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A System of Coupled Two-sided Sylvester-type Tensor Equations over the

Quaternion Algebra

Qing-Wen Wang* and Xiao Wang

Abstract. We establish some necessary and sufficient conditions for the solvability
to a system of a pair of coupled two-sided Sylvester-type tensor equations over the
quaternion algebra. We also give an expression of the general solution to the system
when it is solvable. As applications, we derive some solvability conditions and expres-
sions of the n-Hermitian solutions to some systems of coupled two-sided Sylvester-type
quaternion tensor equations. Moreover, we provide an example to illustrate the main

results of this paper.

1. Introduction

Quaternions was first proposed by Hamilton [14] in 1843. Nowadays quaternions and
quaternion matrices have been widely used in many fields such as quantum computing,
mechanics, signal and color image processing (e.g., [7,9,[18}|19,2831,132.39]).
Sylvester-type matrix equations have a number of applications in system and control
theory, neural network [40], robust control |33], statistics and probability (e.g., [1,20]) and
eigenvalue assignment problems [3]. The investigations on Sylvester-type equations over
quaternions have attracted more and more attentions in recent years (e.g., [5,/16,34,35]).
In recent decades, tensor conceived by Tullio Levi-Civita [21], has attracted a lot
of scholars to study, and research results are widely applied in mechanics, data min-
ing, general relativity and so on (e.g., |2}4,(6,/10-13,123-27,29,130,/36-38]). The two-sided

Sylvester-type tensor equation
(1.1) Axn X sy B+CxyYVxyD=E

plays an important role in discretization of a linear partial differential equation of high
dimension [22|. He, Navasca and Wang |17] investigated the solvability conditions and
the expression of the general solution to the equation over the quaternion algebra.
He [15] defined the n-Hermitian quaternion tensor as follows. For any n € {i,j, k}, a
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quaternion tensor A with the order 2N dimension Iy X --- X Iy X I X --- X In is said
to be n-Hermitian if A = A", where A7 = —n.A*n, and A* represents for the conjugate
and transpose of A. He also studied the solvability and the general n-Hermitian solution
to a system of quaternion Sylvester-type tensor equations.

To our best knowledge, there has been little information on the two-sided coupled
Sylvester-type tensor equations over the quaternion algebra.

Motivated by increasing interest in quaternions, Sylvester-type equations, tensor equa-
tions, and in order to improve theoretical understanding of Sylvester-type tensor equations
over the quaternion algebra, we in this paper will consider the solvability conditions and
the expressions of the solution to the following two systems of coupled two-sided Sylvester-

type tensor equations over the quaternion algebra:

Ay xn X1 #ar B+ Croxy Y1+ D1 = &4,

(1.2)
Ao xn Xo x5 By + Co xy V1 #pr Do = &y,

where the operation *y is the Einstein product, and A;, B;, C;, &, D; (i = 1,2) are given

quaternion tensors and X; (i = 1,2), ); are unknown tensors; and

Ap xy X *n AT + Bi#n V1 *N 3717* = £,

(1.3) . .
Ag sy Xoxny A + By sy V1 xn By = &,

where A;, B;, & are given and &; are n-Hermitian quaternion tensors (i = 1,2), and A},
Xo, V1 are unknown n-Hermitian tensors.

The rest of this paper is organized as follows. In Section [2| we introduce some related
definitions and properties about a quaternion tensor. In Section |3| we establish some
necessary and sufficient conditions for the existence of a solution to the system
and give an expression of the general solution when it is solvable. Moreover we present an
example to illustrate our results. In Section as applications of the system , we derive
some solvable conditions for the existence of n-Hermitian solutions to the equation ([1.1)
and the system and give expressions of such solutions when the solvability conditions

are met. In Section [5] we give a conclusion to end this paper.

2. Preliminaries

Let R and HE XN stand, respectively, for the real number field and the set of order N

and dimension Lj X --- X Ly tensors over the real quaternion algebra
H = {ag + a1i+ azj + ask | i = j> = k? = ijk = —1, a9, a1, a2, a3 € R}.

