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Long Time Behavior of Entire Solutions to Bistable Reaction Diffusion

Equations
Yang Wang* and Xiong Li

Abstract. The first aim in the paper is to prove the local exponential asymptotic
stability of some entire solutions to bistable reaction diffusion equations via the super-
sub solution method. If the integral of the reaction term f over the interval [0,1] is
positive, we not only obtain the similar asymptotic stability result found by Yagisita
in 2003, but also simplify the proof. The asymptotic stability result for the case
fol f(u)du < 0 is also obtained, which is not considered by Yagisita. After that, the
asymptotic behavior of entire solutions as t — 4oc¢ is investigated, since the other
side was completely known. Here, the result is established by use of the asymptotic
stability of constant solutions and pairs of diverging traveling front solutions, instead
of constructing the super-sub solutions as usual. Finally, for the special bistable case
f(u) =u(l —u)(u—a), a € (0,1), we prove the entire solution continuously depends

on «.

1. Introduction

In this paper we focus on the following reaction diffusion equation
(1.1) Ou = Oggu+ f(u), z€R,

where f € C%(R), f(0) = f(a) = f(1) = 0, « is the unique zero point of f in the interval
(0,1), and f'(0), f'(1) < 0.

In this case, is called a bistable equation and the background can be found in
[2,5,21] and references therein. This model can illustrate that a nerve has been treated with
certain toxins as stated in [b]. It can also be used to describe a bistable active transmission
line introduced in [21]. For more general reaction terms, Aronson and Weinberger in [1]
used it to describe the heterozygote inferiority case and also pointed out that some flame

propagation problems in chemical reactor theory can be demonstrated by equations of the
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form (1.1)). If the reaction term f has no any zeros in the interval (0,1), also in [1], they
used it to describe the heterozygote intermediate case and at this time, becomes the
famous KPP-Fisher equation, which is monostable and had been studied in [10,/17].
In recent years, the existence, uniqueness, stability and other properties of traveling
wave solutions of have been investigated extensively, for example, see [1,2,|6-10,/17].
A function ¢(€), & = z + ct, is called a traveling wave solution of connecting 0
and 1 with the wave speed c, if it satisfies

12) OO+ fO©) =0, Jm o) =0, lm o(6)=1,

§—4o0

which is actually monotone increasing proved in [8,22]. Moreover, the monotone traveling
wave solution is also known as the traveling front solution.

However, it is not enough to understand the dynamical structure of by only
considering traveling wave solutions. Recently, the existence of entire solutions, which
are classical solutions and defined for all (z,t) € R x R, is widely discussed. From the
dynamical view, the study of entire solutions is essential for a full understanding of the
transient dynamics and the structures of the global attractor as mentioned in [19,20].

In |14], for the monostable reaction diffusion equation, Hamel and Nadirashvili proved
the existence of entire solutions by the comparison theorem, supersolution and subsolution,
which consists of traveling front solutions and solutions to the diffusion-free equation.
Meanwhile, they also pointed out that the solutions to depending only on t and
traveling wave solutions are typical examples of entire solutions and showed various entire
solutions of in their subsequent paper |15]. If fol f(u)du > 0, which implies that
wave speeds of any traveling front solutions of must be positive, Yagisita in [28]
revealed that the annihilation process is approximated by a backward global solution of
, which is in fact an entire solution.

For Allen-Cahn equation

(1.3) O = Ogzu+u(l —u)(u—a), aec(0,1),

which is a special example of , Fukao, Morita and Ninomiya in [11] proposed a simple
proof for the existence of entire solutions, which was already found in [28] by using the
super-sub solution method and the exact traveling front solutions. Moreover, Guo and
Morita in |13] extended the conclusions in [14}28] to more general case. If fol f(u)du <0,
which implies that wave speeds c¢ of any traveling front solutions of must be negative,
Chen and Guo in [3] used the quite different method to construct the super-sub solutions
to obtain the existence and uniqueness of entire solutions to , which are different
from those in [11,|13,28]. Very recently, Matano and Polacik in [19] proved that there is
an entire solution connecting the origin to the solution only depending on z of , and
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Chen et al. in [4] proved that there are no entire solutions originating from more than four
traveling front solutions.

In this paper we will firstly investigate the asymptotic behavior of entire solutions to
(1.1) as t — +oo, since the exact asymptotic behavior as ¢ — —oco was found in [3,|13].
We conjecture that the long time behavior of entire solutions to found in [3}|13] may
be controlled by some asymptotic stable states of defined in [6]. Luckily, Fife in [6]
pointed out several kinds of asymptotic stable states, including constant solutions u = 0,
u = 1, traveling wave solutions, diverging pairs of traveling wave solutions. With these
results, the long time behavior of these entire solutions can be established.

Secondly, Yagisita in [28] proved that the entire solution to (1.1]) is local exponential
asymptotic stable by the asymptotic stability of the constructed invariant manifold. Also
the local Lyapunov stability of entire solutions to with nonlocal delays was obtained
in [26] by the super-sub solution method. By means of establishing the different super-sub
solutions of from that in [26], we further prove the local exponential asymptotic
stability of the entire solutions to found in [3,/13]. Eventually, we will prove the
entire solution to continuously depend on « followed the method offered by [14].

The rest is organized as follows. For the reader’s convenience, in Section[2} we introduce
some known results about the asymptotic stability of constant solutions, traveling wave
solutions and diverging pairs of traveling wave solutions to . Then, in Section
we investigate the long time behavior of entire solutions to (|1.1)) and prove the local
exponential asymptotic stability of entire solutions by the super-sub solution method. In
the end, in Section [4, we prove the continuity of the entire solution to in a.

