to the point (e; + e2,e; —a — b), and [ goes
from the point (e; + e2,e; —a — b) to the line z = n + e; + e2. In particular, the subsets

with @ > 0 and b > 0 in the classification have the following property.

(2e1,2e2)
n;a,b

Lemma 4.1. |2, Lemma 3.1] For a > 0 and b > 0, every tableau T in the set A

contains no vertical domino.

(2e1,2e2) .
mab Consider the

factorization ®(T) = vf3 in . For convenience, we remove the segment v and view the

We shall establish a 51gn reversmg involution I' on each set A

segment [ as a lattice path from the point (0,e; —a — b) to the line z = n. Note that the
path [ touches the x-axis necessarily [2, Section 3]. With respect to the first down step

returning to the x-axis, we further factorize 5 into two parts as

(4.3) B = b152,

where 31 goes from the point (0,e; —a —b) to the z-axis (for the first time), say at (¢,0)
for some t (e; —a —b <t <n), and [ is a partial Motzkin path from the point (¢,0) to
the line x = n.

We describe the set ]—"(261’262 C Alefm of fixed points of the map I" in the following
two cases.

Case 1. If @ > 0 and b > 0 then fé?;}b’zeﬁ Af?é%z), ie, I(T) = T for any

T e An221é262 In this case, the end point of the segment 2 is (n,0) since the tableau T'
contains no vertical domino. Hence §o is a Motzkin path.
Case 2. If a = 0 or b = 0 then the set .7-"(261’282) consists of the skew SDTs T such that

the segment (s is in either one of the followmg two forms:
(F1’) Bg =Ln7t

(F2’) Bo = L*Un for some k, 0 < k < n —t — 1, where U is an up step going from the
x-axis to the line y = 1 and 7 is a Motzkin path of length n —t — k — 1 (with the
base line y = 1).

The enumeration of the fixed points can be expressed in terms of Motzkin number.
Recall that by Proposition the fixed points are positive since the tableaux in the

former (latter, respectively) case contain no (one, respectively) vertical domino.
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Lemma 4.2. The following results hold.

(i) Ifa >0 and b > 0 then we have

z : (2 ,2 —a— —a—
| e €1 62 — $61 a bM61 a b+1.
n>0

(ii) Ifa=0 or b =0 then we have

Z | 2617262 — € —a—bMel—a—b (1 + IL‘M) )

n;a,b 1—1
n>0

2¢2) in terms of the segment § of the associ-

Proof. We enumerate the tableaux T € ]:7(1261’
ated path ®(T).

By the factorization 5 = 18 in , there is a standard factorization of former part
B1 into Motzkin paths as 81 = Te,—q—pDe;—a—b - - - m1D1, where D; is the last down step
going from the line y =i to the liney =7—1 for 1 <i <e; —a — b, and 7; is a Motzkin
path with the base line y = 1.

(i) If @ > 0 and b > 0 then the latter part (35 is also a Motzkin path. We observe that

(261,262)
’ na ‘ = E mkomkl e mkqiaib.

kot+ki+-+ke; —a—b
=n—e1+a+b

(ii) If a = 0 or b = 0 then [ is in either one of the forms (F1’) and (F2’). We observe
that

n

(2e1,2e2)|
"Fn;a,b ‘ - § § Mgy - mkelfafb(l +mg+my+ -+ mn—t—l)
t=e1—a—b k‘1+---+k‘51,a,b
=t—ei1+a+b

The assertions follow from multiplying the equation by z" and summing over n > 0. [

261,262)

Next, we construct the map I' on the set A" with ¢ = 0 or b = 0, by the same

operations as in Algorithm A.

n;a,b

some d > 0, construct the associated path ®(T) = v3. By the factorization 8 = 312
in , the latter part B2 goes from somewhere in the z-axis to the point (n,d). We

Algorithm B. Given a tableau T € A%< \}—7(3515262) with d vertical dominoes for

factorize B as

B2 = agUraq - - - Ugay,
where Uj is the last up step going from the line y = j — 1 to the liney = j, 1 < j < d,
and each segment «; is a Motzkin path of a certain length (possibly empty) with the base
line y =4, 0 <14 < d. We create a path 8’ from 3 according to the following cases.
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Case 1. The segment ag contains up steps and down steps. Then find the first down step
going from the line y = 1 to the x-axis, say z,. Then the path 8’ is obtained
from B by replacing z, by an up step, which goes from the line y = 1 to the line
y = 2.