It is well known that the quaternion algebra is an associative and noncommutative division

algebra. For more details about quaternion matrices, please see [28.|39)].
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Given A = (jy.ipjyojyy) € HIXXINXTCXIM the tensor A* = (@), jygiyvin) €
¢ x I xhixxIN g called the conjugate transpose of A. A tensor A € x> Inxlix-xIy
is said to be Hermitian if A = A*. A tensor D = (d;,...iyi iy ) € HI XX Inx XX Iy g
known as a diagonal tensor if its all entries are zeros except for d;,...yi,.-.i - When all the
diagonal entries d;,...iyi,-.iy = 1, D is the unit tensor.

For A € HIvX>InxJixxJIN and B € H 1> *InxEix-xKau the Einstein product [8]

of the two tensors is defined by the operation *y via

(-A *N B)il---iNkl-"kM = E : ail"'ile"'iNbjl"'ijl-"kM'
JiiN

Hence A xy B € HI1x X InxKix <Ky
Now we introduce the definition of the Moore-Penrose inverse of a tensor over H via

the Einstein product, which is a generation of the Moore-Penrose inverse of a matrix.

Definition 2.1. [17] Let A € HI1¥*INxJix=xIN The tensor X € H x> /nxlix-xIy

satisfying the following four quaternion tensor equalities:
(1) Axy X sy A=A,
(2) Xxy Asxy X =X,
(3) (Axy X)* = Axy X, and
4) (Xsy A =X xn A
is called the Moore-Penrose inverse of A, denoted by Af.

By [17], for an arbitrary tensor A € HIt>*InxJixXJIN “the Moore-Penrose inverse
exists and is unique. For C € HI¥>InxIixxIn “if there is B € HIxxInxlix-xIy
satisfying the equation C sy B = B xy C = Z, then B is regarded as the inverse of C,
denoted by C~!. If tensor C is invertible, then Ct = C~ 1.

Let the symbols £4 and Ry stand for L4 = T — Al sy A, Ry = T — A =y AT,

respectively. Then we have the following properties.
Proposition 2.2. Let A € HIVX > INxJixXJIn = Thep
(1) (A™)T = (AT)7,
(2) La=LYy Ra=Ry,
(3) L =R an+, T\’,nA* = L gn~,

(4) (AN = 4,
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(5) (A")T = (A1),
(6) (A* sy A)T = AT sy (AT, (Axy AT = (AT 5y AT,
(7) EA*N.AT:A*NEA:O, RA*N.A:AT*N'RA:O.

Now we introduce the block quaternion tensors just as the definitions of block complex
tensors [30]. Let A = (i oinjyojy,) € HIXINXIOCXIM and B = (by,cinky k) €
) InxKix-x Ky - Then the row block tensor of A and B is denoted by

(2_1) (.A B) c Hhx---XINxL1><---><LM’
where L; = J; + K;,i1=1,...,M and

Ay oeinlylas if i1---1N € [Il] X - X [IN], li1---lp € [Jl] X e X [JM],
('A B)il'”iNll”'llw =4b

0 otherwise,

i1inl Ly ifiqy---iny € [Il] X e X [IN], i lyyel x---x Ty,

where I'; = {J; +1,...,J; + K;}, i = 1,..., M. For given tensors C = (¢j,...jpir-in) €
H/2 X I X e XIN and D= (dgyookoygig iy ) € VX EMxDxxIn - the column block

tensor of C and D is denoted by

(22) C eHLlX”'XLMXIIX"'XIN

D
where L, = J; + K;, i1 =1,..., M and

c Cly-lppir-in lflllMé[Jl]XX [JM],il"’iNG[Il]X"'X[INL
( ) = dll“'l]\l'il"'iN ifll"'lM€F1X"'><F1\/[7 ’il"'iNe[Il]X"'X[IN],
li-lpin-in

0 otherwise,

WhereFi:{Ji—f—l,...,Ji—l—Ki},izl,...,M.

The product of block tensors is given as follows.

Proposition 2.3. Let (A B) and (%) be of the form in (2.1) and (2.2), respectively.
Then

(1) Fxn (A B) = (Fxn A Fxy B) € HIvxIvxbce <t
(2) *N]'—: < ) c HL1><~~~><LM><11><~~><IN’
(3) (A B) *M( ) A*MC—FB*M'DGHHX X I XX ><IN

where F € HIv< X InxIyx-xIn
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In order to prove our main result in the next section, we start with the two-sided
Sylvester-type quaternion tensor equation ([1.1). The following lemma provides the solv-
ability conditions and general solution to the equation ((1.1)).

