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Homogeneous q-difference Equations and Generating Functions for the

Generalized 2D-Hermite Polynomials

Zeya Jia

Abstract. In this paper, we deduce several types of generating functions for q-2D

Hermite polynomial by the method of homogeneous q-difference equations. Besides,

we deduce a multilinear generating function for q-2D Hermite polynomials as a gener-

alization of Andrew’s result. Moreover, we build a transformation identity involving

the generalized q-2D Hermite polynomials by the method of homogeneous q-difference

equations. As an application, we give a transformation identity involving Dq(m,n)

and D∗
q (m,n).

1. Introduction and statement of results

The 2D-Hermite polynomials {Ĥm,n(z1, z2)} are defined by [16]

(1.1) Ĥm,n(z1, z2) =
m∧n∑
k=0

(
m

k

)(
n

k

)
(−1)kk!zm−k1 zn−k2 , where m ∧ n = min(m,n).

Recently several mathematical physicists studied these types of polynomials from math-

ematical and physical points of view. Recent references on the 2D-Hermite polynomials

are [14,21–23].

Ismail and Zhang [15] introduced (1.2) and (1.3) as the q-analogues of (1.1):

H̃m,n(z1, z2) =
m∧n∑
k=0

[
m

k

][
n

k

]
(−1)kq(

k
2)(q; q)k z

m−k
1 zn−k2 ,(1.2)

hm,n(z1, z2) =
m∧n∑
k=0

[
m

k

][
n

k

]
(−1)kq(m−k)(n−k)(q; q)k z

m−k
1 zn−k2 .(1.3)

By using the raising and lowing operators, they got several types of generating func-

tions for q-2D Hermite polynomials. This paper arose from the desire to understand the

generalized q-2D Hermite polynomials through the method of homogeneous q-difference

equations and to give some new applications.
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Throughout this paper, we use the standard q-notations [2, 12]. For |q| < 1, we define

the q-shifted factorials as

(a; q)0 = 1, (a; q)n =
n−1∏
k=0

(1− aqk), (a; q)∞ =
∞∏
k=0

(1− aqk).

For convenience, we also adopt the following compact notation for the multiple q-shifted

factorial:

(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n,

where n is an integer or ∞. The basic hypergeometric series rφs is defined as

rφs

(
a1, a2, . . . , ar
b1, b2, . . . , bs

; q, z

)
=
∞∑
n=0

(a1, a2, . . . , ar; q)n
(q, b1, b2, . . . , bs; q)n

(
(−1)nqn(n−1)/2

)1+s−r
zn.

The q-binomial coefficients are defined by[
m

k

]
=

(q; q)n
(q; q)k(q; q)n−k

.

For any function f(x), the q-derivative of f(x) with respect to x, is defined as

Dq,x{f(x)} =
f(x)− f(qx)

(1− q)x
,

and we further define D0
q,x{f(x)} = f(x), and for n ≥ 1, Dnq,x{f(x)} = Dq{Dn−1q,x {f(x)}}.

The Leibniz rule for Dq,x is

(1.4) Dn
q,x(fg)(x) =

n∑
k=0

[
n

k

]
Dk
q,xf(x)Dn−k

q,x g(xqk).

The q-binomial theorem is
∞∑
n=0

(a; q)n
(q; q)n

zn =
(az; q)∞
(z; q)∞

.

Two important special and limiting cases are the Euler identities

(1.5)

∞∑
n=0

zn

(q; q)n
=

1

(z; q)∞
and

∞∑
n=0

(−z)nq(
n
2)

(q; q)n
= (z; q)∞.

The Rogers-Szegő polynomials are given by [1]

hn(b, c|q) =

n∑
k=0

[
n

k

]
bkcn−k and gn(b, c|q) =

n∑
k=0

[
n

k

]
qn(k−n)bkcn−k.

Chen, Fu and Zhang [6] introduced the following homogeneous Rogers-Szegő polynomials

and gave some results

hn(x, y|q) =

n∑
k=0

[
n

k

]
pk(x, y) and pk(x, y) = (x− y)(x− yq) · · · (x− yqk−1).
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Motivated by Liu [19] and Cigler [9], Cao and Niu studied the extension of Cigler’s poly-

nomials by the q-difference equations [4]

(1.6) C(α)
n (x, b) =

n∑
k=0

[
n+ α

k

][
n

k

]
(−1)kq(

k
2)(q; q)k x

n−kbk

and

(1.7) D(α)
n (x, b) =

n∑
k=0

[
n+ α

k

][
n

k

]
(−1)kqk

2−kn(q; q)k x
n−kbk.

Actually, it is natural to research the further extension of q-2D Hermite polynomials

as follows:

(1.8) Hm,n(z1, z2, z, a) =

m∧n∑
k=0

[
m

k

][
n

k

]
(−1)kq(

k
2)(a; q)k z

m−k
1 zn−k2 zk

and

(1.9) Qm,n(z1, z2, z, a) =

m∧n∑
k=0

[
m

k

][
n

k

]
(−1)kq−mk−nk+k

2
(a; q)k z

m−k
1 zn−k2 zk.

Remark 1.1. (1) When taking a = q, m = n + α, z1 = 1, z2 = x and z = b in (1.8), we

obtain (1.6). Noting that m and n are integers, the equation m = n+ α implies that α is

an integer.

