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Vector Critical Points and Cone Efficiency in Nonsmooth Vector

Optimization
Tadeusz Antczak* and Marcin Studniarski

Abstract. In this paper, a nonsmooth vector optimization problem with cone and
equality constraints is considered. We establish some relations between the notions of
vector critical points in the sense of Fritz John and in the sense of Karush-Kuhn-Tucker
and weakly K-efficient and K-efficient solutions for the constrained vector optimiza-
tion problem in which every component of the involved functions is locally Lipschitz.
These relationships are stated under cone-FJ-pseudo-invexity and cone- KT-pseudo-
invexity hypotheses defined for the considered vector optimization problem with cone
inequality and also equality constraints and via the Clarke generalized gradient for

vector-valued functions.

1. Introduction

Optimization problems, in which decisions are made taking into account several conflicting
criteria, rather than by optimizing a single objective, are called multiobjective program-
ming or vector optimization. An optimal solution in such an optimization problem is
ordinarily chosen from the set of all (weak) Pareto optimal solutions to it. Characteri-
zations of (weak) Pareto optimal solutions for constrained multiobjective programming
problems are of practical interest, since multipliers associated with them have useful
economic interpretations. Therefore, multiobjective programming has grown remark-
ably in different directions in the settings of optimality conditions and duality theory
in last three decades. Several papers appeared in optimization theory, which concerned
Fritz John and Karush-Kuhn-Tucker optimality conditions for multiobjective optimiza-
tion, but the authors considered the (weak) Pareto case in all of them (see, for exam-
ple, [2,/5L16}/14, 2124} 26/28, |31} 34,135], and others). In [26], by using the Ekeland vari-
ational principle, Minami derived generalized conditions of the Fritz-John type given by
Clarke’s generalized gradient formula, which are necessary for weak Pareto solutions in

the considered nondifferentiable vector optimization problem.

Received March 28, 2019; Accepted July 8, 2020.

Communicated by Jein-Shan Chen.

2010 Mathematics Subject Classification. 90C29, 90C46, 90C26, 49J52.

Key words and phrases. nonsmooth mutiobjective programming, vector critical point, (weakly) efficiency,
nonsmooth cone-F'J-pseudo-invexity, nonsmooth cone- K'T-pseudo-invexity, optimality conditions.

*Corresponding author.

183



184 Tadeusz Antczak and Marcin Studniarski

However, in recent years, some of the authors extended the results concerning (weak)
efficiency optimality to the more complicated case with arbitrary cones. Craven and
Yang [15] introduced generalized cone-invex functions and established a generalized alter-
native theorem involving such nonsmooth generalized convex functions. Yen and Sach [3§]
defined the concepts of cone-generalized invexity and cone-nonsmooth invexity for vector-
valued functions with locally Lipschitz components. Giorgi and Guerraggio [19] intro-
duced the concepts of K-a-invexity, K-a-pseudoinvexity and K-a-quasiinvexity in the
differentiable case and, using the introduced concepts of generalized convexity, obtained
optimality and duality results for considered vector optimization problem over cones in
terms of Jacobians of the functions involved. In [36], Suneja et al. defined the concept of
@-nonsmooth pseudoinvexity and, by using this concept, they established necessary and
sufficient optimality conditions involving Clarke’s generalized gradients for the considered
multiobjective programming problem with generalized cone constraint. In [9], for solving
a class of multiobjective programing problems involving cone-invexity, Chen et al. used the
so-called modified objective function method introduced by Antczak [1]. In [3]|, Antczak
proved optimality conditions for proper efficiency for a new class of nonconvex nondiffer-
entiable multiobjective programming problems involving constraints with respect to cones
in arbitrary Banach spaces. Recently, under pseudoinvexity hypotheses and via the Clarke
generalized Jacobian, Gutiérrez et al. [20] established some relations between several no-
tions of vector critical points and efficient, weakly efficient and ideal efficient solutions of
the considered unconstrained vector optimization problem with a locally Lipschitz objec-
tive function. Thus, they provided a characterization of (strong) pseudoinvexity through
the property that every vector critical point is a weak efficient (and also efficient) solu-
tion in the considered unconstrained vector optimization problem. In [37], Tung and Luu
established necessary optimality conditions for weakly efficient solutions in terms of the
Clarke subdifferentials for the considered nonsmooth multiobjective optimization problem

with a cone constraint, an equality constraint and a set constraint.

In this paper, we consider a new class of nonconvex nondifferentiable vector optimiza-
tion problems with both cone constraint and equality constraint. Each component of the
functions constituting the considered vector optimization problem is a locally Lipschitz
function defined on a finite-dimensional space and, moreover, the order cone is assumed
to be pointed, closed and convex. We define the notions of cone-F'J-pseudoinvexity and
cone- K T-pseudoinvexity with respect to cones for a nonsmooth vector optimization prob-
lem with both cone inequality constraints and also with equality constraints through the
Clarke generalized gradient of a vector-valued function with locally Lipschitz components.
We prove that a vector optimization problem with cone inequality and also equality con-

straints is cone-F'J-pseudoinvex if and only if every Fritz John vector critical point is a
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global weakly K-efficient solution. Further, we also prove that a vector optimization prob-
lem with cone inequality and also equality constraints is KT-pseudoinvex with respect to
cones if and only if every Kuhn-Tucker vector critical point is its global K-efficient solu-
tion. Thus, we extend the characterization of vectorial critical points to a new class of
nonsmooth constrained vector optimization problems with both cone inequality constraint
and also equality constraint. Furthermore, we also generalize a lot of previous optimal-
ity conditions, concerning the scalar case and the multiobjective Pareto one established
for vector optimization problem with cone inequality only. Namely, we generalize the
results established by Osuna-Gémez et al. [29] and Arana-Jiménez et al. [4], which were
stated in Pareto differentiable problems, and also by Suneja et al. |[36], where nondifferen-
tiable vector optimization problems were considered with inequality cone constraints only.
Further, we also extend the results established by Gutiérrez et al. [20] for a nonsmooth
unconstrained vector optimization problem with a locally Lipschitz objective function to
the case a nondifferentiable constrained vector optimization problem with cone inequality
and equality constraints. Also we generalize the Fritz John type necessary optimality
conditions for a weak Pareto solution in nondifferentiable vector optimization problems
with both inequality and equality constraints established by Minami [26]. Namely, we give
both Fritz John type and Kuhn-Tucker type necessary optimality conditions for weakly K-
efficiency in nondifferentiable multiobjective programming problems with cone and equal-

ity constraints by the proof which is, in part, as in |26].

