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Normal Forms for Rigid ¢;; Hypersurfaces M ScC?

Dedicated to the memory of Alexander Isaev

Zhangchi Chen, Wei Guo Foo, Joél Merker* and The Anh Ta

Abstract. Consider a 2-nondegenerate constant Levi rank 1 rigid €% hypersurface
M?® C C? in coordinates (z,(,w = u + iv):

U = F(Z7<’ E?Z)'

The Gaussier-Merker model u = A Li S LAY was shown by Fels-Kaup 2007 to be lo-

cally CR-equivalent to the light cone {2? 4+ 23 — 2% = 0}. Another representation is the
(Re 2)?
1—-Re("

tube u = The Gaussier-Merker model has 7-dimensional rigid automorphisms

group.
Inspired by Alexander Isaev, we study 7igid biholomorphisms:

(Z,C,’U)) — (f(Z’C)’g(Z’C)va + h(Z,C)) = (Z/7</,w/)'

The goal is to establish the Poincaré-Moser complete normal form:

= 1,27+ 1=2
2Z+ s2°C+ 52°C _=d
U= 21 =2 + E Ga,b,c,d'zacbzcc
o CC a,b,c,deN
a+c>3

with 0 = Gu0,00 = Gap,1,0 = Gap20 and 0 =G30,01 =ImG301,1.

1. Introduction

The problem of equivalence for CR manifolds was begun by Poincaré [24] in 1907, who,
by a plain counting argument, pointed out that real hypersurfaces M3 C C? must a priori
possess infinitely many invariants under biholomorphic transformations. This created a
local classification problem, not even terminated nowadays for hypersurfaces in C>. Our
goal is to bring a contribution to this problem, by treating a certain already remarkably

rich class of special hypersurfaces M° C C3.
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Throughout this article, all CR manifolds will be assumed real analytic (¢“). An
elementary complex Frobenius theorem proved, e.g., by Paulette Libermann in [15], guar-
antees embeddability into some CN. We will restrict ourselves to the definite class of €
hypersurfaces M® C C3, which are automatically CR.

The interest of studying rigidly equivalent—in Alexander Isaev’s terminology—rigid
hypersurfaces was pointed out to us during his February 2019 stay in Orsay. A local
hypersurface M° C C3? with coordinates Z = (Z1,Z2,Z3) is said to be rigid if there
exists an infinitesimal CR automorphism, namely a vector field T tangent to M of the
form T = X + X with a nonzero holomorphic vector field X = 332 a;(Z)dz,, which is
transversal to the complex tangent space T°M in the sense that TM = T°M @ RT. After
a local biholomorphic straightening, one makes X = ia% with w := Z3, and tangency of
X+X= 8% to M shows that, writing coordinates C3 3 (z, ¢, w), the right-hand side €
graphing function

M°: w=F(z(%C)

is independent of v, where w = u + v.
Alexander Isaev’s concept of rigid biholomorphic transformation is less popular or

widespread. In C3, such are biholomorphisms of the shape:

(Z’C’w) — (f(Z7C)’g(Z7 C)?pw + h(z7 C))?

where f, g, h are holomorphic in their arguments, independently of w, and where p €
R*. The interest is that rigid biholomorphisms trivially send rigid hypersurfaces to rigid
hypersurfaces: they respect the pre-given CR symmetry 2 Reid,, = 9.

The study of biholomorphic equivalence classes of general (not necessarily rigid) hy-
persurfaces M® C C3 has raised remarkable attention recently, especially about the
class denoted €21 of constant Levi rank 1 and 2-nondegenerate hypersurfaces M 5 c C3,
see [3-13,/16-19,21}23].

In the rigid context, this class Qigi’glid consists of local hypersurfaces {u = F(z,(,z,()}
passing through the origin which satisfy

Fe Pl _o , F Fg
FCE FCZ FzzE Fzzz

Propositions and will show below that both conditions are invariant under rigid
biholomorphisms. Without loss of generality, we may also assume 0 # F,z. Then the first
condition means constant Levi rank 1, while the second condition means 2-nondegeneracy.

In Section [2| we will present a central example, the so-called Gaussier-Merker model:

2Z+ 52°C+ 37°C

MGM: u = 1—CZ

:m(z,¢,%,C),
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which is known to be mazimally homogeneous, as follows from an application of Cartan’s
equivalence method performed in [6]. More precisely, if one defines the Lie algebra of rigid

infinitesimal holomorphic automorphisms of any M° € Qgiglid as

ho[rigid(M5) — {X =a(z,¢)0: +b(2,0)0¢ + (ow + ¢(2,()) 0 : X + X is tangent to M}

with ¢ € R and a, b, ¢ three holomorphic functions independent of w, then from [6,
Theorem 1.1] it follows that

dim hol"& (M%) < dim hol"€ (Mawy) = 7

with equality holding if and only if M?® 22 Maw is rigidly biholomorphically equivalent to
the model. Furthermore, hol"&id (Mg ) is spanned by

Xl = iawa X2 = (C — 1)6Z — 22811), X3 = (Z =+ ’LC)@Z — 2’i28w,
Xy = 2C0. + (* = 1)0; — 2°0w, X5 :=12¢0. + (i +iC*)O¢ — i2°Ow,
X := 20, + 2w0y, X7:=120,+ 2iC8C

with exp(tXg)(-) and exp(tX7)(:) generating the 2-dimensional isotropy subgroup of au-
tomorphisms of Mgy fixing the origin 0 € Mgy

After that an {e}-structure and a canonical Cartan connection have been constructed
in [6], our main objective in this article is to produce a Moser-like normal form for any
M5 ¢ (’:gi’glid. We may assume that M passes through the origin and has power series
expansion

u= Z Fa7b,c7dZaCb§CEd-
a+btctd>1

Since M has Levi form of rank 1 and is 2-nondegenerate at the origin, it is not difficult

(see Section {4)) to bring its cubic approximation to

1 = 1. _—d
u=z2z2+ §z2C + 522C + E Fopea?CPzC".
a+btetd>4
a+b>1
c+d>1

Notice that this general cubic approximation coincides with that of Man.
And now, an idea of absorption by factorization appears. Writing initial monomials
as Z(z) and 22 (3¢), we may capture all holomorphic monomials behind Z(- - - ) and behind

z2(---), by making the rigid biholomorphism

2 i=z4 Z Fop102°C®, (=(+2 Z Fop2,02°¢"

a+b>1 a+b>2
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with unchanged w’ := w. After this is done, dropping primes, we obtain a graph u =

F(2,¢,%,¢) which is prenormalized in the sense that

0= Fap0,0="F00,cd 0=Fap10="F10cd 0=Faup20=1F20cd

except of course Fi 910 =1 and Fyp01 = 1/2 = Fpy120. The true story is a little more
subtle, requires more care, and will be told with rigorous details in Section 4l The next
task is to normalize F' beyond prenormalization.

Because in C? a general rigid hypersurface u = F(z,%Z) = 2%z + 0, 2(3) is naturally
represented as a perturbation of the (flat) model u = zZ, we must represent a general

rigid M € (’,‘;glid as a perturbation of the Gaussier-Merker model

u=F(z2(7%¢) =m(z(7z() +G(2,(70).

Here, the remainder function G cannot be arbitrary, it must be so that the Levi form is

indeed degenerate

0 m.z + Gz mzf + GZZ

mez + GCE mez + GCE
Using this zero determinant, in our key Proposition [£.4] we show that in prenormalized
coordinates, one necessarily has
G=0.3(3) = D)+ 222 )+ 222 )+ 2.
Next, since the Gaussier-Merker function
2Z+ 322+ 7%
1-(C

is homogeneous of degree 2 in (z,%), we are conducted to assign the following weights to

m(27 ¢z, Z) -

the coordinate variables

2] =1=:[z], [(]:=0=: [ﬂ, [w] =2 =: [w].