(2) When taking a = q, m = n+ α, z1 = 1, z2 = x and z = bqn+α in (1.9), we obtain

(1.7). Similarly, α is also an integer as in (1).

(3) When taking z = 1 and a = q in (1.8) and (1.9) respectively, Hm,n(z1, z2, z, a) =

H̃m,n(z1, z2), Qm,n(z1, z2, z, a) = q−mnhm,n(z1, z2).

(4) When taking m = n, a = 0, z = −tz1z2q2n in (1.9), we have the q-Narayana

polynomials [10]:

M̃n(t) = (z1z2)
n

n∑
k=0

[
n

k

]2
qk

2
tk.

The method of q-difference operator has shown to be effective in solving generating

functions for certain q-orthogonal polynomials. For more information, please refer to

[5–8, 17]. Liu [18] established the key relation between q-exponential operator and q-

difference equations by using analytic function. In [3], Cao gave the generating functions

of q-hypergeometric polynomials by using the special homogeneous q-difference equations.

Analytic functions expansion and q-difference equations often serve as a building block

in finding the generating functions for orthogonal polynomials. Indeed, if an analytic

function in several variables satisfies a system of q-difference equations, then, it can be

expanded in terms of the product of some polynomials.
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Liu [19] obtained several important results on Rogers-Szegő polynomials by the fol-

lowing q-difference equations with two variables. Liu and Zeng [20] further the relations

between the q-difference equations and Rogers-Szegő polynomials.

Proposition 1.2. Let f(a, b) be a two-variable analytic function at (0, 0) ∈ C2. Then

(a) f can be expanded in terms of hn(a, b|q) if and only if f satisfies the functional

equation

bf(aq, b)− af(a, bq) = (b− a)f(a, b).

(b) f can be expanded in terms of gn(a, b|q) if and only if f satisfies the functional

equation

af(aq, b)− bf(a, bq) = (a− b)f(aq, bq).

The main task of the paper is to research the following homogeneous q-difference

equations and the generating functions for the generalized q-2D Hermite polynomials.

Theorem 1.3. Let f(z1, z2, z, a) be a 4-variable analytic function at (0, 0, 0, 0) ∈ C4. Then

f can be expanded in terms of Hm,n(z1, z2, z, a) if and only if f satisfies the functional

equation

z[a{f(z1, z2, zq
2, a)− f(z1q, z2, zq

2, a)− f(z1, z2q, zq
2, a) + f(z1q, z2q, zq

2, a)}

− {f(z1, z2, zq, a)− f(z1q, z2, zq, a)− f(z1, z2q, zq, a) + f(z1q, z2q, zq, a)}]

= z1z2{f(z1, z2, zq
2, a)− 2f(z1, z2, zq, a) + f(z1, z2, z, a)}.

(1.10)

Proof. From the theory of several complex variables, we assume that

(1.11) f(z1, z2, z, a) =

∞∑
k=0

Ak(z1, z2, a)zk.

Substituting the above equation into (1.10), we have

z

[
a
∞∑
k=0

(zq2)k{Ak(z1, z2, a)−Ak(z1, z2q, a)−Ak(z1q, z2, a) +Ak(z1q, z2q, a)}

−
∞∑
k=0

(zq)k{Ak(z1, z2, a)−Ak(z1, z2q, a)−Ak(z1q, z2, a) +Ak(z1q, z2q, a)}
]

= z1z2

∞∑
k=0

zk(qk − 1)2Ak(z1, z2, a).

(1.12)

By direct calculation, equating coefficients of zk on both sides of (1.12), we obtain

Ak(z1, z2, a) =
(1− q)2qk−1(aqk−1 − 1)

(qk − 1)2
Dq,z1Dq,z2{Ak−1(z1, z2, a)}.
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Repeating this process, we have

Ak(z1, z2, a) =
(1− q)2k(−1)kq(

k
2)(a; q)k

(q; q)2k
(Dq,z1Dq,z2)k{A0(z1, z2, a)}.

Setting f(z1, z2, 0, a) = A0(z1, z2, a) =
∑∞

m,n=0 µm,nz
m
1 z

n
2 , we have

Ak(z1, z2, a) =
(1− q)2k(−1)kq(

k
2)(a; q)k

(q; q)2k

∞∑
m,n=0

µm,n{Dk
q,z1(zm1 )}{Dk

q,z2(zn2 )}

=
(1− q)2k(−1)kq(

k
2)(a; q)k

(q; q)2k

∞∑
m,n=k

µm,n

[
m

k

]
(q; q)k

(1− q)k
zm−k1

[
n

k

]
(q; q)k

(1− q)k
zn−k2 .

By using (1.11), we have

f(z1, z2, z, a)

=

∞∑
k=0

(1− q)2k(−1)kzkq(
k
2)(a; q)k

(q; q)2k

∞∑
m,n=k

µm,n

[
m

k

]
(q; q)k

(1− q)k
zm−k1

[
n

k

]
(q; q)k

(1− q)k
zn−k2

=

∞∑
m,n=0

m∧n∑
k=0

µm,n(−1)kzkq(
k
2)(a; q)k

[
m

k

][
n

k

]
zm−k1 zn−k2

=
∞∑

m,n=0

µm,nHm,n(z1, z2, z, a).

We complete the proof of this theorem.