2. Some known results

In the sequel, we will investigate the long time behavior of entire solutions to (|1.1)) in the

Banach space

UC(R) :={u € C(R) : u is bounded and uniformly continuous in R}
with the norm |[ju|| := sup,cg |u(z)|. For this purpose, we present the initial condition
(2.1) u(z,0) = up(z), = €R,

where up(x) € UC(R), and let the function u(zx,t;ug) be the solution of equation ([1.1)
with the initial condition ([2.1). Now we introduce an interior Schauder estimate in the

following lemma without the proof.

Lemma 2.1. Suppose that u(z, t;ug) is a bounded solution to (1.1) with (2.1)) for (z,t) €
R x [0,400), and ||Ju(-,t;uo)|| < My for some constant My > 0 and all t > 0. Assume
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that the reaction term f € C?(R), and there exists a positive constant My such that
LA LN and (7] < My on [—

that [|Ou( -, t;up)ll, ||0zu( -, t;uo)|l, |0zzu(-,t;uo)l| < My for all t € [1,4+00), where Mo
depends on My and My only.

My, Mp]. Then there is a positive constant Ms such

Here and thereafter, M stands for general positive constant and M;, i = 1,2, ..., stand
for special positive constants.

In this paper we mainly are concerned with the local exponential asymptotic stability
of entire solutions to . Now we introduce the definition of the local exponential
asymptotic stability.

Definition 2.2. Suppose v(x,t) is an entire solution to (1.1)). If there are 6 > 0, M > 0,
a > 0 and t9 > 0 such that when |Jug(-) —v(-,0)| <9,

(-, tup) — (-, t)|| < Me™™, Vit > to,
then v(z,t) is called local exponential asymptotic stable.

Now we list the known results about the stability of constant solutions, traveling wave
solutions and diverging pairs of traveling wave solutions (constructed by traveling wave
solutions and their reflects), which will be used later.

First of all, we state the asymptotic stability of constant solutions v = 0 and u = 1,

which had been proved in [7].

Lemma 2.3. Suppose that 0 < ug < 1 is a continuous function. If fol f(u)du > 0 and

liminf, 4o up(x) > a, then

lm |lu(-,t;up) — 1| = 0;

t——+o0

if fol f(u)du <0 and limsup,,_,, . uo(x) < «, then

lim (-, uo) | = 0.

t—+o00
Moreover if infyer ug(z) > «, then limy o |lu(-,t;up) — 1] = 0; if sup,er uo(z) < «,

then limy_, 4 ||u( -, ¢ up)|| = 0.

The global exponential asymptotic stability of traveling wave solutions of ([1.1) had

been proved in [8].

Lemma 2.4. Suppose that ¢ is the solution to (1.2) and 0 < ug < 1 is a continuous func-
tion. If imsup,_, . up(z) < «, liminf, , - uo(x) > «a, then there are some constants

xo, M3 > 0 and wy > 0 such that

lu(, t;ug) — ¢ + ct — x0)| < Mze ™™, >0, z € R;
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if imsup,_,, o uo(z) < o, liminf, o up(x) > «, then there are some constants x,
My > 0 and wy > 0 such that

lu(z, t;ug) — p(—x + et — 21)| < Mye 2", £ >0, z € R.

In addition, the local asymptotic stability of traveling wave solutions of had been
proved in [22,23] by the different ways compared with the method in [8]. The stability
of traveling wave solutions in R™ can be found in [18}25,27]. For more general reaction
terms, the authors in the papers [12|24] proved the stability of traveling wave solutions.

As stated in [6], there are four kinds of bounded stationary solutions of equation ([L.1]),

which are solutions of

2
(2.2) % + f(u) =0,
that is, the solution with a single minimum point, the solution with a single maximum
point, the periodic solution and the monotone solution. In fact, the solution with a single
maximum point or a single minimum point is the homoclinic orbit. More importantly, the
author also proved that the solution of with a maximum or minimum at a finite value
of x are unstable, which means that only the monotone solution, namely the heteroclinic
orbit, is stable. From the views of parabolic equations, the monotone solution of is
the solution to with ¢ = 0 and the stability had been proved in [§]. Specially, for
with a # 1/2, the author in [16] pointed out that ¢(&) is the solution of with
d(400) = ¢p(—00) if and only if ¢ = 0. However, in the classical two species Lotka-Volterra
competition model, there exists a similar homoclinic orbit with ¢ # 0.

Finally, when fol f(u)du # 0, the authors in [8] discussed the asymptotic stability of
diverging pairs of traveling wave solutions, where the initial function ug(z) is assumed
to lie above the line u = « for z in the large symmetrical interval about the origin and
limsup,_, ;. uo(z) < @, or lie below the line u = « for x in the large symmetrical interval
about the origin and liminf, .1, ug(x) > «, that is, there are two pairs of positive
constants 31, 1, Ly, Ly such that ug(z) > o + Bl for |z| < L1, or ug(z) < a — By for
|x| < Lo, where the large constants L, Lo depend on Bl» $1 and f. However, the explicit
expressions of L1, L are not given in [§]. Now, according to the proof of Lemma 6.1 in [§],
the lower bounds of Ly, Lo can be obtained, respectively.

In what follows, the estimates of the two lower bounds are given. It is easy to see that

the characteristic equations of the linearized equations of (1.2]) at v =0 and v =1 are
M e+ £(0)=0, p?—cu+f(1)=0.

