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A Gradient Estimate Related Fractional Maximal Operators for a p-Laplace

Problem in Morrey Spaces

Thanh-Nhan Nguyen, Minh-Phuong Tran*, Cao-Kha Doan and Van-Nghia Vo

Abstract. In the present paper, we deal with the global regularity estimates for the

p-Laplace equations with data in divergence form
div(|Vu|P~2Vu) = div(|F|P"2F) in Q,

in Morrey spaces with natural data F' € LP(Q;R"™) and nonhomogeneous boundary
data belongs to W1P(Q). Motivated by the work of [M.-P. Tran, T.-N. Nguyen,
New gradient estimates for solutions to quasilinear divergence form elliptic equations
with general Dirichlet boundary data, J. Differential Equations 268 (2020), no. 4,
1427-1462], this paper extends that of global Lorentz—Morrey gradient estimates in
which the ‘good-\’ technique was undertaken for a class of more general equations,
and further, global regularity of weak solutions will be given in terms of fractional

maximal operators.

1. Introduction and statements of main results

During the last few decades, most of the work done so far dealt with p-Laplace equa-
tions, which have their relevance in mathematical and physical applications. It is worth
mentioning that the study of regularity estimates for p-Laplace problems turned out to
be challenging and attracted a great attention by a number of researchers from many
scientific fields through the years. In several recent contributions to p-Laplace equations
and their generalizations such as the systems or double phase ones, etc, the validity of
Calder6n—Zygmund estimates, regularity theory (higher integrability or differentiability of
the gradients of solutions, etc) of nonlinear problems, etc have been established and by
now rather developed. We herein recommend [4}5,/15[16L|19] for rich literature and many
references so far.

Let us consider the following p-Laplace problem with divergence form data

(1.1) —Apu=—div(f) inQ, u=g ondQ,
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where Apu = div(|Vu|P~2Vu) denotes the p-Laplacian operator with p > 1. It is re-
marked here that the divergence term div(f) in (L.1)) can be replaced by the other form
div(|F|P~2F) by changing of the vector field as follows

p—2 22
f=IFP7F <« F=|[flr1],

which ensures that
FELFI(Q) <« Fel’Q)

The present work is mainly devoted to the regularity property of p-Laplace equations
with nonhomogeneous Dirichlet boundary data (1.1} in the framework of Morrey spaces.
Furthermore, the results shown in this paper cover that of a larger class of quasilinear
elliptic equations as below

—div(A(x, Vu)) = —div(|F|P72F) in Q,

(1.2)
u=g on 0f2.

Here, the nonlinear operator A: {2 x R” — R" in this problem is a Carathéodory mapping,
ie., A(-,&) is measurable on € for every £ € R", and A(x, - ) is continuous on R" for almost
every x € ). Moreover, as in series of works on this quasi-linear elliptic equation, we also
consider A satisfying the standard growth and monotone conditions. More precisely, we

assume that there exist constants 1 < p < n and A > 1 such that

Az, v)| < AJpPt,
—2
(A(z,v) — Az, p), v — p) > A" (w2 + ()7 v — pf?

for a.e. x in  and every (v,u) € R™ x R™\ {(0,0)}. It is easy to see that the p-Laplace
problem is a special case of when A(z,v) = |v|P~2v. The regularity property of
weak solutions to ((1.2)) can be studied under the natural data F' € LP(€2) and the boundary
condition g € WHP(Q). The leitmotif of our investigations is the aim at assumptions
on domain 2, that has its complement satisfying p-capacity uniform thickness. To our
knowledge, this condition is the minimal regularity requirement for the regularity estimates
up to boundary. However, a huge number of interesting regularity results have been
investigated for weak solutions to under various assumptions of domain, we address
the reader to the papers can be found in [6H11}29,34,/40] or similar works done on the
same topic.

A deep discussion of various developments and generalizations of this equation is made.
For instance, for p > 2, Iwaniec in a very first work [23] proved the L?-estimates for the

gradient of solutions

Fel! — Vuel! forallp<gqg<oo,
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and later by DiBenedetto-Manfredi [17] extended the results with a broader range of
p: 1 < p < o0, to the case of elliptic systems and in local BMO spaces. Since then,
the nonlinear Calderén—Zygmund theory has a number of contributions, we also refer
to [13] by Caffaralli and Peral, some research papers [6,10] by Byun, Wang and Ryu,
or [29] by Mengesha and Phuc, [27] and more recent works on elliptic equations with
non-standard growth [1,/14], etc. Recently, the global Lorentz gradient estimates were
established by Tran and Nguyen in [32}33,38,/40,|41] using the good-A technique or level-
set inequality, where regularity results were preserved in fractional maximal operators M,,.

More precisely, in [40] the authors proved the following result
M, (|F|P +|Vg|P) € LT*(Q) = M,(|VulP) € LT*(Q).

It is worth mentioning that the fractional maximal operators M, has a relation to the
Riesz potential I, and the fractional derivatives (see [3},12830,33]). Inspired by these
aforementioned studies and the recent works dealt with global Lorentz gradient estimates,

we are going to establish the result that is particularly given as follows
IFIP + [VglP € L97(Q) = Ma(|VulP) € Li-aa'w-aa(Q).

It should be noted that in the general context, result is obtained in Lorentz—Morrey spaces
whose definition will be given in the next section.