Theorem 1.4. Let g(z1, z2, z, a) be a 4-variable analytic function at (0, 0, 0, 0) ∈ C4. Then

g can be expanded in terms of Qm,n(z1, z2, z, a) if and only if g satisfies the functional

equation

z[a{g(z1q
−1, z2q

−1, zq, a)− g(z1q
−1, z2, zq, a)− g(z1, z2q

−1, zq, a) + g(z1, z2, zq, a)}

− {g(z1q
−1, z2q

−1, z, a)− g(z1q
−1, z2, z, a)− g(z1, z2q

−1, z, a) + g(z1, z2, z, a)}]

= q−1z1z2{g(z1, z2, z, a)− 2g(z1, z2, zq, a) + g(z1, z2, zq
2, a)}.

(1.13)

Proof. From the theory of several complex variables, we assume that

(1.14) g(z1, z2, z, a) =

∞∑
k=0

Ak(z1, z2, a)zk.
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Substituting the above equation into (1.13), we have

q−1z1z2

{ ∞∑
k=0

(qk − 1)2zkAk(z1, z2, a)

}

= z

[
a

∞∑
k=0

(zq)k{Ak(z1q−1, z2q−1, a)−Ak(z1q−1, z2, a)−Ak(z1, z2q−1, a) +Ak(z1, z2, a)}

−
∞∑
k=0

zk{Ak(z1q−1, z2q−1, a)−Ak(z1q−1, z2, a)−Ak(z1, z2q−1, a) +Ak(z1, z2, a)}
]
.

(1.15)

By direct calculation, equating coefficients of zk on both sides of (1.15), we obtain

Ak(z1, z2, a) =
(1− q)2q−1(aqk−1 − 1)

(qk − 1)2
Dq−1,z1Dq−1,z2{Ak−1(z1, z2, a)}.

Repeating this process, we have

Ak(z1, z2, a) =
(1− q)2k(q−1)k(−1)k(a; q)k

(q; q)2k
(Dq−1,z1Dq−1,z2)k{A0(z1, z2, a)}.

Setting g(z1, z2, 0, a) = A0(z1, z2, a) =
∑∞

m,n=0 µm,nz
m
1 z

n
2 , we have

Ak(z1, z2, a) =
(1− q)2k(q−1)k(−1)k(a; q)k

(q; q)2k

∞∑
m,n=0

µm,n{Dk
q−1,z1

(zm1 )}{Dk
q−1,z2

(zn2 )}

=
(1− q)2k(q−1)k(−1)k(a; q)k

(q; q)2k

∞∑
m,n=k

µm,n
zm−k1 q−mk+(k2)

(1− q−1)k

×
[
m

k

]
(q; q)k (−1)k

zn−k2 q−nk+(k2)

(1− q−1)k

[
n

k

]
(q; q)k (−1)k.

By using (1.14), we have

f(z1, z2, z, a) =

∞∑
m,n=0

m∧n∑
k=0

µm,n(−1)kzkq−mk−nk+k
2

[
m

k

][
n

k

]
(a; q)k z

m−k
1 zn−k2

=

∞∑
m,n=0

µm,nQm,n(z1, z2, z, a).

We complete the proof of this theorem.

The rest part of this paper is organized as follows. In Section 2, we give two types of

generating functions for the generalized q-2D Hermite polynomials with four parameters

by the method of homogeneous q-difference equations. In Section 3, we gain a mixed

generating functions for the generalized q-2D Hermite polynomials and the homogeneous
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Rogers-Szegő polynomials. In Section 4, we deduce multilinear generating function for

the generalized q-2D Hermite polynomials as a generalization of Andrew’s result. In Sec-

tion 5, we obtain a dual multilinear generating functions for the generalized q-2D Hermite

polynomials. In Section 6, we build a transformation identity involving the generating

functions of Hm,n(z1, z2, z, a). In Section 7, as an application, a transformational identity

is given in regard of Dq(m,n) and D∗q(m,n).

2. Generating function for the generalized q-2D Hermite polynomials

Ismail and Zhang [15] gave the following generating function for the q-2D Hermite poly-

nomials by using the transformation and summation.

Proposition 2.1. For max{|u|, |v|, |z1|, |z2|} < 1, we have

(2.1)
∞∑

m,n=0

umvn

(q; q)m(q; q)n
H̃m,n(z1, z2) =

(uv; q)∞
(uz1, vz2; q)∞

and

(2.2)
∞∑

m,n=0

um

(q; q)m

vn

(q; q)n
q(m−n)

2/2hm,n(z1, z2) =
(−z1uq1/2,−z2vq1/2; q)∞

(−uv; q)∞
.

In this section, we generalize the generating function for q-2D Hermite polynomials by

the method of homogeneous q-difference equations.