We then expand G in weighted homogeneous parts
G=> Gy, Gy= > 2"2Gacl(0),
v>3 a+c=v
and we normalize progressively the G, in Sections 5] and [6] This conducts us to our main
Theorem 1.1. Every hypersurface M® & Qgﬁid s equivalent, through a local rigid bi-
holomorphism, to a rigid €“ hypersurface M”? ccC? which, dropping primes for target
coordinates, is a perturbation of the Gaussier-Merker model
22+ 222C+ 12%¢ —d
U = 21 —= + Z Ga,b,c,dzacbzcc
o CC a,b,c,deN
a+c>3

with a simplified remainder G which
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(1) is normalized to be an O,=(3);
(2) satisfies the prenormalization conditions G = Oz(3) + Og(1) = Oz(3) + O¢(1):

Gap00=0=Goocds Gap1,0=0=GC10cd, Gap20=0=GCG20c4;

(3) satisfies in addition the sporadic normalization conditions

G3,001=0=Go130, SGs0,1,1=0=S5G1,130-

We would like to stress that, as a by-product, this result can be used to easily produce
an extremely large class of new examples of 2-nondegenerate constant Levi rank 1 hyper-
surfaces, none of them CR equivalent to the other. We thank the referee for pointing out
this consequence to us.

A standard consequence of a reduction to a CR normal form (cf. [14]), is the finite-

dimensionality (here 2D) of the remaining ambiguity, as stated by

Theorem 1.2. Furthermore, two such rigid €“ hypersurfaces M° C C3 and M"? c C’3,
both brought into such a normal form, are rigidly biholomorphically equivalent if and only

if there exist two constants p € RY | p € R, such that for all a, b, c, d,

_ ~2)/2 ip(a+2b—c—2d
Ga,b,ad - Ga,b,c,dp(a+c )/ eup(a ¢ )

A longer memoir prepublished as in |1] exposes some other aspects not conserved
(plainly for length reasons) in this article:

e an introduction to the differences between two of the classical ways of studying
the geometry of real submanifolds of C™, namely Cartan’s equivalence method, and

Moser’s normal forms method;

e some hints on how to construct a ‘theoretical bridge’ between these two methods,

bringing new light on the concerned algebras of differential invariants;

e a detailed exposition of the so-called ‘power series method’, developed e.g. in [2], for

determining explicit expressions of all (relative) differential invariants.

These aspects are currently being reorganized to be submitted elsewhere, and hopefully,

will appear in print.

2. The Gaussier-Merker model

What is the appropriate local graphed model for 2-nondegenerate constant Levi rank 1
hypersurfaces M® C C3 in the class €217 It is known from [13}|16,21] that the local model
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is any neighborhood of any smooth point of the tube in C? over the light cone in R3 having
equation z3 — 3 = x? with 21 > 0. But it is not graphed!

We claim that in different notations, this cone has local graphed equation

with z, y, u being the real parts of three complex coordinates on C* > (z,{,w). As
we agreed orally with Alexander Isaev, this is the best, most compact existing graphed
equation. It happens to also be the central model of parabolic surface S? C R3 occurring
in [2].

The claim is easy. By CR-homogeneity, one can recenter at any smooth point, e.g. at
(0,1,1), write (1+x9)2 — (14x3)? = 22, factor, divide, get o — 13 =

change coordinates.

1‘1 .
YFzatzs’ and hnearly

However, this tube graphed equation contains many pluriharmonic terms

wtw _ (24+7)? 1
2 4-20-2C 8

1 —
Z2C+§E2C+-~,

that Moser’s normal forms method would compulsorily kill at the very beginning. Thus,
U = % is not the right start. Similarly, v = 2% = %22 + %22 + .-+ in C? is not the right
start from Moser’s point of view.

The right graphed equation for the model light cone Mgy C C? in €55 was discovered

by Gaussier-Merker in [3]:

2Z+ 5250+ 57
1-¢¢

Here, the letter m is from model. By luck, Mgy is rigid!

MGM: u = m(z7C7§72)'

Now, let us review the reasoning which conducted to Mgy. Start with M? C C3 with
0 € M, rigid, graphed as
U = F(Z? (727 Z)'

Constant Levi rank 1 means, possibly after a linear transformation in Cz o that

(2.1) Fz#0= =: Levi(F),
Fez Feg
while 2-nondegeneracy means that
Fz F-
(2.2) 04| 7 %
FzzE F

22C
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By direct symbolic computations, Propositions [3.1] and [3:2] will establish invariancy of
these vanishing/nonvanishing properties under rigid changes of holomorphic coordinates.

At the origin, Mgm of equation
I U
u=2z+ 5% ¢+ 57 (+0,zz(4)

is obviously 2-nondegenerate, thanks to the cubic monomial %222 which gives that (2.2)) at
(2,¢) = (0,0) becomes |1 9| = 1. As for constant Levi rank 1, order two terms u = zz+- - -
show that this condition is true at the origin, and simple computations show that (2.1)) is
identically zero:
B 1 Z+2C
Maz Mg _ | 1-C (1=¢0)?
247 (Z420)(z+2()
(1-¢¢)? (1-¢¢)?
So how to easily produce one simple example? How Mgy was born?

=0.

mgg mcz

Normalizing the Levi form at the origin, one can assume F' = 2Z 4 ---. Hence the 2-
nondegeneracy determinant (2.2)) becomes at the origin i Fzz%(o) ‘ = 1. Thus, a monomial

like %222 must be present. Since F' is real, its conjugate %EQC also comes

1 5= 1 o
u=F=2zZ+ §Z2C+ 522C+2Fk(z,(,z,g');
k>4
here of course, the F* are homogeneous polynomials of degree k. Without remainders,
i.e., with all ¥ = 0, the cubic equation is not of constant Levi rank 1 (exercise).
The idea of Gaussier-Merker was to take the simplest possible successive F4, F5 F6 ..

in order to guarantee Levi(F') = 0. Thus, plug all this in

z

4 5 6 4 5 6
e+ Fo+ F2 + FS + Fi 4+ F2+FS +

0l L+ FL+FL+Fo 4 Z+FL+FL+FS +--

At first, look at terms of order 2, get 0 = Fé% — 2Z, integrate as the simplest possible
F* := 2z¢(. Next, plug this F* in, chase only homogeneous terms of degree 3, get
ng = 22(+7%(, and integrate most simply as F® := $22((¢¢) + 32%¢(¢(). Next, plug this
F5 in, get ng = 427((, integrate F% := 2Z(¢{)?, and so on.

An easy induction then shows that powers (C)* appear, and a geometric summation

reconstitutes the denominator —— in the Gaussier-Merker model.

1-¢¢
id
We can now pass to general M € C;l’gll .

3. Two invariant determinants for hypersurfaces M°> C C?

Consider a rigid biholomorphism

H: (2,¢w) — (f(2,0),9(2,0), pw + h(z,()) =: (¢, ", w'),  peRT,
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hence with Jacobian f.gc — fcg. # 0, between two rigid ¢ hypersurfaces
w=-w+2F(2,(,Z,{) = Q and w' =-w + 2F’(z’,§’,§’,?) =: Q.

Plugging the three components of H in the target equation

and replacing w+w = 2F, one receives the fundamental equation expressing H (M) C M':

2pF (2,(,%,¢) + h(z,¢) + Mz, ¢) = 2F'(f (2, (), 9(2,¢), f(Z,(). (%, C)).

By differentiating it (exercise! use a computer!), one expresses as follows the invariancy

of the Levi determinant defined for general biholomorphisms [20] as

Rz @ CQw Fr o -1
QzE QZZ Qzﬁ = 22 F.z FZZ 0
Qez Qi CQcw Fez Fg O

Proposition 3.1. Through any rigid biholomorphism

/ /
FZ’E’ FZ/Z’ _ p2 Fz FZE
Fg{/z’ Féf/ f= f( ?E 7{ FCE F{Z
9z 9¢ gE EZ

Consequently, the property that the Levi form is of constant rank 1 is biholomorphically

invariant. The 2-nondegeneracy property [20] then expresses as the nonvanishing of

Q@ Q Qu FE P -1
Q.= sz Quw | = 2% Fz Fzz 0
szE QZZZ szﬁ Fzzf Fzzz 0

Proposition 3.2. When the Levi form is of constant rank 1, through any rigid biholo-
morphism,

/ /

3
legl FZ’Z' _ P2 (gCFzE - ng(E) Fz FZZ

= 3 .
/ / — — _ _
FZ’Z'E’ FZ/Z/ZI fz fC f? fZ Fzzz FZZC

9= 9| |9z ¢
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4. Prenormalization

In coordinates (z,(,w) € C3 with w = u+iv, consider a local € rigid hypersurface M°® C
C? graphed as u = F(z,(,%,() passing through the origin. Expand Yarbreras1 Fabed
z%C bZCEd, and define by conjugating only coefficients

F(Za C7§> E) = Z Fa,b,c,dzacbzczd.

a+b+ctd>1
The reality u = u forces F(z,(,%,() = F(z,(,Z,¢) which becomes

F(§7 Z? Z? C) = F('Z7 C? z7 Z)'

The 4 independent derivations 0., O, 9, 8f commute. Applying ; ! 5107 l}' 82 Cl, 0% (}, 8d at the
origin (0,0,0,0), it comes

Fedap=Faped
With x(z,¢) := F(z,¢,0,0) which is holomorphic, setting w’ := w — 2x(z, (), we get

W = P20 50) — (0 XD = P26 2.0)

with now 0 = F’(z,¢,0,0) = F'(0,0,%, ().