Let us briefly discuss the technique behind our work. We mention here the very effective
approach first proposed by Acerbi and Mingione in [1,2], that allows us to give harmonic
analysis and interpolation free proof of Calderén—Zygmund estimates. Later, under the
different viewpoint, the use of so-called ‘good-\" approach is devoted to regularity results
(at least for most types of quasi-linear elliptic equations), see [31}35,[37,39]. Needless to
say, we can follow this approach to obtain both regularity in interior domain as well as on
the boundary of domain. To better specify our results, one considers the problem under
an additional assumption of domain ) that has p-capacity uniform thickness complement
corresponding to two constants co,ro > 0 (see Section [2| below).

We are now ready to state the main results hereafter.

Theorem 1.1. Let F € LP(2), g € WHP(Q) with 1 < p < n and Q be an open bounded
domain in R™. Assume that u is a weak solution to equation and € has p-capacity
uniform thickness complement corresponding to two constants co,r9 > 0. Let & € Q0 and
0 < r < diam(QY) fized. Then there exists a constant © = ©(n,p, ) > p such that for
0<a<np/O and e € (0,e9) one can find be > 0 satisfying the following inequality

L ({Ma (X B (60) [ Vul?) > ™A Ma(X By, (o) ([FI” + [VgIP)) < bA} N Br(&0))

(1.3)
< CeL™"({Ma(XBror (g0) | Vul?) > A} N Br(&0))
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for any A > Ao, where Ay is given by
P _ —
(1.4) A :=ceo 1@ nHquiP(BwT(go)mQ)'

Here a := § — %, €0 = €o(n,a,a) € (0,1) and the constant C' depends on the given data

n’

(TL, b, A7 @, Co, To, dlam(Q)) .

We stress here that we are going to use the common notation £™(FE) for the Lebesgue
measure of £ C R™. Moreover, for the sake of brevity, in the main theorems and in what
follows, the set {y € Q : |h(y)| > t} is simply denoted by {|h| > t}. On the other hand,
we tacitly extend u, F' and g by zero to R™ \ © in all terms of .

Theorem 1.2. Let F € LP(2), g € WHP(Q) with 1 < p < n and Q be an open bounded
domain in R™. Assume that u is a weak solution to equation and € has p-capacity
uniform thickness complement corresponding to two constants cg,r9 > 0. Then there exist
constants © = O(n,p, A) > p and [y € (0,1/2] such that for every

O§a<]ﬁ, 1<q<9, 0<s<oo
© P

and

s {pqu oy 2 }

X — Po); 1 P > 1
s 6t%

there holds
(1.5) Mo (IVulP)[| ra_ s < C|[FP+[Vg[P||Lasix()-

Lr—aq’k—aq ’N(Q)

Here the constant C' depends only on n, p, A, a, cg, 19, diam(Q2), ¢, s and k.

The rest of this paper is organized in the following way. Section [2]is dedicated to the
fundamental notation, definitions and state the main assumptions which will be considered
throughout the paper. Section [3| contains various comparison estimates with a reference
homogeneous problem, that are very useful in our main proofs later. And finally, in

Section 4], we exhibit the proofs of our main results in this paper.

2. Notation and fundamental definitions

Throughout the paper, the domain ) is an open bounded set in R”. The diameter of 2
will be denoted by diam(2). In addition, we will denote by B, (§) the open ball in R™ of
radius 7 > 0 and centered at ¢ € R™. The integral average of a function f € L'(U) over

the measurable subset U of R™ will be written as follows

f 1@ = s | rwyn
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where notation £"(U) stands for the Lebesgue measure of 4 C R™. Along the paper, we
denote U for the complement of U in R™.

Moreover, from now on, the letter C stands for the universal constant that may change
from line to line, the dependencies on prescribed parameters will be emphasized in paren-

theses, if needed.
Definition 2.1 (Distributional solution). A function u € WP(Q) is called weak (or
distributional) solution to ([1.2)) if the following variational formula

/(A(:v,Vu),ch) dx:/<|F|p_2F,ch> dx
Q Q

holds for all test function ¢ € WO1 P(Q).

Definition 2.2 (The p-capacity). Let Q C 2, the p-capacity of @, namely cap,(Q, (),
will be defined as follows
(
inf oo () [ [VYPde  if Q is compact,
xQ¥>1

cap,(Q, Q) = { SUP gcq cap,(Q', Q) if Q is open,

Q' compact

inf e cap,(Q', ) otherwise.
Q'open

Definition 2.3 (Domains with uniformly p-capacity thick complement). The complement
of Q is said to satisfy a p-capacity uniform thickness (p-CUT) condition if there exist ¢
and rg > 0 such that

(2.1) cap,(Q° N By(y), Bag(y)) > cocap,(B,y(y), Bag(y))
for every y € Q¢ and 0 < o < 7.

For convenience of the reader, let us recall here some well-known remarks related to
the p-capacity uniform thickness condition.

Remark 2.4. Every Q° # () satisfies a p-CUT condition if p > n, and hence this condition
is nontrivial only if p < n. Moreover, if Q¢ satisfies a p-CUT condition, then it satisfies a
g-CUT for all ¢ > p.

