TAIWANESE JOURNAL OF MATHEMATICS
Vol. 25, No. 1, pp. [B9HI05] February 2021
DOL: 10.11650/tjm /200402

Uniform Boundedness and Global Existence of Solutions to a Quasilinear

Diffusion Equation with Nonlocal Fisher-KPP Type Reaction Term

Xueyan Tao and Zhong Bo Fang*

Abstract. This paper deals with the Cauchy problem and Neumann initial boundary
value problem for a quasilinear diffusion equation with nonlocal Fisher-KPP type re-
action terms. We establish the uniform boundedness and global existence of solutions
to the problems by using multipliers technique and modified Moser’s iteration argu-
ment for some ranges of parameters. Moreover, the ranges of parameters have similar

structure to that of the classical critical Fujita exponent.

1. Introduction

We investigate the following Cauchy problem (7 = 0) and Neumann initial boundary
value problem (7 = 1) of the quasilinear diffusion equation with nonlocal Fisher-KPP

type reaction term

ut:Aum—l—uO‘(l—fQqux), zeQ t>0,
(L.1) T =, z €00, t>0,
U(.’E,O) = uO(x) >0, TE Qa

where 7 € {0,1}, m > 0, and o, 3 > 1. When 7 = 0, Q is assumed to be R", therefore
is a Cauchy problem; while in the case of 7 = 1, we suppose that O C R is a
bounded domain with smooth boundary, hence turns to a Neumann initial boundary
value problem, v is the outward unit normal vector on 9€). The nonnegative initial data
ug is not identical to zero.

Nonlinear diffusion equations like appear in various applications, which describes
the diffusion of the concentration of Newtonian flow in a porous medium or the tem-
perature of some combustible substances, see [6,32]. In particular, equation is a
possible model for the diffusion system of some biological species, where u(z,t) represents

the density of the species at position x and time ¢, Au" portrays the mutation, which
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we view as a spreading of the characteristic, and the reaction term uo‘(l — fﬂ uP dx) is
considered as the rate of the reproduction. Due to the effect of spatial inhomogeneity, the
occurrence of nonlocal term fQ u? dz denotes that the evolution of the species at a point
in space depends not only on the density of species in partial region but also on the total
region, refer to [2,/14,/18]. Moreover, as appeared in many literatures, e.g., [27,/28,36],
the nonlocal type reaction term uo‘(l - Jo uf da;) can also describe Darwinian evolution
of a structured population density or the behaviors of cancer cells with therapy. In the
nonlinear diffusion theory, there exist obvious differences among the situations of slow
(m > 1), fast (0 < m < 1), and linear (m = 1) diffusion. For example, there is a finite
speed propagation in the slow and linear diffusion situations, whereas an infinite speed
propagation exists in the case of fast diffusion.

During the past decades, there have been many works to deal with diffusion equa-
tions with local or nonlocal reaction terms, see [6}22,32,134,[39]. Roughly, those works
contain some focal topics such as existence and nonexistence of global solutions, blow-up
phenomena, extinction phenomena, asymptotic behavior of the solutions as well as the
critical exponent theory, etc. In this paper, we are particularly interested in the issues of
global existence of solutions to the following quasilinear diffusion equation with nonlocal

Fisher-KPP type reaction term
(1.2) up = Au™ + F(t,u, [(u)), z€Q,t>0,

where I(u) = [ u(y,t) dy. To the best of our knowledge, compared with the local reaction
problems, few results are available for such nonlocal models. When m = 1 in (1.2).
Bebernes [5,/7], Pao [33] and Liu et al. [26] considered the thermal explosion model of

compressible gas with the nonlocal reaction term
F=e"4al(u) or F=c¢e"4al(e"),

and they obtained the solvability, asymptotic properties and blow-up phenomena of solu-
tions under null Dirichlet boundary condition. Wang et al. [37] investigated the semilinear

diffusion model with the reaction term
F=Iu" -k, ay>1,

and they derived sufficient condition for which the solutions exist globally and blow up
in finite time by virtue of ODE analysis. Budd et al. |[13], Hu and Yin [23] studied the
partial differential equation with the following special nonlocal reaction term
1
F=u"— —1I(u®)
il
under null Neumann boundary condition, where o > 1. The solutions of these problems