Lemma 2.4. |[17] Assume that A € HIV< > InXJxxIn =g Jixx By xLix-xIu
Cc H11><~~><IN><G1><~~><G’N} Dc HH1><--~><HM><L1><~~~><LM and € € H11><~~><IN><L1><--~><LM' Set

P=Ra*nC, Q=DxyLp, S=Cx*yLp.
Then the equation 1s consistent if and only if
Rp xny Rqgxny E =0, Expy Lexpy Lo =0,
Rao*nE*py Lp =0, Re xn E *p L = 0.
In that case, the general solution to the equation can be expressed as follows:

X =AM sy Expyy BN — AT xy Cxn Py € %oy BY
_AT*NS*NCT*N(C/‘*MQT*MD*MBT_AT*NS*NZ/{2*MRQ*MD*MBT
+ Lo xn Uy +Us *1r R,

V=Play Expr DI+ ST iy Sy Clay Exar QT + Lp xy Lis xn Uy
+ Lp xny Uz xpr Ro + Uz *p1 R,

where Uy, Ua, Us, Uy, Us are arbitrary quaternion tensors with suitable orders.

3. The general solution to the system (|1.2))

In this section, we consider the solvability conditions and the general solution to (/1.2))
where Ay € HIX X INxJuxxIn = Ay ¢ XX InxEKixxEn ¢ ¢ [hxxXInxPirxe-xPy

CQ c HL1><--~><LN><P1><~--><PN7 81 c HR1><~~-><RM><51><~--><SM’ Bz c HT1><~--><TM><Q1><~--><QM’
Dl c HGl><---><GM><S1><---><SM7 D2 c HG1><---><GM><Q1><---><QM’ 51 c Hllx---xINxslx---xSM,

Ey € HEv XL xQixXQwm are given quaternion tensors. For convenience, we set

Mi=Ru, *nCi, N1 =DixyLp, St =Cisn L,
Mo =Ry, *n Co, No=Dyxp L, Sa=Coxn L,

Rop,
(31) Allz([’Ml *N ES1 £M2 *N ‘CSQ)7 Bll - 3
Rop,
511:ME*NE‘Q*MDE‘FS;.*NSQ*NC;*NgQ*MNQT
—Mil-*Ngl*M’DJ{—SI*Nsl*NCI*Ngl*MNlT,
(33) A:R.Au *N'CMD BZRJ\G *M [’311’ C:R.An *N'CMza D:RNz *M'CBuv
(34) 5:RA11 *Ngll *M£B117 M:RA*NC, N:D*Mﬁg, S:C*NEM
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Theorem 3.1. The system (1.2) is consistent if and only if

(3.5)

(3.6)

(3.7)

Ra, *Nn &1 Lo, =0, Re, *nv E1 %y L, =0,
Rmy *N Ra, *n E1 =0, &1 *p LB, *m L, =0,
Ra, *n E2%m L, =0,  Re, *n E2 %0 L, = 0,
Rmy *N Roay *N E2 =0, Eaxpm L, *m L, =0,
Rm*NRaxnE =0, Exp Lpxp Ly =0,
RaxNnE*xp Lp =0, Re*xnExp Lp=0.

In this case, the general solution to the system (1.2|) can be expressed as

(3.8)

(3.9)

(3.10)
(3.11)

where

(3.12a)

(3.12b)

(3.12¢)

(3.12d)

1= Al sy E15ar B — AL sy St Cf v &1 xar NY 3 Dy xar B

- AI xn C1 *N MI *N E1 ¥ BI - «41 *N S1#N Vo xapr Ry % D1 oxm BI
+ L, *N Vi + Vs *u Ra,,

2:.A;*NSQ*MBg—AE*NSQ*NC;[*N(C,’Q*MNQT*N’DQ*MBg

_-Ag*NC?*NM;*NSQ*MB;_AE*NSQ*NE*MRNQ *MDQ*MB;
+ La, *n T+ Ts *m R,

B%1 :MJ{ *N &1 >|<J\/['D}L—|—SiL *N S >I<]\[Cir xN &1 *MN1T+£M1 * N [,51 *N V1

+£M1 *N VQ XM 7—\"//\/1 +V3 XA Rpl,

Vi :/\/@ xn Ea *M’D;—FS; *N So *NC;r *n Eo *MNQT_EMQ xN Ls, *n T1

— Ly, *N T2 #0 R, — T3 %0 R,

Vi = (Z 0)sn (Al s (Ei1 — Loty #3 Vo #ar R — Lty #5 T2 %01 Rs)
+ Wy s Bii + Loa,, 8 Wa),