Theorem 2.2. For max{|u|, |v|, |z1|, |z2|, |a|, |z|} < 1, we have

(2.3)

∞∑
m,n=0

umvn

(q; q)m(q; q)n
Hm,n(z1, z2, z, a) =

1

(uz1, vz2; q)∞

∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)2k
(uvz)k

and

∞∑
m,n=0

um

(q; q)m

vn

(q; q)n
q(m

2+n2)/2Qm,n(z1, z2, z, a)

= (−z1uq1/2,−z2vq1/2; q)∞
∞∑
k=0

(a; q)k
(q; q)2k

(−uvz)k.
(2.4)

Remark 2.3. For z = 1 and a = q in the above theorem, (2.3) and (2.4) reduce to (2.1)

and (2.2) by using (1.5), respectively.
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Proof of Theorem 2.2. Denoting the right-hand side of (2.3) by f(z1, z2, z, a), we verify

that f(z1, z2, z, a) satisfies (1.10):

f(z1, z2, z, a) =
1

(uz1uz2; q)∞

∞∑
k=0

(−1)kq(
k
2)(a; q)k (uvz)k

(q; q)2k

=
∞∑
k=0

(−1)kq(
k
2)(a; q)k (uvz)k

(q; q)2k

∞∑
n=0

(uz1)
n

(q; q)n

∞∑
m=0

(vz2)
m

(q; q)m

=
∞∑

m,n=0

m∧n∑
k=0

(1− q)2k(−1)kq(
k
2)(a; q)k

(q; q)2k

umvn

(q; q)m(q; q)n
(Dq,z1Dq,z2)k(zn1 z

m
2 ),

so we have

f(z1, z2, z, a) =

∞∑
m,n=0

µm,nHm,n(z1, z2, z, a)

and

f(z1, z2, 0, a) =
∞∑

m,n=0

µm,nz
m
1 z

n
2 =

1

(uz1, vz2; q)∞
=
∞∑
m=0

(uz1)
m

(q; q)m

∞∑
n=0

(vz2)
n

(q; q)n
.

Thus, we have

f(z1, z2, z, a) =
∞∑

m,n=0

umvn

(q; q)m(q; q)n
Hm,n(z1, z2, z, a).

On the other hand, rewriting the right-hand side of (2.4) as g(z1, z2, z, a), we can verify

that (2.4) satisfies (1.13), so

g(z1, z2, z, a) =

∞∑
m,n=0

µm,nQm,n(z1, z2, z, a)

and

g(z1, z2, 0, a) =

∞∑
m,n=0

µm,nz
m
1 z

n
2 = (−z1uq1/2,−z2vq1/2; q)∞

=

∞∑
m=0

q(
m
2 )(z1q

1/2)m

(q; q)m

∞∑
n=0

q(
n
2)(z2q

1/2)n

(q; q)n
.

Thus, we have

g(z1, z2, z, a) =

∞∑
m,n=0

umvnqm
2/2+n2/2

(q; q)m(q; q)n
Qm,n(z1, z2, z, a).

Taking m = n + α, z = b, z1 = 1, z2 = x, a = q and m = n + α, z = bqn, z1 = 1,

z2 = x, a = q respectively, we have the following corollary.
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Corollary 2.4. If |u| < 1, |v| < 1, |b| < 1 and |x| < 1, we have

∞∑
n=0

un+αvn

(q; q)n+α(q; q)n
C(α)
n (x, b) =

(uvb; q)∞
(u, vx; q)∞

and

∞∑
n=0

un+αvn

(q; q)n+α(q; q)n
q(n

2+2nα+α2/2)D(α)
n (x, b) =

(−uq1/2,−vxq1/2; q)∞
(−uvb; q)∞

(−uvb; q)n+α.

3. A mixed generating function for the generalized q-2D Hermite polynomials

Using the homogeneous q-difference operator, Chen, Fu and Zhang [6] gave the generating

function for the homogeneous Rogers-Szegő polynomials.

Proposition 3.1. If |t| < 1 and |x| < 1, we have

∞∑
n=0

hn(x, y|q) tn

(q; q)n
=

(yt; q)∞
(t, xt; q)∞

.

In this section, we obtain the following mixed generating function for the generalized

q-2D Hermite polynomials and the homogeneous Rogers-Szegő polynomials.

Theorem 3.2. For max{|z1|, |z2|, |t|, |x|, |y|, |a|} < 1, we have

∞∑
m,n=0

um

(q; q)m

tn

(q; q)n
hn(x, y|q)Hm,n(z1, z2, z, a)

=
(ytz2; q)∞

(uz1, z2t, xtz2; q)∞

∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)2k
(zut)k

k∑
l=0

[
k

l

]
(xqk−l)l

(y/x, z2t; q)l
(ytz2; q)l

.

(3.1)

Remark 3.3. For x = y and t = v in Theorem 3.2, (3.1) reduces to (2.3).

Proof of Theorem 3.2. Denoting the right-hand side of (3.1) as f(z1, z2, z, a), we have

f(z1, z2, z, a)

=
(ytz2; q)∞

(uz1, z2t, xtz2; q)∞

∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)2k
(zut)k

k∑
l=0

[
k

l

]
(xqk−l)l

(y/x, z2t; q)l
(ytz2; q)l

=
1

(uz1; q)∞

∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)2k
(zu)k

k∑
l=0

[
k

l

]
(xt)l(tql)k−l(y/x; q)l

(ytz2q
l; q)∞

(xtz2, tz2ql; q)∞

=

∞∑
k=0

(−1)kq(
k
2)(1− q)2k(a; q)k

(q; q)2k
zkDk

q,z1

{
1

(uz1; q)∞

}
Dk
q,z2

{
(ytz2; q)∞

(tz2, xtz2; q)∞

}
.
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By using (1.4), we verify that the above equation satisfies (1.10), so we have

f(z1, z2, z, a) =

∞∑
m,n=0

µm,nHm,n(z1, z2, z, a)

and

f(z1, z2, 0, a) =
∞∑

m,n=0

µm,nz
m
1 z

n
2 =

(ytz2; q)∞
(uz1, z2t, xtz2; q)∞

=
∞∑

m,n=0

umtn

(q; q)m(q; q)n
hn(x, y|q)zm1 zn2 .