By 0.(3), we mean a (remainder) function equal to 23(- - ), where (- - - ) is any function

of one or several variables. By Oy ,(2), we mean 22(---) + zy(---) + y*(- -+ ), and so on.

Proposition 4.1. After a rigid biholomorphism, an M € €51 satisfies
1
F(z,(,%,0) = 22 + 5@2 + 0z(3).
Employing the letter Z for unspecified functions, this amounts to

_ 1 _ _
We will use without mention

R(2,(,Z,Q) = #(2,(,Z) + (Z(2,(, 7, Q).
Proof of Proposition [£.1 We will perform rigid biholomorphisms of the form 2’ = 2/(z, (),
¢ = (2,0, w = w fixing 0. They transform u = F(z,(,Z%,() into v/ = F’(z’,(’,?,zl)
with
F'(,.¢,7,0) = F(=(,(),¢(+',¢).2(2,0). ¢, ),
hence they conserves F'(2',¢’,0,0) = 0.

The Levi form being of rank 1 at 0, we may assume

U =2z + 03(27<7§72)‘
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Assertion 4.2. After a rigid biholomorphism fixing 0,
F=2Z+72%+ (2.
Proof. We can decompose
F(2,(,%,C) = F(2,(,%,0) + (Z =Z(2 + Xx(2,Q) + Z°% + (%
with x = O(2). Then
F=(z+X)Z+X) —2X — XX + 2% + (Z.
But X = z2%(%) + (%(%,() is absorbable, hence
F=0z+X)Z+X)+7%+ (%
Thus, we perform the rigid biholomorphism 2’ := z + x(z, (), ¢’ := ¢ with inverse

2=2 40,002 =2 +2"% +(C%.
Hence 22 = %' + C %', and lastly

Fi(2,¢,7,0) =22 +2°% + %' 0

Next, dropping primes, specifying 3'4 order (real) terms P = Py in F = 2Z+ P3 +
O, ¢zz(4), let us inspect the Levi determinant

1+Pz+02, Pz+0
= SR 2 ,  whence OEPC@

PZZ+OQ PCZ+O2

o
Il

i.e., P is harmonic with respect to ( when z, Z are seen as constants. Thus taking account
of 0 = P(2,¢,0,0),

P = a2’z + @22 + C(b2Z + ¢Z°) + ((b2Z 4+ ¢2%) + ¢%(dz) + Z2 (dz).
But Assertion [4.2] forces a = 0, b = 0, d = 0, whence
= 2 | =2
u=2Z+cz" +(z"+0,.-74).
From Proposition we know that ¢ # 0, hence ¢( =: %C’ conducts to
L S =
(4.2) u:zz+§z (+§z (+0,c2c(4) =22+ 2% + (%

Next, let us look at 4" order terms which depend only on (z,%), especially at the

monomial ez?z? with e := F50,20 € R. We can make e = 0 thanks to ¢’ := ¢ + ez?,

u=2%Z+ %(C +e22)Z2 + %(Z + ez + 2R + (R,
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So we can assume F5 920 = 0. We then write
1 _ _
U= 2z + 5225(27 C?E) + Q@(Z’ Cvz7 C)

with S = ¢ + 0, ¢3(2) and with no 2% monomial in the remainder. Hence with some
function 7(z) which s an O.(3), and with some function w(z,({) = O, (1), we devise

which biholomorphism to perform
1 _
u=2Z+ 52 (C+7(2) + Cw(2,0) +70(2,(, 7)) + (2

=27+ 1,2 (C+7(2) +C(w(z,)) + 22+ (%.

=:(’, while z=:2'

Assertion 4.3. The inverse ( = ('+0(2) = 7/ (2")+{'[14+ W' (#, ()] also satisfies 7'(2') =
0./(3).

Proof. Indeed, by definition,

(=7(2)+[r(2) + (L + w(z O[L + (2, 7(2) + (L + w(z,0)))],

and it suffices to put ¢ := 0 to get a concluding relation which even shows that ordy 7 =
ordg 7'
0=7(2)+71(2)[1+(z,7(2))]. O

All this enables to reach the goal (@.1)) since 7 (7') is absorbable in Z/°%":
w= 27+ z’2C +2°% + (( +7F)+ (7=, ()% O

Coordinates like in Proposition will be called prenormalized. Equivalently (exer-
cise),

0="Fap00="Fo0cd 0=Fap10="Fipocas 0=1Fqp20=7F20cd
with only three exceptions F1 10 =1 and Fago1 = 1/2 = Fp1,20. During the proof, in
(4.2), we obtained simultaneously
1 1
(4.3) u:F:z§+§§2C+Og(3)+OZ( ) =22+ 52 C+ 22 +0, 2 :(4).

Now, recall that the Gaussier-Merker model is homogeneous of degree 2 in z, Z, when
¢, ¢ are treated as constants:
2Z + 22C+122C o
u = m(z,(, %, Q).
1-¢C

A general M € €y is just a perturbation of it:

u=F=m+G with G:=F —m= OZ,C,E,Z(ZL)'
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Proposition 4.4. In prenormalized coordinates, one has G = O, %(3).

Proof. Expand

= 1 T A B T
m=2z) (T4 (CT 32y (T =2z g 5 O, 2o (4),

i>0 i>0 i>0
_cd
G=> > Gapea?"("zC" =D G"
k>4 a+b+ct+d=k k>4

Of course, F* = m* + G* with G?> = G3 = 0.
Assertion 4.5. For every k > 2, one has G*¥ = 0, (3).
Proof. For some k > 4, assume by induction that G2,G?>,...,G*1 are 0.2(3), whence

Giz = 02,5(1)7 GZE = Oz,2<2) = GiZ7 fo = OZ,E(3>7 1<i<k-1

Next, insert F'=>".., F* in the Levi determinant:

SFL Y, FL o
Z. =Y (LR - FLRL)
Yl YL ma | i
% ¢ ij>2

o
Il

Behind ), all terms are of constant homogeneous order i — 2+ j —2 = £ — 4, hence
0=3_,,;—(above) for each ¢ > 4. Take ¢ := k + 2 and expand

0=FZFL+ Y FLFE? 4 FEF?

227 ¢C 2Z7 ¢ zzigfo
3<i<k—1
2 k i pk+2—1 k 12
J— FZZOFCE - FZEFCE - FZZ&O'
3<i<k—1

Observe from (4.3) that 1 = FZ while 0 = ng = FZQZ = Fgg. Of course, Levi determinant

vanishing holds for F' := m,

— 2 ok i oo k+2—i k2
0= mezm ez + Z Mz 7 + MM
3<i<k—1 —°
2 ok i o k+2—i k2
ngom@ Z mEmes mFmes -
3<i<k—1

Substituting the boxed term FC’% with ml& + GIZZ’ solving for G’ZE, substituting as well
the other FY = m! + G, and subtracting, we obtain

_ i k+2—1 % k+2—1 i k+2—1i
_GCZ = 3<;k 1 (szGCZ + GZEmCE + GZgGCE )
SUSKR—
7 k+2—1 7 k+2—1 7 k+2—1
- Z (mzZGCE + GzZmCE + GZZG@ )

3<i<k—1
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Since we also have 3 < k + 2 — ¢ < k — 1, induction applies to all six products to get
sz = 02(3).

By integration, G* = M\ (z,(,Z) —G—Xk(é, (,2)+0,2(3). After absorption in O, 3(3), we
can assume that A* is of degree < 2 in (2,%), hence contains only monomials 2*¢’Z¢ with
a+c<2anda+bt+c=k. Sob>k—2.