Vo= Al sy Esxpr BN — AT sy S sy CT sy E xpr N spp D sy BT
— AT sy C sy MT sy Expp BN — AT sy S sy Wh 501 R #ar D g B
+ L4 *n Ws + Ws *m R,
Vs = (Ray # (€11 = Ly #3 Vo sar Ri — Ly #8 T *ar Rovs ) #ar B
T

— A1 sy W1 = Wa sy Ry, ) *M ol

7-1 = (O I) *N (AL *N (511 — £M1 XN VQ XN R/\ﬁ — ﬁMQ *N7-2 *pAf R/\[2)
+ Wr sar Bin + L ay, 5 Wa),
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Tz:MT*Né'*MDT—{—S*NST*NCT*Né’*M./\/'T—i—EM*NCS*NVW

(3.12¢)
4+ Lo *n Wy xpr Ry + Ws *pr Rop,

T3 = (Ray, *n (E11 — Lo, *8 V2 *0r Ray — Lty *8 T2 %0 RAG) *0 BL
(3.12f) 0

— A1 sy Wi = Wa sy Ry, ) *m 7]

and Vy, Vs, Ta, Ts, Wi, ..., Ws are arbitrary tensors over H with appropriate sizes.

Proof. We first prove that if the system ((1.2)) has a solution, then the solvable conditions

in (3.5)—(3.7) are true and the general solution can be expressed as (3.8)—(3.11)).
If the system (|1.2)) is solvable, then

(3.13) A xn X1 #pr By 4+ C1xny Y1xu Dy = &
and
(3.14) Az xn Xo ka1 Ba 4+ Co xy V1 #0r Do = &

are consistent. It follows from Lemma that the system is consistent if and only
if is satisfied. In this case, the general solution to the system can be expressed
as
Xy = Al xy & s BY — Al sy Sy vy Cl sy & 5ar N 5y Dy Bl

—.A]i *n Cp kN ./\/l]; *n E1 *pr BI —.AJ{ xn S1 %N Va kar R *a D1 oxur BI

+ La, *N Va+ Vs xp Rp,,
(3.15) V= MJ{ *N E1 x 0 DI + SI *N S1xN CI *N E1 %0 /\/’{r + L, *N Ls; *n V1

+ L, *8 Va2 xm Ry + Vs *m Roy,

where Vi, ..., Vs are arbitrary quaternion tensors with suitable orders. This means (X7, );)

can be expressed by (3.8]) and (3.10)).
Similarly, the system (3.14]) is consistent if and only if (3.6) is satisfied. Then the

general solution can be expressed as
Xs :Ag *n Eg *kr Bg —.A; *n So *NC; *n &y *M./\/g s Doy * ) Bg
—A; x5 Co *NME *n &y *MB; —A; *n Sa2 kN T2 *p R, *am Do *MBE
+ Lay *N Ta+ T5 *m R,
(3.16) Vi = M; *n Eg *0r D$ +5§ *N S2 *N C; *N E2 ¥ NQT — L, *N Ls, v T
— Ly *N T2 %01 R, — T3 %01 Ry,

where 71, ..., Ts are arbitrary tensors over H with appropriate sizes. This means (X2, V)

can be expressed by (3.9) and (3.11)).
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Equating ) in (3.15) and Y in (3.16)), we have

V1
(3.17) A *n - + (V3 T3) #am Bii = E11 — Ly *8 Va2 xar Ry, — Lty #8 T2 %0 Rasy-
1

It follows from Lemma that the system is consistent if and only if
Ry *N (E11 — Ly #*8 V2 xar Ray — La, #8 Ta #m R ) *m Ly, = 0,

which is equal to

(3.18) AxnyVosxpyy B+Cxy Taxpy D =E,

where A, B, C, D and & are shown in (3.3) and (3.4). According to Lemma the
system (3.18)) is consistent if and only if (3.7)) is satisfied and its general solution can be

expressed as

Vo= Al sy Expy BN — AV sy Sy CH sy E 50y NTxpy Dxyy B
(3.19) — Al sy Cxy M sy Expy BF — AT *NS*NW4*MRN*MD*MBT
+ L 4N Ws 4+ W *1m Ra,
To =M sy Expr DI + Sy STy CT sy Exar NT + Log xn L x5 W