The corresponding eigenvalues are

\ L CHVEAFO) - JE AP
2 ' N 2 ’
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c+ /2 —4f'(1) :c—\/02—4f’(1)
5 :

H1 = 9 ) H2

Therefore, there are some positive constants My, Mg, M7 and Mg such that

Mseuz& <1-— ¢(§) < M6€“2€, £>0,

(2.3) A \
M7€ 16 S (b(g) S MSe 1£7 € S 07

which are also given in [13].

Since f'(a) > 0, then

(2.4) w:= max_f'(u) > 0.

u€(0,1]
Also since lim,,_,;- 1 u = —f'(1) and lim,, ﬁm 22 = f7(0), then the functions % and
@ are continuous in the interval [0, 1] if we deﬁne the function % as —f'(1) at u =1,

%u) as f’(0) at uw = 0. Thus there is a positive constant My such that

Give anyﬁl > 0, choose qo, g1 as 0 <1 —¢q1 < 1—qo <04—|—Bl, let i1 > 0, BandM\
be corresponding to 1, 5 and M in the proof of Lemma 6.1 in [8] respectively, choose jig,
M, o as

0 < fi < min{—pse, 1}, M = —=—Ms - AAM q <0,
Bz Bz
D o 1 @i —q 1 (B — H2)qo
< min MlaM/_ih'l ;M,—ih’li )
70 { K2 M6 2 M6M9

then a lower bound of L; can be obtained as below

— 1. 1-a-B
Ly > M > rna><{—<,007—)\llnX}gﬂ1 - 800} .
Similarly, give any 0 < B1 < a, choose §o, g1 as 0 < o — 1 < o < 1 < @, let fin >0, M
and S be corresponding to x, M’ and ' in the proof of Lemma 6.1 in [8] respectively,
choose fig, M', @g as
w + My w + fig

0<fig < min{—)\lc, [1,1}, M = — Mg — — —qo < 0,
C>\1ﬁ Btz
1. ¢ — 1 (1 — fi2)do
< M/ M+ —In M’ —In———
i mm{ * A1 Ms * A Mg My ’

then a lower bound of Lo is given by

ngMzmax{ b0, — 1 aﬁl_@O}-
H2 Mg

Therefore we can refine Theorem 3.2 in [8] and obtain the following lemma.
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Lemma 2.5. Suppose that ¢ is the solution to (1.2)), and 0 < ug < 1 is a continuous
function. If fol f(s)ds > 0, limsup,_, . uo(z) < o and ug(x) > o+ By for |x| < Ly, then

there are some constants xs, x3 and positive constants Mig, ws such that

lu(z, t;ug) — ¢(z + ct — x2)| < Mige 3%, =<0, t>0;
lu(x, t;u0) — ¢(—x + et — x3)| < Myge “#', x>0, ¢t > 0.

If fol f(s)ds < 0, liminf, 40 uo(x) > @ and up(x) < o — Py for |x| < La, then there are

some constants x4, x5 and positive constants My1, wy such that

lu(z, t;ug) — ¢(x + ct — x4)| < Myje 4, x>0, t>0;
lu(x,t;u0) — ¢(—x + et — x5)| < Myge @4, <0, t>0.

More interestingly, the author in [6] conjectured that when the bounded initial function
up is away from « for large |z|, the asymptotic stable solution may only be one of the
four kinds: © = 0, v = 1, the traveling wave solution, the diverging pairs of traveling
wave solutions, while other solutions are unstable. Although the conjecture is partially
solved in the paper [7], it has been not completely solved and is still open. Moreover, we
also remark that admits a traveling wave solution gg connecting o and 1, and there
are some results about u(x,t;ug) converging to ;5 when o < wy < 1, referring to [17].
The authors in [20] also presented that if ug(z) < «a for = in some interval of x-axis,
then whether u(x,t;ug) converges to 5 or not? For example, if ug satisfies the following
condition

Jim uo(z) =1, lim up(z) = a,

and there exists Z such that when = <, ug(z) < a,

then whether wu(z,t;up) converges to ngﬁ or not? Thus this open problem contains the
opposite side of the above conjecture. That is, suppose that the initial condition ug(z) is
bounded and, when |z| is sufficiently large, ug(z) is not far away from « at least on one
side of x-axis, then wether u(z,t;ug) converges to 5 or not? In a word, the proof of this

open problem will enforce the understanding of the conjecture.

3. The local exponential asymptotic stability of entire solutions to the bistable
equation

In this section, we will discuss the local exponential asymptotic stability of entire solutions
to ([1.1)) found in [3}|13] respectively, and their asymptotic behaviors when ¢ converges to
+00.
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Before stating the main results, we do some preparations. Firstly, in order to prove the
existence of entire solutions, the authors in [13] constructed two pairs of different super-
sub solutions corresponding to f'(0) < f’(1) and f’(0) > f’(1), respectively. Moreover, it
follows from [8] that

1
if/f(u)dugo, thenc%O.
0

Hence we will discuss the long time behaviors and stabilities of entire solutions under the

following four cases:

(C1) [} f(u)du> 0 and f'(0) > f(1);
(C2) [ f(u)du>0and f/(0) < f'(1);
(C3) fo u)du < 0 and f'(0) > f'(1);
(C4) [} f(u)du <0 and f'(0) < f(1).