Further, G*(z,¢,0,0) = 0 imposes A\¥(z,(,0) = 0. So 1 < ¢ < 2. Consequently, \¥ can

contain only three monomials
Mo(2,¢6,2) = az¢h 1 4 b2zch 2 4 A2
. . ~k,_ = . . —k—2>2
Since k > 4, we see that the conjugate A" (Z, ¢, z) is multiple of , hence
G*(2,¢,7.0) = N(2,(,2) + X" (2,0,2)_+ 0:(3).

Finally, because the prenormalized coordinates of Proposition require Gk(z, ¢,z,0)
= 0%(3), we reach \¥(z,(,Z) = 0,3(3), which forces a = b = ¢ = 0 = A\¥, s0 as asserted
G* = 0,:(3). O

In conclusion, G = Y. G* = 0, 3(3). O

According to [6] the Lie group G of rigid holomorphic automorphisms of the Gaussier-
Merker model {u = m} has Lie algebra of dimension 7, generated by the vector fields
X1q,..., X7 shown in Section The 2-dimensional isotropy subgroup Gy C G of the
origin 0 € C? has Lie algebra generated by

X6 1= 20, + 2w0,, X7 :=120, + 2i(0.

By computing the flows exp(tXy)(z,(,w) for t € R and o = 6,7, one verifies that Gg

consists of scalings coupled with ‘rotations’:
Z = p1/2ewz, (=e*¢, w=pw, peR:, peR.

Next, any holomorphic function e = e(z,() decomposes in weighted homogeneous

e(z,0) =) eapz’C" = (Z ek,be> =) e
a,b b

k>0 k>0

terms as

Mind notation: for weights, indices ej, are lower case, while for orders, as e.g. in G¥ before,

they were upper case. Similarly,

E(Zv <7Z7 Z) = Z Z Z Ea,b,c,dCbZd 2%Z¢ | = Z E.
b,d

k>0 \a+c=k k>0
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According to what precedes, we can assume that both the source M and the target

M’ rigid hypersurfaces are prenormalized. Assume therefore that a rigid biholomorphism

H: (27C7 w) — (f(z7C)7g('Z7 C)?pw + h(z7<>) = (z/7C/7 w/)7

fixing the origin is given between

1 Z+ 5220+ 57
W= F = E 404 0:3) et 6= 2R EAEC g )
2 )
1-¢¢
1 Z/E/_’_lz/?*’_i_ 1=12 1
W= F = 0@ = 6= i/g’ 228 L 0.23).

Observation 4.6. Scalings and rotations (2/, (', w') — (pl/zewz’,e%@f,pw’) preserve

prenormalizations.

Since T§M = {w = 0} and T§M' = {w' = 0}, and since H.IT{M = T{M', we
necessarily have h = O, ¢(2). After the scaling v’ — %w’, we may therefore assume that
the last component of H is w4 O, ¢(2).

Let us decompose the components of H in weighted homogeneous parts
f=loth+fe+fs+, g=go+tn+tg2+-, h=hot+hi+ha+hz+hs+--
Plug in the components of H in the target rigid equation # = F'(#, C',?’,Z/):
w+h(z,Q) + W+ Mz, ) = 2F'(f(2,0),9(2,0), f(2,€),9(%.C)),
and then, substitute w + w = 2F to get a fundamental equation, holding identically:
(4.4) 2F(2,¢,%,C) + h(2,¢) + h(Z,¢) = 2F'(f(2,¢), 9(2,¢). f(2,€), 4(%, Q).
Proposition 4.7. Possibly after a rotation (2',{',w') — (€2, €2’ w'), one has
f=z+fo+fs+, g=C+oan+g+-, h=wt+hsthi+--
or equivalently: fo =0, fi=z2;, g90=C(, ho=0, h1 =0, hy = w.

Proof. Recall that FF = m + G, that m = mo and that G = G3 + G4 + - - - with the same
about F/ =m/ + G’. So F and F’ have no terms of weights 0 or 1. Of course fo = fo({),
90 = 90(C), ho = ho(¢) depend on ¢ only.

In (4.4), pick terms of weight zero:

0+ Ro(C) + ho(C) = 2F'(f0(¢): 90(¢), Fo(0): 90(<)),

put ¢ := 0, use F'(2/,¢’,0,0) =0, and get hg = 0.
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Once again, pick in ([4.4]) terms of weight zero using F' = m/ 4+ O, z(3):

_ () Fo(Q) + 5£0(¢)?*70() + 5F0(g0(C) o
’= 1~ 90(O)0(C) O 70
We claim that fo(¢) = 0. Otherwise, fo = ¢¢” + O¢(v + 1) with ¢ # 0, but on the right,

the monomial ¢e¢¥¢ cannot be killed—contradiction. This finishes examination of weight

zero, for it remains only 0 = 0.
Hence, pass to weight 1. We claim that h; = 0. Of course, fi1 = zf1(¢) and h; = zh1(().
Since m/ is weighted homogeneous of degree 2, we have I’ = O,/ »(2), and we get from

what forces h; = 0:
Before passing to weight 2, since f = zf1({) + 0.(2) and g = go(¢) + 291(¢) + 0:(2),

- - 0 0
gz gg ’ has value at the origin ‘ ﬁgo; () ’, hence f1(0) # 0 # g4(0).

Lastly, picking weighted degree 2 terms in (4.4)), we get

2m(2,¢,7,¢) + 2°h2(¢) + 2°h2(C) = 2m(2£1(¢), 90(¢), 2/1(C), 5o(0))-

This identity means that the map (z,¢,w) — (2£1(¢), g0(¢),w + 22h2(¢)) is an auto-

morphism of the Gaussier-Merker model fixing the origin, hence is a rotation, so that

the nonzero Jacobian

f1(Q) = €%, go(¢) = €*%¢, ha(z,¢) = 0. Post-composing with the inverse rotation, we

attain the conclusion. O

Question 4.8. Suppose given two rigid hypersurfaces prenormalized as before,

1 7_1_1 27_’_ 132
u=F=2Z+-7%¢4+0:3)+0;1)=m+G = R LA LA +0:2(3),
2 ¢ 1—¢C ’
1 1= 4 1 /2*’_’_ 1=12 1
W= F = 7 4 3520 4 0u(3) £ 0u() =l 4 (= 22T AT s
2 ‘ 1= |

Is it true that the group of rigid biholomorphisms at the origin between them:
(Z7 Cv w) — (z + f(Z, C)a C + g(z, C)v w+ h(Z, C)) = (Z,a Clv w/)a
where f=fo+ fs+---,9=9g1+g92+---, h="hg+ hs + - -, is finite-dimensional?

Here, the two appearing remainders O;z(3) and Oz(3) + Og(1) are different. By
expanding 1/(1 — ¢¢) we see that

i r Lo re ) = am s L2 oo
m—zz+2zc+2z(+cg( )—zz+22§+0<(1),

hence by subtraction, we get that G is more than just an O, z(3).
Observation 4.9. The remainder function satisfies G = 0.z(3) = 0z(3) + Oz(1).

The synthesis between these two conditions will be made in Section [6]
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5. Weighted homogeneous normalizing biholomorphisms

Now, inspired by Jacobowitz’s presentation [14] of Moser’s normal form in C?, Proposi-
tions [£.4] and [A.7] justify to introduce the spaces

9 = {G:G(zﬂgazaz):G:G3+G4+...}7
9 = {(z+f(27C)7C+g(2’,(),w+h(za<))f:f2+f3+,g:gl+g2+,
h:h3+h4_|_...},

where lower indices denote homogeneous components with respect to the weighting [z] = 1,
[¢] =0, [w] =2 of Section |1 leading to

[2°¢*2CY) = a+c.

The goal is to use the ‘freedom’ space 2 of rigid biholomorphisms in order to ‘normalize’

as much as possible the remainder G in the graphed equation {u = m + G} of any given

22+ 1220+ 172¢
1-¢¢

Both ¢ and & decompose as direct sums graded by increasing weights

9 = U gy, {% = {Gl/}7
v>3

9 = U .@y, -@y = {(fl/*lagl/72ahl/)}a

v>3

hypersurface. Here, m = is homogeneous of weight 2.

and the (upcoming) justification for the shifts in &, will be due to two multipliers
Z42C > 1,72
m, = Z+Z£ of weight 1 and m¢ = LZQZ

2(1-¢¢)

1-¢¢
One can figure out that G2 := m and G}, := m’ are already finalized /normalized. With

of weight 2.

increasing weights v = 3,4, 5, ..., we shall perform successive holomorphic rigid transfor-

mations of the shape
(5.1) =24+ fo1, (=C+g_2, wi=w+h,.