Remark 2.5. We note that the p-CUT condition implies that every points on y € 02 is

regular, that means

4

cap,(Bo(y), B2o(y))

for the p-Laplace equation, where the thickness of (2¢ near 92 can be measured by capacity

/1 <capp<ﬂcm39<y>,32g<y>>>f* do
0

densities. This condition is called the Wiener criterion which is important in regularity of

boundary points.
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Remark 2.6. Such assumption ([2.1)) is very mild and essential for higher integrability re-
sults. Domains whose complement satisfy p-CUT condition include domains with Lipschitz

continuous boundaries.

We now recall the definition of Lorentz space L%*(Q2) and Lorentz—Morrey space

L%%%(Q) which is studied in many literature such as [22].

Definition 2.7 (Lorentz spaces). Let 0 < ¢ < oo and 0 < s < oo, the Lorentz space
L%%(Q) contains all of Lebesgue measurable maps f on € such that the quasi-norm

£ Il La.s (2 1s finite, where

T {q /O N > A dA]

as s # oo and otherwise

Q=

[fllzao () = sup AL"({|f| > A})a.
A>0

The space L9°°(92) is well-known as the Marcinkiewicz space or the usual weak Lebesgue

space. In particular, the Lorentz space L%9((2) is exactly the Lebesgue space L4(£2).

Definition 2.8 (Lorentz—Morrey spaces). Let 0 < ¢ < oo and 0 < s < oo, we say that a
measurable map f € L?%(£2) belongs to the Lorentz—Morrey spaces L%%(Q) for 0 < k < n
lf HfHLq,s;n(Q) iS ﬁnite, Whel“e

[fllzasmy == sup o ¢ [|fllLas(B,@)ne)-
0<o<diam(Q)
£eN
In a special case when k = n, the Lorentz—Morrey space L?%%(Q2) is not different from
the Lorentz space L%%((2).
Regarding [25,26], let us reproduce the definition of fractional mazimal operators as

follows.

Definition 2.9 (Fractional maximal operators). Let 0 < o < n and a locally integrable

function f: R™ — R, we call M f the fractional maximal operator of f given by

M., f () = sup gaf Fy)ldy, @R
0>0 By ()

We have known that the Hardy—Littlewood maximal function M of locally integrable
maps f in R” is defined by

Mf(z) = sup ]i Wy, wem

0>0
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This maximal function is obviously a typical case of fractional maximal function M, when
a=0.

Properties of Hardy-Littlewood maximal function and its fractional operators play a
key role in gradient estimates of the weak solution to our problem. The maximal function
has been successfully used in studying the regularity theory of partial differential equations.
Duzaar and Mingione in their contributions [18,20] introduced the gradient estimates
employing fractional maximal functions and nonlinear potentials. With further important
technical developments, it allows us to give many research papers here [7,[11}31,35,39,41],
etc. The following lemma will recall some useful properties of maximal and fractional

maximal operators, see [41] for the detailed proof of this lemma.

Lemma 2.10. (see [41]) The operator My, is bounded from Lebesgue space L*(R™) to
Marcinkiewicz space L"TM’OO(R”) for s > 1 and 0 < as < n. Precisely, there is a positive

constant C = C(n, s, a) such that

ns

Amei LM ({r € R™ - Maf(2) > M) < Cl Il

for all f € L*(R™) and A > 0.

3. Comparisons with homogeneous problem

In this section, we always assume that €2 satisfies the p-capacity uniformly thickness con-
dition with two given constants cg, 7o > 0. We consider v € W1P(2) as a weak solution
to (1.2) with given data F' € LP(Q) and g € W1P(Q). The following lemma is standard,
see also [40] for the proof.

Lemma 3.1. There exists a positive constant C depending on n, p and A such that

/ IVl de < c/(|F|p+ VglP) da.
Q Q

Let us take 79 € Q, R € (0,79/2] and denote Qag = Bag(zo) N Q. Assume that
v € WHP(Qqp) is the unique solution to the following equation which can be considered
as the homogeneous type of equation (|1.2)) in Qyp:

—div A(z,Vv) =0 in Qopg,
(3.1) v Ale, Vo) 2R
v=u—g on 0sR.

The next lemma gives the reverse Holder inequality of Vv in Qsp and the comparison
between the integral average of Vv on two different balls. That is a type of Gehring’s
lemma is applied to obtain the higher integrability of weak solutions v for the reference
homogeneous problem (3.1)). We refer to [21, Theorem 6.7] and [24] for further reading.
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Lemma 3.2. There ezists a constant © = ©(n,p, A) > p such that

(3.2) <]{2R ]Vv|@dx) ° <C (ﬁm |VolP dx>’l’ :

Moreover there exists a constant By = Po(n,p, A) € (0,1/2] such that for any s € (0, p] the

following inequality

1 1
s Bo—1 s
(][ |Vv\8dx> <C (Q) ’ <][ \Vv%lx)
Bo(y) r Br(y)

holds for all B,(y) C By(y) C Q2r. Here the constant C' depends on n, p and A.

Let us now present a local comparison estimate between Vv and Vu in the following

lemma.