Secondly, for the sake of the proof of the uniqueness of entire solutions, similar to [3],
we introduce the metable dynamics of . We call the solution u(x,t) of satisfying
the condition M, if there exist constants d; > 0 and Ty € R, functions 1 () and my(t)
such that for all ¢t < T3,

< o1, Vo e [min{ll(t) + dl, ml(t) — dl},max{ll(t) =+ dl,ml(t) — dl}],
> g, Va e (—oo,li(t)]Umi(t),+00),

u(x,t)

where a; and ao are some constants satisfying f # 0 in (0, 1] U [ag,1). Similarly, the
solution u(x,t) of ([L.1) is called to satisfy the condition M, if there exist constants da > 0
and Ty € R, functions l3(t) and ma(t) such that for all ¢t < T5,

<y, Ve (—oo,lx(t)]U[ma(t),+o0],
>ay, Vx € [min{lg(t) + dao, mg(t) — dg},maX{ZQ(t) + dg,mz(t) — dg}],

u(x,t)

where «; and ap are some constants satisfying f # 0 in (0, ;] U [ag, 1).
We initially discuss entire solutions found in Theorem 1.1 from [13]. By the method of
the proof of the uniqueness in [3] and Lemma we can prove the uniqueness of entire

solutions and obtain the following result.

Theorem 3.1. Suppose that fo u)du > 0. Let ¢ be the solution to with the wave
speed c¢. Then for any given constants y1 and ya, there is a unique entire solution (up
to a translation in t and x) ui(z,t) of (L.1) defined for all (x,t) € R x R such that
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0 <wui(z,t) <1, Oui(x,t) >0 and

(3.1) lim {Sup lui(z,t) — ¢(x + ct + y1)| + sup |ui (z,t) — ¢p(—z + ct + y2)|} =0,
t—=—00 | >0 <0

tl}-rknooilelg lui(x,t) — 1| = 0.

Proof. We first consider the case (C1). When ¢ < 0, it follows from [13] that the superso-
lution and subsolution of (|1.2) are

Uy (z,t) = min{d(z + p1(t)) + ¢(—z + p1(?)), 1},
uy (z,t) = max{p(z + ct + z6), p(—x + ct + x¢)},

where the function pq(t) (¢t < 0) is the solution to

(32) pll(t) =c+ M12€)\1p1(t)7 t < 07 pl(o) S 07

. ctq/c2—4f(0) . . .
c is the wave speed, A\; = ——5———, and the expression of Mj3 > 0 is too long, which

can be found in [13], and z¢ = p1(0) — /\1—1 In(1 4 22,
Substituting ¢ = 0 into the expression of the subsolution u;(x,t), we have

l;gliugg uy(x,0) > lggglirolfgl (x,0) = xll}l:iloo max{¢(z + x¢), p(—x +z6)} =1 > a.

Since fol f(s)ds > 0, it follows from Lemma [2.3|that

i [fus(-,6) = 1] =0,

which is the asymptotic behavior of the entire solution u;(x,t) when t converges to +oo.
On the other hand, as t — —oo, the asymptotic behavior had been already proved in |13].

Since u(z,t + t1) < ui(x,t) for arbitrary ¢;, then the method in [13] to prove the
uniqueness of entire solutions is no longer valid. Here we adopt the method in [3] to prove
the uniqueness, and only need to verify that ui(x,t) satisfies the condition M.

By the assumption on f, there are some constants a; < a < ag such that f # 0 in
(0, 1] U [ar2,1). Then from the monotonicity of ¢, there exists a positive constant Z such
that ¢(Z + x6) > ag. Set

L(t)=ct—z, my(t)=—ct+2.
For any ¢t < 0, obviously m1(t) > 0 > [;(¢). On one hand, since

ui(x,t) > max{p(x + ct + x¢), ¢(—x + ct + x6) },
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then uq(z,t) > ag for any x € (—o0,{1(t)] U [mi(t), +00). On the other hand, according
to (3.1), for any e € (0, @), there exists a T1; < 0 such that for any ¢t < 71y,

sup |ui(z,t) — ¢p(x + ct +y1)| <e, suplui(z,t) — ¢(—z + ct +y2)| <e.
>0 <0

Then take d; sufficiently large such that
max{¢(Z —di + 1), ¢(T —d1 +y2)} <1 —e.

It is clear that there is a Ty < 0 such that [;(t) + d; < 0 < my(t) — d; for any ¢t < Ths.
Choose T1 < min{T11,T12}. Then, for t < T} and 0 < x < my(t) — di,

ur(z,t) < p(ma(t) —di +ct+y1) +e =@ —di +y1) +¢ < ay,
and for t < Ty and [1(t) +d; <z <0,
ui(z,t) < G(=li(t) —di + et +y2) +e =T —di +y2) +e < .

Thus, u(z,t) < aq for all t < Ty and = € [Il1(t) + d1,m1(t) — di]. Therefore, the entire
solution uq (z,t) satisfies the condition M*, and from the proofs in the papers [3,26], it is
unique up to a space-time translation.

Finally, we will prove the monotonicity of u;(x,t) with respect to ¢ via the method
in [14]. From the proof of the existence of entire solutions in the papers [3,/13] and so on,
the authors chose the function u(z,t + n;u,(z, —n)) := uy(z,t) as the unique classical

solution to the following initial problem

Opup = Opzun + f(un), x€R, t>—n,
s : )

up(z,—n) = uy(z,—n), z€R.

Then by Lemma and the process of diagonalization, there exists a subsequence of {u,}
converging in the space Clzoi (R x R). In fact, the limit of this subsequence is the entire
solution as we desired. Obviously, u;(z, —n) is the subsolution to (3.3). Therefore,
un(J:?_n) :Ql(xa _n) gu(x,t—i—n;un(x, —TZ))7 t>—n.
Specially, for any € > 0, at t = ¢ — n,
Un(l', —TL) S ’U,(Z', € u’n(x7 _n))

Since u(z,t 4+ n + € u,(x, —n)) satisfies

Optty, = Opzin, + f(uyn) and  wuy(x, —n +€) = u(x, € up(z, —n)),
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then by the comparison theorem, uy,(x,t) < up(z,t +¢€), for ¢t > —n and = € R. By the
arbitrariness of €, one can conclude that for each n € N, ¢t > —n and = € R, d;u,, > 0. By
the convergence of {uy,}, then d;u > 0 or dyu = 0. Moreover, by the comparison theorem,
for all (z,t) € R x R, we have

(3.4) max{¢(z + ct + x6), p(—x + ct + x6)} = uy(z,t) < wup(x,t) < 1.