(3.20)
+ L #N Wi vy Ry + Ws 0 R,

where Wy, ..., Ws are arbitrary quaternion tensors. Therefore, (3.19) is just as (3.12b)

and (3.20) is the same as (3.12¢)).
Back to (3.17]), we can deduce from Lemma that

V1
= AL *N (E11 — Lty *N8 Vo xar Ry — L, *8 T2 xar R)
(3.21) T
+ Wik Bin + La,, 8 Wa,
(V3 T3) = Ry, *N (E11 — L, *N Vo xar Ran — Laty *N T2 %0 Ran) *m BL

(3.22)
— A1 #nv Wi — Wa sy Rp,,,

where Wi, Wh, W3 are arbitrary quaternion tensors with suitable sizes.
By applying Proposition we obtain that

Vi = (T 0)#n (Al #n (Et1 — Lty #3 Vo ks R — Loy #8 Tz %01 R,)
+ Wl *M Bll + [’Au *N WQ),
Vs = Ry, #n (E11 — Loty #8 Vo sar Ry — Loty #5 To #ar Rg) *ar Bl



A System of Coupled Two-sided Sylvester-type Tensor Equations over the Quaternion Algebra 1407

A
— A1 xny W1 = Ws sy Ry, ) *M ol

Ti = (0 Z) #n (Al 55 (E11 — Lty #5 Vasar Ry — Loty #8 To %01 R)
+ Wi sy Bii + La,, 8 Wa),
7-3 = (R.An *N (511 - £M1 *N V2 *M R./\/l - ‘CMQ *N 7-2 *M RNQ) *M Bil

— A1 xy W1 —Ws sy Ry, ) *M

Therefore, Vi, V3, T1, Tz can be expressed by (3.12a)), (3.12c)), (3.12d)), (3.12f), respectively.
Now we show that tensors &; (i = 1,2), V4 having the form of 7, respectively,
constitute a set of solution to the system under the conditions f.
If is satisfied, then we can deduced from Lemma that and are
solutions to the system . Similarly, we know that and are a set of

solutions to the system (3.14]) if (3.6) is met.
Now we show that ) in (3.10) and ) in (3.11)) are equal, that is

./\/q *N E1 %M DJ{ —l—S;r xN S1 %N CI *N &1 *MNlJr +£M1 * N ,Cgl N V1

(323) +£M1 *NVQ*MRN1+V3*MRD1
:M; xn E9 %1 DE—FSS *n So >|<N(7;t *xn E >k]\4./\/'2Jr — L, *N Ls, *n T1

— Ly *N T2 #0 Ry — T3 #0 R,

Using (3.1) and (3.2), we can simplify (3.23]) into the form as in (3.17). So we need to
show that (3.17) is true. Substituting (3.21]) and (3.22)) into (3.17)) yields

Arn v (A 5 (E11 = Loy #5 Vo sar Ry — Loty #3 T2 %01 Rai) + Whsar Bia + Lay, #n W)
+ (Roay, *n (E11 = Lty *n Vo xar Ry — Laay #5 Tz *ar Ry) *ar Bl
— A *y Wi = Ws xu Ry, ) *m B
=Ry, *~ (11 = Ly *8 Va2 x11 Ry — L, #8 T2 %0 Ra,) *m LBy,
+ &1 — L, *n Va2 *mr Ry, — L, *n5 T2 ¥ R,
=& —AxyVaspy B=Cxy Tasp D+ E11 — Lagy %8 Vo ks R, — Lt %8 Tz 01 Rav,-

Since (3.7)) is satisfied, it follows from Lemma that Vo in (3.19) and 72 in (3.20)
constitute a solution to the system (3.18)), that is to say

5—A*NV2*MB—C*N'T2*MD:0,

where V, and 7Tz, respectively, are the form of (3.19) and (3.20). Then (3.17) is satisfied.
Therefore, Y; in (3.9) and ) in (3.11]) are equal. This means that tensors X;, V1 (i = 1, 2)

as the form of (3.8)—(3.11]), respectively, constitute a solution to the system ((1.2)) when
(3.5)—(3.7) are satisfied. O
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We now give an example to illustrate our results.