have a conservation property and, based on the convexity argument, they proved the
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nonexistence of global solutions under large initial energy. In addition, one can refer
to |1520431] to review some latest researches on the nonlocal problems with fully nonlinear
reaction terms, nonlocal semilinear parabolic equation with small positive initial energy
and fourth-order thin-film equations. In [4], Anguiano et al. considered the diffusion

equation with the reaction term
F = f(u)I(u)(1 = I(u))

under null Dirichlet boundary condition, and they obtained the existence of global attrac-
tor. Recently, for the Cauchy problem and the Neumann initial boundary value problem

with the nonlocal reaction term
F=u®(1— I(u)),

Bian and Chen studied the existence of global solutions and derived the critical exponents
of the Fujita type (cf. [8,9]). Afterwards, Bian et al. |10] investigated the global existence
and asymptotic behavior of solutions to Neumann initial boundary value problem with
the nonlocal term

F =u*(1—1(u)).

Besides, one can refer to the literature [12] to see studies on Fisher-KPP type equation
with convolution operator.

When m # 1 in . Wang and Wo [38] investigated a fast diffusion equation with
the nonlocal term

F=u™—1(um)

under null Neumann boundary condition, and they proved a convergence of global solutions
to some steady states in one-dimensional space. Fang et al. [16] studied the slow diffusion

equation with the nonlocal term
F =uT(u’) —u”

under nonlocal boundary condition, and they established a new comparison principle
and gave some sufficient conditions for which the solutions exist globally and blow up
in finite time. Afterwards, Xu et al. [40] considered a fast diffusion equation with the
nonlocal reaction term in [16] under a homogeneous Dirichlet boundary condition, and
they derived some sufficient conditions for the extinction of nonnegative nontrivial weak
solutions and the corresponding decay estimates by virtue of integral estimate method
and ODE technique. In addition, for studies on the travelling fronts, entire solutions,
and large-time behavior of solutions to local Fisher-KPP type diffusion problems, we refer
to [21,24,125] and the references therein.
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In view of the works mentioned above, much less effort has been devoted to the ex-
istence of uniformly bounded global solutions to quasilinear diffusion model . At a
glance, our main difficulties lie in finding how the competitive relationship between the
nonlinear diffusion term Au™ and the nonlinear nonlocal term fQ uP dz affect the global
existence of solutions. In particular, the method used in the nonlocal semilinear diffusion
problems in the aforementioned works of literatures (see [8,9]) is no longer directly ap-
plicable to our nonlocal quasilinear model, therefore, we need more delicate analysis to
obtain the global existence. Motivated by these observations, applying multipliers tech-
nique and modified Moser’s iteration argument, we will show that the solutions to are
uniformly bounded and exist globally under appropriate conditions. Indeed, our results
improve and generalize the Theorem 1 in [9] and [§], respectively.

Note that for m > 0, the diffusion term Au™(zx,t) in problem may be singular
or degenerate on the set {(x,t) | u(z,t) = 0}, which leads to the nonexistence of classical
solutions to problem , therefore, we consider the weak solutions in the distribution
sense. It is well-known that the existence of local weak solutions in time to problem
can be obtained by the fixed point theorems or standard parabolic regularity theory that
can be applied to get suitable estimates in the standard limiting process (cf. [3},35,139]),
and hence, we omit the details here. It can be seen that there exists Tiax > 0 such that
the unique weak solution u to problem satisfies

u e C([O, Tmax); LOO(Q))’

and either Tinax = 00, or Tinay is finite with limsup, 7, [[u(-,t)||e(q) = +o0, which is
similar to the results in [29,30].
Now we are ready to give our main results. For convenience, let 2* denote the critical

exponent of Sobolev embedding, that is,

2N if N >3,
2* = pE (2,00) if N =2
00 if N=1.

We state the following existence of uniformly bounded global solutions in whole space RY

as well as in bounded domain, respectively.