Thus, we have

f(z1, z2, z, a) =

∞∑
m,n=0

umtn

(q; q)m(q; q)n
hn(x, y|q)Hm,n(z1, z2, z, a).

4. Multilinear generating function for the generalized q-2D Hermite polynomials

Andrews [1] proved the following formula for the q-Lauricella function.

Proposition 4.1. For max{|α|, |r|, |y1|, . . . , |yk|} < 1, we have
∞∑

n1,n2,...,nk=0

(α; q)n1+n2+···+nk

(r; q)n1+n2+···+nk

(β1; q)n1(β2; q)n2 · · · (βk; q)nk

(q; q)n1(q; q)n2 · · · (q; q)nk

yn1
1 yn2

2 · · · y
nk
k

=
(α, β1y1, β2y2, . . . , βkyk; q)∞

(r, y1, y2, . . . , yk; q)∞
k+1φk

(
r/α, y1, y2, . . . , yk
β1y1, β2y2, . . . , βkyk

; q, α

)
.

By using q-Partial differential equation, Liu [19] generalized Andrew’s result (βi = 0).

Proposition 4.2. For max{|α|, |r|, |x1|, . . . , |xk|, |y1|, . . . , |yk|} < 1, we have
∞∑

n1,n2,...,nk=0

(α; q)n1+n2+···+nk

(r; q)n1+n2+···+nk

hn1(x1, y1|q)hn2(x2, y2|q) · · ·hnk
(xk, yk|q)

(q; q)n1(q; q)n2 · · · (q; q)nk

=
(α; q)∞

(r, x1, y1, x2, y2, . . . , xk, yk; q)∞
2k+1φ2k

(
r/α, x1, y1, x2, y2, . . . , xk, yk

0, 0, . . . , 0
; q, α

)
.

In the following, we obtain our main results about the multilinear generating function

by using the homogeneous q-difference equation.

Theorem 4.3. For max{|α|, |r|, |y1|, . . . , |y2k|, |m1|, . . . , |mk|, |a1|, |a2|, . . . , |ak|} < 1, we

have
∞∑

n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

(β1; q)n1(β2; q)n2 · · · (β2k; q)n2k

(q; q)n1(q; q)n2 · · · (q; q)n2k

×Hn1,n2(y1, y2,m1, a1)Hn3,n4(y3, y4,m2, a2) · · ·Hn2k−1,n2k
(y2k−1, y2k,mk, ak)

=
(α, β1y1, β2y2, . . . , β2ky2k; q)∞

(r, y1, y2, . . . , y2k; q)∞

∞∑
l=0

(r/α, y1, y2, . . . , y2k; q)l
(q, β1y1, β2y2, . . . , β2ky2k; q)l

αl

×
∏

i=1,3,...,2k−1
3φ3

(
ai, βi, βi+1

q, βiyiql, βi+1yi+1ql
; q,miq

2l

)
.

(4.1)
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Proof. Rewrite Proposition 4.1 as

∞∑
n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

(β1; q)n1(β2; q)n2 · · · (β2k; q)n2k

(q; q)n1(q; q)n2 · · · (q; q)n2k

yn1
1 yn2

2 · · · y
n2k
2k

=
(α, β1y1, β2y2, . . . , β2ky2k; q)∞

(r, y1, y2, . . . , y2k; q)∞
2k+1φ2k

(
r/α, y1, y2, . . . , y2k

β1y1, β2y2, . . . , β2ky2k
; q, α

)
=

(α; q)∞
(r; q)∞

∞∑
l=0

(r/α; q)l
(q; q)l

(β1y1q
l, β2y2q

l, . . . , β2ky2kq
l; q)∞

(y1ql, y2ql, . . . , y2kql; q)∞
αl.

(4.2)

If we use f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak) to denote the right-hand side of

(4.1), then, by direct computation, we can verify that f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1,

a2, . . . , ak) satisfies (1.10):

f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak)

=
(α; q)∞
(r; q)∞

∞∑
l=0

(r/α; q)l
(q; q)l

∞∑
s1=0

(α1; q)s1(1− q)2s1(−1)s1q(
s1
2 )ms1

1

(q; q)s1

× {Dq,y1Dq,y2}s1
{

(β1y1q
l, β2y2q

l; q)∞
(y1ql, y2ql; q)∞

}
×
∞∑
s3=0

(α2; q)s3(1− q)2s3(−1)s3q(
s3
2 )ms3

3

(q; q)s3
{Dq,y3Dq,y4}s3

{
(β3y3q

l, β4y4q
l; q)∞

(y3ql, y4ql; q)∞

}

×
∞∑

s2k−1=0

(αk; q)s2k−1
(1− q)2s2k−1(−1)s2k−1q(

s2k−1
2 )m

s2k−1

2k−1
(q; q)s2k−1

× {Dq,y2k−1Dq,y2k}s2k−1

{
(β2k−1y2k−1q

l, β2ky2kq
l; q)∞

(y2k−1ql, y2kql; q)∞

}
.