When v > 1 is high, it is intuitively clear that such transformations close to the
identity will preserve previously achieved low order normalizations; to make this claim
precise, let us follow and adapt [14, Chapter 3].

For p > 0, denote by O(u) power series whose monomials z%%‘fd are all of weight

a + ¢ > u, and introduce the projection operators

—d —d
Ty Z Ta,b,c,dzacbzcc = Z Z Ta,b,c,dzacbzcc .

a,b,c,d>0 a+c<p b,d>0
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Proposition 5.1. Through any biholomorphism (5.1)) which transforms
u=m+Gs+-+Gy_1+G,+0(+1) into W' =m+Gi+---+G,_+G,+0'(v+1),
homogeneous terms are kept untouched up to order < v —1,
G.(2,¢,%,0) = Gu(2,(,7,(), 3<pu<v—1,
while
G, (2,¢,%,C)
Z+2C (Z + 20)?

_ = 1
- Gl (20— 2Re {2 (0 + 1 g 0.0 = G0 )

Thus, by appropriately choosing (f,—1,gv—2, hy), we will be able to ‘kill’ many mono-

mials in G, hence make G, simpler, or normalized. We leave to the reader to verify that

in fact h, = 0 necessarily, when F and F’ are assumed to be prenormalized.
Proof. As already seen, the fundamental equation, holding identically, is

Re(w + hy) = F(2,(,Z,() + Reh, = F'(z + f,_1(2,0),( + gv—2(2,),w + h,(z,Q)).
Decomposing F = m + G, F' = m’' + G’ and reorganizing, it becomes

(z+ for1)E+ Fo1) + 5+ f-1)*(C+Ty2) +5E+ F,1)?( + 90-2)
1= (C+g02)(C+7y2)

_zz+%%fféﬁg
1-¢¢
—G-a.

—Reh,

A reduction of the left hand side to the same denominator shows after algebraic sim-

plifications:
(1=CO)[zfo1+Zfo1 + 322 fo1(+ 220, _0) + 3(22f,_1( + Z2g0—2)]
(1-¢O)(1=¢C—CGy2—Cov—2 — Gv—20,2)
(CGy—2 + Cgv—2) (27 + 52°C + 57°()
(1-¢0)(1—=¢C—C¢Gy2—Chv—2 — Gu—20,_2)

that this left-hand side is O(v), hence has zero m,_1(s) = 0. Moreover, its homogeneous

— Reh,

degree v part is obtained by taking only weighted degree zero terms in the denomina-
numerator
(1-¢¢)2

multipliers of weights 1, 2:

tor, namely — Re hy,, and one recognizes/reconstitutes m., m¢ as homogeneous

) _ zZ+2¢ (z 4 2()?
m(m' —m — Reh,) = 2Re { - szl,,l(z,() + 72& )

h2(21) = (10}
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It remains to treat m,(s) of the right-hand side:

Z GM(Z,C,E,Z)—W,, Z G;,L(Z+fl/_:l?C+gV_2’E+?V717Z+§V72)

3<pu<sy 3<pu<sv

Assertion 5.2. For each 3 < u<v,

T (Gl (2 + fue1,C + gu—2,Z+ F_1,{ + Gym0)) = GL(2,¢,7,0).

Proof. All possible monomials in GL with a + ¢ = p > 3 after binomial expansion

(2 + fo-1)"(C + gv—2)"(Z + F 1) (C + Gy a)*
= (2"+0(a—1+v—-1))(C"+0w—2)=+0(c—1+v—-1)(C" +0(-2)
=222+ O(a+c—2+)
have the simple projection 7, (s) = zaCbZCZd sincea+c—2+v>1+v. O

We therefore obtain an identity in which all arguments are (z, (, z, ):

Z+ 2C (z + 20)? 1 }_ , ,
2R LN SO Gl s VS N Gr—G. )+ Gy -G
e{l—CCf T et T 3§;§;_1(#u0)

Applying m,_; annihilates both the left-hand side and G, — G),, whence G, = G;L for

3 < pu < v —1, which concludes. ]

6. Normal form

The assumption that the Levi form is of constant rank 1:

Fzg 7é 0= FZEFCZ_ FCEFzz,

enables to solve identically as functions of (z,(, %, ():

By successively differentiating this identity and performing replacements, we get formulas.

Lemma 6.1. For every jet multiindex (a,b,c,d) € N* with b > 1 and d > 1, abbreviating
n = a-+ b+ c+d, there exists a polynomial P,y .q tn its arguments and an integer
Nap,ed = 1 such that

anchch
1 v>1 d'>1
= (F —)Na,b,c,d Pavbvcvd ( an/Ecl }a’+c’§n’ {an/gb’zd }a’+b’+c’§n’ {Fz“’EC'Zd/ }a’+c’+d’§n) :
2z
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In other words, the Levi rank 1 assumption implies that all Taylor coefficients at the
origin of > abed Fa’b7c’dz“(biczd for which b > 1 and d > 1 are determined by the free

Taylor coefficients
{F0,0,6,0 }a>0,¢20 U {Fab,e0ta>0,0>1,c50 U {Fa,0,c,d}a>0,c>0,d>1-

In subsequent computations, we will therefore normalize only these free (independent)
Taylor coefficients at the origin, while those (dependent) attached to monomials that are
multiple of (¢ will then be automatically determined by the formulas of Lemma

As promised, we can now explore Observation further. What precedes shows that
it is best appropriate to expand G with respect to (¢, ():

G= Z C;a,(),c,Ozazc + Z Cb Z Ga,b,c,[)zazc

a,c>0 b>1 a,c>0
—=d _ _—=d
+ § C E CTYa,O,c,dZaZc + E § Ga,b,c,dzacbzcc .
d>1 a,c>0 b,d>1a,c>0

The last quadruple sum gathers all dependent jets. We will abbreviate this remainder as

¢C(--+). With different notations, we can therefore write

G=a(7)+ Y " I(2,2) + > ¢ i(z,2) + ()
k>0 k>0
with a(z,%z) = a(z, z) real, but no reality constraint on the IIx(z,2).
Recall that G = O, 2(3). In view of Proposition we must, for every weight v > 3,
extract G, while writing ¢*+1 = ¢¢*,

Gy =ay02" +a, 112" 2+ + a1, 122" + a0, 7
+ Y (2 My + 2 E 10 o 22 e + 2 TTkg,)
k>0
7](? S o — _ 1= R —
+) (B Mo + 27 Tellpyorg + -+ 22° g1 + 2 ko) +CC( ).
k>0
To reorganize all this in powers of (z,Z%), let us introduce the two collections for all

0 < p < v of (anti)holomorphic functions (mind the inversion v — 1 <— p at the end):

By u(C) == ZCkﬂk,v—u,u and 6V—M7M(Z) = szﬁk,u,v—w

k>0 k>0

The definition of these B, , and C,, enables us to emphasize that the obtained functions
(B, .(¢) and (C, ,({) vanish when either ¢ := 0 or  := 0, and we therefore obtain, taking
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also account of the fact that G, is real:

G, = 2"(ay0 + (Buo(¢) + ¢Cho(C)) + 2" 2(av—1,1 + (Bu—1,1(¢) + {Cr-1,1(C))
4o 22 (@11 + CBuo11(0) + (Ch11(0))
+ 2" (@0 + (Buo(C) + CCro(Q)) +CC(- ).

Of course, all these weighted homogeneous functions G, automatically satisfy G, =
O.z(3), since v > 3 thanks to Proposition Now, Observation also requires that

they satisfy, since they are real:
(6.1) G, = 0:(3) + O(1) = 0.(3) + Oc(1).

Lemma 6.2. For each weight v > 5, the function G, satisfies (6.1) if and only if it is of
the form

Gy =204+ 0+(Cho(Q)) + 2" Z(0+ 0+ (Co11 (D) + 277 222(0+ 0+ (Cr22(0))
+2"7%% (ay—33 + (By-33(¢) + (Cr33(Q)) + -
+ 237 3(al, 33+ CCy33(C) + (B33 C)) +2°277 2(0+CCV—2,2(C)+0)
+ 227710+ (Cy—1,1(¢) +0) + 2 (0 + ¢Crp(C) +0) + ¢C(- -+ ).

Just after, we will treat the two weights v = 3,4 separately.