2. Preliminaries

In this section, we provide some definitions and some results that we shall use in the
sequel.

Let R'j = {(21,...,2) € RF :2; > 0,i =1,...,k}. A nonempty subset K of R¥ is
called a cone if oK C K for all « > 0. K is called a convex cone if K is a cone and
K+ K C K. K is called a pointed cone if K is a cone and K N (—K) = {0} and solid if
int K # (.

For the closed convex cone K C R* with nonempty interior (int K # () which induces

a partial order in R¥, we define
(a) © <k yif and only if y — x € K;
(b) x <g yifand only ify —z € K\ {0};
(¢) x <k yif and only if y — z € int K.

Lemma 2.1. [9,25] Let K be a conver cone of R* withint K # (). Then, for any z,y € X,

the following statements are true:
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(i) y—z € K andy € —int K imply x € —int K;

(ii) y—r € K and x ¢ —int K imply y ¢ —int K;

(iii) y—x € K andy € —K imply x € —K;

(iv) y—xz € —int K and x € —int K imply y € —int K.

Definition 2.2. Let K C RF be a closed convex cone with nonempty interior and let
int K and K denote the interior and closure of a cone K, respectively. The positive dual

cone K of a cone K is defined as

Kt :={yeRF:yTz>0forall z € K}.
Definition 2.3. [7] Let S be a nonempty set of R¥. The set
(2.1) SO ={yeRF:yTz>-1forallzecsS}
is called the polar set of S.

Now, we re-call the so-called bipolar theorem.

Lemma 2.4. [16] Let K be any closed convex cone and K™ its dual, and let z,y € RF.
Then

(2.2) reK <= y'z>0 forallye K+,

Furthermore, if int K # (), then

(2.3) reintK <= ylx>0 forallye KT\ {0}
In |16], it was given the following result.

Corollary 2.5. Let K be any closed convex cone and KT its dual, and let x,y € RF.
Then (2.2)) can be replaced by

(2.4) reK < y'z>0 forallye KT, [ly| =1

Note that (2.2) may be regarded as a simple translation of Farkas’ lemma (see [32]) to

the language of convex cones.

Lemma 2.6. Let K be a conver cone with int K # () and K be the dual cone of K.
Then, we have the following:

(1) If x € int K, then yTx > 0 for ally € K+ \ {0}.
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(2) Ify €int K+, then yTo > 0 for all z € K \ {0}.

Lemma 2.7 (Cartesian product). For closed convex cones Ky and Ks, their Cartesian
product K = K1 x K is a closed convex cone, and K+ = Kf X K2+.

A particular case of generating set for a convex cone is given by the following definition.

Definition 2.8. It is said that a nonempty convex subset B of a convex cone K is a base
for K if each element 2 € K \ {0} has a unique representation of the form x = ab with
a>0andbe B.

As it follows from the above definition, if K has a base, then K = cone(B), that is,
K={ab:a>0,bec B}.

It is well-known, if B is a base for a convex cone, then 0 ¢ B. In particular, a convex
cone K which has a base is necessarily pointed.

Now, we give the condition under which dual cones are nontrivial. Such a result was

given, for example, by Peressini [30] and Rudin [33].

Lemma 2.9. Let K C R* be a closed pointed convex cone and K+ be the dual cone of K.
Ifint K # () and ko € int K, ko # 0, then the set

(2.5) B={be KT :bTky=1}
is a compact convex base for K.

Proof. In order to prove that the set B is a base of K+, we need to prove that the properties
of a base are fulfilled. First, note that 0 ¢ B. Now, we show that any nonzero element
of KT has a unique representation of the form ab with o > 0 and b € B. In order to do
this, let y be any nonzero element of K. Then, by , it follows that y“z > 0 for
every z € int K. Then, let us take a = y”ky > 0. Therefore, we define b := a~'y. Hence,
y = ab. Moreover, we have that b'ky = 1. Since b € Kt and a = yT kg, we get that
b € B. Now, suppose that y = a1b; for some a; > 0 and b; € B. Then, we have that
a=ylky= albipko = a1, whence b = b;. Thus, we have shown that any nonzero element
of KT has a unique representation of ab with o > 0 and b € B. This means by definition
that the set B given by is a base of K.

Now, we show that B is a compact convex base for K. By assumption, kg € int K,
ko # 0. Hence, the set I' = K — kg is a neighborhood of 0,, € R™. Then, by definition,
(see, for example, [7]), the polar set of T is defined by

M={yeR":yTz>-1forallzcl}.
Hence, by the definition of the set I', we have

Foz{yERk:ka—ka:OZ—l for all k € K}.
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Thus,

(2.6) M ={ycR :y"k>yTkg—1forall ke K}.
Now, we show that

(2.7) M ={ye K" :yTky <1}.

We proceed by contradiction. Suppose that there exists y ¢ K satisfying the inequality in
. This means that there exists k € K such that y“k < 0. Since K is a cone, therefore,
the foregoing inequality is also satisfied if it is multiplied by any sufficiently large a > 0.
This means that the value of 47k can be sufficiently small. This is a contradiction to the
inequality 37k > yTko — 1 for all k € K in which all y”k are bounded below. Then, ([2.7)
we get if we set k=0 in , which is possible, because any cone contains 0.