Thus, on one hand, lim; ;o ui(x,t) = 1 derived from . On the other hand, for
any intervals referring to = in R, since lim;—,_ w1 (z,t) = 0 followed from p;(¢) - —o0
as t — —oo, then limy,_ o ui(z,t) = 0. Therefore, by applying the strong maximum
theorem, we arrive at Oyuq(z,t) > 0 for all (z,t) € R x R.

Now we deal with the case (C2). According to [13], ui(x,t) is unique and satisfies
, and the supersolution and subsolution for ¢ < 0 are

w1 (z,t) = ¢(z +p2(t)) + o(—z +p2(t)), w(z,t) = d(z +p3(t)) + d(—z + p3(t)),
where the functions pa(t) and ps(t) satisfy

P0) = 4 Mg P20, [ph(t) = ¢ — Miygehms(,

(3.5)
p2(0) <0, p3(0) gmin{(),)\illn(]v[cw)},

and the expression of M3 > 0 can be found in [13].
It is easy to see that

liminfu,(z,0) = lim {¢(z+p3(0)) + ¢(—z + p3(0))} =1 > a,

o0

which together with Lemma [2.3] implies that

lim |lui(-,t) — 1] = 0.

t——+o0

Eventually repeating the similar arguments as above, one can prove the monotonicity

of uj(x,t) with respect to ¢. O

Now we will consider the stability of the unique entire solution wuj(z,t) obtained in
Theorem by using the method in 26|, and obtain the following result.

Theorem 3.2. Suppose that fol f(u)du > 0. Then the unique entire solution u(z,t)
obtained in Theorem 1s local exponential asymptotic stable.

Proof. To begin with, we introduce some notations. Due to f € C?(R) and f/(0), f'(1) < 0,
there exists a 6 > 0 such that f’(u) <0 on [—6,20] U[1 — 20,1 + 6]. Therefore,

— / /
(3.6) v 1= max {[%z’ag;} 1 (), [1_15192??:_9} f (u)} < 0.
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Let ¢(&) be the solution to (1.2). When ¢(x + ct) or ¢(—z + ct) € [6,1 — 6], there is an
M4 > 0 such that
¢z + ct) + ¢(—z + ct) > M.

In the sequel of this paper, we still use these notations.

We first consider the case (C1). For ¢t > 0, we will prove that the following functions

uf (z,t) = min{1, u1 (2, t + 11 (t)) + 1 (t)},
up (z,t) = max{0,u1(z,t —n(t)) — q1(t)}

are the supersolution and subsolution to (1.1) with the initial condition ug(z) = u1(z,0)

respectively, where the function ¢;(¢) is the solution to the following initial problem

(3.7) ¢ (t) —vq(t) =0, t>0, q(0)= quo,

0 < qi0 < 6 may be arbitrary, and the function ~;(¢) is to be determined later.
Here, we mainly prove that the function Hf (z,t) is the supersolution, and the rest is

similar. When % (z,t) = 1, the conclusion is obvious. Thus, we only consider u; (z,t) =
ui(z,t +v1(t)) + q1(t). Firstly, when u;(x,t) € [0,6] or [1 — 6,1], from (3.6), (3.7) and
Oyur (z,t) > 0, we can get
815@—1’_ — 8$$ﬂ—1i_ — f(ﬂ+) = ’yi (t)atul + Oy — Opguq + qi (t) — f(u1 +q1 (t))
> qu(t) —var(t) =0,
where we need ~{(t) > 0.

On the other hand, when u(z,t) € [6,1 — 6], due to Oyu;(x,t) > 0, there is a constant
M5 > 0 such that Opu;(x,t) > Miys. Thus it follows from (2.4]) and (3.6) that

&ﬂf - (‘)mﬂf - f(ﬂii_) = 'Yi (t)atul + Opuy — Orzur + qg (t) - f(ul +q (t))
> Mz (t) +vqi(t) — wai(t) =0,

where we need the function 7, (¢) satisfying

w —v

M5

Solving the equations (3.7) and (3.8)) yields that ¢1(t) = qioe*® and y1(t) = qio(1 + 70 —
Yoe't), where v = X/E;‘; > 0, since v < 0 and w > 0. Also since dyuy(x,t) > 0, then

(38) ’71 (t) = qloevt, t> 0, ")/1(0) = q10-

uy (2, 0) < ui(z,q10) + qro = 4y (,0).

Hence, @ (x,t) is the supersolution of (I.I)) with the initial condition ug(z) = ui(z,0).
Similarly, one can prove that u; (z,t) is the subsolution of (1.1)) with the initial condition
ug(z) = ui(z,0).
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Now we prove the local stability of the entire solution u;(z,t). For any given € > 0,
from Lemma there exists a positive constant §; < ﬁ, such that for any |ta| < 01
and t € [1 + t2,4+00),

. €
(3.9) lur(-st+t2) =i (-, Ol = 10pur (-, ¢+ ) lt2] < 3,
where t* € (—tq,t2). Choose g9 = § < min{lji{m, £}, and the initial function ug(z)

satisfies ||ug(-) —wui(-,0)| < 0. Since druq(x,t) > 0, then
ur(x,0) + 9 <wui(x,6)+9, ui(z,—9)—9 <wui(x,0)—9.
Therefore, for all z € R, we have
ur(z, —6) — 6 < wui(x,0) — 0 < wp(x) < uyp(z,0)+ 8 <wup(z,d) + 0.