By using Theorem 1.3, there exists a sequence λn1,...,n2k
independent of y1, y2, . . . , y2k,m1,

m2, . . . ,mk, a1, a2, . . . , ak and that

f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak)

=

∞∑
n1,n2,...,n2k=0

λn1,...,n2k
Hn1,n2(y1, y2,m1, a1) · · ·Hn2k−1,n2k

(y2k−1, y2k,mk, ak).

Setting m1 = m2 = · · · = mk = 0 in (4.1) and using (4.2), we have

f(y1, y2, . . . , y2k, 0, 0, . . . , 0, a1, a2, . . . , ak)

=

∞∑
n1,n2,...,n2k=0

λn1,...,n2k
yn1
1 yn2

2 · · · y
n2k
2k

=
(α, β1y1, β2y2, . . . , β2ky2k; q)∞

(r, y1, y2, . . . , y2k; q)∞

∞∑
l=0

(r/a, y1, y2, . . . , y2k; q)l
(q, β1y1, β2y2, . . . , β2ky2k; q)l

αl
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=

∞∑
n1,n2...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

(β1; q)n1(β2; q)n2 · · · (β2k; q)n2k

(q; q)n1(q; q)n2 · · · (q; q)n2k

yn1
1 yn2

2 · · · y
n2k
2k .

We deduce that f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak) is equal to the left-hand

side of (4.1), so we have

f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak)

=

∞∑
n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

(β1; q)n1(β2; q)n2 · · · (β2k; q)n2k

(q; q)n1(q; q)n2 · · · (q; q)n2k

×Hn1,n2(y1, y2,m1, a1)Hn3,n4(y3, y4,m2, a2) · · ·Hn2k−1,n2k
(y2k−1, y2k,mk, ak).

The proof is complete.

If we take k = 1 and α = r in (4.1), we obtain the following corollary.

Corollary 4.4. For max{|y1|, |y2|, |m1|, |β1|, |β2|, |a1|} < 1, we have

∞∑
m,n=0

(β1; q)m(β2; q)n
(q; q)m(q; q)n

Hm,n(y1, y2,m1, a1) =
(β1y1, β2y2; q)∞

(y1, y2; q)∞
3φ3

(
a1, β1, β2

q, y1β1, β2y2
; q,m1

)
.

Further, setting β1 = α/u, β2 = b/v, y1 = z1u, y2 = z2v, a1 = q and m1 = uv, we get

the following generating function of q-2D Hermite polynomials.

Corollary 4.5. [15] For max{|α/u|, |b/v|, |z1|, |z2|, |z|} < 1, we have

∞∑
m,n=0

(α/u; q)mu
m(b/v; q)nv

n

(q; q)m(q; q)n
Hm,n(z1, z2) =

(αz1, bz2; q)∞
(uz1, vz2; q)∞

2φ2

(
α/u, b/v

z1α, bz2
; q, uv

)
.

5. A dual multilinear generating function for the generalized q-2D Hermite

polynomials

Andrew [1] gave Proposition 4.1 by using basic Appell series. In this section, we gain a dual

multilinear generating function for q-2D Hermite polynomials by using the homogeneous

q-difference equation.

Theorem 5.1. For max{|α|, |r|, |m1|, . . . , |mk|} < 1, we have

∞∑
n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

q(n
2
1/2+n

2
2/2+···+n2

2k−1/2+n
2
2k/2)

(q; q)n1(q; q)n2 · · · (q; q)n2k

×Qn1,n2(y1, y2,m1)Qn3,n4(y3, y4,m2) · · ·Qn2k−1,n2k
(y2k−1, y2k,mk)

=
(a,−y1q1/2,−y2q1/2, . . . ,−z2kq1/2; q)∞

(r,−m1,−m2, . . . ,−mk; q)∞

×
∞∑
k=0

(r/α; q)k
(q; q)k

(−m1,−m2, . . . ,−mk; q)2k
(−y1q1/2,−y2q1/2, . . . ,−y2kq1/2; q)k

αk.
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We will give a transformation for Basic Appell series before our main results which is

a dual transformation of Proposition 4.1.

Proposition 5.2. For max{|a|, |c|} < 1, we have

∞∑
m,n=0

(a; q)m+n

(c; q)m+n

xm

(q; q)m

yn

(q; q)n
qm

2/2+n2/2

=
(a; q)∞
(c; q)∞

(−xq1/2,−yq1/2; q)∞
∞∑
k=0

(c/a; q)k
(q,−xq1/2,−yq1/2; q)k

ak.

(5.1)

Proof. The left-hand side of (5.1) can be rewritten as

∞∑
m,n=0

(a; q)m+n

(c; q)m+n

xm

(q; q)m

yn

(q; q)n
qm

2/2+n2/2

=
(a; q)∞
(c; q)∞

∞∑
m,n=0

(cqm+n; q)∞
(aqm+n; q)∞

xmynqm
2/2+n2/2

(q; q)m(q; q)n

=
(a; q)∞
(c; q)∞

∞∑
m,n=0

∞∑
r=0

(c/a; q)ra
rqr(m+n)

(q; q)r

xmynqm
2/2+n2/2

(q; q)m(q; q)n

=
(a; q)∞
(c; q)∞

(−xq1/2,−yq1/2; q)∞
∞∑
r=0

(c/a; q)r

(q,−xq1/2,−yq1/2; q)r
ar.