Then, by Banach-Alaoglu Theorem (see, for example, [17,33]), the polar set of T" is a
compact set. Hence, the set B as a closed subset of I'V is also compact. Moreover, it is
obviously a convex set. Thus, B is a compact convex set not containing the origin. Since
we have already proved that the set B is a base for KT, this means that it is a compact

convex base for K. O

We now re-call a Gordan-type alternative theorem, the so-called theorem of alternatives

for linear strict generalized inequalities (see [8,/13,/19]).

Theorem 2.10 (Theorem of alternatives for linear strict generalized inequalities). Let A
be an element (matriz) of R¥*™, K is the dual cone of K C R*. Then one and only one

of the following statements is true:
(i) There exists x € R™ such that Az <k 0.
(ii) There exists y € K, y # 0, such that ATy = 0.

Now, we re-call some definitions and properties for locally Lipschitz functions. Let
X be a nonempty subset of R" and u be an arbitrary given point of X. Namely, the
function f: X — R is said to be locally Lipschitz on X if, for every u € X, there
exist a neighborhood U C X of v and a constant K, > 0 such that the inequality
1f(y) — f(2)|| < Kully — 2| holds for all y, z € U.

Definition 2.11. [12] The Clarke generalized directional derivative [12] of a locally
Lipschitz function f: X — R at u € X in the direction v € R", denoted f°(u;v), is given
by

£0 (s v) = lim sup fly+v) = fly)

y—u A
20
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Definition 2.12. [12] The Clarke generalized subgradient of a locally Lipschitz function
f: X = Ratue X, denoted 9f(u), is the set

Of(u) = {y € R™ : fOu;v) > yTv for all v € R"}.
It is well-known that f°(u;v) = maxyeyr(u) yTv (see [12]).

Lemma 2.13. [12] Let f: X — R be a locally Lipschitz function on a nonempty set
X C R"™, u be an arbitrary point of X and a € R. Then 0(af)(u) = adf(u).

Corollary 2.14. Let f: X — R be a locally Lipschitz function on a nonempty open set
X C R™, u be an arbitrary point of X. Then O(—f)(u) = —0f(u).

Proposition 2.15. [12] Let fi: X — R, i =1,...,k, be locally Lipschitz functions on a
nonempty set X C R™, u be an arbitrary point of X C R"™. Then

k k
9 (Z fi) (w) > fi(u).
i=1 i=1
Equality holds in the above relation if all but at most one of the functions f; is strictly

differentiable at u.

Corollary 2.16. [12| For any scalars o, one has

k k
9 (Z aifi) (u) ) edfi(u),
i=1 i=1

and equality holds if all but at most one of the f; is strictly differentiable at u.

Proposition 2.17. [11] Let U be a sequentially compact space, and let g: R* x U — R

have the following properties:
(a) g(x,u) is upper semi-continuous in (x,u),
(b) g is locally Lipschitz in x, uniformly for u in U,

(c) ¢%(x,u,-) = g.(w,u,-), where g.(x,u,-) denotes the usual one-sided directional

derivative of g,
(d) Ogz(x,u) is upper semi-continuous in (x,u).

Then, the function f: R™ — R defined by f(x) := maxyey g(x,u) is also locally Lipschitz
at any x € R™. In addition,

Of(z) = conv{0g,(z,u) : u € I(z)},

where I(z) :={u € U : g(z,u) = f(x)}.
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Corollary 2.18. Let I be a nonempty index set (not necessarily finite). Further, let the
functions f;: R® — R, ¢ € I, be locally Lipschitz at a point T € R"™ and the function
f: R" — R be defined by f(z) := max;es fi(x). If [(Z) :={i € I: f(T) = fi(x)} = {io},
then Of(z) = Ofi,(T).

Theorem 2.19. [12| Let the function f: R™ — R be locally Lipschitz at a point T € R™
and attain its (local) minimum at T. Then 0 € Of(T).

Now, we present the definition of the Clarke generalized subgradient of a vector-valued
function such that each its component is locally Lipschitz. Let f: X — R* be a vector-
valued function such that each its component f;, i = 1,..., k, is a locally Lipschitz function
on X.

Definition 2.20. [36] The Clarke generalized subgradient of a function f = (f1,..., fx):
X — RF at u € X is the set

Of (u) = dfr(u) x --- x f(u),
where 0f;(u) is the generalized gradient of f;, i =1,...,k, at u.
In the next theorem, we re-call the Ekeland’s variational principle (see [18,26]).

Theorem 2.21. Let F: R™ — R be lower semicontinuous and bounded below on R™. If
u € R"™ satisfies the inequality

F(u) < inf F
(u) < inf F(z)+e

for some € > 0, then there exists z € R"™ such that
lu—zl| < Ve, F(z) < F(u)

and the inequality
F(z) > F(2) — Vellz — ]|

holds for all x € R", © # z.

3. Relationships between solutions of the considered vector optimization problem
and its vector critical points

In this section, we define a nondifferentiable vector optimization problem with both cone
constraints and equality constraints and study some relationships between its (weakly)

K-efficient solutions and its vector critical points.
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In the paper, we consider the following nondifferentiable multiobjective programming

problem:
(3.1) K-minimize f(x) subject to — g(z) € C, h(x) = 0y,

where f: R* — RF, g: R® — R™, h: R® — RP, each component of the functions men-
tioned above is locally Lipschitz on R™, K and C are pointed closed convex cones with
nonempty interiors in R* and R™, respectively.

Let Q := {z € R" : —g(z) € C,h(x) = 0,} be the set of all feasible solutions in the

problem (3.1)).

Remark 3.1. If K = Ri, then we have a multiobjective Pareto problem. In the case when

K = Ry and m = 1, the problem (3.1) reduces to a scalar optimization problem.

Definition 3.2. A feasible point T is said to be a weakly K-efficient solution of the
problem ({3.1)) if and only if there is no other x € Q such that f(z) — f(7) € —int K.