Thus @] (x,t) and uj (z,t) are also the supersolution and subsolution of (L.1]) with the

initial condition wug(x). Consequently,

(3.10) max{0,u1(z,t — (1 4+ v9 — y0e’")) — de**}
< u(w, t;ug) < min{l,up(z,t 4+ 5(1 4+ v — v0e'")) + dev'}.
By noting that 6(1 + v — y0e"t) < 41, it follows from that
up(z,t) — e <ulx,t;ug) <up(z,t) +e.
In a word, for any € > 0, there exists a 6 > 0, when [Jug(-) — u1(-,0)]] < J, then

||U(',t;U0)—U1(',t)||§6, t >0,

which means that the entire solution wu;(x,t) is local stable.

In the end, we will show that the entire solution u; (x, t) is local exponential asymptotic
stable. First of all, from and , there is a T3 > 0 with ¢T3 + x¢ > 0 such that for
any t > T3, we have

(3.11) 0<1—uy(z,t) <1—uy(x,t) < Mget2lzltettae) < ppgeract,
The next step is to prove that
(3.12) up(z,t — (1 + 70 — Y0e"")) — de’* >0

holds for large ¢, which implies u] (z,t) = u1(x,t — 6(1 + v0 — Y0e*?)). Indeed, we remark
that

(3.13) O(ur(z,t — qro(1 + 0 — Y0e")) — qi0e”™) = (1 + qroyove”)dur — qrove®™.
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Since vg =
w— v
1+ quoyove” =1 —quo e’
M5
Hence we can choose a constant T; > max {0 fln M15 9} such that when ¢ > T, by

noting that w > 0, v < 0, M5 > 0 as well as 0 < g9 S 6, we have

W =TV 4 W=V .y w—v Ty
q10 e’ <f——e" <h——e¥ 1t < 1.
M 15 M5

Therefore, when t > Ty, from v < 0 and dyuq(z,t) > 0 as well as (3.13]), we can obtain

Or(ur(z,t — qro(1 + 70 — y0e"")) — qroe™) > 0.

Moreover, by noting lim_, oo uy (2, t — q10(1 + Y0 — Y0e??)) = 1, thus, there is a constant
T5 > max {T3, T4, (1 + 70),6(1 + 7o) — 28} such that for ¢ > T5, (3.12)) holds.
Therefore, for t > T5 > 6(1 + 7o), it follows from (3.10) and (3.12) that

11— u(x, t;u)| < |1 —wi(x,t —8(1+ 40 —v0e™)) + 6™
(3‘14) < Mﬁeuz(|x\+ct—c§(1+’yo—7()e”t)+z6) +6evt

S M6eugct+5evt.
Thus, when |Jug(-) —ui(-,0)|| <6, for t > T5, from and (3.14)), we have
lu(- tiuo) —ua (-, ) < 11— wa (- O + 11— u(-, tuo)|| < 2Mge’* + de.

Hence uj(x,t) is local exponential asymptotic stable.

Next we discuss the stability of uj(x,t) under the case (C2). The proof of the local
stability is similar, we only need to consider the local exponential stability. By directly
calculating , we know that

p3(t) = p3(0) + ct — 1 ln{ Mys €A1p3(0)(1 _ ec)\lt)} .

A1 c
Set
9lt) = )\11111 {1 - @8‘1?3(0)(1 _ ec/\lt)} '
Then
gt = cMy5erP3(0) At "

¢ — My3erips(0) 4 Mygerips(0)echt

since p3(0) < /\% In 57 (t) < g(oo0) = /\% n{1—2serrs0} .= 27 Consequently,
for t <0, p3(t) > ct + xg, where xg := p3(0) — x7. As a result, for ¢t <0,

uy (z,t) > max{p(x + ct + x8), p(—x + ct + x5)}.
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Then by the comparison theorem, for (z,t) € R x R, we have
u(x,t) > max{p(x + ct + x3), ¢(—x + ct + x3)}.

Thus in the case (C2), we also get an inequality similar to (3.4). The rest of the proof is

similar. O

Remark 3.3. Under the cases (C1) and (C2), since fol f(u)du > 0, the entire solution
up(z,t) found in Theorem satisfies

Jim i (+,8) =1 = 0.

In fact, this conclusion coincides with that in [28]. Thus the super-sub solution method is

a valid way to simplify the proof.
Remark 3.4. Under the case (C1), since the subsolution is

uy (z,t) = max{o(z + ct + x¢), d(—x + ct + x¢) },

the existence, uniqueness and stability of entire solutions to (|1.1)) can be found in [26] as
well. Here in order to prove the local asymptotic stability of entire solutions, the different
supersolution and subsolution are constructed compared with [26], and the proof is also

more simple.

Remark 3.5. For , that is, f(u) = u(1 —u)(u — ), a € (0,1), it is easy to see that
fo s)ds = (1— 2a)/12 and f/(0) = —a, f’(1) = —1 + a. Obviously,

AV
l\D'\ —

1
1'(0) § (1) if and only if /0 f(u)du § 0 if and only if «

Therefore if fo u) du > 0, then f/'(0) > f’(1), which implies that only the case (C1) will

occur.

For the case fo u) du < 0, the authors in |3] had found the entire solution us(z,t) to
. Now we will dlSCUSS the long time behavior and the local exponential asymptotic

stability of the entire solution in the following theorem.