Example 3.2. For the system (1.2)), A;, B;, C;, D; and &; (i = 1,2) are quaternion tensors

given by
AGstn = (5%) Akt = (K,
AiGn22) = (P Al = (MR,
Aol 1) = (B A2.2)= (L),
Bi(:,:,1,2) = (ilgfc J'k) : Bi(:,:,2,1) = (Jéllli :.]) ;
Ba(:,:,1,1) = (I;klltlf), Ba(:,:,1,2) = (ii:]] 7i:k)’
Bi22) = (Br5).  ats1n=(A).
Ci(s,5,2,1) = (_j;rk ‘111;) ;o C1(5,5,2,2) = (jlﬁ i:i) ;
Ca(:,:,1,2) = (i__ll{( 1_4::{,) ;o C(5,5,2,1) = (i-;j ilf) )
Dty (F1). Diern = ().
Di(;, ,2,2):(i+jk_ik), Do, ,171)2(_11, flgj)’
Dol 2 ) = (M), Datn2,2) = (VE ).
&5 1,1) = (—1!332?—% 7:1;?%;—761)’1) ’ &11,2) =
£1(,52,1) = (*?(;‘*_iﬁ_j;fk f}fﬁﬁ%}f‘ﬁ) . &(552,2) =
fu 1) = (A AR 1) =
E(12,1) = <1£9;§i§11+2g;39111<< 13:t;jizfik) v &(n2,2) =

Direct computation yields

Ray *n &1 *pm Lp, =0,
51 *M EBl *M £N1 = 07
RMQ *N R.Az *N 82 = 07

E*MLB*MENZO,

Rey, *n &1y L, =0,
RAQ *N 52 *M E'Dz = 07
52 k0T EBQ *M ENQ = 07

RaxnExp Lp =0,

Ai(52,1) = (11:1; :1;),
Aale,,1,2) = (FR ).
Bi(s 1) = (V5% ).
Bi(::,2,2) = (]18>
Ba(:,1,2,1) = (i ii:f;> 7
Ci(:51,2) = (i__ji itk>,
Cain1,1) = (117,
Cal12,2) = (5.
Di:521) = (1Y),
Da(:,,1,2) = (W)

—3—14i—2j+4k —3+3i—5j—6k
—7-2i—k 9+3i+ ’

1-10i—j+3k 4—2i+8j+6k
—742i—4j—k —5i—j+11k | °

10-13j+4k  —14—5i+6j+11k
—4+14i+7j+7k  —11+13i—13] | >
—3-2i-12j—k

5j-+9k
—546i+2j+15k —6—3i—9j+6k |

Rmy *N Ray #n &1 =0,
Re, *N E2 %0 L, = 0,
Rm*n Rax*xn E =0,
Re xn E *p L = 0.

Therefore, all conditions in Theorem are met, the system (1.2]) is consistent. As a
consequence, it is easy to verify that X, Xa, Vi below satisfy the system (1.2):

Xl(:a 5 ]-a ]-) = (1__11: Jltlf) )

Xi(5,:,2,2) = (iJirj igk) ,

Xl(:a:a]-a2) = (7jj+k 1ii> ) Xl(:a:aza]-) = (}t: ijrj) ;

10 = (), wean2) = (1),
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. o o
(20 = (BRI b2y = (), wennn = (),

Mi(y:1,2) = (;ij +k> My 2,1) = (11:11( _ik>’ Vi 2,2) = (J{i)

4. The n-Hermitian solutions to the tensor equation ((1.1)) and the system (|1.3))

In this section, we investigate the n-Hermitian solutions to the equation (1.1) and the

system (|1.3)) based on Theorem
We first consider the equation (|1.1)) where X', ) are unknown quaternion tensors with
y — yn*7 and A € Hh><~~-><IN><J1><-~~><JN7 Be HKl><~--><KM><Rl><~--><RM7 Ce Hllx"'XINXPIX"'XPN7

D e HPv X Py xBixexBy - g ¢ [hxxInxBixXBu gre given. For simplicity, we put

My =Ru*nC, Ni=DxyLp, S1=CxnLpmy, So2=(Rn;*nD)7",
Ain = (La, *8 Ls, (Ra)™ #n Ls,), Bii = Rp
(Le)™
Eir = (NI)™ sar €7 sy (CTY™ + ST was S v (DY) wag €7 sy (M])™
— Ml sy Expr DY = STy Sy xy CT sy € g N,
A1 = Ry, #N8 Loy, Br = Ry #5 Ly, Ct = Ry, *8 (Ray)™, D1 = (L))" N Ly,
E = Ruay, *n E11 *N LBy, M=Ra *nCi, N =DixnyLp, S=Ci*nLrm.