Definition 3.3. A feasible point 7 is said to be a K-efficient solution of the problem (/3.1
if and only if there is no other z € Q such that f(z) — f(T) € —K \ {0}.

Now, we introduce the definition of a vector critical point in the sense of Fritz John (or

shortly, a vector Fritz John critical point) for the considered multiobjective programming

problem ((3.1)).

Definition 3.4. Let T be a feasible solution of the problem (3.1)). If there exist A € KT,
7 € CT and ¥ € RY, not all zero, such that

(3.2) 0p €N Of(F) + 7L 0g(F) + 0 Oh(T),

then Z is said to be a vector Fritz John critical point or, in other words, a vector critical
point in the sense of Fritz John (with Lagrange multipliers A € K, € C* and ¥ € RP)
for the considered multiobjective programming problem (3.1]).

In other words, relation means that, there exist A € df(7), B € 99(Z), D € 0h()
such that X' A +a'B + 9D = 0.

Now, we prove the Fritz John necessary optimality condition for a feasible solution T
to be a weakly K-efficient solution of the considered multiobjective programming prob-
lem . In this way, we generalize a similar result established by Minami [26] for weak
Pareto-optimal solutions of nondifferentiable multicriteria optimization problems to the

case of weakly K-efficient solutions in vector optimization problems with cone constraints.

Theorem 3.5. Let T € Q be a weakly K -efficient solution of the considered nondifferen-
tiable multiobjective programming problem (3.1)). Further, we assume that the functions
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constituting (3.1) are regular in the sense of Clarke (see |12, Definition 2.3.4]). Then
T is also a vector Fritz John critical point of the considered multiobjective programming
problem (B.1)), that is, there exist \ € KT, i € Ct and 9 € RP, not all zero, such that the

relation (3.2) is satisfied.

Proof. By assumption, T € Q is a weakly K-efficient solution of the problem ({3.1)). Then,
by Definition the relation

f(z) = f(@) ¢ —int K

holds for all z € Q. Let us denote & = (\, u,9) € KT x Ct x RP such that ||£|| = 1.
Further, let us pick kg € int K such that

(3.3) 0< max My < 1.
(u9)EKt xCHxRP
[(Au,9) =1
The existence of such an element kg € int K follows from the fact that K is a pointed

closed convex cone with a nonempty interior. Then, for any € > 0, we define the following

function
(3.4) F(x) = max {)\T(f(a:) — f(@) + €ko) + ,uTg(:U) + ﬁTh(x)}.
(M) EK+xCtxRP
|(xm,9) =1

Note that F, is a locally Lipschitz function.

Now, we prove that Fe(z) > 0 for any € > 0 and all x € R". We proceed by contradic-
tion. Suppose, contrary to the result, that Fi,(z¢) < 0 for some €y > 0 and some xy € R".
We now show that, for all (\,u,9) € KT x Ot x RP and ||[(\, p,9)|| = 1, pTg(z0) < 0,
YT h(zg) = 0 and, moreover, A'(f(z¢) — f(Z)) < 0.

In fact, let us take £ € KT x CT x RP, ||€]| = 1 such that £ = (0,0,9). Then, 9 € RP,

¥ # 0 and, moreover,

9Th
00.0)e B oD @0}
[ s9) =1
< max {A(f(z0) — F(®) + ko) + n” g(z0) + 9" h(z0)} < 0.
A\ u,)EKTxCTxRP
[[(h,9) =1

This implies that 97 h(x¢) = 0. Thus, by ¥ # RP\ {0} and 97 h(z¢) = 0, we conclude that
h(lto) = 0.
Now, let us take £ € K™ xCt x RP, ||| = 1 such that & = (0, 1, 0). Then, € CT\{0}
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and, moreover,

T
ma x
(O,M,O)GK+>>§C+><RP{M g( 0)}
(A p,9)lI=1
< max _ {A(f(xo) = f(T) + eho) + " g(wo) + 9 h(x0)} < 0.
A\ u,)EKTxCTxRP
(A9 [|=1
Thus, we conclude by p € C*\ {0} and p?g(x0) < 0 using (2.4) that g(zo) € —C. Hence,
by g(zo) € —C and h(xo) = 0, we conclude that xg € 2.
Now, let us take £ € KT xCT x RP, ||£|| = 1 such that £ = (),0,0). Then, A € K1\ {0}
and, moreover,
max {NT(f (o) — f(T) + €ko)}
(A0,0)eK+xC+xRP
l(Xp,9) [I=1
< max (N (f(x0) = f(@) + ko) + pT g(xo) + 0 h(zo)} < 0.
(B eK+ xCTxRP
I (Xp,9) [|=1
Hence, we get that AT (f(xo) — f(ZT) +eko) < 0. Since e > 0, kg € int K and A € K+, A £ 0,
by Lemma we have that AT (f(x) — f(Z)) < 0. Further, since AT(f(z¢) — f(Z)) <0
and A € KT\ {0}, by (2.3), it follows that f(zo) — f(T) € —int K. Since g € 2, we have
a contradiction to the assumption that T is a weakly K-efficient solution of the considered
nondifferentiable multiobjective programming problem (3.1)). Hence, we have shown that
Fc(xz) >0 for all ¢ >0 and all z € R™.
This means that the function F; is bounded below for each € > 0. Thus, by (3.3]) and
(3.4), we have that, for any z € R",

F.(z) < inf F, .
(.CC)_xlean (x) +e

Then, since F, satisfies all assumptions of Theorem there exists z. € R™ such that
(3.5) 1T — ze|l < Ve,

and the inequality

(3.6) Fe(z) + Vel — z| > Fe(z)

holds for all x € R™, x # z.. Note that the function Fi(-) + /€|| - —z]| is locally Lipschitz.
Moreover, by (3.6]), it follows that z. is a global minimizer of the function F(-)++/€|| - —z||
over R". Hence, by Theorem [2.19] we have that

(3.7) 0 € O(Fe(x) + Vello — 2]|) ().
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Thus, by Corollary [2.16] it follows that

(3.8) O(F. () + Vellz - 2] () C OF.(z.) + VeB(0, 1),
where B(0,1) is the unit ball in R™. Combining and (3.8), we get
(3.9) 0 € OF.(z¢) + VeB(0,1).