Theorem 1.1. Let 7 = 0. Suppose that N > 1, m > max{0,1 —2/N}, B > 1 and that «

satisfies the inequalities
2
max{l,m -} <a<m+ <12*> B.
If the nonnegative initial data ug is in L5 (RN) N L2 (RN), then the Cauchy problem (L.1)

has a unique nonnegative global solution, which is uniformly bounded.
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Theorem 1.2. Let 7 = 1. Suppose that N > 1, m > 0, 8 > 1 and that « satisfies the
inequalities

2
max{l,m — f} < « <m—|—NB.

If the nonnegative initial data ugy is in L>°(S2), then the Neumann initial boundary value

problem (1.1)) has a unique nonnegative global solution, which is uniformly bounded.

Remark 1.3. From Theorems |1.1] and we see that, for the existence of global solution
to , Cauchy problem and Neumann initial boundary value problem share exactly
the same critical exponent a. = m + &8 (N > 3). In fact, the structure of the critical
exponent a, is similar to that of the well-known classical critical Fujita exponent to the
local porous medium equation with power like source term u; = Au™ + u®. As we all
know, for the local problem, when a < a., the solutions blow up in finite time for any
initial data (cf. [17,{19,29]). However, Theorems and show the opposite result, i.e.,
global solution exists, which indicates that the nonlocal term has a huge influence on the

properties of solutions.

The present work is organized as follows. In Section[2] we give a proof for Theorem [I.]
on global boundedness for the solution to the Cauchy problem (7 = 0). In Section |3, a
proof for Theorem [I.2] on global boundedness for the solution to the Neumann initial
boundary value problem (7 = 1) is presented.

For simplicity, the variable of integral will be omitted without ambiguity, e.g., the
integral [, f(z) dx is written as [, f(z).

2. Global boundedness for 7 =0

In this section, we consider global boundedness of the solution to the Cauchy problem ([1.1)).

To begin with, we review Lemma 2 in [9).

Lemma 2.1. [9] If N > 1,1 < r < ¢ < 2" and 1 < %—1—1—2%, then for any
ve HY(RN)N L™ (RY), the following inequalities

_ g
HU”%q(RN) S E||vru||%2(]RN) + CE 272 ||7)Hl£r(RN)7 N Z 37
(2.1) [0l gy < €1l V0lZa@ny + €20 22,
__Aa _ Qg
+ 0(51 Ay €9 27/\q)HU||“r(RN)> N=1,2

hold, where C = C(N,q,r) and €,e1,e2 > 0 are arbitrary constants, and

)= 1/r—1/q

2(1—A)g
C1/2-1/2% '

E(Oal)v K= 2 - \q

We now introduce the following key proposition to prove Theorem
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Proposition 2.2. Suppose that N > 1, m > 0, 8 > 1 and that « satisfies the inequalities

max{l,m -} <a<m+ <1—22*) B.

For any T € (0,Tinaz) and each B < k < oo, if the nonnegative initial data uy is in
ﬂﬁgk@o LE(RN), then any solution to the Cauchy problem (1.1]) satisfies

Ju(-, )l pr@yy < C - for allt € (0,T),
where C' = C(N,m, a, B, k, [[uo || xmvy)-
Remark 2.3. Proposition is a generalization of Proposition 2 in [9).

Proof of Proposition 2.2 We only give a proof for the case N > 3, since the cases of
N = 1,2 can be similarly proved. Multiplying the first equation in (T.1]) by ku*=! (k > 1)

and integrating the result over RY, we obtain the equation

d dmk(k — 1 m—
(2.2) / uk+77l()/ |vuk+2 1‘2—1—]{:/ uk+a1/ uﬁ_k/ urte—1
dt RN (k? + m — ].)2 RN RN RN RN

For each k > max{1, 41— «a}, we choose k" such that ¥’ > § and max{1, k*’”*l} <k <
k4+m—1 _ /
k + o — 1. Moreover, taking v = u =5 ,q= 25!?73711)7 r = k+2¢]:hl7 % in

(2.1)), we have

k k+m—1
Lot = I

and € =

(23) om(k — 1) om(k —1) \ =w
m — kE+m—1 2 m — —Agq a
< T Sl Vi ,
~ (k+m—1)2 /]RN Va = P+ G <(k+m—1)2> iz (RN)
11
where C; = C1(N, m,a, k, k'), A = # € (0,1), a = % Substituting
m— kE4+m—1
A