Proof of Lemma [6.2] Putting ¢ := 0 above, it must hold that
0:(3)+ 0= GV|Z:0 = 2"(ay0 + (Buo(¢) +0) 4+ 2" Z(ay_11 + ¢By_11(¢) +0)
+ 2" 72%%(ay—29 + (By—22(¢) + 0) + 0(3) + 0.

Thus, all the appearing a, , and B, , should vanish, as stated, and the converse is clear. []

Proceeding similarly, the reader will find for v = 3 that (G3 satisfies if and only if
G3 = 2°(0+0+CC30(C)) +2°2(0+0+0) + 220+ 0+0) +2°(0+ (C3,0(¢) +0) + (- - ),
as well as

Gy =2*(0+0+CCu0(0) +2°2(0+ 0+ CC51(C)) + 2220+ 0+ 0)
+ 220+ (C1,3(¢) + 0) +2*(0 + (Cu0(¢) + 0) + CC(- ).

Now, consider a rigid biholomorphism 2’ = f(z,(), ¢! = g(z,¢), v’ = pw + h(z,()
between two rigid hypersurfaces M and M’. Of course, as in Question we may assume
that both M and M’ have already been prenormalized, and thanks to Proposition also
that f = fo+ fa+-,9=9g1+g2+ -, p=1 h=hg+hs+--
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The goal is to normalize M’ even further, by means of appropriate choices of f, g, h

We saw that it is natural to decompose G = G3+G4+Gs5+-- - and G' = G4+G)+ G+

- in weighted homogeneous parts, and we just finished to express what prenormalization

means about these G, and G),. Proceeding with increasing weights v = 3,4,5,..., we

therefore consider biholomorphisms of the shape 2z’ = z+ f,_1, (' = (+g,_2, W' = w+h,,
and we recall that Proposition showed that

G/V(z7 C?E’ Z)

2 ~\2
—GV(Z7C,z,C)—2Re{Z+ L o B0

1-¢¢ 2(1 - ¢Q)?

The freedom to ‘normalize’ G), even more that G,, namely the term —2Re{---}, is

h2(210) = (0 }.

parametrized by the completely free choice for the triple of holomorphic functions

(fu—1,9v—2, hy). However, prenormalizations should be left untouched.

Lemma 6.3. At every weight level v > 5, only the identity biholomorphic transformation

2=z, (' =, w = w stabilizes prenormalization in source and target spaces

Gu(2,¢,%,¢) = 0:(3) + Og(1) = G, (,(, %, Q)

or equivalently, the ‘freedom function’ respects prenormalization

Z+2C (z+zZ)
=: 9(2,(,%,()

03(3) + Oz(l) = QRG{ 5 Jv— 2( C) - ;h,,(Z,C)}

if and only if 0 = f,_1 = gv—2 = hy.

Proof. Tt is easy to verify that the vanishings G, (z,(,0,0) =0 = G, (2,¢,0,0), which hold
from the very beginning (of Proposition already suffice to force h,(z,() = 0.

Next, write

fot(50) = 27U = 2 fo 4 il facP 4 -0),
gu—2(2,¢) = 2" 29(0) = 2" (g0 + 1 + g2 - ).

The goal is to show that f(¢) =0 and ¢(¢{) = 0.
Prenormalization being expressed modulo ¢((---), When we expand the two denomi-

nators of ®, we have by luck = = =1 and 1

C z m = 2, and hence it suffices to require
that

05(3)+05(1);23e Z+ 202"l + z+z¢2 v2Y " grct

k>0 k>0
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Using v > 5 to guarantee that there is no interference when extracting the first three

powers 2z, 2¥ 71z, 2¥72%2, let us compute the three relevant terms of the freedom function:
0(2,(,%,¢) = (+ 202" (fo+ ¢+ fo* +---)
+ <;z2 +22( + ;zQCQ) 27290 + 1¢ + g2C® + )
+ (24202 (Fo + FiC+ Fol +--0)

1 _ 1_ o, = _ =2
+ (222 +z2¢ + 2Z2C2> z’ 2(90 +91C+g:¢ +--1)

Y <f0C+ f1lCH fo3CH -+ %9022 + %glgf + %QQ@ZQ Foe >

Z(fo+ fiC+ oG+ + goC + 91CC + goC%C + -+ )

9.9 (1 1 1 B _
+ 2v72z2 <290+291C+29242+'”> + 23 )+ ().
Since the underlined terms can be absorbed into the remainder ¢((---), it remains only

®(2,(,7,¢) = %ZV(QfOZ +90C) + 22 (fo + F1C+ 202+ -+ go0)

—_

+ 227722 (go + 1+ @24 )+ 2 )+ CC(-).

[\)

Putting ¢ := 0, the result should be an Oz(3), hence the first three lines should vanish,
and lines 2 and 3 conclude that f({) =0 = g(¢), as aimed at. O

Next, inspect the two remaining weights v = 3,4. For v = 3, again modulo (((---),

the freedom function is
0 = 2Re{ (74 2002 (o + AiC+ foc? +-+2)
1, =, 1 o2 ;4 2
+ {57 H2ECH 5270 | 2 (90 + 916+ 9207+ ) o
Assertion 6.4. Prenormalization ®3 = Oz(3) + Of(1) is preserved if and only if

1
591, 0= g2,

1
0:f0+§§07 0=f1, 0= fa, 0:§0+2

Consequently, only 1 complex constant is free, fy, in terms of which
g0 =—2fo, g1 =—4fo.
With this, how can one normalize G = G5 — ®3 further? Still modulo ¢((-- - ):

By = 22(fol — Fol ) + 222(0) + 222(0) + 2 (Fol — fol?),
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hence
! ! r
3001 = G3001— fo, Gz002=G3002+ fo-

It is natural to normalize the lowest jet order 4 = 3 + 0+ 0 + 1 coefficient here.
Assertion 6.5. One can normalize G 1 := 0 by choosing fo := G300,1-
Once this is done, it is easy to see that preserving/maintaining the normalization
5001 = G3001 =0,
forces fo = 0 above.

Assertion 6.6. In prenormalized coordinates which satisfy in addition G301 = 0, the

coefficient
/
3,0,0,2 — G3,0,0,2

is an invariant (at the origin).
After such a normalization, we get
w=zzZ+ 12% + 1223 + 22+ a2’z + 0, _=(5)
2 2 2,0,2,¢

with, possible, a nonzero real constant a, and possibly, a remainder that is not prenor-
malized.

Fortunately, we can apply the process of Proposition to prenormalize again the
coordinates, making in particular a = 0, without perturbing the normalizations obtained
up to order 4 included.

Lastly, treat weight v = 4. The freedom function modulo ¢¢(---), is

¢4 =2Re {(Z+ 20)2%(fo+ fi¢+ f20P+-++)
15 R N AN 2
+ {57 H2ECH 5270 | 2790 + 16+ 920 ) o
Assertion 6.7. Prenormalization ®4 = Oz(3) + Og(1) is preserved if and only if
O=fo=fi=fo=-, 0=gotGo=g1=9g2="".
Thus now, only 1 real degree of freedom is left:
go =11, TER

With this, how can one normalize Gy = G4 — ®4 further? Still modulo ¢((- - ):

b, = 24 (;TC2> + 232(1'7'2) + 2222(0) + ,253(—2'70 + 2* <—;T§2) ,
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hence
1
/ / 3 /
G002 = G4,002 — 57'7 G011 = G011 =17, Ghga0 = G2,00.2-
The third line shows an invariant. Notice also that G}, ,; = G100, is an invariant. We

choose to normalize the lowest jet order 34+ 0+ 1 + 1 = 5 coefficient here.
Assertion 6.8. One can normalize 3G’370’1’1 := 0 by choosing 7 := 3G301,1.

Once this is done, G5 ;1 = G30,1,1 € R is an invariant.

Again, we can re-apply the process of Proposition [£.1] to prenormalize the coordinates
without touching the lower order normalizations.

We already saw in Lemma that for any weight v > 5, no degree of freedom exists.
Since only 2 + 1 = 3 real degrees of freedom have been encountered, namely fo € C in
weight v = 3 and Jgg € R in weight v = 4, we conclude that the answer to Question
is positive.

All this enables us to conclude the present section by stating results which come from

our analysis.