Now, we have to calculate the subdifferential of F; at z.. In order to do it, let us denote
Fe(z) = (f(x) — f(T) + €ko, g(x), h(x)) for € > 0. Hence, by (3.4]), we have

(3.10) Fe(z)= max T (z).
ceK+xCFxRp
lI€ll=1

We have already shown that F,(z) > 0 for all x € R™. Therefore, F(z¢) > 0. Then, note
that the linear function ¢ — ¢7T(z.) attains a maximum at some point & = (Ac, fie, Uc)
on the set {& = (A, u,9) € K+ x CT x RP : ||£|| = 1}. Thus, we have

3.11 max TI‘E Ze) = TF€ Ze).
(311) om0 = €T
ll€ll=1

Moreover, & is a unique point at which this function attains a maximum. Therefore, by

(3.10)), (3.11)) and Corollary we get

(3.12) OF(ze) =0 max ﬁTfe(ze) = 8((56)TF6) (2e).
£€Kﬁ§><‘|(iixRp

Hence, using the above introduced denotations, we obtain

(3.13) 8((§E)TF6) (ze) = a((Ae)Tf + (Me)Tg + (196)Th) (ze)-

Thus, by , it follows that z. — T as € — 0. Also we have in such a case that I'(z¢) —
(0, 9(Z), h(Z)) and, moreover, & tends to some & = (X, ,9) € {(\, 1, 9) : ||(A, 1, 9)|| = 1}
(taking some subsequence, if it is necessary). By the definition of T, it follows that
Lo(z) = (f(z) — f(Z), g(z), h(x)). Then, note that d((&) Te)(ze) = 8((&)"To)(zc). As it

follows from [12| Proposition 2.1.5], x — 0I'g(z) is an upper semicontinuous function at

7. Hence, (£,2) — 9(¢1Ty)(z) is also an upper semicontinuous function at (£, 7). Then,

by (3.9), (3.12)) and (3.13)), it follows that
(3.14) 0€d(E To)@ =0\ f+7"g+0 h)(@).

Hence, by Corollary (3.14) gives (3.2)). This completes the proof of this theorem. [J
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Now, we introduce the definition of a vector critical point in the sense of Kuhn-Tucker

(or shortly, a vector Kuhn-Tucker critical point) for the considered multiobjective pro-
gramming problem ([3.1)).

Definition 3.6. Let T be a feasible solution in problem (3.1)). If there exist A € K+ \ {0},
71 € CT and 9 € RP such that

(3.15) 0n €N 0f(Z) + 1 0g(x) + 0 Oh(T),

then T is said to be a vector Kuhn-Tucker critical point or, in other words, a vector critical
point in the sense of Kuhn-Tucker (with Lagrange multipliers A € K+ \ {0}, z € C* and
¥ € RP) for the considered multiobjective programming problem (3.1]).

Remark 3.7. In other words, condition means that there exist A € 0f(z), B € 0¢(T),
D € 0h(z) such that YA+ a’'B+ 9D = Op,.

Now, we present the Kuhn-Tucker necessary optimality condition for a feasible solu-
tion T to be a weakly K-efficient solution of the considered multiobjective programming
problem . Before proving this result, we give the constraint qualification (NMFCQ)
which is a nonsmooth version of the Mangasarian-Fromovitz constraint qualification.

Constraint Qualification (NMFCQ). It is said that the nonsmooth Mangasarian-
Fromovitz constraint qualification (NMFCQ) holds at T € €2 for if there exists d € R"
such that

(a) Bjd <0,VBj€dg(x),j=1,...,m,
(b) DTd =0,V D € 0h(z),
(c) for each D € Oh(ZT), the rows of D are linearly independent.

Theorem 3.8. Let T € Q be a weakly K-efficient solution of the considered nondiffer-
entiable multiobjective programming problem and the functions constituting be
reqular in the sense of Clarke. Further, we assume that the constraint qualification
(NMFCQ) holds at T for . Then T is also a vector Kuhn-Tucker critical point of the
considered multiobjective programming problem , that is, there exist A € K+ \ {0},
71 € CT and ¥ € RP such that the relation s satisfied.

Remark 3.9. In [36], Suneja et al. considered a nonsmooth vector optimization problem
with cone constraints only. For such nondifferentiable vector optimization problems, under
the concept of nonsmooth K-generalized invexity, they established Fritz John type and
Kuhn-Tucker type necessary optimality conditions for a nonsmooth vector minimization
problem by using the Generalized Alternative Theorem given by Craven and Yang [15].

Further, by using the nonsmooth K-generalized invexity notion and also utilizing new
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concepts of nonsmooth K-quasi-invexity and (strictly or strongly) nonsmooth K-pseudo-
invexity, Suneja et al. [36] also proved a number of sufficient optimality conditions for a
nonsmooth vector optimization problem wherein Clarke’s generalized gradient is used.
Further, note that we consider a more general nondifferentiable multiobjective pro-
gramming problem than the one in [36]. Namely, we analyze optimality results also for
a nonsmooth vector optimization problem with both cone and equality constraints in the
opposite to a nonsmooth vector optimization problem with only cone constraints consid-
ered by Suneja et al. [36]. In fact, we have derived new characterizations of a vector critical
point in the Fritz John sense and a vector critical point in the sense of Kuhn-Tucker for
such a nonsmooth vector optimization problems. We have proved in Theorem the
conditions for a weakly K-efficient solution to be a vector Fritz John critical point in
the considered nonsmooth vector optimization problem with both cone and equality con-
straints. Note that we haven’t used any generalized convexity concept in proving these
results, in opposition to the similar results earlier established, for example, in [10,36].
Note that Fritz John and Kuhn-Tucker critical points provide necessary conditions to
locate weakly K-efficient solutions of the considered multiobjective programming prob-
lem , but these conditions are not sufficient. Therefore, in order to ensure the suffi-
ciency of the necessary optimality conditions mentioned above, we introduce new concepts
of generalized convexity for the considered nondifferentiable vector optimization problem
with both cone and equality constraints, namely, the notions of cone-F'J-pseudoinvexity

and cone- K T-pseudoinvexity.