(2.3)) into (2.2), there exists Cy = kC (%)_2—10 such that

d omk(k — 1) btmet B
oq & g 2mk(k—1) 2 k+a1/ 8 < o
(24) dt/]RNu Thrmo1)y /RNV“ | +k/RN“ S Callullie gy

Since 8 < k' < k + « — 1, the interpolation inequality yields that

—0
lall oy < Nl §hsams oy el F5 R
( )
(2'5) k+a—1 a(l—6)— kta—1 1
« Fa— a—
= (2 g Il ) o el oy =7,
1_1
where 0 = l_ﬁil € (0,1). In addition, one can easily see the following equivalence
B kt+a-—1

ab

2
k+a—1< a<m+Nﬁ
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Due to a+ 8 > m, we can choose k' = % in (2.5) and get a(1 —6) — kfge—1 =0.
Applying Young’s inequality to (2.5)), we arrive at

k+a— aié_
Collul ey = Colllullf 8 oy 1ull 5 vy )

(2.6)
S k/ uk—i—a—l/ uﬂ“—CS,
2 JrN RN

ab pyl b L . . .
Ao () P9 g 7 Substituting (2.6) into (2:4), we

obtain the inequality

where C3 =

d 2mk(k — 1) / ktm=1 o k:/ o
2.7 Ay 2mklE ) i / 5 <
( ) dt RNU +(k+m—l)2 ]RN ’V’Ul ’ ‘ +2 ]RNu RNU - 3
for each k > max{1,5 + 1 — a}. It follows from Hoélder’s and Young’s inequalities that
ktatp-1 _k o 1

28 < Z +a 1/ =

(2:8) /RN v -2 /RN “ RN o 2k’
In particular, picking k = o+  — 1 in (2.7) and (2.8) entails

d 1
2.9 — atf-1 / atb-1 < (¢ _—,
(2:9) dt/RNu * RNU - 3+2(O&+5—1)

Applying a differential inequality technique to (2.9)), we obtain

1
5 < [t eye LY
/RN - RN Yo 3 2(04—1—5—1)

Now, taking k£ = 8 in ({2.2]), we get the differential inequality

4 u’ < B e 1—/ u? ),
dt Jp~ RN RN

which results in [py v® < max { [on ug ,1}. By the interpolation inequality, one can easily
see that for all k such that 8 <k < a+ -1, the norm |u(-,t)| pxgv) is uniform-in-time
bounded.

When ao + 8 — 1 < k < o0, taking v = uk+?_1’ qg=q:= kﬁrlffp = kzii;rﬁ and
e= =) in @21), and combining with (2Z8), we know that

k k+m 1
Lot = 1

A
m(k —1) ktm=1 o mk(k—1) \ 223, =
< — "
(k—i—m—l)Q/RNWu 2| +C4<(k+m—1)2 ||U”Lk+af+ﬂfl

m(k —1) ktm=1 o
< v 7T
—(k+m—1)2/RN|V“ > |

q a
k+a+B8—1
ukJrafl ’U,B ,
RN RN

(2.10) =)

Ag

()
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~ 11 <
where Cy = Cy(N,m, , 8,k), A = — 2212 ¢ (0,1), @ = 2020 Tt is easy to
B FfatB—1 2% (k+m—1) Ll s |
see that k+++ﬁ—1 < 1. We apply Young’s inequality to (2.10)) to see
m(k —1) / ktm=1 9 k/ kta—1
2.11 b ) Vu o 2 + +a 84 Cs,
( ) /RNU “(k+m—1)2 RN| b | 2 RNU RNU +Cs

where C5 = C5(N, m, «, 5, k). It follows from and (| - ) that

1) o
/RNu +/RN k—i—m—l) / |Vu

Therefore, for all k such that k > a+8—1, the norm [[u( -, )| g~ is also uniform-in-time
bounded.
The proof is complete. O