Lemma 3.3. For every € € (0,1), one can find a positive constant c. = C(n,p,e) > 0
such that

(3.3) ][ |Vu — VolPde < 5][ |Vul? de + 05][ |F|P 4 |Vg|P dx.
Qopr

QQR QQR

Proof. We also refer to [40] for the proof of the following inequality

][ |[Vu — VolPde <C |F|P 4+ |Vg|P dx
Qor

QR
p—1 1
p p
w(f, waras) T (f i wara)”
Qopr Qor
which implies to (3.3)) by applying Young’s inequality. O

We next prove a technical Lemma[3.5] which is useful for the proof of our main theorem.
This lemma can be observed by combining the comparison estimate (3.3)) and the well-

known result stated in many literatures, see [21] for instance.
Lemma 3.4. Given a, b, D > 0, ko € (0,1) and 0 < s < t. Let ¢: [0,D] — RT be a

non-decreasing function satisfying

olo) <a [(f)t + 5] o(r) + br®

for any 0 < o < kor < D and e > 0. One can find a constant g = £o(a,t, s, ko) > 0 such
that if € € (0,e0) then

w0 =C|(2) et +or

for all 9 € [s,t] and 0 < o < r < D, where C = C(a,t,9) > 0.
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Lemma 3.5. Let By € (0,1/2] given in Lemma and B € (p(1 — Bo),n|. There holds
(3.4 [ VP < cPME(FP +99)w)
By (y)n

forally € Q and 0 < p < D = diam(Q).

Proof. Let y € Q and 0 < ¢ < D where D = diam(f2), we introduce a non-decreasing

function ¢ as follows
(o) = / |VulPdz, o€ (0,D].
Bo(y)n§2

In order to apply Lemma[3.4] we need to check the validation of hypotheses in this lemma.

Firstly, it is easy to see that

(3.5) wlo) <C |Vu — Vo|Pdx + C |Vo|P dz.
Bo(y)nS Bo(y)n&

Moreover, thanks to Lemma with s = p, ¢ < 2r/3 and by performing a simple

computation, one obtains

n+p(Bo—1)
/ Vol de < C (Q) . / |Voul? dz
Bo(y)nQ r Bar/3(y)NQ

< (Q)n+P(ﬂo—1)/ ’Vu‘pd:c.
r B (y)NQ

On the other hand, by applying the comparison estimate (3.3]) in Lemma we have

the following estimate

(3.6)

/ |[Vu— VolPde <C |Vu — Vou|P dx
Bo(y)nQ Br(y)NQ

<C <e/ |VulP dx +ce/ (IFIP +|Vgl?) dw)
B, (y)NQ B (y)NQ

for all € € (0,1). Combining the above approximations in (3.5)), (3.6) and (3.7, one gets
that

(3.7)

ntp(fo—1)
o =c|() e [ wupasre [ (rpsvep)ds
r By (y)NQ By (y)NQ

n+p(Bo—1) _
<c[(®) +e| o) + e PMP(FP + Vol ) ).

Applying Lemma one can find g9 > 0 such that with s=n—<n+p(fo—1) =t
and € € (0,&0) there holds

r

o)< C [(2)" otr) + o PME(FP + 199 0)|.
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In particular, this inequality holds for » = D, i.e.,
(3.8) / \VulP dz < Co" [Dﬁ"/ \VulP dz + ME (|FP + |Vg[’)(y)| -
B,(y)nQ2 Q
Furthermore, based on Lemma [3.1] we can check that
0 [ [Fup ds < OME(FP +V4P) ),
Q

which ensures us to conclude (3.4) from (3.8). O

4. Proofs of the main theorems

Our proofs in this section rely on the following important ingredient: the substitution of
Calderon—Zygmund—Krylov—Safonov decomposition, which allows us to apply with balls

instead of cubes.

Lemma 4.1 (Covering Lemma). Let Q be an open bound domain in R™ such that its
complement satisfies the p-capacity uniform thickness condition with cy, rg > 0. Consider
two measurable subsets V C W C Q satisfying two following hypotheses for some constants
e €(0,1) and r € (0,70]:

(i) £"(V) <eL™(B:(0));
(ii) Vo € Q and o € (0,7], if L*(V N By(x)) > eL(By(x)) then QN By(x) C W.
Then there exists a constant C = C(n) > 0 such that L™"(V) < CeL™(WV).

To our knowledge, this lemma is a classical result in measure theory, and it plays an
essential role to prove ‘good-A’ Theorem [I.1] We suggest for the interested reader the

references |12, Lemma 4.2] or [42].

Proof of Theorem [L.1]. For every a € [0,np/©), & € Q and 0 < r < diam(f2), we denote
Q1 = B, (&) and Q2 = Bior(&). The constant © will be determined later. Let us consider

two measurable subsets of ()1 as follows

Gr(t) = {Ma(xq@,|Vul’) > tA} N Q1

and
Ha(t) = {Ma(xq. (|F" +[Vg|")) <tA} NG

for \,t > 0. Inequality (|1.3]) can be rewritten as

LM(GA (™) NHAD:)) < CeL™(GA(1))-
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The main idea of this proof is to apply Lemma with V = Gx(e7*) N Hr(b:) and
W = Gx(1). It is sufficient to show that two hypotheses (i) and (ii) in Lemma [4.1| hold.

Let us prove the first one. Thanks to Lemma [2.10] we can estimate as follows

n

(41) ) <) <y [ralTupar)

For A > \g with )¢ is given by (1.4)), one obtains from (4.1)) that

n

1 n—o«
W) <o ( / XQ2|VU|pde> ,
Q

T 1 oo
g=ago lpa ”||Vu\|ip(Q2rm)

which is equivalent to the following inequality

P
n(a«&»lf@)

(4.2) L'V) < Ce n—a  LMBy(0)) < CeL™(Br(0)).
In the last estimate of , we emphasize that the constraint

M>l — a > —
n—o - -0 n

p [0

)

which will be valid with the choice of the constant a at the end of the proof.