Theorem 4.1. Let A, B, C, D, £ be given quaternion tensors mentioned above. The
equation (1.1)) is consistent if and only if

RA*Ng*MED:O, Rc*Ng*MﬁgzO, RSI*NRA*NEZO,
Exnr Lxar Lo, =0, R, *ar (Lp)T" #pr ET =0,
EM sy (L) #n (Lay)™ =0, Ram*n Ra, xn & =0,

E1xN L, *N Ly =0, Ra, *nvE1xny Lp, =0, Re, *n &1 %N L, =0.

In this case, the n-Hermitian solution to the equation (L.1)) can be expressed as

_ Y+ Y

_ At
- T

X
2 )

y

where

Xy = Al sy Expy BN — Al sy Sy CF >|<]\/S>o<1\4,/\/’£r «n D xpp B
— AT *NC*NM]; wn Exyy BN — AT 5y Sy xn Vo s R xn Dy B
+ La*n Va+ Vs *m Ra,

Xy = (BT)H* s’ ET %y (_AT)”]* _ (BT)n* *10 DT (MDU* wn ET (AT)n*
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— (BN s Sy xv (DN sy E7 5y (N 50 C™ 5y (AN + (Rg)™ 501 Ta
+ T %5 (L) — (BN 50s So 5 T #ar (Lar)™ sar C7 s (AT,

V1= My E sy DY+ 8] sy Sy CT sy Exar N+ Loty *iv Ls, #+5 Vi
+ L, *n Vo xn Rp, + Vs *n Rop,

or

V1= (NP spr E sy (CTY™ + ST xar Sa iy (DT)7 sy 7 sy (M)
— (Ra)™ *n Ls, *n T1 — (Ran)™ #8 Ta x5 (Laay)" — Tz x5 (Le)™,

and

Vi= (T 0)sn (Al #n (E11 = Lagy #5 Vo sy Ry — (Rag)™ #n To x5 (Lag,)™)
+ Wi kN Bi1i + Ly, 5 Wa),
Vs :Al xn E1 *MBI —AI *NS*]VC;r xn & xn N sy Dy *NBI
—fq wn Cpxy M sy & *NBI —AI *N S*y Wiy R *#n D1 *NBI
+ LA, Ny Ws + Ws *n Rp,,
Vs = (Ray, #n (E11 — Loty #3 Vo s8Ry — (Ran)™ #5 Ta %5 (Lat,)™) #nv Bl
z

—Aj sy Wi — W sy Ry, ) *N ol

Ti = (0 Z) xn (Al #n (E11 — Lty #3 Vo sy Ry — (Ra0)™ #n Tz #8 (Laty)™)
+ Wi sy Bi1 + La,, *8 Wa),

To =M sy & *MDJ{—FS*NST*NCI*N& sy NT 4+ L xn Ls xy Wr
+ L xn Waxn Ry + Ws #y Ro,

Ts = (Ray *N (€11 — Lag, #8 Vo sy Ry — (Raq)" % Ta #n (Lag,)™) #n Bl

0
— A1 *y W1 — W3y Rp,,) *N ;
z
and Vy, Vs, Ta, Ts, W1, ..., Ws are arbitrary tensors over H with appropriate sizes.

Proof. We prove that the equation ([I.1) has a solution with ) being n-Hermitian if and
only if the following system
(41) Axny X1y B+Cxy Vi *xyD =€,

’ B g Xy sy AT+ D iy Yy iy O = T

has a solution.
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Firstly, if the equation has a solution, denoted as (AN,’ , 5)), then it is obvious that
the system has a solution shaped like (X7, Xa, V1) = (2?, f”*,fi).