<5+ Cs

Now we are ready to prove Theorem

Proof of Theorem [1.1 We also only need to prove the case N > 3. Let ¢ = 2k La+p8-1,
where k € N. It is easy to see that ¢ > 3, and hence, the solution u(-,t) of the Cauchy
problem is in L% (RY) for all ¢ € (0,T) by Proposition Taking k = ¢ in , we
obtain the differential equation

i w4 4ka(Qk1)/ |quk+27nl]2+q1f/ uqurozl/ wIkth
dt RN (qk +m — 1)2 RN RN RN

= qk ydk el
RN

The definition of g enables us to plck Cyn := 4mmin{ a + T 1} such that
Cp, > 0. Then it follows from (2.12)) that

d +m 1
(2.13) / u* +Cm/ V™ ’24—%/ uq’“+°‘_1/ u’ <q1<:/ utto—l,
dt RN RN RN RN RN

; aets = . 2(axta-1) 20k 1 O
Takingv=u" 2 ,q=¢q:= qk+m1,r—qk+m_1,and5—mm,Wehave

1 qpt+m—1 —
/szuqﬁa = [l H%?(RN)

(2.14) So

A
J—" - a
< Cm ’ qu+m 1‘2+C <C ) 2-27 </ uqk1> 1’
2qk Jrw 2qk RN

1

1 1
where Cg = Co(N,m, a, 8, k), A = =225 € (0,1), and ay = 14 B0t < 2,

qp_1 2¥(qp+m—1) 7177(& m)

(2.12)

4mgy (gx—1)
(g +m—1)2 2

Let
AN g1 ta—1

k-1
= 29(2 )7
2 getm—1-Zq-
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— y+a—1
(1+2)y+2 (a+B—1)+m—

[1,4+00), and hence, 0 < g(1) <0 < NL+2 < 1. From (2.14)), we arrive at

C +m—1 6 a1
(2.15) qk/ pdkto—l < m/ \quk 2 |2 + C7q/;76 </ uq’“1> )
RN 2 RN RN

where g(y) o It follows from o < m + %ﬂ that g is increasing on

qptm—1

where C7 = C7(N,m, «, 3). Similarly, taking v =u" 2 , ¢= qki%—l’ r= q;j’“ﬁil, and
€= CT’” in (2.1), it can be obtained that
C +m—1 a2
(2.16) / ule < =M |vu‘1k—2 *|2 1 Cy </ UQk—1> ,
RN 2 JrnN RN
where Cs = Cs(N,m,«a, ) and ag = 1 + % < 2. Adding (2.15) and ([2.16]

together, substituting the result into (2.13), we can find a constant Cy = max{C7, Cs}

such that
d 1 ai o1 a2
£ o oo ([ ) e (o)
RN RN RN RN
1 al az
oo (L) o))
RN RN
_1 2
< QngI;—(s max {1, </ qu—1> } _
RN

By virtue of (2.17) and the well-known Moser-Alikakos iteration procedure (cf. [1], [11}
Lemma 4.1] or Appendix), we derive that

(2.18) [u( -, )| peemry < C forall t € (0,7),

where C'= C(N,m, a, B, [luo|| s @~y [[tol| Loo@ny). Since T' € (0, Tinas) is arbitrary, (2.18)
yields that Tiax = 00, which completes the proof. ]

3. Global boundedness for 7 =1

In this section, we consider global boundedness of the solution to the Neumann initial

boundary value problem (|1.1]). To begin with, we review two useful inequalities below.
Lemma 3.1. If N > 1, p>1, v € (0,p) and w € H' (), then the Gagliardo-Nirenberg

inequality

(31) lwllzr@y < canlwlfn g vl
holds, where can = can(N,p,7y), p(N —2) < 2N, and 0 = % € (0,1). In

addition, if s > 0, then the Poincaré inequality

(3-2) [l @) < ep([VwllL2@) + [[wllzs@)

holds, where cp = cp(N, s).
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We now introduce the following key proposition to prove Theorem [I.2]

Proposition 3.2. Suppose that N > 1, m > 0, 8 > 1 and that o satisfies the inequalities
2
max{l,m -} <a<m+ NB'

For any T € (0,T4z) and each k such that 1 < k < oo, if the nonnegative initial data

U 8 in ﬂ5<k<oo LE(Q), then any nonnegative solution to the Neumann initial boundary
value problem (1.1)) satisfies the inequality

[u(-, Ollr@y < e forallt € (0,T),
where ¢ = c¢(N,m, a, B, [luoll Lx())-
Remark 3.3. Proposition [3.2]is a generalization of Proposition 3 in [§].