Next, we will prove (ii) in Lemma by contradiction. Assume that one can find
z € Q and p € (0,7] such that QN By(z) ¢ W. To obtain a contradiction, we need to
show that

(4.3) L'V N By(x)) < eL™(By(x)).
Without loss of generality we may assume that
VNBy(x)#0 and QN B,(z)N R\ W) # 0.
Thus there exist 21 € VN By(z) and z2 € QN By(z) such that
(4.4) Mo (xqo (IF]” + [Vgl?)) (1) <A and  Ma(xq, |Vul?)(22) < A.

For any y € By(z), one can separate as follows
(4.5)

M., (xQ,|VulP)(y) = max q sup pa][ XQ,|Vu|P dz; sup pa][ XQ,|VulP dx » .
0<p<o B, (v) p>0 By (y)

The first term can be estimated from the fact that B,(y) C Ba,(x) for all p € (0, 0). This
deduces that

sup po‘f XQ.|VulP de < sup po‘][ XQZQBQQ(Q)\VUIP dx
(4.6) 0<p<e By (y) 0<p<e By (y)

< Ma(XQzﬂBzg(a:) ’vu|p) (y)
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Next, we estimate the second one from (4.4) as follows

L"(Bsp(2))
supp“][ XQ,|Vul|P dz < supp”‘n][ XQ,|VulP dx
p>0 By(y) @ p>0 L (Bp(y)) B, (x2) @

< 3" Ma(xQ. [Vul”) (z2)
< 3nON,

(4.7)

Here we remark that the first inequality in yields from the following relation
By(y) C Bpto(®) C Bpyao(w2) C Bag(w2), Vp = o

Collecting estimates in , and , one concludes that

(4.8) Gr(57%) 1 By() = {Ma(X@usay (| Vl?) > 9N} 1 By(2),

if provided =% > 3",
If Byy(z) C Q then we choose

(4.9) xo=x and R =2p.
Otherwise, if Bay(z) N O # O we choose zg € 02 such that
(4.10) |z — xo| = dist(z,002) <20 and R =4p.

It is clear to see that Ba,(z) C Bpr(zg) which follows from (4.8) that for all ¢ € (0,e9)
with gg = 3_%, there holds

(4.11) Gr(e™) N By(x) = {Ma(XQ@onBp(ae)| V') > ™A} N By(x).

Let v be the unique solution to (3.1) in Qar = Bagr(zo) N Q. Lemma ensures that
the reverse Holder inequality (3.2) and the comparison estimate (3.3) hold. Using the

following fundamental inequality
|VulP < 2P(|Voul? + |[Vu — VolP),

it implies from (4.11)) that

L(Ga(e7) N By(x)) < L*"({Ma(X@anBr(zo) | VVIP) > 27772} N By())

(4.12)
+ E"({MQ(XQZQBR(QSO)]VIL — VolP) > 27Pe7\} N B,y(x)).

Applying Lemma with different values of s, s = ©/p and s = 1 corresponding to two
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terms on the right-hand side of (4.12)) respectively, we obtain that
n —a 1 (S n_a%
L"(Gr(e"*) N By(x)) <C 5 |Vo|® dz
(27Pe=a))? JQ2NBr(zo)
1 pomrs
+O (W\/ ]Vu—Vv|pda7>
NBr(z
(4.13) Q2N fin(zo) i}
n —a®
(2 o)
(e=@A) P JBr(z0)
+C E) ][ XQ.|Vu — Vol dx
& aA BR( 0

The choice of R and z¢ in (4.9)) or (4.10)) makes sure that

Bar(zo) C Bgo(xo) C Bigg(z) C Bige(z1) N Bizg(xa),

which guarantees from (4.4) that
L"(B
( 13@($2)) ][ XQ2’vu|p dz
Bige(z2)

X0, |Vul|P dx <
]63213(900) @2 | | L"(Bar(x0))
< CQ*D&MOC(XQQ’vu‘p)(l'Q) < CQia/\v

and similarly

Applying two above estimates into (3.3) and (3.2)), it deduces that

F o XauFP 4 VgP)dr < CoMa(xa,(FP + V) e) < Co~beA
Bar(z0)

][ XQ,|Vu — VolP dz < C(6 + csbe) o™ A

Bzr(z0)

(4.14)

< |®

< |®

for all > 0, and
][ XQ2|V'U|6dx <C ][ XQ2‘VUpd$>
Br(zo) Bar(zo)
<C ][ XQQ\VuV’d:U—i-][ XQ2|Vu—Vv]pd:c>
BQR(:EQ) BQR($0)

(4.15)

n

Substituting (4.14) and (4.15]) into (4.13), one gets that
n e n—ao
[(1+6+csbo)o *A] 7

< CO[(1 40+ csbe)o Al

(@)

0
R

< |®

LM(Ga(e7") N Bo(z)) < C (
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n—o

+C (EE’M(a + c(;bs)g_o‘)\>

a©n n
< Cp" (5m + (6“5)ﬁ) ,
where b, = 565_1. Let us balance the exponent of £ in this inequality by taking § =

an(©—p)
g =20 € (0,1), we may conclude that

L™Gr(e7%) N B,(z)) < Cemr-as ",
which leads to (4.3]) by choosing a = % — 2 This finishes the proof. -

Lemma 4.2. Let f € L?%%(Q) for 1 < ¢ < 00, 0 < s < oo and 0 < k < n. For
0 <7 < a<k/q, there exist constants C = C(n,q,k,a) >0 and v = q,(ii;;) € (0,1] such
that

(4.16) M. (f)(€) < O (O (1F [ Lasn ()"
for all £ € Q). In particular, there holds

(4.17) ||M%)(f)||Loo(Q) < Ol fllzasm(a)s
where D = diam(Q).