Definition 3.10. Let 7_ and T be sets of indices (one of them can be empty) such that
T-NTy =0, T-UTy ={1,...,p} and T € Q. If there exists : Q x Q& — R™ such that

the following relation

An(z.7) € —int K
fz) - f@) € —mt K, n(@,7) € ~int K,

(3.16) —g() € C, =
h@) = 0p

Bn(z,7) € —int C,
—Dyn(z,7) € —int Ry, VteT_,
Dﬁ’](l’,f) S —thR+, Vt€T+
holds for all z € Q and every A € 0f(z), B € dg(x), D; € 0h(T), t € T— U Ty, then
the problem ({3.1]) is said to be (K x C' x R’ x RY)-FJ-pseudoinvex at the point Z on €,
where r = |T_| and w = |T4|.

If the relation (3.16|) is satisfied at each T € €2, then the problem (3.1]) is said to be
(K x C x R, x RY)-FJ-pseudoinvex on €, where r = |T_| and w = [T |.

Remark 3.11. If the relation (3.16) is satisfied at T € ©Q on Q for some r and w with
r+w = p, then the problem ({3.1)) is said to be (K x C x Rﬁ)—FJ—pseudoinvex at the point

Z on .
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Remark 3.12. If the set T_ is empty, then (3.16) reduces to the relation

f(z) — f(Z) € —int K, An(z,T) € —int K,
—9() € C, = Bn(z,7) € —int C,
h(z) =0, Dn(z,T) € —int RY

which holds for all z € Q and every A € 0f(%), B € dg(x), D € Oh(Z). In such a case,
the problem (3.I) is said to be (K x C x RY)-FJ*-pseudoinvex at the point T on .

Remark 3.13. If the set Ty is empty, then (3.16) reduces to the relation

f(z) — f(Z) € —int K, An(z,T) € —int K,
—9(T) € C, = Bn(z,z) € —int C,
h(z) = 0 —Dn(z,z) € —int RY,

which holds for all z € Q and every A € 0f(%), B € dg(x), D € Oh(Z). In such a case,
the problem (3.I) is said to be (K x C x RY)-FJ~-pseudoinvex at the point T on €.

Definition 3.14. Let 7 and T be sets of indices (one of them can be empty) such that
T-NTy =0, T-UTy ={1,...,p} and T € Q. If there exists n: Q x Q& — R™ such that

the relation

An(z,T) € —int K,
Fx) — f@) € —K\ {0}, ) €

(3.17) —9(T) € C, =
h(z) =0,

Bn(z,7) € —int C,
—Dyn(xz,7) € —int Ry, VteT_,

\Dm(m,i) € —intRy, VteTy

holds for all x € 2 and every A € 0f(Z), B € 09(Z), Dy € Oh(T), t € T U Ty, then the
problem ({3.1)) is said to be (K x C' x R, x RY)-KT-pseudoinvex at the point T €  on
Q, where r = |T_| and w = |T4|.

If the relation (3.17) is satisfied at each T € €2, then the problem (3.1)) is said to be
(K x C x R x RY)-KT-pseudoinvex on 2, where r = [T_| and w = |T}|.

Remark 3.15. If the relation (3.16) is satisfied at T € © on Q for some r and w with
7+ w = p, then the problem (3.1]) is said to be (K x C' x R")-KT-pseudoinvex at the

point T on Q.

Remark 3.16. If the set T_ is empty, then (3.17) reduces to the relation

f(z) = f(x) € =K\ {0}, An(z,7) € —int K,
—9(z) € C, = Bn(z,T) € —int C,
h(z) = 0, Dn(z,T) € —int Rﬂ’_
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which holds for all z € Q and every A € 0f(7), B € dg(z), D € 0h(Z). In such a case,
the problem (3.1) is said to be (K x C' x R")-KT"-pseudoinvex at the point Z on .

Remark 3.17. If the set T is empty, then (3.17)) reduces to the relation

f(x) = f(@) € —K\ {0}, An(z,7) € —int K,
—9(z) € C, == Bn(z,7) € —int C,
h(Z) =0, —Dn(z,T) € —int R,

which holds for all z € Q and every A € 0f(%), B € dg(x), D € Oh(Z). In such a case,
the problem (3.I) is said to be (K x C' x RY)-KT~-pseudoinvex at the point T on €.

In order to prove both the necessity and sufficiency for (weakly) K-efficiency, we utilize
the concept of nonsmooth generalized convexity defined above. Further, for each 9 € RP,
let us introduce the following denotations: 79 = {t € {1,...,p} : ¥ > 0} and TV = {t €
{1,...,p} : ¥ < 0}. Note that one of the sets Tf and T? may be empty.

Theorem 3.18. Let T € Q) be a vector Fritz John critical point with Lagrange multipliers
A€ Kt, e CF and 9 € RP with X and T not both equal to 0. Further, let TV =
{tef{l,...;p} : 0y >0} and T? = {t € {1,...,p} : 9y < 0}. If we assume that the
problem ([B.1)) is (K x C x R", x RY)-F.J-pseudoinvez at T on Q, where r = |T?|, w = |T?|
and r 4+ w = p, then T is a weakly K-efficient solution of the problem (3.1)).