Next we show that if the system has a solution, then the equation is solvable.
Assume that the system has a solution (X7, Xo,)1). We will prove that

X+ X v+
2 72

(12) 9= (

is a solution to the equation ((1.1f).
Substituting (4.2) into the equation (|1.1)) yields

% %
A*N (Xl +2X2 ) *MB+C*N <y1 —;yl ) *ND

1 1 1 " 1 "
:iA*NXl*MB"i_iC*Nyl*ND+§A*NX27] *MB+§C*N:)}? *p; D

1 1
= 5(“4 *N X1 *#0 B+Cxy M xn D) + 5(87]* xpp Xoxy AT+ DT 5y Vp *n CU*)U*

=¢£.

This implies that (4.2)) is a solution to the equation (1.1). We can get the solvability
conditions and the expression of the general n-Hermitian solution to the equation (1.1)) by
Theorem [3.1] O

Remark 4.2. We can also present the solvability conditions and an expression of a solution

with X being n-Hermitian to the tensor equation over H:
Asny X «nB+Cxny YV xyu D =E,

where A, B, C, D, £ are given, X and ) are unknown.

Now we turn our attention to consider the solvability conditions and the general

n-Hermitian solution to the system (|1.3) where &}, A%, ); are unknowns and A; €
HIl><~~-><IN><J1><--~><JN7 A2 c HIIX'”XINXSIX"'XSN7 Bl c Hllx--~><IN><K1><--~><KN7 BQ c

/X InxKaxe-x Ky g ¢ v Inxhux-xIN gre given quaternion tensors, and & (i =
1,2) are n-Hermitian. For simplicity, we set

Mi =Ry, *N B1, Mo =Ry, *xn B2, 1 =DB1*nxLam,, S2=DBa*n L,

(Lp,)™
(Lp,)™
E11 = MYy Ey iy (BY" + 8w Sy xn BY sy & xx (ME)™
— My & (B — 8 o 1w B oy €1 xn (M),
A=Ray #8 Lamys B= (L))" #8 L1y C=Rayy #8 Ly D= (Latn)™ #5 Ly,
E=Ruay *nEn*n Lp,, M=RasnC, N=DxyLp, S=Cx*yLpm.

All = (‘CMl *N le EMQ *N ESQ)? Bll -
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Theorem 4.3. Let A;, B;, & (i = 1,2) be given quaternion tensors. Then the system (|1.3)
is consistent if and only if
Ray *N E1#n (Rp,)"™ =0, Rmy *n Ra, *n &1 =0,
RAQ *Ngg*N(RBQ)n*: y RM2 *NRAQ *N€2:0, RM*NRA*NS:O,
Exn Lpxn Ly =0, RaxnExnLp=0, RexnExnyLp=0.

In this case, the expression of n-Hermitian solution (X1, Xa, Y1) can be deduced from (3.8)—
(3-11)) and (B.12a)-(3.121) in Theorem [3.1]

Proof. We show that the system ((1.3)) has an n-Hermitian solution if and only if the system

of quaternion tensor equations
AL sy X sy A?* + B1 sy YV N 8717* =&,

(4.3) . .
A xn Zxny A 4+ Baxy YV sy By =&

has a solution, where & (i = 1,2) are n-Hermitian quaternion tensors. If the system
has an n-Hermitian solution, i.e., (X1, X2,)1), then the system obviously has a
solution (X, Y, Z) = (X1, V1, X2).
Conversely, if the system has a solution (X, ), Z), then
X+ X Z4ZT Y4 YT
2 ' 2 2 >

(X1, X9, D) = (

is an n-Hermitian solution to the system ([1.3)). Therefore we can get the solvability condi-
tions by Theorem And the expression of the n-Hermitian solution to the system ([1.3))

can be obtained from (3.8)—(3.11)) and (3.12a)—(3.12f) when the conditions are met.  [J

5. Conclusion

In this paper, we have established some necessary and sufficient conditions for the existence
of the general solution to the system and constructed an expression of the general
solution to the system when it is solvable in Theorem We have provided an example
to illustrate our main results. As applications of the system , we have given some
necessary and sufficient conditions for the existence of an 7n-Hermitian solution to the
two-sided Sylvester-type tensor equation and the system . Moreover, we have

presented expressions of such solutions when the solvability conditions are met.
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