Theorem 6.9. Every local rigid €* graphed hypersurface M® C C* 3 (z,(,w = u + iv)

passing through the origin of equation

b—cxd
u = Z Fa,b,c,dZaC ch )

a+b+c+d>1

whose Levi form is of constant rank 1 and which is 2-nondegenerate:

Fz F= Fz F-=
Fz#0=|" "% and 0#| ~° #
Fe Fg F.. F;

1s equivalent, through a local rigid biholomorphism

(2, ¢ w) — (£(2,0),9(2,0), pw + h(2,Q)) = (<, ¢, w'), peR”

to a rigid €“ hypersurface M’ > €' which, dropping primes for target coordinates, is a
perturbation of the Gaussier-Merker model—homogeneous of order 2 in (z,Z)—
= 1,27 | 122
22+ 52°C + 5% —d
u = 2 C 2 C + Z Ga,b,c,dzagbzcc

1- CC a,b,c,deN
a+c>3

with a simplified remainder G which

(1) is normalized to be an O,%(3);
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(2) satisfies the prenormalization conditions G = Oz(3) + O¢(1) = 0.(3) + O¢(1), or
equivalently,

Gap00=0=Goocds Gap10=0=GCG10cd Gap20=0=0CG20,4d;

(3) satisfies in addition the sporadic normalization conditions

G3,001=0=Go130, SG30,1,1=0=S5G1,1.30-

There is of course no uniqueness of a rigid biholomorphic map which transfers M to
an M’ satisfying all these normalization conditions (1), (2), (3), just because any post-

composition with a dilation-rotation map
(Z/, C/>w/) — (p1/26i¢2/,€2i§0€/,p’w/) _ (Z”, //’w//)’ pE R* Q€ R

will transfer M’ into an M” = {u” = m” + G”} which enjoys again the normalization

conditions (1), (2), (3), since one obviously has

" ate=2 ;o(a+2b—c—2d) _ vt
Ga,b,c,dp 2 e - Ya,b,c,d*

Remind that such dilation-rotation maps parametrize the 2-dimensional isotropy group
of the origin for the Gaussier-Merker model {u' = m(z’, ',z ,Z,)}. Fortunately, an ex-
amination of our analysis above can show that these two parameters p, ¢ are the only
ambiguity, since once one assumes that f = z+ fo+ f3 +--- with no p*/2¢* in front of z,
that g = C4+ g1+ g2+ - - -, and that h = w4+ hz + hy + - - -, with no p'/2e*?, our reasonings
showed uniqueness (exercise) of the map to normal form.

To finish, let us abbreviate the space of power series G = G(z,(, %, () satisfying the

normalization conditions (1), (2), (3) as
Na 1.

Corollary 6.10. Two rigid €% hypersurfaces M° C C* and M’ cc? belonging to €5 1,
both brought into normal form

u=m+G, GeNgp,

u=m'+G, G e 9’1’271
are rigidly biholomorphically equivalent if and only if there exist two constants p € R*,
p € R, such that for all a, b, ¢, d,

atc—2 . o
Ga,bﬂ?,d = G;,b,c,dp 2 eup(a—i—Qb ‘ Qd)'

Granted that hypersurfaces can be put into such a normal form, this criterion is quite

effective to determine whether two M, M’ € €y are rigidly equivalent.
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7. A summary of further results

As an epilog, we now briefly describe some results which were detailed in the longer memoir
prepublished as in [1], and which will appear elsewhere.

Adding factorials for technical reasons, consider a rigid €21 hypersurface M° C C3
with 0 € M,

F, b.cd —d
w=F = E a,b,c, Zacbzcc )
aldbleld!
a+b+c+d>1

By Theorem there exists a rigid biholomorphism which transforms M into normal

form

= Ga7b7c7d a bfcid
u=m(z(7,0+ Y, e’z
a+c>3

with the G ¢ q satisfying the normalizing conditions stated there.

Question 7.1. How do the final coefficients G, ... express in terms of the initial coetffi-

cients F, 4447

In Section 9 of [1], we present a general method inspired from [2] which proceeds with
truncated group actions on jet spaces of increasing orders in order to keep track of how
the G, ... express in terms of the F,,,,. Without proofs, we would like to show what
the outcome is, up to order 5 included.

With the standard weighting [z bECZd} :=a + b+ c+d, looking at the terms G4 and
G5 after Lemma we see that, in normal form, the remainder G has no order 4 term,

and just the following 3 couples of order 5 monomials remain
u:zz+§z §+§z C+zz§§+§z CCC+§Z ¢CC
b G0 T+ - Go140CF + —Co2307°C + - Goasc?5
51 701,40 g 701,40 1970230 1970230
1 - 1
+5G11302° 2+ £G113.02CZ + 0, 5 2(6).

Question 7.2. How G140 € C, how Go230 € C, how G1,130 € R express in terms of

{Fa,b,c,d}a+b+c+d§5 ?

In [1], we show with details that the three quantities
Vo = Go,1,40 {Fapc.d}atbietrd<s),

Iy := Gops,0({Fupedtarbrerass),

Qo = G1,130({Fupecdtatbretd<s)
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are relative differential invariants under rigid biholomorphisms, in accordance with Theo-
rem Furthermore,

11 terms in degree 4

Vo = ;
3F10,1,0(F0,1,1,0F1,02,0 — Fo,1,2,0F1,0,1,0)?
7 52 terms in degree 9
0 — ;
3/2
Fro10(F0,1,1,0F1,020 = F0,1,2,001,0,1,0)%(F1,0,01F2,0,1,0 = £1,0,1,0£2,0,0,1)
0 824 terms in degree 18
0 pr—

b
6F701.0(Fo.1,1,0F1020 — Fo,1,20F1,0,1,0)*(F1,001F2010 = Fi,010F2001)

where the numerator of Vj is

2 2 2
3F0,1,1,0F170,2,0F1,0,4,0 - 5F0,1,1,0F1,o,3,o —3F0,1,1,0F0,1,2

Pt ikl s 9Ly

0F1,0,1,0F1,0,4,0
2
+12F0,1,1,0£0,1,2,0£1,0,2,0F1,0,3,0 + 10F0,1,1,0£0,1,3,0F1,0,1,0F1,0,3,0 — 12F0,1,1,0F0,1,3,0F7 02,0
2
—3F0,1,1,0601,4,0F1,01,0F1,0,20 — 12F( 1 20F1,0,1,0£1,0,3,0 + 12F0,1,2,0F0,1,3,0F1,0,1,0F1,0,2,0

2 2 2
+ 3F0,1,2,0F0,1,4,0F7 01,0 = 9F0,1,3.0F70,1,0/
and where the numerator of Ij is