Case 2. The segment «ag consists of level steps (possibly empty). Then d > 2 and find
the last up step going from the line y = 1 to the line y = 2, say z;. Then the
path 3’ is obtained from 3 by replacing z, by a down step, which goes from the

line y = 1 to the x-axis.

To find the corresponding tableau I'(T"), we construction a SDT from the path v3’ by ®~!,
Le., T = ®~1(vp’). Then the requested tableau I'(T') is obtained from T by removing
the skew part. By Proposition we observe that 7" and I'(T") have the opposite signs
since the end point of 3 is at height either d + 2 or d — 2.

Now, we prove Theorem [1.2[1).

Proof of Theorem [1.2{i). By Lemmas and we have

Z Z sign(T) | ="

n>0 TG,TZ(jel,QEQ)

ex ej—eg
55 51 D DEIETES) P 5B 55w BD SRR =1ca) B
n>0 TeAgel,Qez) a=0 b=0 n>0 TG-ASthW)
ex ej—eg ey e1—es
. (2e1,2e2) | _n . (2e1,2e2)| n
=2 20 D Faas D D xlab=0)) 1F 0 e
a=1 b=1 n>0 a=0 b=0 n>0
ex e1j—eg e e1—es
= germe—bprer—a=brl 4 Z Z x(ab = 0)$€1—a—bM€1—a—bM. n
a=1 b=1 a=0 b=0 v

4.2. On tableaux with the skew part u = (2e1 + 1, 2e3)

To prove Theorem (ii), we shall establish a sign-reversing involution on the set A£L261+1’262)

in the same manner as above.

We make use of a classification of the tableaux given by Cheng et al. |2, Section 5].
Given a tableau T' € A,(1261+1’282), create a skew SDT T € .,47(11406)1“2 by tiling the shape
(2e1 + 1,2e2)/(1,0) with horizontal dominoes such that the dominoes in the first (sec-
ond, respectively) row are labeled by {1,3,...,2eq — 1} U{2e2 + 1,2e5 +2,...,e1 + €3}
({2,4,...,2es}, respectively). The original labels in 7" are then shifted from {1,...,n} to

{e1 +e2+1,...,e1 + ez +n}. Construct the corresponding path ®(T) € M4 e;1e, and
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factorize it into two parts as ®(T) = v, where v is converted from the domino-tiling of
the shape (261 +1,2e2)/(1,0). The tableaux T in Alertl2e2) are classified as follows.

The set A, (Zert1.2e2) (o be partitioned into subsets A 2?“ 2e2) for 0 < a < ey and
0 <b< ey —eq, where .An221b+ 1.2e2) consists of the tableaux T' such that the segment v of
®(T) is of the form

= (UD)* (UL)®2 L Ut —e2b,
In the classification, the subsets with a > 0 have the following property.

261+1 262)

b contains

Lemma 4.3. |2, Lemma 5.1] For a > 0, every tableau T in the set A,

no vertical domino.

We describe the set F2eith2ea) — gRetl2es) op fyoq points of the map I'. For a

n;a,b n;a,b
tableau T' € .An221b+ 1’282), consider the factorization of the path ®(T) = v in (4.1). With
the segment v removed, we further factorize the segment ( into two parts 8152 as in .
Consider the following two cases.
Case 1. If a > 0 then .7-",5261“ 2e2) Agifl’%z). In this case, the segment 35 is a
Motzkin path.

Case 2. If a = 0 then the set J"-"(Q‘elJrl 2e2)

n;a

consists of the skew SDTs T such that the
segment 9 is in either of the two forms given in (F1’) and (F2’).
By the same argument as in the proof of Lemma we obtain the following enumer-

ation of the fixed points.
Lemma 4.4. The following results hold.

(i) If a > 0 then we have

(2e1+1, 262 __ ,.e1—a—bpyrei—a—>b
E | b =2x M .
n>0

(ii) If a =0 then we have

S | FEee) g0 ger—bype—b(L+aM)

1—x
n>0

261 +1,262) (261 +1,262)
n;a,b - ‘An;a,b

can be established
by the construction described in Algorithm B. Now, we prove Theorem [1.2(ii).