Proof. Assume that T € Q is a vector Fritz John critical point in problem (3.1)) with
the Lagrange multipliers A € Kt, 7 € CT and ¥ € RP. Further, by assumption, the
problem (3.1)) is (K x C' x RY x R", )-FJ-pseudoinvex at 7 on €2, where r = |T|, w = [T7|
and r + w = p. This means that relations (3.16) are fulfilled at T € Q on Q with
respect to the same function n. We show that T is a weakly K-efficient solution of the
problem (3.1)). Suppose, contrary to the result, that Z is not a weakly K-efficient solution
of the problem (3.1). Then, by Definition there exists = € 2 such that

(3.18) f@)—f(z) e —int K.

By z € Q and = € (2, it follows that

(3.19) —g()eC, —g(@) el, hE@) =0.
Hence, by Definition and imply that the relations

An(z,7) € —int K,

Bn(z,7) € —int C,

—Din(%,7) € —int Ry, VteT?,
| Din(#,7) € —int Ry,  Vte T

(3.20)
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hold for any A € 9f (@), B € 9g(%), Dy € 0hy(), ¥t € T?, Dy € 0hy(T), ¥t € TV. Since
ANe Kt meCt, d_ e R|T19|, 9y € R with X and T not both equal to 0, relations in
(3.20)) yield that the inequality

[XTA + 7B+ ETD] n(Z,T) <0

holds for any A € 8f (%), B € dg(T), D; € Ohy(T), Vt € T, D; € Ohy(T), Vit € T, which
contradicts the assumption that T is a vector Fritz John critical point T (with Lagrange
multipliers A € KT, i € C* and 9 € RP). This means that T is a weakly K-efficient
solution of the problem and completes the proof of this theorem. O

Remark 3.19. As it follows from the proof of Theorem [3.18] in order to prove that T € Q,
being a vector Fritz John critical point (with the Lagrange multipliers A € K, 1 € C*
and ¥ € RP), is a weakly K-efficient solution in the problem (3.1]), it is sufficient to assume
that the problem (3-1) is (K x C x R, x RY)-FJ-pseudoinvex at Z on €2, where r = |T7|
and w = |T?Y|.

Theorem 3.20. Let every vector Fritz John critical point of the considered multiobjective
programmaing problem be its weakly K -efficient solution. Then, the problem 18
(K x C x RIT x RY™)-FJ-pseudoinvex at each point T € Q on Q, where rz and wg are any
integers such that rz + wgz = p. In other words, the problem is (K x C x Rﬁ)—FJ—

pseudoinvex on ).

Proof. Assume that every vector Fritz John critical point of the problem is its K-
weakly efficient solution. Let T be any feasible solution in the problem (3.1). We show
that the problem is (K x C'x R'F x R{")-FJ-pseudoinvex at each point Z € 2 on
Q, where rz and wz are any integers such that rz + wz = p. In other words, we show that
there exists a function n: 2 x @ — R"™ such that is fulfilled.

First, we consider the case when T is a vector Fritz John critical point of the prob-
lem . Hence, by assumption, T € 2 is a weakly K-efficient solution of the prob-
lem . Therefore, by Definition the following relation

f(z) — f(T) ¢ —int K

holds for all x € €). Then we set rz and wz as any integers such that rz + wz = p and,
moreover, 7 is assumed to be any function n: Q x Q — R™.

Now, we consider the case when x and T are any feasible points for such that
f(z)— f(z) € —int K. Therefore, by Definition T is not a weakly K-efficient solution
in the problem . By assumption, we conclude from here that T is not a vector Fritz
John critical point. Hence, by Definition it follows that

O0n ¢ X OF(T) + 7L 0g(T) + 0 Oh(T).
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In other words, the relation
NA+aTB+9' D #£0,

holds for all A € 9f(z), B € dg(x), D € Oh(Z). Let us denote ¥ = (EW,W) € RP, where
97 is an rg = |T§]—dimensional vector such that each its component is negative and 9"~ is
a wg = |Tf]—dimensional vector such that is each its component is nonnegative. Further,
let h'* = (ht it e T?): R" — R™™ and hi’? = (ht (te T_?i): R"™ — R"“=. Thus, the above

relation can be re-written in the following form
NA+a"B+ (=97 (=D™=) + (07" D¥= #0,

and it holds for all A € 9f(Z), B € 0g(z), D'* € Oh™=(x), DY~ € Oh"=(T), where D7 and
Dﬁf are rz X n and wgz X n-dimensional matrices, respectively. Hence, by Theorem m,
it follows that there exists yz € R™ such that

(3:21) yr € (—int K x —int C x (—int R'7) x (—int R7)).

Thus, (3.21) yields, respectively,
(3.22) Ayze—intK, Byze—-intC, —DFyze —intR7, D{7yzec —intR}".

If we set yz = n(z,T) € R" in , then relations (3.16)) are fulfilled. Thus, we have
shown that there exists n: 2 x 2 — R" such that relations (3.16|) are fulfilled. Then, by
Definition the problem (3.1)) is (K x C' x RY™ x R'7)-FJ-pseudoinvex at each T € Q
on 2, where rz and wz are any integers satisfying rz + wz = p. Thus, the problem (3.1
is (K x C x RY)-FJ-pseudoinvex on Q (see Remark [3.11]). O

Now, we present a class of nondifferentiable multiobjective programming problems in
which every component of the involved functions is locally Lipschitz which are character-
ized by the property that each vector Kuhn-Tucker critical point is a K-efficient point in

such vector optimization problems.

Theorem 3.21. Let T € Q be a vector Kuhn-Tucker critical point with the Lagrange
multipliers X\ € Kt \ {0}, m € C* and 9 € RP and let Tg ={te{l,....p} : O >
0} and Tf = {t e {l,....,p} : U < O}. Further, assume that the problem 18
(K x C x R, x RY)-KT-pseudoinvex at T on ), where r = IT?| and w = \Tf|. Then T
1s a K -efficient solution of the problem .
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Proof. Assume that the problem is (K x C' x RY x R", )-KT-pseudoinvex at the point
T € Q on Q with respect to the same function 1, where w = |T?|, r = |T?|. Further, assume
that 7 is a vector Kuhn-Tucker critical point with the Lagrange multipliers A € K\ {0},
71 € CT and ¥ € RP in the problem . We show that 7 is a K-efficient solution of the
problem . Suppose, contrary to the result, that T is not a K-efficient solution of the
problem . Then, by Definition there exists €  such that

(3.23) f(@) = (@) € =K\ {0}.