Theorem 3.6. Assume that fo u)du < 0 and ¢ is the solution to ., then
admits a unique entire solution uQ(w,t) satisfying Oug(x,t) < 0, ug(x,t) = ug(—m,t),
0 < ug(z,t) <1, and for (z,t) € R x (—oo, —4M ¢(0)],

ua(,t+ b () < G(—2 + ct)pla + ct) < uale,t — (1)),

where hy(t) = 4M¢(ct), limy 400 [|ua( -, 1) =0,

(3.15) lim {sup lug(z,t) — p(—x + ct)| + sup |ua(z,t) — ¢(z + ct)|} =0.

t=—00 | x>0 <0

Moreover, the unique entire solution us(x,t) is local exponential asymptotic stable.
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Proof. Firstly, it follows from [3] that

lim sup |ug(z,t) — ¢(x + ct)p(—x + ct)| =0,

t——o00 TER

which implies that

lim sup |ug(z,t) — ¢(—x + ct)|

t——o0 >0

< lim sup |ua(x,t) — ¢(—x + ct)p(x + ct)| + tLim sup |¢(—z + ct)||1 — ¢(x + ct)| = 0.
X0 x>0

t——o0 x>0

Similarly, limg, oo SUp,<q [ua(z,t) — ¢(x + ct)] = 0. Thus, the entire solution uz(z,t)

satisfies (3.15)).

Since fol f(u)du < 0, then the wave speed ¢ < 0, and at the same time, according
to [3], the entire solution ug(x,t) satisfies for t < —4M¢(0) < 0,

ug(z,t + hi(t)) < ¢(—z + ct)d(x + ct) < u(z,t — hq(t)).
Hence, for any 7 < —4M ¢(0) < 0, we have
ug(x, 7+ ha (7)) < ¢ + 1),

which together with the comparison theorem yields that for all ¢ > 7, ua(z,t + hi (7)) <
d(x+ct). Since hy(t) =AM p(ct), setting 7 — —oo leads to uz(z,t) < ¢(x+ct). Similarly,
uz(x,t) < ¢(—x + ct). Thus, for all (z,t) € R x R,

(3.16) ug(z,t) < min{p(x + ct), p(—z + ct)}.

Specially, ua(z,0) < min{¢(z), (—=z)}, which implies that lim, 1. u2(x,0) = 0 < a.
Hence, due to Lemma limy 4 oo [|ua( -, t)|| = 0.

Now, repeating the processes of the proof in Theorem there are some constants
a1 < a < ag such that f # 0 in (0,aq] U [a2,1). Then from the monotonicity of ¢, there

exists a positive constant T such that ¢(—z) < ;. Set
lo(t) = —ct — 2, ma(t) =ct+7,

then for any t < 0, obviously ma(t) > 0 > l3(t), and according to (3.16]), ua(z,t) < ay for
any x € (—oo,la(t)]U[ma(t), +00). On the other hand, according to (3.15), for any € > 0,
there exists a T13 < 0 such that for any ¢t < Tis,

sup |ug(z,t) — p(—z + ct)| < e, sup|us(z,t) — oz +ct)] <e,
x>0 <0

which together with the monotonicity of ¢ implies that

ug(z,t) > ¢(—ma(t) + do + ct) — e > o
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holds for z < —mgy(t) + d2 = —ct + T + d2 with some sufficiently large positive constant
dy. Similarly, ua(z,t) > ag for x > la(t) + do. Since there is a Ti4 < 0 satisfying
la(t) +da < 0 < ma(t) — dg for any ¢ < T4, if we choose Th < min{713,7T14}, then
(x,t) > ag for any t < Th and z € [l2(t) 4+ da, ma(t) — da]. Therefore, the entire solution
(

x,t) satisfies the condition M, and from the proof in the papers [3}26], it is unique
up to a space-time translation.

U2

Uz

Finally, we are going to prove the local asymptotic exponential stability of ug(z,t).
First of all, for all (z,t) € R x R, from Theorem 1 in [3|, dyus(x,t) < 0. Thus there
exists a negative constant Mg such that when ug(z,t) € [0,1 — 0], dyuz(x,t) < Mg < 0.

Similarly, it is not hard to prove that the following two functions

ty (w,t) = min{L, us(z,t — 72(1)) + q1(t)},

uy (1) = max{0, ug(z, t +12(t)) — 1 (t)}
are the supersolution and subsolution of (1.1f) with the initial condition ug(z) = ua(x,0),
respectively. At this time, the function ¢;(t) also satisfies (3.7)), while the function ~a(¢)
satisfies

w—v
73(t) = _M16Q10€Ut7 t>0, 7(0) = qo,

where the parameters qig, 6 are defined in the above, as well as w and v are defined in
and separately. Then from the proof in Theorem or [26], we know that
ug(z,t) is local Lyapunov stable. Now we prove the local exponential asymptotic stability
of ug(z,t). With the similar proof, it is not hard to see that there is a constant T such
that for t > Tg, Uy (v,t) = ua(w,t — y2(t)) + q1(t). By choosing Ty = max{Ts,5(1 + o)},
where 7y = ]1\21_61; > 0, and noting ¢ < 0, then when ¢ > T7, with the help of and

(3.16)), we finally arrive at
Ju(e, t;uo) — ug(z, )| < [luz(a, )] + [lulz, t; uo)||
< ug(z,t) +ug(z,t — (1 4+ — Joet)) + de**
< 2M86>\10t + 6evt’

which implies the local exponential asymptotic stability of us(x,¢). Thus we have finished
the proof. O

4. The continuous dependence of the entire solution of Allen-Cahn equation

In this section we will prove the continuity of the entire solution to (1.3) in «. Let ¢, be
the traveling front solution to (|1.3)), which in fact satisfies
Do (&) = P (§) + al€)(1 = da(§))(da(§) — a) =0,

4.1
1) Jim 90(6) =0, lim_6u(6) =1, (>0,
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In the rest of this section, we only consider o € (0,1/2). For (4.1)), the corresponding
A =2 /2 and

’_ 1 "no_
urél[%’)i](u(l —u)(fu—a)) =g(1-at a?), urél[%,’i](“(l —u)(u—a))’ =2(1+a).