ng1’1,0F1,0,0,1F1270,1,0F1,0,2,0F2,0,1,0F2,0,3,0 - F(iLl_yoFl,0,0,1F1270’1,0F1,0,3,0F2,O,1,0F2,0,2,0
+2F5 11 0F1,001F1,01,0F7 0,2,0F3,01,0 = 6F511.0F1,001F7 0.2,0F5.0.1.,0
— F('il,170Ff’,071,0F1,0,2,0F2,0,0,1F2,0,3,0 + F(i1,1,0F13,0,1,0F1,o,3,0F2,0,o,1F2,o,2,o
- 2Fg,1,1,0F12,0,1,01E11370,2,0F3,070,1 + 6F(i1,1,oFLO,1,0F13,072,0F270,071F2,071,0
— FOQ,L1’0F0,1,2,0F1,0,0,1Fﬁoyl,on,o,Lon,o,?,,o — 6F02,1,1,0F0,1,2,0F1,0,0,1F12,0,1,0F12’0,2,0F3,0,1,0
+ FOQ,L1,oFo,1,2,0F1,o,o,1F12,0,170F1,0,3,0F22,0,1,o + 18Fg,1,1,0F0,1,2,0F1,o,0,1F1,0,1,0F12,0,2,0F22,0,1,0
+ F0271,170F0,1,2,0Ff{0,170F2,0,o,1F2,o,3,0 + 6F&l,l70F0,1,2,0F13,0,1,0F12,0,2,0F3,0,0,1
- F02,1,170F0,1,2,0F1370,170F1,0,3,0F2,0,0,1F2,0,1,0 - 18F02,171,oFo,l,2,0F12,o71,0F1270,270F2,0,0,1F2,0,1,0
+ F&l,1’0F0,1,3,0F1,0,0,1Ff’,o,l,on,o,Lon,o,z,o - FOZ,LLOFO,1,3,0F1,0,0,1Fﬁo,l,oFLo,z,oFgQ,o,l,o
- Fo2,1,170F0,1,3,0F14,o,170F2,0,0,1F2,0,2,0 + Fo2,1,1,0F0,1,3,0F13,o,1,0F1,0,2,0F2,0,0,1F2,0,1,0
- 2F027171,()Fl,0,0,1F137071,oFl,0,2,0F1,1,3,0F2,0,1,0 + 2Fg,17170F1,0,0,1F§,07170F1,0,3,0F1,1,2,0F2,0,1,0
+ 2F027171,0F14,0,170F1,0,2,0F1,1,3,0F2,0,0,1 - 2F0271,1,0F14,o,1,0F1,0,3,0F1,1,2,0F2,0,o,1
+ 6F0,1,1,0F()2,1’2,0F1,0,0,1F13,0’1,0F170,2,0F3,0,1,0 - 18F0,1,170F02’1’2}0F1)0’0’1F12’0,1,0F1)0’2’0F22’0,1’0
- 6F(),1,1,0Fo2,1,z,oFﬁo,1,0F1,0,2,0F3,0,0,1 + 18Fo,1,1,()F§,1,270F370,1,0F1,0,2,0F2,0,0,1F2,0,1,0
+ 2F0,1,1,0Fo,1,2,0F1,0,0,1Fﬁo,170F1,1,3,0F2,o,1,0 - 2Fo,1,1,0F0,1,2,0F1,0,0,1Fi370,1,0F1,0,3,0F1,1,1,0F2,0,1,o
- 2Fo,l,1,oFo,l,2,0F15,o,1,oFl,1,3,0F2,0,0,1 + 2Fo,1,1,0Fo,1,2,0F1470,170F1,0,3,0F1,1,1,0F2,0,0,1
- 2Fo71,1JJFO,1,3,0117170,0,1F14,o,1,oFl71,2,0F2,071,0 + 2F0,171,0F071,370F1,070,1F13,0,170F1,072,0F1,1,170F2,0,1,0
+ 2F0,1,1,0F0,1,3,0F30,1,0F1,1,2,0F2,0,0,1 — 2F0,1,1,0F0,1,3,0F14,0,1’0F1,0,2,0F1,1,1,0F2,0,0,1
- Fo,l,1,0F0,2,2,0F1,0,0,1F14,o,1,oF1,0,3,0F2,0,1,0 + Fo,l,1,0F0,2,2,0F15,o,170F1,o,3,0F2,0,0,1

4 5
+ £0,1,1,0F0,2,3,01,0,0,1F7.0,1,061,0,2,0F2,0,1,0 — F0,1,1,060,2,3,0F7 0.1,0£1,0,2,0F2,0,0,1
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- 2Fg,1,2,0F1,0.,0,1Ffl,o,LoFB,O,l,O + 6Fg’,1,2,0}7‘170,0711:‘13,0,1,0}722,0,1,0

+2F5 1 50FT 01,085,001 = 6F5 1.2 0F10.1,0F20,0,1F2,0,1,0

+ Fo,1,2,0F0,2,1,0F1,o,o,1Fﬁo,l,oFl,o,&oFQ,o,l,o - Fo,l,2,0F0,2,1,0F15,o,1,0F1,0,3,0F2,0,0,1
- F071,270F0,273,0F1,0,071Ff,o,1,0F2,0,170 + F0,172,0F072,3,0F16,o71,0F270,071

— Fo,1,3,0F072,1,0F1,0,0,1Fﬁ(),l,oF1,072,0F2,0,1,0 + FO,1,3,0F0,2,1,0F1570,1’0F170,2,0F2,0,0,1

5 6
+ F0,1,3,0£0,2,2,0671,0,0,1F70,1,0£2,0,1,0 — £0,1,3,0F0,2,2,0F70,1,0£2,0,0,1-
Question 7.3. Why chasing explicit expressions?

Before this article, in [6], we applied Cartan’s equivalence method to rigid biholomor-
phic equivalences of rigid €21 hypersurfaces M > C C3, and we found two primary relative
differential invariants named Vj, Iy, plus a secondary one @Qy. Let us briefly describe the
main result of [6], and argue that explicit expressions prove a perfect matching of the full
expressions of Vj, Iy, QQp found by two completely different approaches.

Consider as before a rigid M® c C3 with 0 € M, which is 2-nondegenerate and has

Levi form of constant rank 1, i.e., belongs to the class €3 1, and which is graphed as
U = F(Zl, Zg,gl,fg).

Now, the letter ¢ is protected, hence not used instead of zo, since ¢ will denote a 1-form.

Two natural generators of T0M in the intrinsic coordinates (21, 22, 21, Z2,v) on M are
A =0, —iF, 0, and £ :=0,, —iF,,0,.

The Levi kernel bundle KM < T1OM is generated by
F _
H =k + L, where k= -2
F21§1

is the slant function. The hypothesis of 2-nondegeneracy is equivalent to the nonvanishing
0# Z1(k).

Also, the conjugate .# generates the conjugate Levi kernel bundle K%' ¢ 701/,

There is a second fundamental function, and no more

P = M
F.z

In the rigid case, it looks so simple, but in the nonrigid case [521], we would like to
mention that P has a numerator involving 69 differential monomials (!).

In [6], we produced a reduction to an {e}-structure for the equivalence problem, under
rigid (local) biholomorphic transformations, of such rigid M® € €51. We constructed an

invariant 7-dimensional bundle P” — M?® equipped with coordinates

(217 2272172271}7(:76)
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with ¢ € C, together with a collection of seven complex-valued 1-forms which make a
frame for T*P7, denoted

{p7K7C7EaZ7ava}7 ﬁ:p
which satisfy 7 finalized invariant exterior differential equations of the form

dp=(a+a)Ap+ik AR,
dv =aANk+ (AR,

1 1
d{ =(a—a)ANC+ —-Iprk N+ =Vpk AR,

c cc

- 1 _ 1 1= =
dao=C(N(——Iop( NE+ =Qor NE+ =IoC N K
c cc C

conjugate structure equations for dr, d¢, da being easily deduced.

Here, there are exactly two primary Cartan-curvature invariants

.__@1(?1(»% L5 (2 fl AN EATEZ10) NS Sy g
Yo =3 21k 9( ) 9 Zi(k) T3Lb) = gPP,
I.__;%(E(zl(km 1A <k>>xl<zl<k»+m< (F) |, 224(Z1(k))
N NE 3 21 (k)3 3 Ak 3 Zik)

Furthermore, there is one secondary invariant whose unpolished expression is

L&k ))> T, 1 <P— iﬂl@ﬁ(@)) To — 1. (W)
21 (k) Z1(k) 2. 2:(k)

1— 1
Q[) = 231(]0)—3<P— 6

Visibly indeed, the vanishing of Iy and Vj implies the vanishing of Q9. In fact, a

consequence of Cartan’s general theory is
0=Vy=1y <= M isrigidly equivalent to the Gaussier-Merker model.

When one inserts the expressions of k, P in terms of F inside Vjy, Iy, o, and when one

factorizes, simplifies, reorganizes, one obtains

Theorem 7.4 (On a computer). Up to multiplication by a complex number of modulus 1,
the expressions of Vi, Iy, Qo obtained either by the normal forms method or by Cartan’s

equivalence method are exactly the same.

However, the normal forms method showed by construction that Qo = G1,13,0(Fe...)
is real-valued, whereas the expression of @y found in [6] and copied just above does not
look real-valued. Even a sub-part of )y above which seems real-valued is not, because
—% #* —%! For some time, we thought there could be some errors somewhere, because

computations in [6] were done manually.
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Fortunately, there were no errors, and in Section 8 of the longer memoir prepublished as
in [1], an equivalent clean finalized expression of Qo, in terms of only the two fundamental
functions k, P (and their conjugates), from which one immediately sees real-valuedness,

has been obtained

_ 1 1( 1 )
Qo =2Re { 9 yl(k)‘l 9 ?l(k)?’
1A (L) ZL1(Z(k)P 1 L(ZL1(k)Z1(ZLa(k)
9 Z(k)? 9 Z1(k)?
LA (ZAZ))P 2 AZR)P 1 Z1(Z1(k)P
9 Z1(k)? 9 Zi(k) 9 Zi(k)
LAZL(ZL1(R) | 1+
3 Z.(h) + 6.,2”1(13)}
1 1| 2121 (k)|
ARt
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