For the case a = 0, the requested map I': Al

Proof of Theorem [L.2(ii). By Lemmas and we have

Z Z sign(T) | ="

nZO T€7—2(361+11252)
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€2 e1—ea
= Z sign(7T) 33":2 Z E Z sign(T) | 2"
n>0 T€A5L251+1,262) a=0 b=0 n>0 TEAfZlb—o—l ,2e9)
e2 e1—e3 e1—es
_ Z (2€1+1,262)‘ ny Z Z‘ (2e1+1 262)| n
o n;a,b
a=1 b=0 n=>0 b=0 n>0
€2 er—e2 e1—es
= gereTbppermatbl Z xel—qu—bw. =
1—x
a=1 b=0 b=0

4.3. On tableaux with the skew part u = (2e1 + 2,2e2 + 1)

Notice that every tableau in Alert22e2t1) (o htains no vertical domino. Hence sign(T) =1

for all T € A,(1261+2 2e21) [ et 7—[7(1281’262) C A%Qelg@) be the subset of tableaux contain-
ing no vertical domino. We observe that there is an immediate bijection T' — T of
AlZert22e2tD) o6 9/(2€12€2) queh that T7 is obtained from T by shifting the first (second,

respectively) row to the left by two cells (one cell, respectively). For the sign-balance of

7'2(361+2’262+1), we shall enumerate the tableaux in 7—[(261’262), under the classification in
@)
For a > 0 and b > 0, let H(2e1,2e2) _ 7—[(261’262 N A%122) - Given a tableau T €

n;a,b

H212¢2) congider the factorization of the associated path ®(T) = vB in (&.1)). Since T

n;a,b

n;a,b
contains no vertical domino, sign(7) = +1 and the segment 3 can be factorized as

B = 7Tel—a—b]:)el—a—b -+ -m Dy,

where D; is the last down step going from the line y = ¢ to the line y = ¢ — 1 for
1 <i<e;—a—b,and 7; is a Motzkin path with the base line y =i for 0 <i <e;—a—>.

By the same argument as in the proof of Lemma we have

(2e1,2 e 0
§ ‘ e1,2ez) n_ gei—a bM61 a b—l—l‘

nab
n>0

Hence

Z sign(T") x"—z Z sign(T) | "

n>0 T€7’2('381+21252+1> n>0 T6A512e1+2,252+1)
_ €2 €e]1—€2
_ 2 : 2 : 2 : sign(T) " = E : E xel—a—bMel—a—b—i-l'
a=0 b=0 n> T6H5L221b262) a=0 b=0

The proof of Theorem [T.2]is completed.
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We remark that Cheng et al. gave an explicit formula of ]Aq(1261+2’262+1)] as a linear

combination of Motzkin numbers, which involves the Chebyshev polynomials of the second
kind [2, Corollary 1.4].

5. Proof of Theorem

Let B,, € A, be the subset of n-domino SDTs with at most two rows. First, we describe
the structure of images when the map ®: A,, — M, restricted to the set B,.

A Dyck path of semi-length n is a Motzkin path of length 2n with no level steps. A
dispersed Dyck path of length n is a Motzkin path of length n with no level step above the

x-axis, which is enumerated by the central binomial coefficients |9, A001405].
Lemma 5.1. The number of dispersed Dyck paths of length n is (Ln72j)'
We have the following observations about the images of the map & restricted to B,,.
Proposition 5.2. For a tableau T € B,,, the following properties hold.
(i) If T contains no vertical domino then ®(T') is a dispersed Dyck path of length n.

(ii) If T' contains d vertical dominoes then ®(T') can be factorized as
(5.1) (I)(T) = Oonl te deUdﬂ',

where Uj is the last up step going from the line y = j — 1 to the line y = j for
1 <j<d, «; is a Dyck path (possibly empty) for 0 <i <d—1, and 7 is a dispersed
Dyck path (possibly empty).

Example 5.3. For the tableau 7' € Bis shown in Figure [5.1(a), we have the tiling
word x1z9---x15 = V121122V12V1121. The corresponding path ®(7") is shown in Fig-

ure [5.1|(b).

2 | 4 | 5 9 12 | 13 [ 15 |
! 6 | 7 |° 10 |14
@
(b)

Figure 5.1: A SDT and the associated path under the map ®.
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To prove Theorem [1.3(i), we shall establish a sign-reversing involution A: B, — B, in
terms of dispersed Dyck paths.

We describe the set G,, C B,, of fixed points of the map A. The set G,, consists of the
SDTs T such that the associated path ®(7T) is in either one of the following forms:

(G1) ®(T') = Lm, where 7 is a dispersed Dyck path of length n — 1.

(G2) ®(T') = Unr, where 7 is is a dispersed Dyck path of length n — 1 (with the base line
y=1).