Proof. Let £ € Q, o> 0 and 0 < v <1, we may decompose as follows

1—v v
o /B RELS (af—” /B . f(x)dx) (wn /B Q(g)f(w)d:v> ,

where v = 7 + “-F. For ¢ > 1, thanks to [36, Lemma 2.1] or [22, Exercise 1.1.11, p. 13],

one has the following estimate
g“/B o [ < ML) (67" ¢" F 1 lunoe e
4
< OMAAEI (&7 5 1 luaesacen) -

which yields that

(4.18) o /B @ < OMANE ™ W o)

We may choose v¢ = k & v = 4@=7) ¢ obtain (4.16]). In particular, inequality (4.17))

KR—Tq

is valid by taking the supremum both sides of (4.18)) for all 0 < o < D and £ € Q with
v=1&a=k/q. O



A Morrey Gradient Estimate for a p-Laplace Problem 823

Lemma 4.3. Let f € L?%%(Q) for 1 < g < 00, 0 < s < 00 and 0 < k < n. For
0 < a < K/q, there exists a constant C' = C(n,q, k,a) > 0 such that

(4.19) sup Tﬁa+57; ”Maf||L‘7ﬂ9(BT(€)) < CHfHLq,s;m(Q),
0<r<D
£eq
where o = H_a and 9 = ==
q

Proof. We first remark that ¢ > 1 implies to (1 —v) > 1 with v = ag/k. For this reason,
applying Lemma and boundedness of maximal operator, there holds

IMafllzeo s, ) < CIMN |05, @) 1 [ Zasmy
- CHMfHLU 1—v),9(1—v) B (&' )”~f”quN

< CHf‘ Lo’(l v),9(1— v) Hf”LqSK(Q)

From this reason, the left-hand side of (4.19) can be estimated as follows

sup 7“7 [Mafl oo (s, (¢

o<r<D
£eq)
1—v
o %71,1 —-n
(420) g C Sup r o(l1—v) ||f”Lo'(1 v),9(1— ’U)(BT( )) Hf”’l[]/q,s;ﬁ(g)
o<r<D
£eq
< C 1—v v o .
12 s re(2) e
It notes here the determination of o and ¥ in the statement of this lemma ensures that
K
o(l—v)=gq, 91-v)=s, a(—a) =K,
q
which deduces to (4.19) from (4.20)). The proof is complete. O

Henceforth, Theorem [I.2]is proved directly using the specific Theorem [T.1] and defini-

tion of Lorentz—Morrey spaces in general.

Proof of Theorem [1.2] Let £ € Q and 0 < r < D = diam(§2). For simplicity of notation,

let us denote as follows
U= xB,o,)VulP and G = xp,,, @ (FF +[Vgl).

According to Theorem there exists a constant ® = ©(n,p,A) > p such that the

following inequality

(4.21)  LM({M,U > en 76X\ MoG < boA} N B, (€)) < CeL™({MU > A} N B,.(€))
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holds for any A > Ao := &?%717"“_”||UHL1(Q) and e small enough, where the positive
constant C' depends on n, p, A, a, cg, ro and diam(€2). We deduce from (4.21]) that

Lr({M,U > en =82} N B,.(€))

(4.22) < L({MoG > b A} N B, (€)) + CeLM{MLU > A} N Bo(€)), VA > .

On the other hand, let us introduce two parameters defined as

M apd 9= 2

(4.23) o= ,
K —aq K —aq

then the norm of M,U in Lorentz space L%?(B,(£)) can be rewritten as below
2 d\

HMOCIUHgG,ﬂ(BT(g)) = 519(35)0'/ )\ﬂﬁn({MaU > 5%7%)\} N Br(é')) 3
0

We first separate this integral over (0, 00) by two integrals over (0, \g) and (\g, 00) respec-
tively, then we apply (4.22)) for the term over (A, o), there holds

9
o

a_p n
MU, < =G 8) [oXd22(B1(0)
+Co / NV LP({MoG > beA} N Bo (€))7
Ao
9

+ Cgﬁa/oo ALY ({MGU > A} N B, () } .
Ao

> & > &

By replacing Ag = 5%717"0‘_”HU||L1(Q) which is defined from the beginning of the proof,
one gets that

[V
IMaUllze0(s, (¢))
p

9(le_2 P _ _ 9 nd _ 9
<ce(i-8) (B Ul ) "7 + 627 IMaG T 5, e)) + &7 IMaUl o5, e | -
This inequality is equivalent to the following inequality