By 7 € Q and 7 € 2, we have

(3.24) —g(z)eC, —g(T)el, h(@) =0.
Hence, by Definition and yield that the relations

(3.25) An(z,7) € —int K,
(3.26) Bn(#,7) € —int C,
(3.27) Dn(F,7) € —int Ry, YteT?,
(3.28) Dn(%,%) € —int Ry, VteT?

hold for any A € 8f(T), B € dg(T), D; € dhy(T), t € T° U Tf, respectively. Since
A€ KT\ {0} and z € CT, by Lemma (3.25)) and (3.26)) yield

(3.29) N An(z,7) + 75 Bn(3,7) < 0.
Thus, and imply, respectively,

(3.30) 9, D(3,7) <0, VteT?,
(3.31) 3, Dy(3,7) <0, VteT’.

Adding both sides of (3.29)—(3.31]), we obtain that the inequality

N A+7"B+9 D]y, ®) <0
holds for any A € 0f(z), B € 0g(%), D € Oh(T), which contradicts the assumption that
7 is a vector Kuhn-Tucker critical point Z (with Lagrange multipliers A € KT \ {0},

71 € CF and ¥ € RP). This means that T is a K-efficient solution of the problem ({3.1)) and
completes the proof of this theorem. O

Theorem 3.22. Let every vector Karush-Kuhn-Tucker critical point of the considered
multiobjective programming problem be its K-efficient solution. Then, the prob-
lem is (K x C x R x RY")-KT-pseudoinvex at each point T € Q on 2, where rz
and wg are any integers such that rz + wz = p. In other words, the problem 18
(K x C x RY)-KT-pseudoinvex on €.
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Proof. Proof of this theorem is similar to the proof of Theorem [3.20] O

Now, we present an example of a nonconvex nondifferentiable multiobjective program-

ming problem to illustrate the results established in the paper.

Example 3.23. Consider the following nonconvex nondifferentiable vector optimization

problem
(3.32) K-minimize f(x) subject to — g(x) € C, h(z) = {0}g,
where f = (f1, f2): R> = R?, g = (g1,92): R> = R% h: R?> — R are defined as follows:

—2x%—2x%—%x1—%x2—1 if z1 >0, 29 > 0,

fi(zy,z0) = 9 9 .

—x7 —x5—1 otherwise,

m%+x%—2w1—2x2+1 ifx1 >0, 29 >0,
fo(z1,20) = 5 5 )

]+ a5 —x1 —22+1 otherwise,

—x%—x%—ixl—i:@ if 1 >0, 290 > 0,
g1(z1,22) = s .

-] — T3 otherwise,

—Qx% — 21‘% — %931 — %l’g ifz1 >0, 22 >0,
92(w1,22) = . :

—x{ — x5 — T — T2 otherwise,

hi(wy, w2) = |21] — |aal-

Further, K and C are closed convex cones with nonempty interiors in R? defined as follows:
K={(z,y) €eR*:y>x>0}, C={(z,y)€R*:y>z>0}.

Then, the set of all feasible solutions Q = {(z1,72) € R%: [(x1 > 0Ax3 > 0) V (21 + 22 >

0)] A|z1| — |z2| = 0} and T = (T1,T2) = (0,0) € Q. Further, by Definition we have

2’ 2’

91(0,0) = {—i,o] < [—i,o], 9g2(0,0) = [_2,4] < [_3 _1],

8f1(0,0) = [—1 0] x {—1 0] . 0f2(0,0) = [<2, —1] x [-2, —1],

dh1(0,0) = [-1,1] x [-1,1].

Note that T = (71,72) = (0,0) is a vector Kuhn-Tucker critical point in the considered
nonconvex nondifferentiable vector optimization problem (3.32)). Indeed, if we set

A=(-1,1)e K", m=(-1,1)eCt, 9 =2,
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then, by Definition T = (71,72) = (0,0) is a vector Kuhn-Tucker critical point in
the problem (3.32)) (with Lagrange multipliers A € K, 7 € CT and ¥ € R given above).
Further, let n: Q x Q — R? be defined by

-2 2
_ Ly — 21
n@o) =\
Ly — Xy

Then, it can be shown, by Definition that the problem is (K x C x RY)-
KT"-pseudoinvex at the point T € Q on  with respect to 7 given above. Thus, by
Theorem [3.21] it follows that T is a K-efficient solution of the considered nonconvex
nondifferentiable vector optimization problem .

4. Conclusions

In the paper, a nonsmooth multiobjective programming problem with both cone and
equality constraints has been considered. Definitions of vector critical points in the sense
of Fritz John and in the sense of Kuhn-Tucker have been introduced for such a nondif-
ferentiable vector optimization problem. Subsequently, the relationships between these
vector critical points and (weakly) K-efficient solutions in the considered nonsmooth mul-
tiobjective programming problem have been derived. Namely, the necessary and sufficient
optimality conditions have been proved for critical points in the sense of Fritz John and
in the sense of Kuhn-Tucker. In order to prove the necessary and sufficient optimality
conditions for (weakly) K-efficiency by the help of vector critical points, new concepts of
generalized convexity, namely cone-F'J-pseudoinvexity and cone-KT-pseudoinvexity have
been introduced for the considered nonsmooth vector optimization problem with both cone
and equality constraints. Thus, the characterization of vector critical points have been
extended to the largest class of nonconvex nodifferentiable vector optimization problems
with both cone and equality constraints, in comparison to the similar results existing in

the literature.
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