By Lemma and the conditions (G1) and (G2), the number of fixed points of the

map A is determined.

Lemma 5.4. We have
n—1
G =210,
|5

Now, we construct the map A on the set B,.

Algorithm C. Given a tableau T' € B, \ G, with d vertical dominoes for some d > 0,
construct the associated lattice path ®(7T'), and factorize it as in . Since the tableau
T is not a fixed point, by the conditions (G1) and (G2), we observe that if the initial
segment o of ®(7T") is empty then d > 2. We create a path 8 from ®(T") according to the

following cases.

Case 1. The segment «q is not empty. Then ag is a Dyck path. Find the first down step
going from the line y = 1 to the z-axis, say z,. Then the path § is obtained from
®(T') by replacing z, by an up step, which goes from the line y = 1 to the line
y = 2.

Case 2. The segment «q is empty. Then d > 2 and find the last up step going from the
line y = 1 to the line y = 2, say 2. Then the path § is obtained from ®(7") by

replacing zp by a down step, which goes from the line y = 1 to the z-axis.

Then the requested tableau I'(T') is defined to be the tableau associated with 3, i.e.,
D(T) =@~ '(B).

Example 5.5. Given the tableau T' € By shown in Figure[5.2|(a), the path ®(7T') is shown
in Figure [5.2b). The path § constructed by Algorithm C is shown in Figure [5.1(b), and
the corresponding tableau A(T') is shown in Figure [5.1f(a).
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1245 |09 | |12]13]15]
6 | 7 ]| 8|10 14
(@)
(b)

Figure 5.2: An example for the sign-reversing involution I' on tableaux in Bys.

Proof of Theorem [I.3] (i) By Lemmas and we have

> sien(r) = 3 sien®) =16, =2( ) )

TER2n TeB, 2

(ii) Let B ¢ AN be the subset of n-domino skew SDTs with at most two rows.

Notice that every tableau in 37(11’0) contains no vertical domino. Under the map ®: .A%l’o) —
(1,0)

M, restricted to the set By, 7/, we observe that the image of every tableau is a dispersed

Dyck path of length n. By Lemma [5.1] we have

Y osign(n) = Y sign(T):(LTZ;QJ).

TeER2n+1 TEBS’O)

The proof of Theorem [T.3]is completed. O

6. Concluding remarks

In this paper, except for the case u = (2e; + 1,2e2 + 1), we obtain the generating polyno-

(Nl 7:“2)

mials of sign-balance of the set 7y, of 2n-cell skew SYTs of all shapes with at most

three rows and the skew part p1 = (u1, p2). This is accomplished by a simple sign-reversing
involution on the set AY1#2) of skew SDTs in terms of partial Motzkin paths. However,
this approach is restrained by the conditions in Proposition [2.4]
For p = (1,1), there is (essentially) a bijection between AT and M,,. If we consider
(1,1)
the subset X,

by the same argument as in the proof of Theorem [1.1}, we have

C AS’” of skew SDTs with an odd number of vertical dominoes, then

Z sign(T) =mo+mq + -+ + my_1.
TexHY

The problem arises when the tableaux have an even number of vertical dominoes. For

example, by Algorithm A, the two skew SDTs shown in Figure [6.1] are the images of each
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other under the involution I': AS’I) — .Aq(ll’l). However, both of them are positive. It will
be interesting to establish a sign-reversing involution on the set Aﬁ}’l) \X,gl’l), which is

helpful to solve the following question.

2 7 2

| 3 [ 7 ]
6]

Figure 6.1: An example for the map I' on tableaux in Agl’l).

Question 6.1. For e; > ey > 0, find the generating polynomial for the sign-balance of
the set 75(361+1’282+1).

Once the sign-balance of 7’2(:1#2)

for the four cases of the skew part are completed, we
can determine the sign-balance of (2n + 1)-cell skew SYTs as follows.

For any tableau T € Egﬁf 2), if we remove the entry 1 from 7" and subtract the
other entries by 1, then the resulting tableau is in TQ%“H’“Q) (7'2(7’;1’”2“) and 7'2(7?1_1’”2_1),

respectively) if the entry 1 of T is in row 1 (2 and 3, respectively). It follows that
Yo osien(M) = > sign(T)+x(m > pe) Y, sign(T)
T€7-2(£_~1_71#2) Te7—2(51+17#2) T67’2(51’“2+1>

+x(u2>0) > sign(T),
T€7-2(:1*1»M2*1)
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