Q1 q—pan 1 a_p
(4.24) IMoUll Lowo (B, ey < Cen "o U 1(q) + Cb: 'en ™8 [MaGll o0 (5,6))

: a_p_ 1
+ Cen 675 [MuUl| oo 3, (e -

For every 1 < ¢ < ©/p, 0 < s < oo and % < k < n, it is a simple matter to check
et

from the setting (4.23) that & — 1% + % > 0. For this reason, one may choose ¢ in ((4.24))
small enough such that Cen6ts < 1 /2, it follows that

(425) HMOC[UHLOV"@(BT({)) S CT’airrF% HUHLI(Q) + CHM(XG”L””?(BT(f))'

Thanks to (3.4) in Lemma it gives us the existence of a constant 5y € (0,1/2] such
that under assumption x > pq(1 — f3p), one has

ra Ul ) < CIME(FP +[Vgl") [ 2(0)-
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Combining the above inequality with (4.17)) in Lemma it follows that

(4.26) ra U] g ) < CNFP + [VglP |l Lasinq)-

Collecting between (4.25) and (4.26)) and taking supremum both sides of the inequality
for 0 < p < D and & € €, there holds

sup T4 Mo (X5y0,6) (| V) | o (5, 0)

OEQED
(S
(4.27) . e
S OWFP+|VgPllLass@) + sup 7 "4 7 [MaGll Lo (s, ()
OEQBD
c

We deduce from (4.27)) that

IMa([Vul) oo (soay o S CNEE 4 IVOPlan@ + K,
Lo, io\qg @ (Q)

where the second term K is given by

K= sup r "0 7 [Ma(XBa0, () IFI” + V9D oo (5, e))-
0<£QS<2D
€

An easy computation from (4.23|) shows that o(k/q — a) = k which leads to
(4.28) IMa([VulP)|| Lo (o) < CIEP + [VglPllLasw@) + K.

Finally, the statement in (L1.5) will be proved from (4.28]) once we have the following
estimate
K < ClIFP + IVglPll La.sw (-
This inequality is immediately observed by Lemma and hence we complete the proof.
O

References

[1] E. Acerbi and G. Mingione, Gradient estimates for the p(x)-Laplacean system, J.
Reine Angew. Math. 584 (2005), 117-148.

2] | Gradient estimates for a class of parabolic systems, Duke Math. J. 136
(2007), no. 2, 285-320.

[3] D. R. Adams, A note on Riesz potentials, Duke Math. J. 42 (1975), no. 4, 765-778.

[4] A. Attouchi, M. Parviainen and E. Ruosteenoja, C1® regularity for the normalized
p-Poisson problem, J. Math. Pures Appl. (9) 108 (2017), no. 4, 553-591.



826

[5]

[10]

[11]

[12]

[13]

[14]

[16]

[17]

Thanh-Nhan Nguyen, Minh-Phuong Tran, Cao-Kha Doan and Van-Nghia Vo

H. Beirdo da Veiga and F. Crispo, On the global W4 regularity for nonlinear N -
systems of the p-Laplacian type in n space variables, Nonlinear Anal. 75 (2012),
no. 11, 4346-4354.

S.-S. Byun and S. Ryu, Global weighted estimates for the gradient of solutions to
nonlinear elliptic equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 30 (2013),
no. 2, 291-313.

S.-S. Byun and L. Wang, Elliptic equations with BMO coefficients in Reifenberg do-
mains, Comm. Pure Appl. Math. 57 (2004), no. 10, 1283-1310.

, LP-estimates for general nonlinear elliptic equations, Indiana Univ. Math. J.
56 (2007), no. 6, 3193-3221.

, Elliptic equations with BMO nonlinearity in Reifenberg domains, Adv. Math.
219 (2008), no. 6, 1937-1971.

, Nonlinear gradient estimates for elliptic equations of general type, Calc. Var.
Partial Differential Equations 45 (2012), no. 3-4, 403-419.

S.-S. Byun, L. Wang and S. Zhou, Nonlinear elliptic equations with BMO coefficients
in Reifenberg domains, J. Funct. Anal. 250 (2007), no. 1, 167-196.

L. A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, American Mathe-
matical Society Colloquium Publications 43, American Mathematical Society, Prov-
idence, RI, 1995.

L. A. Caffarelli and I. Peral, On WP estimates for elliptic equations in divergence
form, Comm. Pure Appl. Math. 51 (1998), no. 1, 1-21.

M. Colombo and G. Mingione, Calderén—Zygmund estimates and non-uniformly el-
liptic operators, J. Funct. Anal. 270 (2016), no. 4, 1416-1478.

F. Crispo, C. R. Grisanti and P. Maremonti, On the high reqularity of solutions to
the p-Laplacian boundary value problem in exterior domains, Ann. Mat. Pura Appl.
(4) 195 (2016), no. 3, 821-834.

L. Damascelli and B. Sciunzi, Regularity, monotonicity and symmetry of positive
solutions of m-Laplace equations, J. Differential Equations 206 (2004), no. 2, 483—
515.

E. DiBenedetto and J. Manfredi, On the higher integrability of the gradient of weak
solutions of certain degenerate elliptic systems, Amer. J. Math. 115 (1993), no. 5,
1107-1134.



[18]

[19]

[20]

23]

[24]

28]

[29]

[32]

A Morrey Gradient Estimate for a p-Laplace Problem 827

F. Duzaar and G. Mingione, Gradient estimates via linear and nonlinear potentials,
J. Funct. Anal. 259 (2010), no. 11, 2961-2998.