The proof of Proposition 5.2 can be directly generalized to prove

Proposition 5.3. For max{|α|, |r|, |y1|, . . . , |yk|} < 1, we have

∞∑
n1,n2,...,nk=0

(α; q)n1+n2+···+nk

(r; q)n1+n2+···+nk

yn1
1 yn2

2 · · · y
nk
k

(q; q)n1(q; q)n2 · · · (q; q)nk

q(n
2
1/2+n

2
2/2+···+n2

k/2)

=
(α,−y1q1/2,−y2q1/2, . . . ,−ykq1/2; q)∞

(r; q)∞
k+1φk

(
r/α, 0, 0, . . . , 0

−y1q1/2,−y2q1/2, . . . ,−ykq1/2
; q, α

)
.

In the following, we gain a dual multilinear generating functions for q-2D Hermite

polynomials by using the above proposition.

Theorem 5.4. For max{|α|, |r|, |m1|, . . . , |mk|} < 1, we have

∞∑
n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

q(n
2
1/2+n

2
2/2+n

2
3/2+n

2
4/2+···+n2

2k−1/2+n
2
2k/2)

(q; q)n1(q; q)n2 · · · (q; q)n2k

×Qn1,n2(y1, y2,m1, a1)Qn3,n4(y3, y4,m2, a2) · · ·Qn2k−1,n2k
(y2k−1, y2k,mk, ak)

=
(α,−y1q1/2,−y2q1/2, . . . ,−y2kq1/2; q)∞

(r; q)∞

∞∑
l=0

(r/α; q)l
(q,−y1q1/2, . . . ,−y2kq1/2; q)l

αl

×
∏

i=1,3,...,2k−1

∞∑
ni=0

(−1)ni(ai; q)ni

(q; q)2ni

mni
i q

2lni .

(5.2)
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Proof. If we use f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak) to denote the right-hand

side of (5.2), then, we can verify that f(y2i−1, y2i,mi, ai) (i = 1, 2 . . . , k) satisfies (1.13).

By using Theorem 1.4 and mathematical induction, there exists a sequence λn1,...,n2k
in-

dependent of y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak and that

f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak)

=
∞∑

n1,n2,...,n2k=0

λn1,...,n2k
Qn1,n2(y1, y2,m1, a1) · · ·Qn2k−1,n2k

(y2k−1, y2k,mk, ak).

Setting m1 = m2 = · · · = mk = 0 in (5.2) and using Proposition 5.3, we have

f(y1, y2, . . . , y2k, 0, 0, . . . , 0, a1, a2, . . . , ak)

=

∞∑
n1,n2,...,n2k=0

λn1,...,n2k
yn1
1 yn2

2 · · · y
n2k
2k

=
(α,−y1q1/2,−y2q1/2, . . . ,−y2kq1/2; q)∞

(r; q)∞
2k+1φ2k

(
r/a, 0, 0, . . . , 0

−y1q1/2,−y2q1/2, . . . ,−y2kq1/2
; q, α

)
=

∞∑
n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

yn1
1 yn2

2 · · · y
n2k
2k

(q; q)n1(q; q)n2 · · · (q; q)n2k

q(n
2
1/2+n

2
2/2+···+n2

2k/2).

We deduce that f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak) is equal to the left-hand

side of (5.2), so we have

f(y1, y2, . . . , y2k,m1,m2, . . . ,mk, a1, a2, . . . , ak)

=
∞∑

n1,n2,...,n2k=0

(α; q)n1+n2+···+n2k

(r; q)n1+n2+···+n2k

q(n
2
1/2+n

2
2/2+···+n2

2k/2)

(q; q)n1(q; q)n2 · · · (q; q)n2k

×Qn1,n2(y1, y2,m1, a1)Qn3,n4(y3, y4,m2, a2) · · ·Qn2k−1,n2k
(y2k−1, y2k,mk, ak).

The proof is complete.

Taking ai = q in the above theorem, we obtain our main result (Theorem 5.1). Taking

k = 1 in the above theorem, we obtain the following corollary.

Corollary 5.5. For max{|m1|, |r|} < 1, we have

∞∑
m,n=0

(α; q)m+n

(r; q)m+n

1

(q; q)m

1

(q; q)n
qm

2/2+n2/2Qm,n(y1, y2,m1, a)

=
(α; q)∞
(r; q)∞

(−y1q1/2,−y2q1/2; q)∞
∞∑
l=0

(r/α; q)l
(q,−y1q1/2,−y2q1/2; q)l

αl
∞∑
n=0

(−1)n(a; q)n
(q; q)2n

mn
1q

2ln.

Remark 5.6. Taking α → r, y1 → z1u, y2 → z2v, m1 → zuv in this corollary, we obtain

(2.4).
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6. A transformation identity involving generating function for the generalized q-2D

Hermite polynomials

Liu [17] gave some important transformational identities by the method of q-exponential

operator. Similarly, we will deduce the following transformational identity involving gen-

erating functions for the generalized q-2D Hermite polynomials by the method of homo-

geneous q-difference equation.

Theorem 6.1. If two sequences (Am,n) and (Bl) satisfy

∞∑
m,n=0

Am,nz
m
1 z

n
2 =

(z1µ; q)∞
(z2µ; q)∞

∞∑
l=0

Bl
(z2µ; q)l
(z1µ; q)l

,

then we have

(6.1)

∞∑
m,n=0

Am,nHm,n(z1, z2, z, a) =
(z1µ; q)∞
(z2µ; q)∞

∞∑
l=0

Bl
(z2µ; q)l
(z1µ; q)l

∞∑
k=0

qk
2−kzk(µql)2k(a; q)k
(z1µql; q)k(q; q)

2
k

.