Proof of Proposition [3.2. Multiplying the first equation in (I.I) by ku*~1 (k > 1) and

integrating the result over €2, we have

(3.3) i/u’wmk /|V k+ml|2+k/ ’WI/ 'B—k/ btol,
Q

For each k > max{1, 3+ 1 — a}, taking w = w5 and p= % in (3.1]), and using
(13.2), it can be obtained that

k:/ yhte-l
Q

kE+m—1 k+m—1 po k+m—1 ]_
< kel (ep(IVu 3 3oy + llu™ 2 [30q)) 2 ™2 [ )

2p(l—0) 2—po

k+m— o k4+m—1 k4+m—1 1— O’
(34) <oVt 2E It ||L3(;;) LY 19 4P (o
2mk(k ktmo1 22020)
SGhrm_1)2 / P el S
k:+'m— k+m 1 1
+cfu [ Hiw(ga ,
N(p—2 ! 1/v—1
where (%)+ <yv<p,s>0,r= kak_l, o= % € (0,1), and ¢;, ¢ depend
on N, m, a, v and k. Substituting (3.4) into (3.3]), we get
d 2mk( m-
—_ uk+m/‘v ki ’2+k/ k+a— 1/ B8
(3.5) 21

kE4+m—1 Hp(l O'

< C2HU LV(Q) *

e pg +Cl||u e ‘LS(Q [|u

With v = ktatB—1 Hilder’s inequality yields

k+m—1 >
TRFaFD
— 2(ktatB—1
Huk+ 1HLW(Q) < </ uk+a1/uﬁ) )
0 0
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In addition, it can be shown that

k+m-—1

the following equivalence

p(l —o)

k+a+B8-1
holds, which yields that

<l <= < +2ﬂ
(0% m -
2 — po N

k+m—1 p(l—o)

k+a+B—1 2—po
S co (/ uk—l—a—l/ U'B) P
Q Q
k
S/uk+a_1/u6—|—03,
4 Jo Q

k+m—1 Hp(l O'
L7 (Q)

p(htm—1)(1-0)

3 2(k+a+B—1)
Q Q

k k+m—1
: / / &+ el
4 Jo Q

k+m 1 2”(17;)
c2|lu HLi(S)
(3.6)
and
k+m—1
rflu* \Ls(g Ju
(3.7) < enffu™
where y = 2po(k+a+B—1)

2(k+o¢+ﬁ 1) p(k-‘rm 1)(

1_0) > 0, and c¢3, ¢4 depend on N, m, «, B and k.

Substituting (3.6) and ( into (| , we get the inequality

d k ka
(3.8) dt
+m 1
<cg+cyflu 2

k+a—1
We utilize Hélder’s inequality ( [, u”) 7 < |Qf

o ([

Taking s = and therefore,

Bx

ﬁ
—1»

”f*(m'

/|V k+m 1’2 / k+a—1/uﬁ
Q

k+a—1—p3

fQ ukte—1 ¢ estimate
k+a—1—5
e e [
Q Q

po(k+m—1)

k+a+B8—1

<1

sk+a+B8—-1) 2k+a+tpB—-1)—pl+m—1)1-0)

It follows from (3.9)) that

k+m—1
callu 2

L@

(3.10)

k+a+B8—1

. Bx
,8 g} s(k+a+pB-1)
= C4 u
Q

IN
e~
S~
IS
]
+
Q
L
S
isy)
+
&
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where ¢5 = ¢5(N,m, «a, 8, k). Substituting (3.10) into (3.8]), we have

d k ka k+m12 / k+ _1/ 8
3.11 — Vu @ < .
(3.11) dt/Q“ T ermo1)2 /' "+ L sates

In particular, taking k£ = § in (3.11)), from (3.9) we can choose M; and My depending on
N, m, o and B such that