__, Local Lipschitz regularity for degenerate elliptic systems, Ann. Inst. H.
Poincaré Anal. Non Linéaire 27 (2010), no. 6, 1361-1396.

, Gradient estimates via non-linear potentials, Amer. J. Math. 133 (2011),
no. 4, 1093-1149.

E. Giusti, Direct Methods in the Calculus of Variations, World Scientific, River Edge,
NJ, 2003.

L. Grafakos, Classical and Modern Fourier Analysis, Pearson Education, Upper Sad-
dle River, NJ, 2004.

T. Iwaniec, Projections onto gradient fields and LP-estimates for degenerated elliptic
operators, Studia Math. 75 (1983), no. 3, 293-312.

, The Gehring lemma, in: Quasiconformal Mappings and Aanalysis (Ann Ar-
bor, MI, 1995), 181-204, Springer, New York, 1998.

J. Kinnunen, The Hardy—Littlewood mazimal function of a Sobolev function, Israel J.
Math. 100 (1997), 117-124.

J. Kinnunen and E. Saksman, Regularity of the fractional mazimal function, Bull.
London Math. Soc. 35 (2003), no. 4, 529-535.

J. Kinnunen and S. Zhou, A local estimate for nonlinear equations with discontinuous
coefficients, Comm. Partial Differential Equations 24 (1999), no. 11-12, 2043-2068.

T. Kuusi and G. Mingione, Guide to nonlinear potential estimates, Bull. Math. Sci.
4 (2014), no. 1, 1-82.

T. Mengesha and N. C. Phuc, Global estimates for quasilinear elliptic equations on
Reifenberg flat domains, Arch. Ration. Mech. Anal. 203 (2012), no. 1, 189-216.

B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for fractional integrals,
Trans. Amer. Math. Soc. 192 (1974), 261-274.

Q.-H. Nguyen and N. C. Phuc, Good-\ and Muckenhoupt—Wheeden type bounds in
quasilinear measure datum problems, with applications, Math. Ann. 374 (2019), no. 1-
2, 67-98.

T.-N. Nguyen and M.-P. Tran, Lorentz improving estimates for the p-Laplace equa-
tions with mized data, Nonlinear Anal. 200 (2020), 111960, 23 pp.



828

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

Thanh-Nhan Nguyen, Minh-Phuong Tran, Cao-Kha Doan and Van-Nghia Vo

, Level-set inequalities on fractional mazximal distribution functions and appli-
cations to regularity theory, J. Funct. Anal. 280 (2021), no. 1, 108797, 47 pp.

N. C. Phuc, Morrey global bounds and quasilinear Riccati type equations below the
natural exponent, J. Math. Pures Appl. (9) 102 (2014), no. 1, 99-123.

M.-P. Tran, Good-A type bounds of quasilinear elliptic equations for the singular case,
Nonlinear Anal. 178 (2019), 266-281.

M.-P. Tran and T.-N. Nguyen, Fxistence of a renormalized solution to the quasilinear
Riccati-type equation in Lorentz spaces, C. R. Math. Acad. Sci. Paris 357 (2019),
no. 1, 59-65.

, Generalized good-\ techniques and applications to weighted Lorentz regularity
for quasilinear elliptic equations, C. R. Math. Acad. Sci. Paris 357 (2019), no. 8, 664—
670.

, Weighted Lorentz gradient and point-wise estimates for solutions to quasi-
linear divergence form elliptic equations with an application, preprint (2019),
arXiv:1907.01434.

, Lorentz—Morrey global bounds for singular quasilinear elliptic equations with
measure data, Commun. Contemp. Math. 22 (2020), no. 5, 1950033, 30 pp.

, New gradient estimates for solutions to quasilinear divergence form elliptic
equations with general Dirichlet boundary data, J. Differential Equations 268 (2020),
no. 4, 1427-1462.

, Global Lorentz estimates for monuniformly nonlinear elliptic equations via
fractional maximal operators, Accepted in Journal of Mathematical Analysis and
Applications, 2020. https://doi.org/10.1016/j. jmaa.2020.124084

G. Vitali, Sui gruppi di punti e sulle funzioni di variabili reali, Atti Accad. Sci. Torino
43 (1908), 229-246.

Thanh-Nhan Nguyen
Group of Analysis and Applied Mathematics, Department of Mathematics, Ho Chi Minh
City University of Education, Ho Chi Minh City, Vietnam

E-mail address: nhannt@hcmue.edu.vn


https://doi.org/10.1016/j.jmaa.2020.124084

A Morrey Gradient Estimate for a p-Laplace Problem 829

Minh-Phuong Tran
Applied Analysis Research Group, Faculty of Mathematics and Statistics, Ton Duc
Thang University, Ho Chi Minh City, Vietnam

E-mail address: tranminhphuong@tdtu.edu.vn

Cao-Kha Doan and Van-Nghia Vo
Department of Mathematics, Ho Chi Minh City University of Education, Ho Chi Minh
City, Vietnam

E-mail addresses: doancaokhafb@gmail.com, vovannghial5@gmail.com



	Introduction and statements of main results
	Notation and fundamental definitions
	Comparisons with homogeneous problem
	Proofs of the main theorems