Proof. Denoting the right-hand side of (6.1) as f(z1, z2, z, a), we verify that f(z1, z2, z, a)

satisfies (1.10), by Theorem 1.3, there exists a sequence λm,n independent of z1, z2, z, a

and that

f(z1, z2, z, a) =
∞∑

m,n=0

λm,nHm,n(z1, z2, z, a).

Setting z = 0 in (6.1), we have

f(z1, z2, 0, a) =

∞∑
m,n=0

λm,nz
m
1 z

n
2 =

∞∑
l=0

Bl
(z1µq

l; q)∞
(z2µql; q)∞

=

∞∑
m,n=0

Am,nz
m
1 z

n
2 .

Hence, we obtain

f(z1, z2, z, a) =

∞∑
m,n=0

Am,nHm,n(z1, z2, z, a).

This proof is complete.

Taking Am,n = µn+m(−1)mq(
m
2 )

(q;q)m(q;q)n
and Bl = (q−l+1; q)l in (6.1) and using (1.5), we obtain

the following corollary.

Corollary 6.2. For max{|z1|, |z2|, |µ|} < 1, we have

∞∑
m,n=0

µn+m(−1)mq(
m
2 )

(q; q)m(q; q)n
Hm,n(z1, z2, z, a) =

(z1µ; q)∞
(z2µ; q)∞

∞∑
k=0

(µ2z)kqk
2−k(a; q)k

(z1µ; q)k (q; q)2k
.
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7. Application

Recall that the Delannoy numbers count lattice paths from (0, 0) to (n,m) consisting of

horizontal (1, 0), vertical (0, 1), and diagonal (1, 1) steps, and have the following explicit

formulas in terms of binomial coefficients [11]:

(7.1) D(m,n) :=
n∑
k=0

(
n

k

)(
n+m− k

n

)
=

n∑
k=0

(
n

k

)(
m

k

)
2k.

The following two natural q-analogues of Delannoy numbers were introduced in [11]:

Dq(m,n) :=

n∑
k=0

q(
k
2)
[
n

k

][
n+m− k

n

]
, D∗q(m,n) :=

n∑
k=0

q(
k+1
2 )
[
m

k

][
n+m− k

n

]
.

By using q-Chu-Vandermonde summation and q-binomial theorem, Guo, Guo and

Zeng [13] gave a q-analogue of (7.1) by proving the following identities

Dq(m,n) =

m∑
k=0

q(m−k)(n−k)
[
m

k

][
n

k

]
(−1; q)k,

D∗q(m,n) =

m∑
k=0

q(m−k)(n−k)
[
m

k

][
n

k

]
(−q; q)k.

In this section, we will give a transformational identity involving Dq(m,n) and D∗q(m,n)

as the application of Theorem 5.4.

Theorem 7.1. For max{|y1|, |y2|, |y3|, |y4|} < 1, we have

∞∑
n1,n2,n3,n4=0

q(n1−n2)2/2+(n3−n4)2/2

(q; q)n1(q; q)n2(q; q)n3(q; q)n4

yn1
1 yn2

2 yn3
3 yn4

4 Dq(n1, n2)D
∗
q(n3, n4)

= (−q1/2y1,−q1/2y2,−q1/2y3,−q1/2y4; q)∞ 2φ1

(
−1, 0

q
; q, y1y2

)
2φ1

(
−q, 0
q

; q, y3y4

)
.

Proof. Taking k = 2 in (5.2), we have

∞∑
n1,n2,n3,n4=0

(α; q)n1+n2+n3+n4

(r; q)n1+n2+n3+n4

qn
2
1/2+n

2
2/2+n

2
3/2+n

2
4/2

(q; q)n1(q; q)n2(q; q)n3(q; q)n4

×Qn1,n2(y1, y2,m1, a1)Qn3,n4(y3, y4,m2, a2)

=
(α,−y1q1/2,−y2q1/2,−y3q1/2,−y4q1/2; q)∞

(r; q)∞

×
∞∑
l=0

(r/α; q)lα
l

(q,−y1q1/2,−y2q1/2,−y3q1/2,−y4q1/2; q)l

∞∑
n1=0

(−1)n1(a1; q)n1

(q; q)2n1

mn1
1 q

2ln1

×
∞∑

n3=0

(−1)n3(a3; q)n3

(q; q)2n3

mn3
2 q

2ln3 .
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Setting α = r, m1 = −y1y2, m2 = −y3y4, a1 = −1 and a3 = −q in the above equation,

we complete the proof of this theorem.

If we take y1 = y2 = y3 = y4 = q1/2 in the above theorem, we have the following result.

Corollary 7.2.

∞∑
n1,n2,n3,n4=0

q(n1−n2)2/2+(n3−n4)2/2

(q; q)n1(q; q)n2(q; q)n3(q; q)n4

q(n1+n2+n3+n4)/2Dq(n1, n2)D
∗
q(n3, n4)

= (−q; q)4∞ 2φ1

(
−1, 0

q
; q, q

)
2φ1

(
−q, 0
q

; q, q

)
.
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