a+28—1

d B
(3.12) p u? + M, </ u’8> < M.
Q Q

Differential inequality (3.12)) results in

Mo\ o251
/uﬁgmax /ug,( 2) .
Q Q M,

Therefore, we obtain the uniform boundedness for |lu(-,t)[|;s(q). Thanks to Holder’s
inequality, it can be seen that
HU( ’ 7t)HLk(Q) < C(k7 N,m,a, B, HUUHLﬁ(Q))

for all k such that 1 <k < S and t € (0,7).
k+m—1

For any k > max{ﬁ,m— 1, %(1 —m)}, takingw=u 2 ,p=p1: k+m 7 in ,
we know that the inequality

k k4+m—1 k+m—1 k+m 1 1—
18 [t I ) < el T e

holds for each v; € (0,p1), where ¢g = c6(N,m,~1,k) and o1 = % € (0,1).

Taking v; = ka'g_l, it is easy to see that pyop < 2. It then follows from the boundedness

of [[u(+, )l Lsy, (3.2) and (3.13) that

k k+m—1 pro
/Qu < erffu ‘Hll&z)

k+m—1 2 k+m—1

(3.14) < | VuE B+ eslu
ml{ k+m 1 2
<7 Vu
(k+m /| | + ¢y,

where c7, cg, ¢g depend on k, N, m, «, B, and HUOHL[} . Substituting (3.14)) into (3.11]),

we obtain the differential inequality

d
(3.15) /u’“+/u’“ < c1o,

where ci19 = ci0(k, N,m, a, 8, |uoll5()), and hence, by an argument of differential in-

equality, (3.15)) results in
/uk < max{/ ug,cm}
Q Q
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for any k£ > max {,B,m -1, %(1 — m)}
When 8 < k < max {B,m -1, %(1 — m)}, we apply the interpolation inequality to
derive the uniform boundedness for [[u(-,?)|[ k() and, from which, we can find a constant

c=c(k,N,m,a, B, |luo||Lr(q)) such that
Ju(-,O)llLr@) < e forall k> 1 and each t € (0,7).
The proof is completed. O

Now we are ready to prove Theorem

Proof of Theorem [1.2] Using a similar argument as the one used in the proof of Theo-
rem and applying the Moser—Alikakos technique |1], it can be shown that the solution

u(+,t) to problem (|1.1)) satisfies
(3.16) lu(-,t)l[Lee) < ¢ forallte (0,7),

where ¢ = ¢(N,m, a, B3, |[uo|| (). Since T' € (0,Tiax) is arbitrary, (3.16]) yields that

Tiax = 00, which completes the proof. ]

A. Appendix

For completeness, we give a detailed proof for (2.18]).

Proof of (2.18). Let p = 1%5 = O(1). Then p > 1, thanks to (2.17)), we can find a constant
C =C(N,m,a, ) > 1 such that

d 2
(A1) — udk —i—/ u? < Cgf max {17 </ uq’“1> } :
dt RN RN RN

Setting y(t) = [z~ u%, we have from (A.I)) that
Y (t) < yr(0)e™" + Cgf max {1, sup yi_l(t)} (1—e)
(A.2) =0

< yx(0) + Cqf max {1, Sup yil(t)} :
t>

Let M := max{1, lugl| Lo ), [[uoll Lsmny }- The interpolation inequality yields that

B q — B
_ qk ~ dk dk dr
(A.3) yk(0) = /RN Uy < quUOHLﬁ(RN) + @ [uol| oo vy < M.
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Substituting (A.3) into (A.2), there exist C, C depend on N, a, 8 and M, such that
Y (t) < M% + Cqf max {Lsupyi_l(t)}
t>1
< 20gfmax { W% e, (0
>0

< C2°% max {Mq’“, supyp- (%) }
>0

< OO 2 oplk+2(k—1)) 1o {qu , Sup y1%2—2(t) }
>0

e k1) “1oj(p_s
< O02=i=0% 9P 250 2 (k=j+1) max {Mq’“,SUP Z/(%k (t)}
t>0

~__9k_
= O 1P k) pax {qu, sup ygk (t)} ,
>0

here we have used the fact g = 2" + a + 3 — 1 < (a + 8)2*. Therefore,

1
[ = u < cvap.

Letting k — oo, we obtain the desired result (2.18)). O
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