Let ug(z,t) := uq, (x,t) be the entire solution to with the parameter oy, and the
sequence {ay} converges to o € (0,1/2), as k converges to +oo. For any a € (0,1/2),
choose My = 1 and M; = 3 in Lemma there is a subsequence of {ug(z,t)} which
converges to Uq(z,t) uniformly in any compact sets of R x R, which is also an entire
solution to (L.3). Moreover, U (z,t) satisfies

max{da(r + ct + x6), po(—2 + ct + 26)} < Ug(z,t) < min{u(z,t),1},

where u(z,t) = ¢(z+p1(t))+d(—z+p1(t)), 6 and p; (t) are defined in (3.2)) in Theorem

For convenience, choose p;(0) = 0, then

1 M12 1 M12 Act
=——In(l+— t)=ct— —In<1+ —=(1—eM° .
wo=—g i (14 222), =t {1 22 o

Furthermore, from [13], we know that for some positive constant M7,
(4.2) Ip1(t) — ct — x| < MyzeM, ¢ <0.

In addition, if the reaction item f(u) in (L.1) is u(1 —u)(u — «), from [3}/13], the entire
solution wuq(z,t) of (1.1]) is the limit of u,(z,t), which actually satisfies

Optiy, = Oy, + Un (1 — up)(uy — @), zeR, t > —n,

Up(z, —n) = max{¢q(x — cn + x¢), po(—x —cn+z6)}, xR

Thus,

w(x,—n) — ¢o(r —cn+z6)  if x>0,

u(z,—n) — gpo(—r —cn+x6) if 2 <O0.

[ta(z, —n) — up(z, —n)| <

In what follows, we will estimate (2, t) and ui(z,t) at any (x,t) € R x R. To finish
it, by noting the convergence of {u,}, we need to estimate u,(x,t) and u,(z,t). Let

vp(z,t) = Up(x,t) — up(z,t), then it solves
Oy, = OzaUn + Ua (1l — Ua) (Uq — @) — up (1 — up) (uy, — @),
u(x,—n) — ¢po(xr —cn+x6)  if x>0,

v(z,—n) < < _
w(z,—n) — ¢po(—x —cn+z6) if x <O0.
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Since Ua (1 — Ua)(Ua — @) — un(l — up)(up — @) < (1 — a + a?)vy, then, estimating
t) of the following linear parabolic

vn(x,t) is changed into estimating the solution wy,(z,
equation

1 2
w(r,—n) — ¢po(r —cn+mxg)  if x>0,

u(z,—n) — po(—r —cn+z6) if z <O0.

0wy, = OpgWy +

wp(z,—n) =

The solution wy,(z,t) can be presented as

_G@=p?
W, £) = e _e1—ata?)tm) / wn(y, —n)e” T dy
A (t+n) R
1 1 1 a+a t+n /Jroo —M
S — —cn+xg))e Gt d
A (t +n) 0 ~ 9aly )) Y
e (lam“”"/ﬂ(% ) — baly - en+ zg))e” T d
—_— u —cn+xg))e n
it n) oo “ Y
= I (z,t) + Ix(z,t).
We firstly consider the integral I1(z,t). Let z = y — cn + xg, then
o = L ta—atad)rn) [T e ~
1(x,t) = e3 [(Z)a( z—cn—x+pi(—n))
47T(7f + n) —cn+xg

(zfzfcn+zﬁ)2

+ dalz — en+ 26+ pr(—n)) — a(x)] e T de.

In order to further estimate Il, since ((1.3) is the special case of (L.1f), then ¢, satisfies

. Combining (2.3]) and ( gives

Li(z,t) < 1 e%(l—a-&-o@)(t—i—n)
An(t+n)

+00 A\ (7 endtmet (7 )) I —en _(1‘72767L+(L’6)2
N Mge ' m2menmre TP 4 Mygsup ¢le” M e A dz
R

—cn+xg
< ;e%(l_oﬁo‘g)te[%(1_0""0‘2)_0)‘1]"
Am(t +n)

+oo o (zfzfcn+16)2
% / M86A1(—Z+936+P1(—n)) + M7 sup ¢’ e I(t+n) dz
R

—cn+xg

)

< M186%(1—a+a2)t [%(1 —a+a?)— c)\l]n

1 Mg (1 _.—Xricn
where Mg > M7 supg (ﬁl + Mge/\l (‘T6 b8 1n{1+ 2(1—e M )}) )
Moreover, by noting ¢ = v/2(1/2 — ) and \; = v/2/2, for a € (0,v/6/2 — 1),

1 1
g(l—a+a2)—c)\1:6(2a2+4a—1)<O.
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Therefore, for any fixed (z,t) € R x R and o € (0,v/6/2 — 1), limy,_, o0 I1(z,t) = 0.
Similarly, lim,, 1o I2(z,t) = 0. In a word, as n converges to +oo, for a € (0,v/6/2 — 1),

wy, converges to 0, thus lim,, o v, = 0. Hence uy(x,t) = ui(x,t). Therefore,

Theorem 4.1. The entire solution ui(x,t) of (1.3)) is continuous in o € (0,/6/2 — 1).
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